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Abstract Input-to-state stability (ISS) properties for a class of time-varying hybrid
dynamical systems via averaging method are considered. Two definitions of averages,
strong average and weak average, are used to approximate the time-varying hybrid
systems with time-invariant hybrid systems. Closeness of solutions between the time-
varying system and solutions of its weak or strong average on compact time domains
is given under the assumption of forward completeness for the average system. We
also show that ISS of the strong average implies semi-global practical (SGP)-ISS of
the actual system. In a similar fashion, ISS of the weak average implies semi-global
practical derivative ISS (SGP-DISS) of the actual system. Through a power converter
example, we show that the main results can be used in a framework for a systematic
design of hybrid feedbacks for pulse-width modulated control systems.
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1 Introduction

Hybrid systems comprise a rich class of systems with interacting continuous and
discrete dynamics, and they have been used extensively to describe a wide range
of applications including robotics, automotive electronics, manufacturing, automated
highway systems, air traffic management systems, integrated circuit design, and chem-
ical processes [14,24,32]. Recently, a modeling framework was proposed and a range
of analysis tools developed for general hybrid systems, such as conditions for existence
of solutions, Lyapunov stability, robust stability and so on [1,5,7,8,15,16,25].

The averaging method was developed for continuous-time systems, discrete-
time systems, and differential inclusions [3,12,13,31], but there exist only a few
results for special classes of hybrid systems. For example, results on averaging of
switched linear systems and dither systems were considered in [17,18,30]. Note that
all aforementioned results on averaging for hybrid systems approximate the time-
varying hybrid systems by a non-hybrid average system. On the other hand, it is
sometimes appropriate to average the time-varying hybrid system by a time-invari-
ant hybrid system. For instance, systems controlled with hybrid feedback control-
lers that are implemented by pulse-width modulation (PWM) require this type of
results.

Pulse-width modulation is a technique in which the width of a train of voltage (or
current) pulses is adjusted (modulated) by rapidly turning the switch between the sup-
ply and load on and off. This technology is used extensively in power electronics and
finds wide applications in industry [11,19,22,29,33,34]. Robustness of PWM control
systems has been analyzed via the averaging method in [36], where the nonsmooth
nature of PWM systems is accommodated by working with upper semicontinuous
set-valued maps. For PWM hybrid feedback systems, it is desirable to prove that the
PWM implementation produces a closed-loop behavior that is similar to the behavior
that would be achieved by implementing the hybrid feedback directly to the system
without PWM implementation [37].

The present paper extends the averaging results of [37] by analyzing robustness of
PWM systems to exogenous disturbances. In particular, we revisit two kinds of aver-
age definitions (the strong and the weak average) defined in [28] for continuous-time
systems with disturbances. First, we present results on closeness of solutions between
the strong (weak) average and the actual hybrid system on compact time domains
assuming that the average system is forward complete. Second, under the stronger
assumption of input-to-state stability (ISS) of the strong (weak) average, we show that
this condition implies appropriate semi-global practical ISS (derivative ISS) properties
for the actual system. Note that while the class of systems for which strong averages
exist is smaller, we can conclude stronger ISS properties of the actual systems via
strong averages than via weak averages.

The paper is organized as follows: Some definitions in the hybrid system setting are
reviewed in Sect. 2. The class of time-varying hybrid systems with disturbances that
we will consider is introduced in Sect. 3. Section 4 contains the main results and Sect. 5
illustrates how our results can be applied to a PWM control example. Conclusions are
provided in Sect. 6.
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Input-to-state stability for a class of hybrid dynamical systems 225

2 Preliminaries

Rso = [0, +00),Z>o = {0,1,2,...},B is the closed unit ball in an Euclidean
space, the dimension of which should be clear from the context and | - | refers to the
Euclidean norm. We also use |w/| for hybrid signals w and the definition in this case is
given in (4). A set-valued mapping M : R" = R" is outer semi-continuous at x € R”
if for all sequences x; — x and y; € M (x;) such that y; — y we have y € M(x), and
M is outer semi-continuous (OSC) if it is outer semi-continuous at each x € R". A
set-valued mapping M : R" == R" is locally bounded if for any compact set A C R"
there exists » > 0 such that M(A) := |J,c4 M(x) C rB;if M is OSC and locally
bounded, then M (A) is compact for any compact set A. A function x : R>g — R”
is locally absolutely continuous if its derivative is defined almost everywhere and we
have x(t) — x(tp) = ft; x(s)ds for all t > ty > 0. Given a compact set A C R", a
function x : R" — Ry is said to be a proper indicator function for A on R”" if x is
continuous, x (x) = 0if and only if x € A, and x (x) — oo when |x| — oo. Given a
set S, con S denotes its convex hull. Given a compact set A C R"” and ax € R”", define
|x|A := minyey |x —y|. Given a measurable function w(-), we define its infinity norm
[|W]|oo := ess sup,~q [W(t)]. If we have || W] < 00, then we write w € L. A con-
tinuous function o : R — Rxg is of class-£ if it is non-increasing and converging
to zero as its argument grows unbounded. A continuous function y : R>¢g — R is
of class-G if it is zero at zero and non-decreasing. It is of class-/C if it is of class-G and
strictly increasing. A continuous function 8 : R>¢ x R>9 — Rx is of class-KL if it
is of class-/C in its first argument and class of £ in its second argument.
Consider a time-invariant hybrid system

y E=FEw EweC

" €GEw) (Ew)eD, M
with& e R*, w e W C R™. For any 2 > 0, consider a hybrid inclusion
o E€Fa® &eCa )

£t €Ga(§) &€ Dg

that is extended from system H in (1) with the data (Fq, Gq, Cq, Dg) being defined
as

Fo) ={veR':v=F¢,w),we WNQBand (¢, w) € C},
Gal) =(veR":veGE, w),weWNQBand (§, w) € D},
Cq = {£ : 3w € W N QB such that (¢, w) € C},
Dgq = {£& : Jw € W N QB such that (¢, w) € D}.

3

In order to exploit recent results in the literature on robustness for hybrid systems,
we make the following assumptions:

Assumption 1 The sets C C R" x R", D C R* x R" and W C R™ are closed;
F : C — R" is continuous, for each Q > 0 and & € Cgq, the set Fo(&) is convex;
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226 W. Wang et al.

G : R" x R" == R" is outer semi-continuous and locally bounded, and for each
(&,w) € D, G(&, w) is nonempty.

The convexity condition in Assumption 1 is used to guarantee robustness to per-
turbations for hybrid systems and our results are based on robustness properties of
the hybrid system. An example mentioned in [5, Remark 3] illustrates that forward
completeness, which is weaker than stability, of a hybrid system without convexity
assumption for the flow mapping F with respect to disturbances may not be preserved
under a small perturbation.

A set § C Rsog x Zx=o is called a compact hybrid time domain if § =
U]J-;(; ([tj, tj+11, j) for some finite sequence of times 0 =#) <t <1, < --- < 1;.
The set S is a hybrid time domain if for all (7, J) € S, SN ([0, T] x {0, 1,...,J})is
a compact hybrid time domain. We need the following definitions of solutions defined
on a hybrid time domain [6].

Definition 1 A hybrid signal is a function defined on a hybrid time domain.
w : domw — Wiscalledahybridinputif w(:, j) is Lebesgue measurable and locally
essentially bounded for each j. A hybrid signal £ : dom & +— R is called a hybrid arc
if £(-, j) is locally absolutely continuous for each j. A hybrid arc £ : dom & +— R”
is a solution to the hybrid inclusion Hg, in (2) if £(0, 0) € Cq U Dg and

1. for all j € Zxo and almost all 7 such that (¢, j) € dom §,§(z, j) € Cq and
§(t, J) € Fa(&(@, j));

2. forall (¢, j) € dom & suchthat (¢, j+1) € domé&, &(t, j) € Dgand&(z, j+1) €
Ga((, j)).

A hybrid arc & : dom & — R” and a hybrid input w : dom w — W form a solution

pair to system H in (1) if dom & = dom w, (£(0, 0), w(0,0)) € C U D and

1. forall j € Z>¢ and almost all 7 such that (z, j) € dom &, (§(z, j), w(z, j)) € C
and §(t, j) = F(§(@, j), w(t, j));

2. for all (¢, j) € dom & such that (t, j + 1) € dom &, (&(¢, j), w(t, j)) € D and
§@,j+ 1) eGE@, ) w,j)).

A solution or a solution pair is maximal if it cannot be extended.

Given any hybrid signal w : dom w — W, let I'(w) denote the set of (¢, j) €
dom w such that (¢, j + 1) € dom w, and define

|w| := max €ss sup lw(t, j)l, sup |w(, j)|}- 4)
(t,j)edom w\TI (w) (t,j)el(w)

Note that for each j, the set of #’s such that (¢, j) € I'(w) and t € I; = {t €
R : (¢, j) € dom w} has one-dimensional zero measure and thus we can define
w(t, j) = 0 for all (¢, j) € dom w without affecting w. With this convention, the
definition |w(z, j)| reduces to

[w|:= esssup |w(t, j)|.
(t,j)edom w
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Input-to-state stability for a class of hybrid dynamical systems 227

Let £y be a given subset of hybrid signals w : dom w — W. The definitions of
equi-essential boundedness and local equi-uniform Lipschitz continuity for a set of
hybrid signals are given as follows:

Definition 2 The set £y is called equi-essentially bounded if there exists 2 > 0
such that jw| < Q for all w € Lyy.

