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Abstract

Linear sets in projective spaces over finite fields were introduced by Lunardon (Geom
Dedic 75(3):245-261, 1999) and they play a central role in the study of blocking sets,
semifields, rank-metric codes, etc. A linear set with the largest possible cardinality
and rank is called maximum scattered. Despite two decades of study, there are only
a limited number of maximum scattered linear sets of a line PG(1, ¢™). In this paper,
we provide a large family of new maximum scattered linear sets over PG(1, ¢g™) for
any even n > 6 and odd ¢. In particular, the relevant family contains at least

St ifr£2 (mod 4
it | ifr=2 (mod 4,

inequivalent members for given ¢ = p” and n = 2t > 8, where p = char(IF,). This
is a great improvement of previous results: for given g and n > 8, the number of
inequivalent maximum scattered linear sets of PG(1, ¢") in all classes known so far, is
smaller than ¢2¢ (1) /2, where ¢ denotes Euler’s totient function. Moreover, we show
that there are a large number of new maximum rank-distance codes arising from the
constructed linear sets.
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1 Introduction

Let V be a vector space over Fyn of dimension r and 2 = PG(V, ¢") = PG(e—1, ¢").
A set of points Ly of €2 is called an Fy-linear set of rank k if it consists of the points
defined by the non-zero elements of an F;-subspace U of V of dimension k, that is,

Ly = {(u)Fq,, ‘ue U\{O}}.

The term linear was introduced by Lunardon [19] who considered a special kind of
blocking sets. In the past two decades after this work, linear sets have been intensively
investigated and applied to construct and characterize various objects in finite geom-
etry, such as blocking sets, two-intersection sets, translation spreads of the Cayley
generalized Hexagon, translation ovoids of polar spaces, semifields and rank-metric
codes. We refer to [1, 16, 25-27] and the references therein.

The most interesting linear sets are those satisfying certain extremal properties.
Firstly, itisclearthat Ly | < ({Ik%ll . When the equality is achieved, L is called scattered.
A scattered linear set Ly of Q with largest possible rank & is called a maximum
scattered linear set. In [6], it is proved that the largest possible rank is k = en/2 if e
is even, and (en —n)/2 < k < en/2 if e is odd. In particular, when e = 2, i.e. Ly is
a maximum scattered linear set over a projective line, its rank k equals 7.

For a given linear set Ly of rank n of a projective line, by a suitable collineation of
PG(1, ¢"), we may always assume that the point {(0, 1))Fq,, is not in Ly . This means

U=U;:={(x, f(x)):x € Fyn},

for a g-polynomial f(x) over Fyn; i.e. an element of the set

n—1
Ly glx] = {Zcixqt ic € Fqn} .
i=0

Since polynomials in this set define IF;-linear maps of [F;» seen as an I, -vector space,
they are also known in the literature as linearized polynomials. Given a g-polynomial
f,weuse L ¢ to denote the linear set defined by U s. It is not difficult to show that L ¢
is scattered if and only if forany z, y € ]FZ,, the condition

f@ _ )
z oy

implies that z and y are F-linearly dependent. Hence, a g-polynomial satisfying this
condition is usually called a scattered polynomial (over Fyn), see [27]. The condition
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Table1 Numbers of inequivalent C s and PT'L(2, g")-inequivalent L y, where f is a scattered polynomial
in (i), (i) or (iii), ¢ = p" with p = char(F;) and ¢ denotes Euler’s totient function

No Families # inequivalent C ¢ # inequivalent L ¢
i) Pseudo-regulus ¢(n)/2 1
q—2 q=2
n)i5= 2tn n)i5= 2tn
(i) Lunardon—Polverino < o) 22+ 4 )( < o) 22+ 4 T
pm L= 2]n, pm L= 2]n,
(iii) Longobardi—Zanella ¢(n)/2 <¢(n)/2

for a g-polynomial f(x) to be scattered can be rephrased by saying that if f(yx) =
yf(x),forx and y € Fyn withx # 0, then y € F.

Scattered polynomials are also strongly related to maximum rank-distance (MRD,
for short) codes. Given a scattered polynomial f, the set of g-polynomials

Cr={ax+bf(x):a,belFy)

defines a linear MRD code of minimum distance n — 1 over [F;. For recent surveys on
MRD codes and their relations with linear sets, we refer to [26, 28].

Up to now, there are only three families of maximum scattered linear sets in
PG(1, ¢") for infinitely many n. We list the corresponding scattered polynomials
over [Fyn below:

(i) x?°, where 1 <s <n —1and gcd(s, n) = 1; see [6].
(i) 8x7" 4+ x9"", where n > 4, Nyn/y(8) ¢ {0, 1}, ged(s, n) = 1 and Nyn/g : x €

—1
Fyn = xqu € [y, is the norm function of F,» over Fy; see [20, 27].
(i) ¥® (x), where ¥ (x) = % (xq 4oxd T ™! —l—quH), g odd, n = 2t and

— tisevenand ged(k,t) =1, or
— tisodd, ged(k,2t) = 1,and g = 1 (mod 4); see [18].

For n € {6, 8}, there are other families of scattered polynomials over Fy»; see [4, 9,
10, 23, 31]. According to the asymptotic classification results of them obtained in [2,
3, 5, 13], maximum scattered linear sets in PG(1, ¢g) seem rare.

Two linear sets Ly and Ly of PG(1, ¢g") are said to be PI" L-equivalent (or pro-
Jjectively equivalent) if there exists ¢ € PI'L(2, g") such that L‘Z = Ly . For two
given g-polynomials, it is well-known that C is equivalent to C, if and only it Uy
and Uy are on the same I"L(2, g")-orbit (see Theorem 2.1), which further implies
that Ly and L, are PI" L-equivalent. However, the converse statement is not true in
general. For instance, if Uy = {(x, x?):x € Fqn} and Uy, = {(x, x):x € IFqn}
with s # 1,n — 1 and ged(s, n) = 1, then Uy and U, are not I'L(2, ¢")-equivalent,

but obviously L y = [((1, x4 ))Fqn 1X € IFZ,, } = L. For more results on the equiv-
alence problems, we refer to 8, 11].
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In Table 1, we list the numbers of inequivalent Cy and PI"L(2, g")-inequivalent
L 7, for a scattered polynomial f in each one of the three known families. The proof
of what is stated in Table 1 will be provided in Sect. 2.