Definition 3 The set £y is called locally equi-uniformly Lipschitz continuous if there
exists L > O such that, for all w € Lyy and (¢, j), (s, j) € dom w, the following
holds:

A sufficient condition for L£yy to be locally equi-uniformly Lipschitz continuous is
that there exists a strictly positive real number €21 such that, foreach w € Ly, w(-, j)
is locally absolutely continuous for each j and for all (¢, j) € dom w such that
[w]| < Q1.

3 Definitions of strong and weak averages

In this section, the class of time-varying hybrid systems we consider is presented and
definitions of weak and strong average for such systems are given. In addition, we
introduce functions that are used in a coordinate transformation that facilitates estab-
lishing the averaging results. Basic requirements of these functions are established in
claims and lemmas.

Consider a class of time-varying hybrid systems H, that depends on a small param-
eter € > 0:

e R T
Xt e Glx, w)
tt e Hx,w, 1)

He )

] , ((x,w), 1) € D xR>p,

where x € R",w e R", f; : R" xR" x R0 - R*,G : R" x R" == R" and
H:R" x R" x R>g = R>o.

Assumption 2 Suppose that (G, C, D) satisfy Assumption 1; © +— fe(x,w, T) is
measurable for each (x, w) € C; and for each § > 0 and compact set K C R" x R™
there exist M(K) > 0 and £*(K, §) > 0 such that

|folx,w, )| =M, V((x,w),7) € (CNK) xR,

6
| fe(x,w, ) — folx,w, 7)] < g, Y((x,w), 7,e) € (CNK)xR5p x (0, 8*].( )

We next define weak and strong averages that are taken from [28] for the flow
mapping fp : C x R>o — R” on the flow set C. For simplicity, the following average
definitions are defined on the time line ¢ instead of hybrid time domain (¢, j).
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228 W. Wang et al.

Definition 4 (Weak Average) For a function f : C x R>¢ — R”, the function fi, :
C — R"is said to be a weak average on C if for each compact set K C R" x R there
exists a class-L function o such that, for all ((x, w), 7,7) € (CNK) xR0 x R>o:

+T

1
= /[fwa(x,w)—fo(x,w,s)]ds < ox (T).

The strong average is defined for a subset of input signals. Noting that the average
definition is based on the time domain ¢, we need the notation for sets of input signals
defined on 7. Let £y be a set of input signals @ € Lo : R0 — W. We have the
following strong average definition:

Definition 5 (Strong Average) For a function fo : C; x W xR>o — R", the function
fsa 1 C1 x W — R is said to be a strong average on C; x W if for each compact
set K C R" x R™ there exists a class-L function o such that, for all w € EW with
((x,w(s)), 7, T) € (C;1 x W)NK) x R>g x R>q forall s > 0, the following holds:

+T

1
- / L, B(5)) — folx. i(s). $)1ds| < ox (7).

Let fwa come from Definition 4 and (G, C, D) from (5). The weak average Hwa
of system H, is

£ = fwal€,w), ( w)eC,

Howa ET e GE,w), (E,w)eD.

(7
Similarly, for the case where C = C| x W, the strong average Hg, of system H, is

£ = faE w), (Ew) eC,

Tha e+ € G, w)., (E.w) e D,

®)

where fg, comes from Definition 5. Note that the averaging technique is only applied
to simplify the time-varying flow dynamics and the jump mapping G in the average
systems is identical to the jump mapping G in the actual hybrid system H, in (5); this
is motivated by systems like PWM hybrid feedback control systems; see Sect. 5.

To employ a coordinate transformation, a continuous function that reflects accu-
mulating errors between the actual system and its average is usually constructed to
facilitate averaging techniques [20,37]. We next define the functions 71y, and 1, used
in a coordinate transformation to facilitate the averaging results for weak average and
strong average case, respectively. Let fya and fg3 come from the definitions of weak
average and strong average. For each ((x, w), 7, ) € C xR>oxRspand 19 € [0, 7],
let
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Input-to-state stability for a class of hybrid dynamical systems 229

T

Uwa(xv w, T, 70, /-'L) = /CXP(M(S - t))[fo(-x’ w, S) - fwa(xs w)]ds (9)

70

Let 0 < 79 < 11 and w : [19, 7] — W be given. For each t € [0, 1] and
(x,m) € C1 x Rxp, let

T

Nsa(X, W, T, T0, ) = /GXP(M(S — O folx, w(s), ) — falx, w(s))lds. (10)

70

The following lemmas describing the properties of functions 71y, and ng, are help-
ful to prove the results of closeness of solutions in Theorems 1 and 2. The proof of
Lemma 2 is given in Appendix A and the proof of Lemma 1 is omitted since it is
nearly identical to the proof of Lemma 2.

Lemma 1 Forafunction fo defined on C xR, suppose fya is a continuous function
that is a weak average of fo on C. Then, for each compact set K C R" x R™, there
exists a function ak of class-G such that for all ((x, w), u, t) € (CNK)xR>oxRxp
and 1o € [0, T]:

Wlnwa(x, w, T, 10, )| < ag(n).

Lemma 2 For a function fo defined on C1 x W x Rxq, where C C C1 x W, suppose
fsa is a continuous function that is a strong average of fo on C1 x W. Then, for each
compact set K C R" x R™, there exists a function ag of class-G such that for all 0 <
70 < 71, W : [10, T1] = Wand ((x, w(s)), u, 7) € (C1 x W)NK) x R>¢ X [10, T1]
forall s € [, T1], the following holds:

wnsa(x, w, T, 10, )| < agx ().

We assume that when p = 0, 1g, and 1y, are locally Lipschitz, uniformly in T and
70, as stated below in Assumptions 3 and 4. These assumptions may hold even when
f is not periodic in T nor continuous in (x, w). The pulse-width modulated system in
Sect. 5 illustrates this situation. Let N := {1,...,n}. Foreachi € N, néa represents
the ith component of 7s,, and similarly for n’,,.

Assumption 3 For a function fy defined on C x Rxq, fwa is a continuous function
that is a weak average of fo on C and, for each compact set K C R" x R™, there
exists L(K) such that, for alli € N, ((x1, w1), T0), ((x2, w2), 1) € (C N K) x R>o
and 19 € [0, min{t,, Tp}]:

ni)va(-xla w1, Ta, 0, O) - r]i}va(-x27 w2, Tp, 10, O)

< L(lx1 — x2| + w1 — wa| + |14 — ).
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230 W. Wang et al.

Assumption 4 For a function fy defined on C1 x W x Rxq, where C C C1 x W, fa
is a continuous function that is a strong average of fo on C1 x W and, for each com-
pact set K C R" x R™, there exists L(K) such that, for all i N,O<t<71,0:
[0, T1] = Wand ((x1, w(s)), Ta), ((x2, W(s)), ) € ((C1 x W)NK) x [10, T1] for
all s € [19, T1]:

Nea (X1, W, Ta, T0, 0) — Nl (X2, W, Tp, 70, 0)| < L(Ix1 — x2| + |74 — T ))-

The following claims show that the Lipschitz property in Assumptions 3 and 4
implies a similar Lipschitz condition for ny, and ng, for values > 0. The proof of
Claim 2 is given in the Appendix B and the proof of Claim 1 is omitted due to its
similarity to the proof of Claim 2.

Claim 1 Under Assumption 3, for each compact set K C R" x R™ there exists L(K)
such that, foreachi € N, u > 0, ((x1, w1), Ta), ((x2, w2), 1) € (CNK) x R>p and
70 € [07 min{ras Tb}]:

Nywa (X1, W1, Ta, T0, ) — Ny (X2, W2, Tp, To, 1)

< 2L(Jx1 — x2| + |lwy — w2| + |t — ).

Claim 2 Under Assumption 4, for each compact set K C R" x R™ there exists
L(K) such that, for each i € ]\_/,,u > 0,0 <1 < 1,0 : [19,71] > W and
((x1, w(8)), Ta), ((x2, W(s)), 1) € (C1 x W)NK) x [19, T1] forall s € [19, T1], the
following holds:

r}éa('xla IZ}7 Ta> 10, M) - n;a('x27 lI}a Tp, 10, /“(’) S 2L(|x1 - x2| + |Td - Tb|)'

4 Main results

In this section, we present the results on closeness between solutions of hybrid system
‘H. and solutions of its averages systems. We also state results on semiglobal practical
ISS (DISS) properties of He assuming ISS of its strong average (weak average). The
following concept of (T, p)-closeness that defines graphical convergence of hybrid
arcs, see details in [16, Section 4], is required:

Definition 6 (Closeness of hybrid signals) Two hybrid signals & : dom & — R”
and & : dom & — R”" are said to be (T, p)-close if

1. foreach (¢, j) € dom & withr 4+ j < T there exists s such that (s, j) € dom &,
with [t — s| < p and [§1(z, j) — &2(s, J)| < p,

2. foreach (¢, j) € dom & with ¢ + j < T there exists s such that (s, j) € dom &,
with |t —s| < p and |& (¢, j) — &1(s, j)] < p.