In this paper, we present a new family of maximum scattered linear sets in PG(1, ¢")
where ¢ = p”, p is an odd prime and n = 2¢ > 6; see Theorem 3.1. In particular,
when ¢ > 4, this new family provides at least

ot]. it #£2 (mod 4
#ﬁd if1=2 (mod 4)

inequivalent number of MRD codes (Corollary 4.3) and at least

%J ifr£2 (mod 4):
t .
%J ifr=2 (mod 4)

PT'L(2, g")-inequivalent maximum linear sets (Theorem 5.1). Therefore, the number
of maximum scattered linear sets in PG(1, ¢") (and hence of MRD codes) grows
exponentially with respect to n.

The remaining part of this paper is organized as follows. In Sect.2, we introduce
more results on the equivalence of maximum scattered linear sets in PG(1, ¢”) and
the associated MRD codes, and explain Table 1 in details. In Sect.3, we exhibit a
family of polynomials f over [Fx, and prove that they are scattered. The equivalence
between the MRD codes Cy associated to the members of this family are completely
determined in Sect. 4, in which we also study the MRD codes derived from the adjoint
maps of our scattered polynomials. Based on these results, the PI" L-equivalence of
the associated maximum linear sets are investigated in Sect. 5.

2 Equivalence of MRD Codes and Linear Sets

A rank-distance code (or RD code for short) C is a subset of the set of m x n matrices
IF? *" over F, endowed with the rank distance

d(A, B) =1k(A — B)
forany A, B € F’qnx”. The minimum distance of an RD code C, |C| > 2, is defined as

d(C)= min d(M,N).
M,NeC

M#N
A rank-distance code of Fy'*" with minimum distance d has parameters (m, n, q; d).
If C is an F,-linear subspace of ]FZ”", then C is called F,-linear RD code and its

dimension dimp, C is defined to be the dimension of C as a subspace over F,. The
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Singleton-like bound [12] for an (m, n, q; d) RD-code C is

|C| < qmax{m,n}(min{m,n}—d-i-l)

If C attains this size, then C is a called Maximum Rank-Distance code, MRD code
for short. In this paper we will consider only the case in which the codewords are
square matrices, i.e. m = n. Note that if n = d, then an MRD code C consists of
g" invertible endomorphisms of Fyn; such C is called spread set of Endp, (Fg). In
particular if C is IF,-linear, it is called a semifield spread set of Endlpq (Fgn), see [15].
Two Fy-linear codes C and C’ are called equivalent if there exist A, B € GL(n, ¢) and
a field automorphism o of I, such that

C'={AC°B: C ().

The aforementioned link lies in the fact that rank-distance codes can be described
by means of g-polynomials over F», considered modulo x?" — x. After fixing an
ordered [Fy-basis {b1, by, ..., by} for Fyn it is possible to give a bijection ® which
associates for each matrix M € ng" a unique g-polynomial fy € L, 4[x]. More
precisely, put b = (b, b2, ..., by,) € IE‘Zn, then ®(M) = fj; where for each u =
(uy,us,...,uy) € IE‘Z we have fy(b-u) =b-uM.

For a scattered polynomial f, as the kernel of the [F;-linear map z +— az+bf (z) is of
dimension at most 1 for any a, b € F;» with (a, b) # (0, 0), the set of g-polynomials

Cr= {ax-l—bf(x):a,bqun}

defines a linear MRD code of minimum distance n — 1 over F.

Given two scattered polynomials f and g over Fyn, the corresponding MRD codes
Cy and C, are equivalent if and only if there exists a triple (L, L2, o), with Ly,
Ly € L, 4[x] permuting Fyn and o € Aut(FF,) such that

Liog® oLy eCgforallg e Cy,

where o stands for the composition of maps and ¢? (x) = » af x4 for px) =

> aix? . If f = g, the set of the triples defined as above is a group which is called
the automorphism group of the code Cy and it is denoted by Aut(Cy).

The following result concerning the equivalence of MRD codes associated with
scattered polynomials is proved in [27].

Theorem 2.1 Let f and g be two scattered polynomials over Fyn, respectively. The
MRD-codes Cy and Cq are equivalent if and only if Uyr and Uy are T'L(2, q")-
equivalent.

For two scattered polynomials f and g, by Theorem 2.1 and the definition of
PT L-equivalence of linear sets, if Cr and C, are equivalent, then L y and L are also
PT L-equivalent. The converse does not hold, see [11].

For this paper, we only need the necessary and sufficient conditions in Theorem 2.1
to interpret the equivalence problem in Sect.4. However, in general, the equivalence
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problem for MRD codes could be more complicated. We refer to the surveys [26, 28]
for its precise definition and related results. See [7] for the hardness of testing the
equivalence between rank-distance codes. The left idealizer and the right idealizer of
any given rank-distance code C are invariant under equivalence. These two concepts
were introduced in [17], and in [21] with different names. If a rank-distance code C is
given as a subset of £, 4[x], then its left idealizer and right idealizer are defined as

I1C) ={p € Lyylx] : o f eClorall f e},
and
IR(C) ={p e Lyylx]: fopeCforall f eC},

respectively. When C is an MRD-code, it is well known that all nonzero elements in
I7.(C) and IR (C) are invertible and each of the idealizers must be a subfield of Fyn. In
particular, if C is an Fn-subspace of £, 4[x], then /7 (C) is isomorphic to Fy» and C
is said to be an [Fn-linear MRD code.