The results on closeness of solutions are derived under the assumption that the
average system is forward pre-complete.
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Input-to-state stability for a class of hybrid dynamical systems 231

Definition 7 (Forward completeness) A hybrid solution pair is said to be forward
complete if its domain is unbounded. A hybrid solution pair is said to be forward
pre-complete if its domain is compact or unbounded. System 7 in (1) is said to be
forward pre-complete from a compact set Ko C R" with a disturbance bound 2 > 0 if
all maximal solution pairs (&, w) with £(0, 0) € K¢ and w with |w| < Q are forward
pre-complete.

We are now ready to state Theorems 1 and 2 that demonstrate closeness of solutions
for the time-varying system . and solutions of its weak and strong average systems.
Proofs of Theorems 1 and 2 are given in Appendices C.2 and C.3, respectively.

Theorem 1 (Weak average) Suppose that the set Ly is equi-essentially bounded and
locally equi-uniformly Lipschitz continuous, system H in (5) satisfies Assumptions 2
and 3, and its weak average system Hy, satisfies Assumption 1 and is forward pre-
complete from a compact set Ko C R" with a disturbance bound Q2 > 0. Then, for
eachT > Qand p > 0, there exists €* > 0 such that, forall ¢ € (0, e*]and w € Lyy,
each solution pair (x, w) to He with x(0,0) € Ko there exists some solution pair
(&, wy) to Hya with £(0,0) € Ko and |w1| < |w| such that x and & are (T, p)-close.

Theorem 2 (Strong average) Suppose that the set Ly is equi-essentially bounded,
system He in (5) satisfies Assumptions 2 and 4, and its strong average system Hg,
satisfies Assumption 1 and is forward pre-complete from a compact set Ko C R" with
a disturbance bound Q2 > 0. Then, for each T > 0 and p > 0, there exists ¢* > 0
such that, for all ¢ € (0,&*] and w € Lyy, each solution pair (x, w) to He with
x(0,0) € K there exists some solution pair (&, wy) to Hgy with £(0,0) € K¢y and
lwi] < |w]| such that x and & are (T, p)-close.

We next study robust stability properties for the class of time-varying hybrid sys-
tems H, with the assumption that its strong (respectively, weak) average system is
ISS. The definition of input-to-state stability for the time-invariant hybrid system H
in (1), see [6], is first reviewed. Then, the definitions of semi-global practical-ISS
and semi-global practical derivative-ISS for the time-varying hybrid system H, in (5)
are given, respectively. To study stability concepts with respect to a certain measure
instead of a vector norm, in the following we let A C R” be nonempty and compact
and let x : R" — R be a proper indicator for A.

Definition 8 System 7 in (1) is called ISS with respect to (x, 8, y) with B € KL
and y € G if each solution pair (§, w) satisfies

x (&, j)) < max{B(x (o).t + j), y(wD}, V(, j) € domé. (11)
Definition 9 System H, in (5) is called semi-globally practically ISS (SGP-ISS) with
respect to (x, B, y) with 8 € KL and y € G if, for each compact set Ky C R” and
any positive real numbers €2 and v there exists ¢* > 0 such that for each ¢ € (0, £*],

each solution pair (x, w) with xg := x(0, 0) € K¢ and |w| < 2 satisfies

x(x(t, j)) = max{B(x (x0),t + j), y (lwh} +v, V(,j) € dom x.

@ Springer



232 W. Wang et al.

Definition 10 System H, in (5) is called semi-globally practically derivative ISS
(SGP-DISS) with respect to (x, B, y) with 8 € KL and y € G if, for each compact
set Ko C R”" and each triple of positive real numbers (€2, 21, v), there exists £* > 0
such that for each ¢ € (0, £*], each solution pair (x, w), where w(-, j) is locally
absolutely continuous, with xo := x(0, 0) € Ko, |lw| < @ and |w| < 2 satisfies

x(x(r, j)) = max{B(x(xo0). t + j), y(lwD} +v, V(,j) € dom x.

With the assumption that the weak average system is ISS with functions 8 € KL
and y € G for the class of bounded disturbances that have bounded derivatives, we
have Theorem 3 implying that the actual system is SGP-DISS with the same § and y,
for which the proof is listed in Appendix C.4.

Theorem 3 Suppose that the set Ly is equi-essentially bounded and locally equi-
uniformly Lipschitz continuous, system He in (5) satisfies Assumptions 2 and 3 and its
weak average system Hy, satisfies Assumption 1 and is ISS with respect to (x, B, ¥).
Then, system H is SGP-DISS with respect to (x, B, y).

We can also obtain similar conclusions for system H, for bounded input signals if
its strong average system is ISS; see Theorem 4. The proof is omitted due to having
identical steps as the proof of Theorem 3.

Theorem 4 Suppose that the set Ly is equi-essentially bounded, system He in (5)
satisfies Assumptions 2 and 4 and its strong average system Hs, satisfies Assump-
tion 1 and is ISS with respect to (x, B, v). Then, system H¢ is SGP-ISS with respect

to (X, B, ¥)-

Compared with strong averages, weak averages exist for a larger class of systems,
but using them we can only state weaker results; compare Theorems 1 and 3 using
weak averages, to Theorems 2 and 4 for strong averages. The structure of periodic
continuous-time nonlinear systems that allow for strong average is characterized in
[28]. Using the result in [28], for a function f(x, w, T) that is periodic in t and for
all measurable disturbances, there exists a strong average fsa(x, w) for f(x, w, ) if
and only if f has the following form:

fow, v = flx,t) +gx, w), (12)

where f (x, 7) has a well-defined average f:w in the sense of Definition 4 or 5. More-
over, we have fg(x, w) = fav(x) + g(x, w).

Note that Theorem 4 using the strong average guarantees SGP-ISS to the actual
system H,, whereas Theorem 3 implies SGP-ISS via a weak average. In the following
example, we can see for bounded disturbances that do not have bounded derivatives,
ISS of the weak average system does not guarantee robustness to disturbances for the
original system.
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Input-to-state stability for a class of hybrid dynamical systems 233

Example 1 Consider a hybrid system of the form

;Ci{(x,w,r)] (x,w,7) € C xR xRxg

~ e

xt=g(x) (13)
=0 ] (x,w,7) € D xR x Rxg

where the constraint sets C := Rx, D := R<q, and

fx,w, 1) := —kx> + cos(r)x3w

(14)

g(x) == —x
with the parameter k € (0, 0.5). The flow dynamics of hybrid system (13) agree with
the continuous-time system % = —kx> + cos () x3w for x € C considered in [28,
Example 1]. It is showed in [28, Example 1] that there does not exist a strong average
for the function f : C xRxR>9 — Rin(14) and its weak average is fiya(x) = —kx3.

Then, from (7), we have that the weak average of system (13) is

y=fwa(y) yeC

(15)
yf=¢(») yeD,
where sets C, D and g : R — R come from (13) and (14), respectively.
Let A := {0}. Consider a Lyapunov function candidate V (y) = % y2. Note that this
V : R — Ry satisfies

uc(y) <0 VyeC\A

(16)
up(y)=0 VyeD,

where uc(y) := (VV (), fwa(»)) = —ky* and up(y) := V(g(y)) — V(»). For any
w > 0, noting that the set V' (1) N {y € Rluc(y) = up(y) = 0} is empty and using
the LaSalle’s Principle for hybrid systems [15, Theorem 23], we can get that set A4 is
globally asymptotically stable. In other words, the weak average system is ISS with
zero disturbance gain. We next show that the actual system (13) is not SGP-ISS. Sim-
ilar calculations were also presented in [28, Exmaple 1]. In fact, the original system
exhibits finite time escapes under the action of bounded signals.

Consider a bounded continuous input signal w(r) = cos(t) that can be rewritten
as we (1) = cos (%) on the 7 time domain. Note that |we| = 1 for any &, but || = %
that becomes arbitrarily large when ¢ is sufficiently small. Thus, the signal w is not

locally equi-uniformly Lipschitz continuous. Recall that

T
/cosz(s) = 0.5T + 0.25(sin(2t + 2T') — sin(2t)),

t
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By direct integration of & = —kx? + cos () x>w with the input signal we(r) =
cos (é) , we have

and

x%(t)

2 _
O = T e )

7)

where

(%) ()
ve, t,t0) = (0.5 —k)(@ —1t9) +025¢{sin{ — ) —sin{— ) ).

& &

Fix tp > 0, e > 0 and let x(f9) := x(#9, 0) = 1. Considering (17), we know that
there exists some #; > fg such that ¥ (e, t1, tp) = 0.5 since (0.5 — k) € (0,0.5).
Moreover, we have that (¢1,0) € dom x for the solution x of actual hybrid system
(13) as the solution x (¢, 0) with the initial condition x(#9, 0) = 1 will stay in the set C
(x(1,0) € R>p) and keep flowing when #p < ¢ < ¢;. Then, there are finite escape times
for such a maximal solution x and the actual hybrid system (13) is not semi-globally
practically ISS.

5 Pulse-width modulated control example

Pulse-width-modulated (PWM) control strategy is useful for systems controlled by
on-off switches, which are commonly utilized to model switching power electronic
systems, and find wide application in industry [11,22,29,33,34]. In this section, we
take PWM hybrid feedback control systems as an example to show how to apply the
results presented above.