Obviously, for every MRD code C s associated with a scattered polynomial f over
Fyn, its left idealizer

IL(Cy) = {ax 1x € ]Fqn}, (D

clearly isomorphic to Fyn.
n—1

For a g-polynomial f(x) = ) 7~ aixq[ over [Fyn, the adjoint map f of it with
respect to the bilinear form (x, y) = Tryn /4 (xy) is

n—1
~ n—i —i
f(x):aox+Za? X"

i=1

For a given scattered polynomial f over Fyn, its adjoint f is a scattered polynomial
over F,» as well,and Uy and U 7 (and hence C 7 and C f) are not necessarily equivalent.
However, they define exactly the same linear set of PG(1, ¢"); see [1, Lemma 2.6]
and [8, Lemma 3.1]. This also implies that Cy and C 7 are both MRD-codes.

To investigate the PI'L-equivalence among linear sets of a line, we need the
following result

Lemma2.2 [8, Lemma 3.6] Let f(x) = Y7~ aix? and g(x) = S Bix4' be two
q-polynomials over Fyn such that L y = L. Then

() ap = Po,
k k
(b) axey_ = Bify_ fork=1,2,--- ,n—1,
k k k k
© anaf_jay_y + axay_jon i = BB Bi_y + BBy for k =
2,3,---,n—1.
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In the following we provide details on the estimates stated in Table 1 for the three
families.

Family (i) The number of inequivalent MRD codes defined in (i) comes from the
well-known results on the equivalence of Delsarte—Gabidulin codes and their gener-
alizations; see [22, Theorem 4.4] for instance. Moreover all monomials f(x) = x?
with ged(s, n) = 1, determine the same linear set in PG(1, ¢"); in fact,

Ly:= {((LX({LI))FW X e FZ"};

the so-called linear set of pseudo-regulus type.

Family (ii) For the number of inequivalent MRD defined in (ii), we need more
complicated analysis. Firstly, we state the following result which is a special case of
[22, Theorem 4.4].

Proposition 2.3 For, n € Fyn suchthat Nyn;4(0), Ngnjq () ¢ {0, 1}, withl < s,t <

2L satisfying ged(s,n) = 1, let f(x) = nx? + x4 and g(x) = ox4" + x4"".
Then Cy and C, are equivalent if and only if s = t and

6 =nzd" !
for some v € Aut(Fyn) and z € an.

By Hilbert’s Theorem 90, if m|n, {x € IE‘Z,, P Ngnjgm(x) =1} = (" 1:ye FZ”}'
As

ged@n) _ | _ > -1, 2|n,
g—1, 21n,

gcd(q2S _ 1’ qn _ 1) — qgcd(2s,n) _ 1

=q
if Nq,,/qgcd(z_,,) @) =N ,,/qgcd(z,m(n), then we can always find z € IFZ,, such that 6 =

2s 2s .
nz?" ~!. Hence, under the maps n +— nz¢" ~! for z € IE‘Z,,, the elements in IE‘;’I‘,, are
partitioned into ¢4 — 1 orbits. Moreover, 6 and 7 are in the same orbit under the
2s . .
maps n — ntz4 “lforz e IF(’;,, and € Aut(Fy») if and only if Ny /pscacm (6) =

_[/
(Nqn /qgcd(2,n)(n)) for some 7/ € Aut(]Fqgcd(Z,n)), which implies that Nqn Jqeed.m )

and Nyn jqecacn (n) must belong either to IF, \ {0, 1} or to F(m) for some m |r -
gcd(2, n), where m > 1 and
F(m)={x €Fpn :x ¢ F i withk <m, k| m}.

Therefore, the total number ® (g, n) of inequivalent MRD codes in family (ii) for
given g = p" and n, where p = char(F,), is

o
ogm=| Y I, )20

Jlr-ged(2,n), j#1 2
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By computation, we have

IF()I e FDI+ (=2, 24,
L (p=2)< Jlr j#1
2  tw )—{%2,2,,A,#|F<j>|+<p—2>, 21n,

_{q—Z, 24n,

Jlr-ged(2,n), j#1

5@ —=p)+p—2. 2|n
As a consequence, we can derive the following upper bound for ® (g, n):

(-2, 2¢n,
®(q7n)§ {q2+p_4m 2|n (2)
2 2 .

One can also derive a lower bound

9=2 ¢n) 2tn
r 2 0 ’

Olg,n) = {qzq o(n)
2r 2

2| n.

Note that for g large most choices of 6 satisfying Nyn 4 (0) ¢ {0, 1}, Nyn jgeeais.m (0)
is not in any proper subfield of Fqgcd@,,,). Therefore, ®(n, g) is asymptotically close to
the above lower bound when ¢ is getting large. By (2), we get an upper bound on the
number of inequivalent C in family (ii) in Table 1.

Let A(n, q) be the number of PI" L-inequivalent Lunardon—Polverino linear sets
over PG(1, ¢g). Clearly, the upper bound for ® (n, ¢) is an upper bound for A(n, g),
but, actually, this could be smaller. In [10, Section 3], A(n, q) is determined for
n = 6, 8. The precise value of A(n, ¢q) for all n > 3 can be found in a recent preprint

2
[30, Section 4]. The value of A(n, g) is approximately q%") for odd n and %r(”) for
even n provided that g is large enough.

Family (iii) Regarding (iii) in Table 1, for fixed ¢ and n, there are exactly ¢ (n)/2
inequivalent MRD-codes derived from this family of scattered polynomials; see [18,
Theorem 5.4]. The precise number of PI" L-inequivalent linear sets provided by it is
still unknown, but it is obviously smaller than or equal to ¢ (n)/2.

3 Construction

Inspired by the results obtained in [ 18] where polynomials w(k) (x) defined in (iii) were
introduced, and their scatteredness proven, we investigate here a similar problem for
a natural generalization of these examples.