In particular, Sect. 5.1 illustrates how to model a hybrid feedback controlled PWM
power converter as hybrid systems of the form (5). In Sect. 5.2, we consider strong
and weak averages for the PWM hybrid feedback control system and apply the results
given in Sect. 4 to analyze its ISS properties. Moreover, we revisit the power converter
example to show that we can design a hybrid controller based on the simpler average
model such that the actual converter system can be stabilized using the same controller.

5.1 Models

To illustrate how to apply the main results given in last section, we first consider a
single rate PWM boost power converter example, see Fig. 1. For this PWM power
converter, the open-loop model considered in [21] and closed-loop model with a con-
tinuous feedback controller presented in [22, Section 4] are first given. We also present
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Py LoSouH
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— MRy v = §
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g(x)=1-0.4i,(t)+0.1v.(1)

0.7+23 p(r) /|/]

Fig. 1 Continuous-time feedback control boost converter [22]

the closed-loop system when this power converter is controlled by a hybrid controller.
After that, we consider a general continuous-time plant with hybrid feedbacks that
are implemented via multi-rate PWM. We show that the class of hybrid systems (5)
include this general multi-rate PWM hybrid model as a special case.

Example 2 Suppose that the boost converter in Fig. 1 operates in the continuous con-
duction mode; in this case there are two configuration modes for the converter system
corresponding to the on/off state of the switches. Namely, the mode ¢ corresponds to
the switch SW; on and SW, off and the mode ¢; corresponds to SWj off and SW, on.

Let &; denote the instantaneous value of the inductor current i; and & := vc be
the capacitor voltage. Let £ := (&1, & ). Considering the circuit in Fig. 1, we have that
dynamics of states & agree with & = Ay & + By, on the g; configuration for i = 1,2
[22], where

0 0 0 -7 £
Agy = 0 e Ae = 1 .| By =By = ol
~RC C ~ RC

Noting that the point of equilibrium of the converter system can be moved to the
origin using a coordinate transformation, one can consider stabilization of the origin
for the closed-loop converter system. For the converter in Fig. 1 that was also consid-
ered in [22], note that the triangle switched signal is denoted by 0.7 4+ 2.3 p(¢), where
p(t) is periodic in ¢ satisfying p(t) = % fort € [0, T) and T > 0. Then, we have the
closed-loop model of this converter from [22]:

£ = Agk + By + (Ag & — Ag&) u(d(®) — p(v)), (18)

where the duty ratio function d(§) := £87%7 with g(£) = 1 — 0.4& + 0.1& is

scaled using the minimum and the maximum values of the triangle signal so that d (&)
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u(0.75- p(1))

|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|
|

[— —_— _
>

0.751 2 t
Fig. 2 A typical triangle switching signal p(¢) in PWM control systems and u(d — p(t)) ford = 0.75

takes values in [0, 1]; u : R — [0, 1] is the unit step function with u(s) = 1 fors > 0
and u(s) = 0 for s < 0. Figure 2 is an example of u(d — p(t)) for d = 0.75 and
T=1.

The open-loop model for this converter system is given in [21]:

£ = Agk + By + (Ag & — Agy&) uld — p(v)), (19)

where d € [0, 1] is the duty cycle for the open-loop PWM operation.

Note that there are situations when certain closed-loop performance specifications
cannot be achieved with any linear feedback controller whereas they are achiev-
able with a hybrid controller, see [2]. A switched controller designed via Lyapunov
approach in [4] is employed to control a power converter system in [23] and it was
shown to provide better performance on transient and steady dynamics than continuous
PID controllers. More details can be found in the survey of hybrid control techniques
for power converter systems [9,26]. This observation provides a partial motivation
for developing averaging techniques for hybrid systems that can be used to analyze a
class of hybrid PWM systems in general and power converter systems in particular.

We next consider the same converter but instead of the continuous controller d (&)
in Fig. 1 we want to apply a hybrid feedback controller, see Fig. 3. Suppose that
hybrid controller 4 : C x D — [0, 1] that was designed to satisfy given performance
specifications is given as

n=Rm§ (¢ mneC
nteSm§& (. meD (20)
h = h(n, &),

where n € R"; C, D are the cons_traint sets that allow flows and jumps for n; R : C —
R" is a flow mapping and S : D = R" is a set-valued mapping. Note that states n
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Fig. 3 Hybrid feedback control boost converter

may include physical variables together with logic variables or operation modes that
are used to describe the hybrid feedback control law.

Applying this h(n, &) to the open-loop converter system (19), we have that the
closed-loop model of the converter system in Fig. 3 is

I:S :| — |:Aq2€: +Bq1 ]+ |:64q1€: _qu‘i: i| u(h(n’g;-) —p(‘L’)) (E’n) c C—,

; :m,s) 5
[n* }E[S(n,s) } & n eD.

Note that the average model of open-loop converter system (19) is given in [21]:
§=Apt+ By +d(Ag — Ag) &, (22)

where the duty cycle d € [0, 1] can be taken as a control signal. Suppose a controller
h: CUD — [0, 1] is designed to stabilize the open-loop average system (22) by
letting d := h. Then, our results can be used to analyze the stability properties of the
PWM converter system (21) through stability of the closed-loop of system (22) using
the same controller 4.

We assume that the controller 2 and the triangle signal p in Example 2 satisfy
h(n, &) : C x D — [0, 1] and p : Rso — [0, 1], respectively. The following remark
shows that we may consider 4 and p only with their images in [0, 1] without loss of
generality.

Remark 1 Suppose that we need a controller U = U (&, n) that takes values in [a, b] to
stabilize the plant and achieve appropriate performance. To implement this controller
via PWM we need to get an average ranging from a to b using a step function u(-)
that satisfies i (s) = a for s < 0 and u(s) = b for s > 0. Suppose also that we want
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to use a triangle signal p(-) = ¢ + kp(-) € [c, ¢ + k], with k > 0 to implement this
controller, where p(-) is the triangle wave defined earlier. Then, we need a duty cycle
function U (&, n), generated~ from U (&, 1), but taking values in [c, ¢ +k]. In particular,

we take U &,n) =c+ k%. The PWM control that we need to implement is
then

(U m) — p(0),
which can be written in other ways and it is also equal to

a+ (b —auhé,n) — p()),

where
U, n) —
nem =SS0
p(t) == %

Note that our results pertain to a more general class of PWM systems that is pre-
sented next. We consider a general continuous-time plant with disturbances controlled
by hybrid feedbacks that are implemented via multi-rate PWM. Consider a continu-
ous-time plant with states £ € R”, disturbances w € YW C R™ and outputs y € R:

k
£=0(@Ew) +ZZP,~<5, w)h;, o3

y = Q¢ w).

For this continuous-time plant, the hybrid feedback controllers 4; are given through
the following auxiliary hybrid system with states 1 € R”:

=Ry @y e€C
nteSmy (y) €D
hi =h;i(n,y),

where Ci, Dy € R" x R! are the constraint sets that allow flows and jumps for 7;
S : R" = R is a set-valued mapping that is outer semi-continuous, locally bounded
and for each (n, y) € Dy, S(n, y) is nonempty; functions O : R" x W — R" and
R : C; — R" are continuous while P:R'xW—>R'QO :R'xW — R and
hi : R" x R — [0, 1] are locally Lipschitz.
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Let C :=Cy x W, D := Dy x W, h;(x, w) := h;(n, Q(&,w)), x := [£, 7] and

_[PEw = | 0E w)

Y, w) .—[0 } Folx, w) ~—[R<n,Q(s,w)> ]
_[¢

Gx, w) = [sm, 0 w)) ]

In the case when feedback controllers 4; are implemented by multi-rate PWM, the
closed-loop of system (23) becomes

¢ = f 9 b
;'C:l(x v T)} ((x,w), 1) € C xRxp
&
(24)
+
x+ €Gx,w) } ((x,w), 7) € D x Rxy,
T ' =7 =
where G : R" x R™ = R”" is the jump mapping, C and D C R" x R™ are given sets

that allow for flow and jump for the designed hybrid feedback controller and

Flx,w, 1) = Folx, w) + > & (x, wu(hi(x, w) — pi(1)). (25)

i=1

The second term of F in (25) is used to model a multi-rate implementation of a PWM
hybrid controller. As p; (t) are the only time-varying terms, the small parameter ¢ > 0
in (24) is used to guarantee that the switching signals p; change fast compared with
state £ and so the effect of p; can be averaged.

5.2 Averaging analysis

We next consider the PWM hybrid feedback control system with disturbances in (24)
to illustrate how our results can be applied so that the ISS properties of the actual
closed loop of system (24) can be studied through its time-invariant average system.

First, we show that there exists a weak average for function ¥ : C x R>g — R”"
in (25) on the set C and Assumption 3 holds for the PWM control system in (24).
Given T > max{T1,..., Ty}, let k; = ki(T) € Z>o and T, e [0, T;) satisfying
T = k;T; + T;. Note that k; (T) — oo when the given T approaches infinity. For all
(x,w) € C, we get

! +T m
7/ fo(x,w>+§gi<x,w)u(hi<x,w)—pl-<s>) ds

T
T+k; T;

- 1
= Folx, w) + > gi(x, w) / w(hi(x, w) — pi(s))ds

i=1 ;
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‘L’-‘rkiTi-'rfi
+ / u(hi(x, w) — p;(s))ds ¢,
T+k; T;
T vi(x, w, Tp)
= Folx, w) + (x, w) —h'(x,w)+—~ ,
' ,legl (k Ti+T; kiTi +T; )

where v; (v, w, T;) == [T u(h; (x, w) — pi(s))ds satisfies |v; (x, w, ;)| < ;. Let
fwalx, w) = Folx,w) + Zl’-"zl gi(x, w)h; (x, w). Note that for any compact set
K C R" x R™, there exists r > 0 such that, for all (x, w) e CNK

+T m
fwa(x,w)—% / [fo(x,w)Jr;gi(x,w)u(hi(x, w)_Pi(S))]dS

1 & ~ r
< T;'gi(x’ w)v; (x, w, T;)| < 11 =ox(T),

which shows that fy, agrees with Definition 4. Let G, C, D come from (24). Then,
the hybrid system H,, with data { fwa, G, C, D} formed as (7) is the weak average for
the PWM closed-loop control system.

Next we verify the Assumption 3. Considering the definition of 7y, in (9), it follows
for each t € (0, min;{7;}) and 79 € [0, ] that

Nwa(x, w, 7, 79, 0)

I
a
o\ﬂ

(fo(x, w) + D g, whui (hi (x, w) — pi(s)) = fualx, w)) ds

i=1

Z i(x, W)/[u (hi(x, w) — pi(s)) — hi(x, w)]ds

Z i (x, w)(min{(z — 70), hi(x, w)} — (z — 0)hi (x, w)), (26)

which is bounded for any (x, w) in a compact set and locally Lipschitz as func-
tions g; and h; are locally Lipschitz. Then, Assumption 3 holds for the function
Nwa(X, w, T, 70, 0).

For PWM control system (24), noting the structure of f allows for strong aver-
age in (12), there exists a strong average if g;(x, w) and h;(x, w) are independent
of w, i.e., gi(x, w) := g;i(x) and h; (x, w) := h;(x). In this case, following the cal-
culations used to establish the weak average, we get that fg,(x, w) = fo(x, w) +
>, gi(x)hi(x) on the set C, at least when C has the form C = C; x W, and the
strong average of system (24) is system Hg, in (8) with data { fs,, G, C, D}. Using the
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definition of 7ng, in (10), we have

M. w, 7,79, 0) = / (fo(x, w)+ D gi(ui (hi(x) = pi(s)) — fralx, w)) ds
i=1

70
T

=> g / (i (hi (x) = pi(s)) = hi(x))ds.
i=1 7

Noting (26), it follows that Assumption 4 holds for the function ns, (x, w, , 70, 0).

With the above analysis that Assumptions 3 and 4 hold with the assumption that
functions /; and g; are locally Lipschitz, and noting that only local boundedness but
no continuity condition is required for the flow mapping of the actual hybrid systems,
we can get that the main results apply to PWM hybrid feedback control systems under
some mild regular conditions. The following corollaries come directly from Theo-
rems 3—4 and with which we can consider the robust stability of the time-varying
PWM control system (24) based on its weak or strong average system:

Corollary 1 Suppose that the set Ly is equi-essentially bounded and locally equi-
uniformly Lipschitz continuous, the PWM hybrid control system in (24) satisfies
Assumptions 2 and its weak average system Hy, satisfies Assumption 1 and is ISS
with respect to (x, B, v). Then, the PWM hybrid control system in (24) is SGP-DISS
with respect to (x, B, ).

Corollary 2 Suppose that the set Lyy is equi-essentially bounded, the PWM hybrid
control system in (24) satisfies Assumptions 2 and its strong average system Hs, satis-
fies Assumption 1 and is ISS with respect to (x, B, y). Then, the PWM hybrid control
system in (24) is SGP-1SS with respect to (x, B, y).

6 Conclusions

We considered ISS properties for a class of time-varying hybrid dynamical systems via
the averaging method. Using the notions of strong and weak average, the time-varying
hybrid system is approximated by a time-invariant hybrid system. We showed that the
solutions of the actual time-varying hybrid system and its weak or strong average can
be made arbitrarily close on compact time domains by reducing the parameter ¢ if
the average system is forward pre-complete. Our main results also showed that ISS
of the strong (weak) average implies SGP-ISS (SGP-DISS) of the actual system. An
example in PWM control was used to illustrate our results.

Appendix A: Proof of Lemma 2

The proof uses the same technical method as [37, Lemma 1] and follows the calcula-
tion of [20, p. 415]. Let the compact set K C R" x R"” be given. From the definitions
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of the strong average, forany 0 < 79 < 71, 7,(t + T) € [10, 1], W : [70, T1] = W
and (x, w(s)) € (C; x W) NK forall s € [19, t1], the following holds:

|77$a(x7 II)’ T+ T7 70, 0) - nsa(xv lZ}’ 7, 70, 0)|
t+T

= /[fo(x,ﬁ)(S),S)—fsa(x,ﬁ)(S))]ds = Tok(T). 27)

Integrating by parts in the definition of ns,, we have

Nsa (X, W, T, T, W)
T

= | exp(u(s — T))/(fo(x, w(r), r) — fsalx, w(r)))dr
70

70
T s

—M/CXP(M(S - T))/(fo(x, w(r), r) — fsa(x, w(r)))drds,
L)

70
T

= nsa()ﬁ II), 7, 70, O) - /L/exp(ﬂ(s - T))’?sa(x’ ﬁ)s S, 70, O)ds (28)

70

Then, adding and subtracting uns,(x, w, 7, 79, 0) f; exp(u(s — 7))ds to the right-
hand side of (28), we obtain

r’Sa(-xr ib’ T, TO’ l‘l/)
= exp(_l’L(T - TO))nsa(x, ﬁ}9 7, 70, 0)

T

+M/exp(_ﬂ(f - S))[nsa(xy ﬁ)a T, TOa O) - nS'd(-xv lI)v s, 7:07 0)]ds-

70

Let 7 := t — 19. Using the fact ns,(x, W, 70, 79, 0) = 0 and (27), it follows that
pnsa(x, w, T, 10, w)| < exp(—u(r — 10))pu(r — 0)ok (T — 70)

T

+iu? / exp(— (7 — $))(t — 5)ok (T — 5)ds

70

= exp(—uT)utog (1) + M2/exp(—w)r0k(r)dr
0

p
NP (4 z
= exp(—ut)utog (1) +/eXp(—z)zoK (;) dz.
0
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There are two possibilities for u7: u7 < ,/wand ut > /. In the first case, we have

i
exp(—ut)utok (%) +/6Xp(—Z)ZGK (3) dz < /uok (0) + %UK(0)~
0

For the second case, using n exp(—n) < exp(—1) foralln > 0 and fooo exp(—z)zdz =
1, and then

i
exp(—ut)utog (7) +/exp(—z)zal< (i) dz
0

1 Vi '\ 7
< exp(—1og (ﬁ) + ok (0) / zdz + ok <ﬁ) /zexp(—z)dz
0 N
< (exp(—1) + Dok (L) + B 0.
N
Then, let

ag(p) = %UK(O) + max {\//_LUK(O)’ oK (%) (exp(=1) + 1)] .

Since ok is of class-L, it follows that a g is of class-G. O

Appendix B: Proof of Claim 2

Let the compact K C R" xR™ be given. Similarly, like the proof of Lemma 2, integrate
by parts in the definition of ng, to get (28). Then, for eachi € N,0 < 19 < 71, W :
[0, T1] > Wand ((x1, w(s)), Ta), ((x2, W(s)), ) € ((C1 x W) N K) x [0, T1] for
all s € [19, 71] (without loss of generality, let 7, > 1), it follows from Assumption 4
that

nga(xla lZ}a Ta, 10, I“L) - néa(XZa lz}» Th, 10, H’)‘

=

néa(xlv lZ), Ta, 70, 0) - néa('x27 lZJa Tp, 10, 0)‘
Ta

+M/6Xp(u(s — )Nk (x1, @, 5, 70, 0) — iy (x2, W, 5 + T — Ta, T0, 0)|ds,

70
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Ta
< L(x1 —x2l+lta—wD |1 +M/CXP(M(S —T))ds |,
70

< 2L(Ix1 — x2| + [ta — W), (29)

where the last inequality in (29) follows from the fact f rf)“ exp(u(s —tg))ds < 1 for
any /“(/9 TO’ Ta 2 0 O

Appendix C: Proofs of Theorems 1-3

We need some technical results considering the robust properties to small perturba-
tions for general hybrid systems 7 in (1) to show Theorems 1 and 2. To present these
technical results in Sect. C.1, consider the following hybrid system Hs inflated from
system H:

x e Fs(X,w) (X,w)e Cs

M 2t e Gyt w) (%, w) € Dy,

(30)

with x € R", w € W C R™. For a parameter § > 0, the data {Fs, G5, Cs, Ds} are
defined as

Fs(x,w) :=conF((x + 6B, w) NC) + 5B
Gs(x,w) := G((x + 6B, w) N D) 4+ 5B
Cs .= {(x,w): (x+B,w)NC # @}
Ds := {(x,w) : (x + 6B, w) N D # @}.

C.1 Technical results

Before we give Propositions 1-3 on properties of system Hg based on the assumption
of system H, we need the following claim; also see [6, Claim 3.7].