Precisely, set n = 2¢, t+ > 3 and let g be an odd prime power. We consider the
following g-polynomials:

1+

Yo () = x4 x4 = 1= T 1T e e ] 3)
where h € Fyn \ Fyr and Ra' = 1,
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First we note that if # = 3 in (3), then v, 3(x) are the scattered polynomials and
they are the adjoint polynomials of those constructed by Bartoli et al. in [4].

Furthermore, if we allow i € F:, since —1 = h4' 1 = K2 thenh € IF 2. Then we
may distinguish two cases:

(a) ¢ =1 (mod 4). In this case i € F; and ¥, ;(x) becomes

1

1 t+1 2t—
+x7 .

-
x4 4 x4 — x4

This polynomial was proven to be scattered for each t > 3 in [18].
(b) ¢ =3 (mod 4). In this case h € ]qu and hY = —h; hence, t must be even and
Y 1 (x) becomes

t—1 t+1 2t—1
x4 +xq + x4 — x4

Also, this polynomial was proven to be scattered in [18].

In this section, our goal is to prove the following main result.

Theorem 3.1 Letn = 2t,t > 3 and letq be an odd prime power. For eachh € Fyn\F 1
such that h4'+! = —1, the [F,-linearized polynomial yry, ; (x) is scattered.

Now we note that polynomials described in (3) can be rewritten in the following
fashion:

Vnt(x) = L(x) + M(x), “

1 1 2t—1

where L(x) = x9 — R1=4" ™" and M(x) = xd' 7 g gl e
Itis straightforward to see that L (x) and M (x) are F,r-semilinear maps of IF;» with

. . t—1 .
companion automorphisms x +— x% and x — x4 , respectively. Moreover, we have
that

kerL =[x e Fgn: v —h?""' =27 =0 )
and similarly

ker M = {x € Fyn : x40 =050 = 0. ©6)
In addition, since ha'+l = —1, we have

t
t _ il i1\ 4 t+1 r_
L(x)4 = (xq —pl=a e ) = x4 _pd 9,4

——e (xq - hl—q’“x‘f“) = —n?1L(x)
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and similarly, we may prove that M (x)qt A (x). Hence, we obtain that
imL ={zeFp: 27 +h? 92 =0} 7

and

1

imM ={zeFp: 20 —h’"1" z=0}. ®)

Clearly, the sets in (5), (6), (7) and (8) are 1-dimensional IF,:-subspaces of Fgn.

Proposition3.2 Letn = 2t,t > 1 and let h € ]Fth be such that h9'+! = —1. Then
W+ £ 1 and k'™ £ —h.

Proof First, as ¢ is odd, ged(g? + 1, g% — 1) = 2if ¢ is odd, and

2, t=0 (mod 4);
cd(g>+1,4" +1) =

ged (¢ a+1) ¢*+1, t=2 (mod 4).

Assume on the contrary that #9°+! = 1. Together with #9'+! = —1 and the above

GCD conditions, we deduce the following results.
If  is odd, then A2 = 1 which contradicts k9 t! = —1.1f4 | ¢, then h? = —1 which

implies #9°+! = —1 contradicting the assumption. If 2 |  but 4 tt, then h?' 1 =1
contradicting h?' ! = —1.
From 79"+ = —1 and h9°+! £ 1, we finally derive h9~ # —h directly. o

Proposition 3.3 Let n = 2t witht > 3. The finite field Fyn, seen as F i -vector space,
is both the direct sum of Ker L and ker M, and of im L and im M.

Proof Since ker L and ker M are 1-dimensional qu—subspaces of [Fyn, it is enough to
prove that ker L Nker M = {0}. In this regard, let u € ker L N ker M. By (5) and

(6), we get X - —hqm, ie. (hq’fz)qt+l = —hd"™" Since R4t = —1, we get
h'? = —h, contradicting Proposition 3.2.

Taking into account (7) and (8), a similar argument shows that the additive group
of Fyn, seen as qu-vector space, can be also written as im L & im M. 0O

Consider now the following [F-linear maps of [F»

1

Rix)=x4 +h?""4x and T(x)=x7 +h? " x. )

It is straightforward to see that dim]Fq, ker R = dim]Fql ker T = 1; moreover, ker T =

-1
h4"" ~4 ker R, moreover by the same argument that we use above, one gets that

1

imR = {ze€Fyn: 0 — 11 = 0}
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and
imT = {zeFy:24 —h!" "9z =0},

. . 1.
obtaining thatim 7" = h4=4" imR.

Lemma3.4 Letp, T € IE‘:;,,, n=2tandt > 3 be such that p € ker R and t € ker T.
Then

(i) {1, p} and {1, T} are F i -bases of Fyn.

Gi) Ift = pa' ! “9p and an element y € Fyn has components (71,1u1) in the ordered
Fyi-basis {1, p}, then the components of y in the ordered F ;i -basis {1, T} are

(o (1=07770) ). (10)

Proof (i) It is enough showing that p and  are not in ;. We will show that p ¢ [F:.

A similar argument can be applied to T as well. Suppose that p € F, then p4 =1,
Then, by hypothesis,

| = pqt_l _ _hqtfl_q.

Hence h9' " = —h which, by Proposition 3.2, is not the case.
(ii) Let y € Fyn and suppose that y = Ay + w10 with A1, uy € Fyr. Also, denote
by A2 and u; the components of y in the qu-basis {1, t}. Of course, we have

A+ 2T = A1+ 1P (11)

Raising (11) to the ¢’-th power, and taking into account that p € ker R and 7 € ker 7,
we get the following linear system in the unknowns A, and p»

A2+ 2T = AL+ p11p
o — uahd™1 T = ay — kT .

Clearly, this linear system has a unique solution; i.e.,

A2=A1+Mlp<1—hqt71_q) and po = Ui.