Claim 3 The hybrid arc & is a solution to the hybrid inclusion

£ e Fo(t) £€eCq
Ho i+'c Ga@) & e Dq 3D

that is extended from system H in (1) for some €2 > 0 with the data (Fq, Gq, Cq, Dg)
being defined as

Fo)={veR':v=F(¢,w),we WNQBand (¢, w) € C}
Gol)={veR":veGE, w),weWNQBand (&, w) € D}
Cq :={&:3w € WN QB such that (¢, w) € C}
Dgq = {£ : Jw € W N QB such that (¢, w) € D},

(32)
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if and only if there exists a hybrid input w; such that (¢, w) is a solution pair to
system H in (1) with |wq| < Q.

Proposition 1 Suppose that system H in (1) satisfies Assumption 1, and it is forward
pre-complete from a compact set Ko C R" with a disturbance bound Q2 > 0. Then, for
each p > 0 and T > 0 there exists §* > 0 such that for all 5 € (0, §*], each solution
pair (x, w) of system Hs in (30) with x (0, 0) € (Ko + 6B) and |w| < Q2 there exists a
solution pair (&, wy) to system H with £(0,0) € Ko and |w;| < |w| such that x and
& are (T, p)-close.

Proof of Proposition 1 Let the compact set Ky and 2 > 0 be given. For some
§ > 0, let (x,w) be a solution pair to system Hs with x(0,0) € (Ko + éB)
and w with Jw| < Q. Let Q1 := |w| € [0, R2]. Consider a hybrid inclusion
H(Ql,g) = {F(Qly(s), G(Ql,(s), C(Ql’(s), D(Ql,(s)} formed as (31) with its data being
constructed from the system Hs := {Fs, G, Cs, Ds} in (30):

Fo, @) ={veR":veFs(x,w),weWNQBand (x, w) € Cs}
G@.5)(X) :={veR":veGsx,w), weWNQBand (x, w) € Ds}

33
Ci,,5) = 1{x : Jw € W N QB such that (x, w) € Cs} (33)
Dq,.s5) == {x : Jw € W N QB such that (x, w) € Ds}.
Note that the data { F(q,,5), G(2,,8), C(@,,8) D(@,,8} in (33) satisfies
F(a,.5)(X) = conFq, ((x +8B) N Cgq,)) + 6B
G (.5 (%) = G, ((x + 6B) N Dg,) + 6B )

Cia,.5) = {X: (x +8B) N Cq, # ¥}
Dq, 5) = {X : (x +8B) N Dq, # 0},

with {Fg,, Gq,, Cq,, Dg,} defined as (32). From (34), it is straightforward that
‘H(g,,s5) is an inclusion inflated from Hg, := {Fg,, Gq,. Cq,, Do, }.

Consider arbitrary p > 0 and T > 0. Note that forward pre-completeness of Hg,
on the set K¢ comes from Claim 3 and the assumption that 7 is forward pre-complete
from K. Noting that for each & € Cgq,, Fg, (§) is convex in Assumption 1, we have
Fgq,(§) =con Fq,(§) for each § € Cq,. Using the results of [16, Corollary 5.2] and
[16, Theorem 5.4], we have that there exists a §* > 0 such that for all § € (0, §*] and
for each solution x of H g, s) with x(0, 0) € Ko+ 6B there exists a solution & to Hg,
with £(0, 0) € K¢ such that x and & are (T, p)-close. Consider H; in (30) and H (g, s)
in (33) with § € (0, §*]. Note that for each solution pair (x, w) of system Hs there
exists a solution x to the inclusion H (g, ). Considering any solution pair (x, w) of sys-
tem Hg with x (0, 0) € (Ko+46B) and w with [w| = Q1 € [0, 2], noting the closeness
of solutions X to H (g, s) and & to Hg, and applying Claim 3 completes the proof.

Proposition 2 Suppose that system H in (1) satisfies Assumption 1 and it is forward
pre-complete from a compact set Ko C R" with a disturbance bound Q > 0. Then,
foreach T > 0 the reachable set
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Ry (Ko, ) := {5, j) : (5§, w) € S(Ko), 1 +j =T, |w| = €2} (35)

is compact, where S(Kq) denotes the set of maximal solution pairs (§, w) to system
‘H in (1) with £(0, 0) € K.

Proof of Proposition 2 The result follows using Claim 3 and the result of [16, Corol-
lary 4.7].

Proposition 3 Suppose that system 'H in (1) satisfies Assumption 1, and it is ISS with
respect to (x, B, y). Then, for each compact set Ko C R" and each pair of (2, v) > 0
there exists 5 > 0 such that for each solution pair (x, w) of system Hs in (30) with
X0 := x(0,0) € (Ko + 6B) and |w| < , the following holds:

x (x(, j)) = max{B(x (Xo).t + j), y(lwh}+v V(, j) € dom x. (36)

Proof of Proposition 3 The proof is based on the trajectory method used in [35]. Let
the compact set K¢ be given. Let €2, v > 0 be arbitrary. Due to the compactness of
Ko and continuity of y, there exist m > v + y(2) such that Ko + B is contained in a
compact set {x € R" : x(x) < m}. Pick large enough T > 0 so that 8(m, r) < % for
r>T.

For the compact set K¢ and €2, let K be the reachable set defined as (35) for system
‘H for any (¢, j) € dom & with t 4+ j < 2T, which is compact from Proposition 2 with
forward pre-completeness of system H on Ko, thanks to the assumed ISS property.
Let M > 0 be such that maxzc, x (§) < M. Using the continuity of x and 8, and the
fact that (s, /) approaches zero as [ > 0 tends to infinity, let p{ > 0 be small enough
such that

Bls.l—pH)—B(s.) <= Vs<M, |>0. 37)

v
6
Let p5 be sufficiently small such that, for all £ € K and ¥ € (K + p;B) satisfying
|&€ — x| < pj, we have

X (%) Sx(é‘)+g

v (38)
B(x (&), D) = B(x(x), D) + 3 Vi=0.

Let p = min{p}, p3} and & := £(0, 0). Let Proposition 1 with (2T, p, ©2) and the
set Ko generate a §* > 0. Consider § € (0, 6*] and without loss of generality assume
that § < 1. From Proposition 1, we know that for each solution pair (x, w) of system
‘Hs with xg € (Ko + 6B) there exists some solution pair (§, w;) of system H with
& € Ko and |wq| < |w| such that x and & are (27, p)-close. Then, with ISS property
of H and the definitions of p* in (37) and (38), we have for all (¢, j) € dom x with
0 <t+ j <2T, all solution pairs (x, w) of system Hs with xo € (Ko + dB) satisfy

@ Springer



Input-to-state stability for a class of hybrid dynamical systems 247

XGE(t, ) < x(EGs, ) +g

< max{B(x ).t +j — p) y(wil)} + g

< max{B(x E0). 1 + ).y (wi])} + g

< max{B(x(Fo). t + /). y(Iw])} + g

Smax{ﬁ(m,t+j),)/(|w|)}+;~ (39)

In particular, from the choice of T', (39) shows that x (X(z, j)) < max {¥, y(lw)} +
3 <y(wl)+vforall (¢, j) € dom x with T <+ j <2T.

Let xr := x(s,i) and inputs w(-, -) := w(s + -,i + -) for each (s, i) such that
(s,i) edomx ands+i = T.For (¢, j) € dom x satisfying 2T <+ j < 3T, using
m > y () + v, (39) implies

Xt ) < max{B(x (Fr). 1 + /). y (1B} + g

< max (B(y (Jw]) +v. 1+ ). y(w} + %
< y(w) +v.

Using this fact recursively shows that y (x(z, j)) < y(Jw|) + v for all (¢, j) € dom x
with # + j > T. This bound and (39) establish the bound in (36). O

We also require the following claim, a Lipschitz extension theorem based on [27,
Theorem 1], that is useful in proving Theorems 1 and 2.

Claim 4 Let J C R" be compact, L > 0, and M > 0. For a vector-valued function

f = (f1,..., fn) where f; : J x R>o — R are real-valued functions, define
gi(x,7) :=sup{fi(z,t) — L|x —z[}. (40)
zelJ
Let
t(s) Ms (41)
sa _=—
7T max(M, Is1)

and g(x, v) := sat(g(x, r)) with g := (g1, ..., gn). If, foralli € {1,...,n},x,y €
Jot, 11 € Reo, [ f(x, )] = Mand [ fi(x, 7) — fi(y, T)l = L(x — y| + |t — 71D,
then g(x, t) = f(x, 7) forall x € J, T € R>¢, and satisfies the following properties:

1. |g(x,7)] <M forallx e R" and T € Rxy,
2. |gx,v) =gy, )| < V/nL(lx —y|+ |t —7|) forall x, y € R", 7, 71 € Rxo.
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Proof of Claim 4 Let M > 0 and L > 0 be such that

|f(x,T)| <M VYxelJandrt e R, 42)
lfitx, )= iy, )| < L(x—y|+|t—11]) VieN, x,yeJ,and 7, 11 € R>p.
43)

Using (43), for all T € R~ and for x € J, we have

ﬁ(x7 T) E Sup{ﬁ(z7 T) - L|x - Zl}

zed

= g,'(x,‘c) = Sup{fi(zv T) - ﬁ(x,‘c)—i—ﬁ(x,r) _le _Z|} S ﬁ(-xvt) .