Hence, the assertion follows. O
Proposition 3.5 For any nonzero vectors u € ker L, v € ker M and any a € Fyn, the
following statements are equivalent:

(i) a € ker R;
(i) av € ker L,
(i) aM(u) € im L.
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Proof Clearly, if a is zero the statement is trivially verified. Suppose thata € IE‘(’;,,. Let
p be a nonzero vector in ker R which means ker R = (p):.
(i) = (ii). Leta € (p)4, then there exists A € [, such thata = Ap. Then

L(av) = 2 L(pv) = 24 ((p)? = n' =" (pu)e'™")
Since p € ker R and v € ker M, by (6) and (9), we get

(}va)q (1 . h_qt+2+l+qt_q2) )

Moreover, since ha'+l = —1, the latter expression is equal to 0; hence, av € ker L.
(ii) = (iii) Let v € ker M. Since av € ker L,

0= Lav) = @)? —h'~0" @)™ =7 (a? 451700,

that is

1 t+1 t

a+ne =g Z o, (12)

We will prove that aM (u) € imL. So, putting z = M (u), by (7), this is equivalent to
prove that

(az)? +h? 9 az) =0.

By Proposition 3.3, since u € ker L, z = M (u) # 0. Also, since ha'+l = —1, by (8),
we have

(az)qt —{—hqtiq(az) _ thtiq ) (aqttht—lqu—l +a)

and by (12) the last expression equals 0, proving the result.
(iii) = (i) As before, by Proposition 3.3, z = M (u) is anonzero element of im M.
Since az € im L, by (7) and (8), we obtain

1

0 = (@) +h" () =z (a?n7 1" 4+ 17" 4a)

_ hqt_qr—lZ (aqt + hqt—l_qa) ’
which implies a?' +ht'"' =g = 0. Then, by (9), a € ker R. Finally, since ker R is a
1-dimensional F:-subspace of Fyn, @ = Ap for some A € Fr. O

Using similar techniques as in the previous proposition we can show the following
result

Proposition 3.6 For any nonzero vectors u € ker L, v € ker M and any b € Fyn, the
following statements are equivalent:
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(1) bekerT;
(i) bu € ker M;
(iii) bL(v) € im M.

We are now in the position to prove our main result of this section.

Proof of Theorem 3.1 Let ¥ (x) := ¥, ((x), we want to prove that for each x € ]FZ,,
and for each y € Fyn such that

V(yx) =yv(x) (13)
we get y € ;. Recall that
Y(x) = L(x)+ M(x)

asin (4). Also, by Proposition 3.3, any x € [Fyn can be uniquely writtenas x = x1 +x2,
where x; € ker L and x, € ker M. Similarly, by Lemma 3.4, if y € Fyn there are
exactly two elements A1, 1 € Fyr and two elements A2, uo € Fyr such that

MApip=y =i+t

where p e ker Rand 7 = ha'~'=a p. It has been already noted that T € ker T'. Putting
a = p1p and b = pot, which imply a € ker R and b € ker T, Condition (13) may
be re-written as follows

L((A1 +a)(x1 +x2)) + M((A2 + b)(x1 +x2)) = (A2 + D) L(x1 + x2) (14)
+ (A1 +a)M(x1 + x2).

Also, since x1 € ker L, x5 € ker M, L(x) and M (x) are F:-semilinear maps and by
(i1) of Proposition 3.5 and (i7) of Proposition 3.6, Eq. (14) is equivalent to

L(Ax2) + L(axy) + M(Aax1) + M(bxz) = Ay L(x2) + bL(x2)
+ M M(x1) +aM(xy).

and hence

M L(x2) 4+ Laxy) — A L(x2) —aM(x1) = bL(x2) + A1 M (x1) 15)
— 20" M(x) — M(bxy).

Now, since the image spaces of the maps L(x) and M (x) are F -spaces, taking (iii)
of Proposition 3.5 and (iii) of Proposition 3.6 into account, the expressions on left
and right hand sides of (15) belong to im L and im M, respectively. By Proposition
3.3, both sides of (15) must be equal to zero an hence we obtain the following system

L(ax)) —aM(x)) = (A2 — A7) L(x2)
t—1
bL(xy) — M(bxy) = (Ag — Al)M(xl).
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Raising to the g-th power the second equation, we get

L(ax)) —aM(x)) = (A2 — 4{)L(x2)
(16)
bIL(x2)1 — M(bx2)? = (ha — AT )M (x1)7.

Sincea = pu1p, b = prtand T = h‘ftil’q,o, from Lemma 3.4 it follows

e =pmip(l—h" "9 4 it = Ao+ pot

and, since {1, 7} is an [F:-basis of Fyn, we get uy = pp and b = ha' =g,

If a = 0, we have u; = 0 and hence y = A1 = Ay € Fyr. Also, from (16),
if A # A7, then L(x2) = M(x;) = 0. By Proposition 3.3, x = x| = x, = 0, a
contradiction. Then A; = A» = A, which gives A; € Fy, ie. y € F,.

In the remainder of the proof, we are going to show thata # 0, i.e. y € F o \ Fyr
leads to contradictions. Depending on the value of x; and x;, we separate the proof
into three cases.

Case 1 x; = 0. The system in (16) is reduced to

(A2 = A{)L(x2) =0
b1L(x2)4 — M(bxp)? = 0.

By the second equation, taking into that b € ker T, x, € ker M and h4 = —1, we
get

(xa (1 + ha=a" )"

Then, there exists A € IFZ such that

h
(x2 (1 +h1=4a""))

b=AxA-

q+1"

Since b € ker T, then b4’ + h9=9""'b = 0 and we get

pa' -1 pa—a'""

+ =0

RNV _ 1 ’

(x2 (l + ha—d' 1))(1 (g+1) (x2 (l + ha—d' 1))q+
whence, since x; € ker M, xgt = —h"l_quz and hence
_gt—! qg+1
Lt — _plta—d"'=q"
ha=1 (1 + ha'™'—4)
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This is equivalent to

(hq“l—l(l + hq—q"‘)>‘f+1
=1,

ha=1(1 4 ha'~'=4)

whence we have 191! = —1, a contradiction.

Case 2 x» = 0. The system in (16) is reduced to

L(ax)) —aM((x;) =0
(h2 = A )M (x)? =0.

By the first equation, taking into account that a € ker R, x1 € ker L and R =1,
we obtain
N S 2 S q g2y
a®™ = (x{) g e = (xl (14 ))

Then there exists A € F,* such that
t+2_1 v
a =2 (x{(1+n"7)

where v = (¢' 2 — 1)/(g — 1).
By (9), since a € ker R, then

(xlq’“ (1+ h"z‘ql))v a0 (0 +m‘“—1))” — 0.

Moreover, since x| € ker L, then

hqt+l_1(1 +hq2_ql) v _1_
( 1+ hi' ) =

The last expression is equivalent to

hq’—q(l + hqz—q’) v

= —1’
( hqz—q(l + hq’—qz)>

whence 1V = —1, leading to a contradiction.

Case 3 x1, x> # 0. Recall thata € ker R, b = h9' ~9a, ay = A + (1 — h?' "' ~9)a,
x1 € ker L and x» € ker M. Then, by (16), a turns out to be a nonzero solution of the
following linear system

@ Springer



696 Combinatorica (2023) 43:681-716

(1489 )at = (M) + (1= b 0) L) ) a
= (a1 —A)L(x)

B0 Lx)ta? + (e (19 20) = (1= 0™ ) M(x)7) @
= (M = A)M @),

7)

By x1 € ker L and x, € ker M, we obtain the following two equations which will
be frequently used later,

Loy =xf (141707,

M(x)) = inH (l + hl_qH).

- Case 3.1 First of all, suppose that A; € IF,, then System (17) becomes

(14 1= )at — (MG + (1= 07 0) L) ) a = 0

. : A . (18)
h' 0 Lxyta? + (o (1497 20) = (1= n0™ ) M) ) a =0,
and since a is a nonzero solution then
xi’(l + h’f’*qz) (x;” (1 + h‘I”l*q) - (1 - hQ”‘*q)M(xl)”)
— T [(xy)1 (M(xl) n (1 - h‘f"‘—q)L(xz)) . (19)
Since L(x2) # 0 # M (x1), from (18) we get
Me? (xf (1417 )a? = M(x)a)
= L(xy) (h‘I’*qu(xz)qaq +xf (1 + h‘f”'ﬂ)a)
whence
(fo(xl)‘f (14 h'~4%) = h‘f’*qu(xz)L(xz)‘f) af
_ (M(x1)M(x1)" +x0'(+ hq"'—q)L(xz)) a. (20)

Next we want to show that the coefficient of ¢ in (20) cannot be 0. By way of
contradiction, suppose that

o (140 ) M@ = 17 L) L), @D
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from (19) it follows
x0xd (1 n hq’*qz) (1 + hq”'*‘I) — —h T L(x2) M (x)). (22)
Since x1 € ker L and x> € ker M, this is equivalent to

g2o1 (141417

q (1
X - (x2) (1+h1,qt+2)(1+hq2t—1,qx—3)' (23)

This formula is equivalent to

2 1 hl_ql+2 q —
T = (K + — . (24)
(1+ ha=4"")he'

Since
1, if todd
d=gced (2t,t —2)=gedd,t —2)=42, ift =0 (mod 4)
4, ift =2 (mod 4)
there exists a solution of the equation x4 = _1 for any s > 3andt # 2 (mod 4)

in Fyn. Thus, for t = 2 (mod 4), Eq. (24) gives a contradiction. In the remaining
cases,

1 + hl_qt+2
(1 + hq_qt—l)hqt—l ’

X1 =a)xg-

1

for some w € IF;;N satisfying Wl Pl = By substituting this expression in (21),

since x1 € ker L, we get

ot = —1, (25)
and hence w € ]qu.
If ¢ is odd, since Wl = —w, then ! = —w and from (25), we get v = +1. If
t =0 (mod 4), since w = w4 7 —w. In both cases we get a contradiction.

Then, by (20), we get

_ M(x)M(xp)? — he' =4 ) L(x) (1 + k'™ =)
x{ (14 ha'=4*)M (x1)4 — h4'~4* L(x2) L(x2)4
. 1 +hq‘—l—q X1M(x1) — x2L(x2)

14 ha'=a*  xIM@x)? —xIL(xp)e

ad™!

h -1
N ((1 + hd'™ =) (x M (x1) — X2L(X2))) ’
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whence

h
’ 1+ hq’_'*‘I)(le(xl) —x2L(x2))

for some A € IFZ. Since a € ker R, then

t

/’lq t—1

((1+ he"™' =) (e, M (x1) — x2L(x2))) "
h
=0
(14 hd"™" =) (x; M (x1) — x2L(x2))

Recalling that x; € ker L and x, € ker M, we get
t—1 .
M) = L) =« T (1en ) < (1),

This implies that

1 na''-a .y,

- + — Yy
ha'(1+ha=a"""y 1+ ha'™'—4

which means 79+ = 1, a contradiction. Then A; may not belong to IF,,.
y g q

- Case 3.2 Let A1 ¢ F, and let a be a nonzero solution of System (17). If this system
admits more than one solution, then each 2 x 2 minor of the associated matrix of (17)
is zero. In particular Egs. (21) and (22) hold true, obtaining a contradiction as in the
previous case.

Then, System (17) must admits a unique nonzero solution (a,a?) € F;n. By

computing the ratio a?~! of its components, we get

L(x2) , —M(x1)
M) x4 (14"

al™! =

xIa+ hq’—qz) L(x2)
'~ L(x2)? M (x1)?

_ MO)M &) - he' 4" o L) (1 + k9 —4)
X (L )M (x1)4 — he' 4 L(xp) L(x2)4

This is again Eq. (26). Repeating the arguments as in Case 3.1 we get a contradiction.
O
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4 A New Family of MRD Codes

Let start by the following preliminary general result.