zeJ

Noting the construction of g; in (40), we have that g;(x, t) > sat (fi(x, t)) with
letting z = x for all x € J. With (42) and the fact that

sat (Sup{fi(z, ) — filx, )+ filx, 1) — L|x — ZI}) =sat(fi(x, 7)) = fi(x, 1),

zeJ

it follows that g(x, ) = sat(f(x, 7)) = f(x,7) whenx € J and v € R>o.
From g(x, v) = sat(g(x, t)) and (41), it is straightforward that the first property is
satisfied. Noting (40), (43) and the fact that for each y and z € R":

sup{fi(z,t) — L]y —z|} — suIJJ{fi(z, 7)) —Lly—zl} < sur;{fi(z, ) — fi(z, T},
€ €

zed

we have

gi(yv T) - gi(yv T]) S SupZGJ{ﬁ(Za 7:) - ﬁ(z’ f])} S Ll": - .’:1"

Since this inequality holds for arbitrarily v and 71 € Rsq, one gets g;(y, 11) —
gi(y,7) < L|t — 71|, which gives

18i(y, 7)) — &y, )l < L|lt — 11| VyeR” (44)

Let N = {1,...,n}.Letk € N satisfy |gx(x, 7) — g (y, 7)| = max, 5 |§i(x, 7) —
gi(y, 7)|. Without loss of generality, assume gi (x, t) > gx(y, 7). With (44), the fact
[sat(§) — sat(y¥)| < |E — | for all &, ¢ € R”, the extended function g satisfies
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lg(x, T) — g(y, T1)
= |sat(g(x, 7)) — sat(g(y, t1))|
<lgx, ) =g, Dl + gy, 1) — gy, T1)]

1

n % n 7
= (Z 18i(x, T) — & (v, r>|2) + (Z 13 (v, T) — &i(y, n>|2)

i=l1 i=1

1

o prd % c 2 2 ’

= (n- 13 0 = @0, 0P) +(ZL T -l )
i=1

1
2
< (n -sup|Lla — x| — Lla —y||2) +/nLlt — 1]
acl
1

3
< (nL2~sup|a—x—a+y|2) +/nL|t — 11| = /nL(lx — y| + |t — 1))

aclJ

forall x,y € R" and 7, 71 € R>. O

C.2 Proof of Theorem 1

Let @2, 27 > 0 come from the definitions of equi-essential boundedness and local
equi-uniform Lipschitz continuity respectively. Let the compact set K be given. Let
T > 0and p > 0 be given. Apply Proposition 1 with the set Ko and (T, p, 2) to gen-
erate a 8™ > 0 such that for all § € (0, §*] and the system H; inflated from the weak
average system Hy,, for each solution pair (x, w) to Hs with x(0, 0) € (Ko + éB)
there exists a solution pair (&, wy) to system Hy, with £(0,0) € Ko and |w| < |w|
such that the solutions x and & are (T, £)-close. Without loss of generality, assume
that§ < land p < 1.

Let Swa(Ko) denote the set of maximum solution pairs to the weak average system
Hwa with £(0, 0) € K and define the set K as

Ry (Ko, Q) :=1{&(t, j) : (§,w) € Swa(Ko), t+j < T, |w| < Q},
K| := Rr(Kp) + B, (45)
K = K1 UG((K| x QB) N D),

where K is compact from Proposition 2. The set K is also compact as G is outer
semi-continuous and locally bounded.

Set K := K x QB C R” xR™. Let nya(x, w, T, 79, /) be defined as (9). Let K gen-
erate L (I?) > 1 such that Assumption 3 holds for all ((x1, wi), t4), ((x2, w2), ) €
(CNK) x R>pand 19 € [0, min{z,, 7p}] With L := L (k) Let K and Lemma 1 gen-
erate oz and pick u > O such that oz (1) < % Then, for this w, for all ((x, w), ) €
(C N K) x Rx>p and 19 € [0, ], we have |nwa(x, w, T, 70, )| < %.
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Let J := (C N K). Claim 4 gives us a new function 7, that defined on R" x R™ x
R-o — R". For the picked u, the following properties are satisfied for fya:

1. forall (x,w,7) € R" x R" x Rsg and 79 € [0, 7]

vaCe, w, 7, 10, ] < — (46)
3u
2. |fwa(x1, w1, Ta, 70, ) — fiwa (X2, w2, T, T0, )| < 23/nL(|x1 — x2| + |w; —
wa| + |t — 1) for each (x1, wi, 74), (x2, w2, 7p) € R” x R™ x R>p and 19 €
[0, min{zg, Tp}],
3. Nwalx, w, T, 70, 0) = Nwa(x, w, T, 79, ) for all ((x, w), ) € (CN K) x R>o
and 79 € [0, T].

Let Assumption 2, § and the set K generate M (15 ) > land 8’1“ such that the bounds (6)

: ._ % _ b _ 3pn _
holdwithM =M (K) ande € (O, ET].Letei" = m, 8; = S5 82 = 3/,L
and * = min{e}, &3, €3, &5 }. Consider & € (0, £*].

Let (x, w, 7) be a solution to the system

= folx,w, 1)
t=1
&
He v+ Coowyn K
e Hx,w, 1)

((x,w), 1) € (CNK) x Ry,
47)
] ((x, w),7) € (DN K) x Rxy.

Note that the system Hg agrees with system H, but with G intersected with K and
C, D intersected with K x QB. By construction, for each (¢, j) € dom (x, w, 7),
we have (x(z, j), w(t, j)) € K. With (46) and the definitions of &, we have for all
(t, j) € dom (x, w, 7):

- . . . &b
|577wa(x([v ]),UJ(Z, ]),T([, ])71-07 M)' = @ 56 (48)

holds for all 7y € [0, (¢, j)]. For each (¢, j) € dom (x, w, 7), define

X(t, j) = x(t, j) = enwalx(t, j), w(t, j), T, j), T0, 1), (49)

with 7 := (¢}, j) and t; := min{z : (¢, j) € dom (x, w, 7)}. It follows that X is a
hybrid arc. For each (¢, j) € dom x such that for all (z, j + 1) € dom X,

(-x(tv ])s w(tv .])) = ()E(t» ]) +8ﬁwa(x(ts J)v w(tv ])1 T(tv .])7 ‘509 M)a w(tv ])) e Dﬁk,
which with (48) implies that (x (¢, j), w(z, j)) € Ds and

X, j+ D) =x,j+ 1D —enalx@, j+ 1D, w, j+1),7¢ j+1), 70,1
€ (G((x(t, j), w(t, )N D)+ B)NK
C G((x(t, j),w(t, j)) N D)+ sB
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= G(()E(ty ,]) +Sﬁwa(x(f, .])’ w(t’ ,])9 T(t9 ])’ 70, :u)’ w(t’ J)) mD) +(SB
C G((&(t, j) + 8B, w(t, j)) N D) + 6B
= Gs(X(, ), w(t, j)).

Moreover, for each j such that the set I; := {t : (¢, j) € dom X} has nonempty
interior and for all 7 € I},

(x(t, ). w(t, j)) = (X, j)+efwa(x (@, j), wit, j), (1, ), 10, p), w(t, j)) eCNK
implies that (x(z, j), w(z, j)) € Cs. Noting 7y, is globally Lipschitz continuous,

X(-, j) is locally absolutely continuous and the set Lyy is locally equi-uniformly
Lipschitz continuous, and for almost all t € 1 ; we have

x(t, j)

OMwa(x (1, j), w(t, j), T(t, j), 0, M)).C
0x
83ﬁwa(X(t, J),w(t, j), T, j), t0, 1)
ow
_ Ofwa(x (@, ), w(t, ), T(t, J), T0, 1)
T

€x(t,j)—e¢

()]

w(, j)

aﬁWa(x(ta ])7 W(t, ,])’ T(t’ J)7 rOa /"L)x

= felx(@, j),w(t, j), t(t, j)) —¢ 5
X

8~Wa £ j ) ) j £ E) j ) £ . . . . .
o dwaat, 1) “’(;uf) PTG by~ ot ), wi, ), T )

+fwa(-x(tv ])s U)(l, ])) - Mﬁwa(x(ly ])’ 'I,U(t, ])s T(ts .])7 70, /-’L)

. J)

5B
€ fwa(X(t, J) + enwalx (@, j), wit, j), T(t, j), T0, ), w(t, j)) + —

3
+e2/nL(M + 1+ QB + ag (u)B

e F(X(t, j) + 6B, w(t, j)) + 6B

C Fs(x(z, j), w(t, j)), (50

where

Mwa(x, w, T, 70, b)) fwa(x, w, T, To, L) Ofwalx, w, T, To, U)
dx ’ dw ’ atT

can be considered as generalized Jacobian of 7y,. The sequence of equalities and
inclusions in (50) hold from the results in (Section 2.6, [10]) with Assumption 2, def-
initions of ¢* and p. Then, it follows that (X, w) is the solution pair of system H;,
and we can conclude that for each (x, w) there exists some solution pair (¢, wi) to
system Hy, such that X and & are (T, &) close. Moreover, from the definition of X in
(49) and definition of ¢*, we know that for the solution pair (x, w) to system Hg, x
is (T, %) close to x and then it is (T, p)-close to &.