Lemma4.1 Let f(x) be a scattered polynomial and let C y denote the associated MRD
code. Then Aut(C ) consists of elements (ax?", Ly, 0) € L glx1x L, glx]xAut(Fy,)
with Ly an invertible map, o € ]FZ" andm € {0, 1, ...,n — 1} such that

Cf{,qm ox?" oLy = Cy.

Also, forany o € IF(’;" andm € {0, 1, ..., n— 1}, there is a bijection between each Ly
such that (ax?", Ly, o) € Aut(Cy) and each GL(2, g")-equivalence map from Uy
10 U foqm, where Uy = {(x, f(x)) : x € Fyn}. In particular, the multiplicative group
IR (Cr) \ {0} and the GL(2, g™)-automorphism group of U are isomorphic.

Proof Suppose that ¢ € I1.(Cy)* := I (Cy) \ {0} and (L1, L, o) € Aut(Cy) where

Ly, L are invertible ' -polynomials and x? = xP" with 0 < ¢ <r — 1. Then for any
g € Cy, there exists an element g’ € C such that

q)o(LloggoLz)leog/goLz

which means

(4 nr—{ 14 nr—_
po(Liox?” ogox? "oL))=Liox” oglox?” olLj

(L ox‘”e)_1 opo (L ox”é) og=4g € Cr,
and hence, (L) o x”" )" o g o (Lj ox?") € I.(Cy). By (1),
(Ly oxf”e)_1 oo (L oxpk) = yx

for some y € F;n which is equivalent to say that Ll_1 opolLy € IL(Cy)*. Thus,
L is in the normalizer of I; (C¢)* in GL(n, ¢), and hence, by [17, p. 362], it is
isomorphic to (]FZ,., ) x Gal(IFyn /Fy). Then, L1(x) = ax?” for some a € F;n and
m € {0,1,...,n— 1}. So any element in Aut(Cy) is as in the statement and

Cr= ax?” o C; oly = Cfaqm ox?" o L».

This completes the first part of the proof.

As the identity map is in Cfgqm Jh(x):=x9" oLy € Cy,thatis h(x) = ax +bf (x)
for some a, b € Fyn. Furthermore, C fogm © h = Cy also implies the existence of
¢, d € Fyn such that

m

ex +df(x) = f77 (ax +bf(x)), 27)
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for all x € Fyn. By setting y = ax + bf (x), (27) is equivalent to

ab X _ y
(c d) (f(x)) = (f”q’" (y)) ' 28)

Also, the matrix is invertible. Indeed, if there exists A € ]FZ” such that (¢, d) =

ab
cd
M(a, b) then by (27) we get

A(x) = £7" (h(x)) = x°7" o fox"?" oh,

and hence f(k(x)) = uk(x)wherek(x) = x 7" oh(x)andpu = A799" € ]FZ,,.Since
k(x) is invertible, then f(x) = px contradicting the fact that Ly is scattered. This
means that U ¢ is GL(2, ¢")-equivalent to U Fogm - Also from (27), it can be easily seen
that (c, d) is uniquely determined by (a, b). Therefore, there is a 1-1 correspondence

between every Ly and every matrix CCZ Z) mapping Uy. In particular, when f =

£4" , all such CCI z> form the GL(2, ¢")-automorphism group of U, denoted by

G 7. As each nonzero element of Ig(Cy) is invertible (see [21, Corollary 5.6]), it
is straightforward to see that the map described above determines an isomorphism
between the groups G s and Iz (Cr)\{0}. Hence, the result follows. O

Let v, ; be defined as in (3) and
Chy ={ax + by, (x) sa,b e Fyn}. (29)
By the argument stated in [27, Section 5], Cy; is an Fyn-linear MRD code.

The following result is about the equivalence among Cj, ;’s for different 4 and the
automorphism group of Cp, ;.

Theorem 4.2 Letn = 2t witht > 4. For each h, k € Fyn satisfying R+ = a1 =
—1, the following hold

(a) Ift #£2 (mod 4), then Cp,; and Cy; are equivalent if and only if h = £k where
p € Aut(Fyn);

(b) Ift =2 (mod 4), then Cp,; and Cy,, are equivalent if and only if h = £k where
't =1 and p € Aut(Fp).

The full automorphism group Aut(Cy ;) is isomorphic to (an, ) X (F;z, ) x H,
where H = {p € Aut(Fyn) : h = £h”} ift #2 (mod 4), and H = {p € Aut(Fyn) :
(h? /)T =1} ift =2 (mod 4).

Proof Let U, = {(x, Y5 (x)) : x € Fyn} and Up = {(x, Yi 1 (x)) 1 x € Fyn}. By
Theorem 2.1, we only have to consider the I'L(2, ¢"*)-equivalence between U, and
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Uy. Since Uy is GL(2, g™)-equivalent to Uy for any p in Aut(IF,n), this is equivalent
to study the GL(2, ¢")-equivalence between Uy, and Uy . This also means that, to get
(a) and (b), we can replace k” by k and we just need to show that a necessary and
sufficient condition for that Uj, is GL(2, ¢")-equivalent to Uy is

h:{:l:k, t£2 (mod 4); o)
Lk, t=2 (mod4),

where ¢ € Fn satisfies P = 1,

. . . . . (ab
Hence, we only have to consider the existence of invertible matrix <c d) over Fyn

such that for each x € Fyn there exists y € F;n satisfying

(£2) (o) = (o)
cd Vi, (x) o Y, (y) ’

This is equivalent to

ex +dyn, (x) = Y (ax + by (x)) (31)
for all x € Fyn. The right-hand-side of (31) is

t—2 2t—1

(bq + kliqr+1bqt+lhq7+liq2) qu + (bqrflhqtfliq — + bq k17q2t71) xqt72

1

+ (bq +qu—1 _hqr+|_qzk1_qz+1bqr+l _kl_qu— thx—l_qzbqu—l)xqz

142

+ (bqt—l + kl_th—ltht—l_th—zbth—l) qut—z _ (hq_qt+2bq + kl_qtﬂbqtﬂ) xq

1

+ (bqhq_l . bqlflhqtf —1 . kl_q1+lbqt+l +k1_q2t71bq2171) x + wk’t(a_x)‘

.. . 2 =2 t 1+2 2t—2
Ast > 4, it is easy to see that the coefficients of x4, x4 ", x4, x9 ~ and x4

in the right-hand-side of (31) must be 0. Depending on whether the value of b equals
0 or not, we separate the proof into two cases.