@ Springer



252 W. Wang et al.

Next, consider solution pairs of system H, that start in K. Let (X, w) be a solution
pair to system H, with x(0,0) € K¢ and |w| < Q. If x € K for all (¢, j) € dom x
with t 4+ j < T, then for each solution pair (X, w) of He, there exists some solution
pair (&, wy) of system Hy, such that X is also (7, p) close to £. Now, suppose that
there exists (¢, j) € dom x such that X(s, i) € K satisfying s +i <t + j and either

1. (t,j+ 1) edomxandx(t,j+ 1) € K orelse,
2. there exist a monotonically decreasing sequences r; with the limit lim; . 7; = ¢
such that (r;, j) € dom x and x(r;, j) ¢ K for each i.

The solution pair (X, w) must agree with a solution pair of system Hg up to time
(t, j), and thus must satisfy X € Rr(Ko) + pB. If this follows, by the definition of
K in (45) and p < 1, which implies that R7(K¢) + pB is contained inside of K, that
neither of these two case can occur. This establishes the result. O

C.3 Proof of Theorem 2

The proof of Theorem 2 follows exactly the same steps in the proof of Theorem 1 with
following changes. Let 2 > 0 come from the definition of equi-essential boundedness
and § be same as the proof of Theorem 1. Let K be defined as (45) for strong average
system Hg,. Let the set K := K x QB and 6§ generate M (IE ) > 1 and &} such that
bounds (6) hold with M := M ( ) and ¢ € (0, &}

Let ns(x, W, 7, 7o, i) be defined as (10). Let K generate L (K) > 1 such that
Assumption 4 holds with L := L (K). Let the set K and Lemma 2 generate
and pick p > 0 such that ag () < % Then, for this u, forall 0 < 19 < 71, W
[t0, T1] — W and ((x, w(s)), ) € ((C1 x W) N IE) X [19, 1] for all s € [19, 71],

~ )
we have |7lsa(X, w, T, 70, ,LL)| = m

Let J := ((C; x W) N K). Using the result in Claim 4, we have the function 7jg,
such that, for the picked p and for all 0 < 79 < 71, w : [10, T1] — W, the following
properties are satisfied:

1. foreach (x, w(s), 7) € R" x R™ x [19, 71] forall s € [19, 71]:

8
Msa(x, W, T, T0, )| < 3 (S1)

2' |ﬁsa(x17 d)a Tas 70, /’L) - ﬁsa(x2s ‘lj)v Tp, 70, M)' S 2ﬁL(|x1 _-x2| + |ta - tbl) fOr
all (x1, w(s), 7o), (x2, W(s), Tp) € R" x R™ x [19, T1] forall s € [19, 71],

3. flsa(x, W, T, 10, 1) = Nsalx, W, T, 79, w) forall ((x, W(s)), v) € ((C1xW)NK)x
[0, T1] for all s € [1g, T1]-

Let Assumption 2, § and the set K generate M ( ) > 1 and &} such that the bounds

(6)hold with M := M (K) and e € (0, e}]. Lete} = m,83 358“,54 =3u

and ¢* = mm{sl, 82, 83, 84}. Consider ¢ € (0, £*].
Letting (x, w, T) be a solution to the system ‘Hg in (47), it follows from the con-
struction of Hg that (x(¢, j), w(z, j)) € K forall (¢, j) € dom (x, w, 7). Let tp :=
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T (t?, j) and 11 =7 (tll., j) with t;) ;= min{z : (¢, j) € dom (x, w, 7)} and tll. =
max{z : (¢, j) € dom (x, w, 7)}. Let w : [79, T1] — W be defined as w(z (s, j)) :=
w(s, j) foreachs € {t : (¢, j) € dom (x, w, t)}. With (51) and the definition of ¢, it
follows that for all (¢, j) € dom (x, w, 1),

- "~ . 1)
|577sa(x(ta ]),w,f(t, ]),TO, /’L)l = ﬂ S(S (52)

For each (z, j) € dom (x, w, 7), define
X, ) =x(, j) —ena(x(, j), w, t(t, j), 10, 1)
For each (z, j) € dom x such that for all (¢, j + 1) € dom x,
@t ) w(t, ) = E(t, ) +efsa(xe(t. ). B, Tt ). 10, ), wit. j)) € DN K
with (52) implies that (x(¢, j), w(¢, j)) € Ds and

X, j+ D) =x@j+1)—=ena@,j+ 1D, w @ j+1), 0, p®
€ (G((x(t, ), w(r, j) N D) +8B) N K
C G((x(t, j),w(t, j)) N D) + 6B
=G, j) +ensa(x(, j), w, (t, j), ©0, ), w(t, j)) N D) + 5B
C G((x(t, j) + 8B, w(t, j)) N D) + 5B
= Gs(x(t, j), w(z, J))-

Moreover, for each j such that the set /; := {t : (¢, j) € dom X} has nonempty
interior and for all ¢ € I,

(e, )y w(t, j)) = &1, j) + efsa(x(t, j), W, T(t, j), 0, 1), wt, j)) € CNK

implies that (x(¢, j), w(t, j)) € Cs. Noting the definition of w, instead of (50), we
have

IMsa(x(t, j), w, T, j), 70, M)x
0x
 Oflsa(x (2, ), w, T(2, J), To, 14)
aT
= fe(x(t, j), w(t, j), T, j)) — folx(z, j), w(z(t, j)), T(t, j))
0nsa(x(2, j), w, T(t, j), T0, 1)
0x

(. J)

x(t, j) € x(t, j) —¢

_Mﬁsa(-x(taj)vw5r(t’j)v 7:09 M)_g X(tm])

+fsax (@, j), w(T(t, j))
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= fe(x(t, ), w(, j), o, j)) — folx(t, j), w(t, j), (t, J))
aﬁsa(x(t’ ])7 11)’ T(t’ ])7 7:05 /"L)

—uisa(x(t, ), w, T(@, j), T0, 4) — € ™ x(t, j)
+ faa(x(t, j), w(t, j))

€ faa(X(t, ) + efsa(x(t, j), W, T(t, j), T0, 1), w(t, j)) + ?
+&2/nL(M + 1)B + ag (n)

€ F(x(t, j) + 8B, w(r, j)) + 8B C Fs(x(t, j), w(t, j)). (53)

Then, it follows that (x, w) is the solution pair to system H;s, and we can conclude
that for any solution pair (x, w) there exists some solution pair (£, wi) to system Hg,
such that X and £ are (T, £)-close. Then, using the same steps in proof of Theorem 1,
we can complete the proof. O

C.4 Proof of Theorem 3

Let 2, 21 > 0 come from the definitions of equi-essential boundedness and local
equi-uniform Lipschitz continuity respectively. Let functions (x, 8, y) come from
the definition of ISS in Def. 8 for system Hy,. Let the compact set Ko C R” be given,
and define

Ki:=1x e R": x(x) < max [ﬁ (_ ax X()E),O),y(Q)] + 1]
xeKyp

K =K UG{Ki xW)ND).

(54)

The set K is a compact because of continuity of the proper indicator x and outer
semi-continuity of the set mapping G : R" x R" — R".

Let v € (0, 1). From the Proposition 3, the v, 2 and the compact set K generate
a § > 0 such that each solution pair (x, w) of system Hg inflated from Hy, with
xo ;= x(0,0) € K + 5B satisfies

x(x(, j)) = max{B(x (Xo),t + ), y (lw)} + g V(t, j) € dom Xx. (55)

Without loss of generality, assume that § < 1. Let K := K x QB C R" x R”. Let K
and Lemma 1 generate a g and pick ¢+ > O such that oz < % Let K, 8 and Assump-
tion 2 generate M (K) > 1 and &} > 0 such that bounds (6) hold with M := M (K)
and ¢ € (0, ST]. Let Assumption 3 and the set K generate L = L (IZ ) > 1 so
that Assumption 3 holds for all ((x1, wy), 74), ((x2, w2), ) € (C N IZ) x Rxg. Let
& = smnrrray £ = -

System Hg defined in (47) is introduced. With the continuity of the proper indi-
cator x and class-/CL function 8 and the fact that 8(m, s) converges to zero as s > 0
approaches infinity for all m > 0, let ¢ > 0 be such that for all x € K and ¥ €
K + ;LB satisfying |x — x| < e} L, the following holds:
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x(x) < x(®) +§
; (56)
B(x(x),s) < B(x(x),s)+ 3 Vs € R>p.

Letting ¢* = min{e}, €3, €3, &5}, for each ¢ € (0, &*], define x as (49) with
the same construction method in the proof of Theorem 1. Then, we can show that
(x(t, j), w(t, j)) is a solution pair to the inflated system Hg, and then (55) holds.
Letting xo := x(0, 0) and using (56), for all solution pairs (x, w) € K to system Hg
and (¢, j) € dom x, we have

X(e(t, ) < x &t ) + g

2
max{B(x (%o). 1 + /). y (lw)} + ?“

max{B(x (x0), t + j), y (lw)} + v. (57)

IA

IA

In particular, since v < 1, each solution pair to system Hg starting in K¢ remains in
the compact set

K, :=1x eR": x(x) < max [,3 ([nall(x X()E),O) , y(Q)] + v] .
xXeKg

With v < 1 and continuity of x, K, is contained in K defined in (54). Finally, using
the same steps in the proof of Theorem 1, and the bound (57) on the solution pairs of
system Hg to get conclusions about the solutions of system H, with xg € Ko, which
establishes the result. O
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