Case 1b # 0. By the coefficient of x4 ? (or equivalently, by the coefficient of x4 " ),
we get

t+1

pe" = e g 32)

Similarly, by the coefficient of xd'” (or equivalently, by the coefficient of xquz), we
get

t+1

pe'" = _fatet el (33)
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By (32) and (33), we obtain
pOHl = gL

Let ¢ = h/k. Then ¢4°+! = 1. By the assumption that 19 +! = k9'+! = —1, we have
' =1

If 1 # 2 (mod 4), then £ = £1; if f = 2 (mod 4), then we obtain £4°+! = 1,
which implies £ € F 4.

Case 2 b = 0. If (31) holds, then ¢ = 0 and

-1
d=al=a4
1+l

dh'=a"" = g1=a"" g (34)
dhl_th—l _ kl_qZ[—laq2t—1

The first equation in (34) implies that a € F a2 which means a € F scac—2.4.
Let £ = h/k. The last two equations in (34) become

1

a1 = g0 = gt (35)

Thus ¢¢°'=4""" = 1. This means ¢ Fscac-220 = Fygeac—2.4. By the assumption

that K9+ = k4'+1 = —1, we have €4t = 1. If ged(r — 2,4) € {1,2} ie. t % 2

(mod 4), then ¢ = 1 which means Y ; = ¥y, and Cy; and Cy; are the same; if
ged(t —2,4) =4ie.t =2 (mod 4), then we obtain P = .
Next, let us further consider the case t = 2 (mod 4). By (35),

a9 = 1= _ 1=’ _ (=)@ +a+) _ pa—q7 _ pa+1

For a given £ € F_ 4, we can always find a € F 4 satisfying the above equation.
Moreover, it is routine to verify that such a satisfies (34) provided that h = (k
with €4°+! = 1; note here that by (34) d depends on a. This complete the proof of
equivalence between Cp, ; and Cy ;.

In the final part of this proof, we determine the automorphism group of C, ;. By the
first part of Lemma 4.1, Aut(Cj, ;) consists of (ax?" Ly, 0) € Lnglx] x Ly qlx] x
Aut([F,) such that

Cht = {fgqm ox?" oly: fe€ Ch,,}.

Note that o can be any element in IE‘(’;,, , because we always have o (a+byry, 1 (x)) € Cp
forany a, b € Fyn.
By the second part of Lemma 4.1, for a given m, there is a bijection between each L»

and each invertible matrix (Z Z) such that (28) holds for f = ¥, ;. More precisely,
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following the proof of Lemma 4.1,

Ly(x) = (ax + by (x)?" . (36)

Write p = o¢™. Consequently, we only have to determine all the p € Aut(IFyn)
and all the elements in GL(2, ¢"*) mapping Uj, to Upr. By (a) and (b), we see that
p must satisfy the condition 2 = £h for t % 2 (mod 4), and (h"/h)q2+1 = 1 for
t =2 (mod 4). All such p form a subgroup H C Aut(Fyn).

To accomplish the proof, we just need to continue the computation of the first part

for k = h and determine which matrix <a b defines an equivalence map from U, to

cd
itself. Indeed, all such maps provide a subgroup K, which is normal in Aut(Cy, ;),
where

K = {(ax, Ly.id) o € Fiu, Ly € Ly glx] invertible, Gy = {af(La(x)) : f € ch,,}} .

Moreover, every other element in Aut(Cj ;) which corresponds to a map from Uj, to
Uyr with p # id belongs to a coset of K in Aut(Cp ;), and Aut(Cy,)/K = H.
Depending on whether » = 0 or not, we consider two cases to determine the
elements in K.
When b = 0, we only have to let k = h in (34). From there we derive that

t—1 t+1
d=a%=a?7 =a% . Thereforea € Fzgcd(,l).

When b # 0, by letting k = h, we see that the coefficient of x? " in the right-hand-
side of (31) is

1 1

bq +bqt7 . hliqtbqﬂrl . hliqtbth

which must be 0. Plugging (32) into it and taking into account that he' = —1/h, we
get

b1 +h4) 457 (1441 7) =0,
Raising it to the ¢>-th power and plugging (32) again, we obtain

b (1 — 107y — pi (p9° 1 = p24°) =0,
which means

q2

b (h~! = h) = (bq (h' - hqz))

By Proposition 3.2, h~! # 9. Thus

=) 1)
b = _g2t—1 = t—1
h—a"" —ha  h4" 4+ he
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for some § € ]qu. Substitute it into (32),

t

84
2r—1 +1 —1
hi™ 4+ h4 hd'~ + h4a

hq+qr—1 1) —0

9

which means
89 +85=0. (37)

When ¢ is even, it follows that 2§ = 0. Thus b must be 0 which contradicts the
assumption that b # 0. Thus, by (36), the assumption m = 0 and the above discussions
for b = 0 and b # 0, we have determined the subgroup

K = {(a,ax,id) T eIFZn,a eF;z}.

When ¢ is odd, (37) implies 9 = —§. Plugging this value back into (31), we see
that the coefficients of x‘fz, x4 Tﬁz, x4, x4 and x7° 7 on the right-hand-side of (31)
are all 0. Consequently, (31) becomes

cx +dwhyl(x) _ (bqhq_l . bqtflhqtfl_l . h]_q1+lbqt+l + hl_q2171bq2t71) x
+1/fh’[(dx).

By simply setting ¢ equal the coefficient of x in the right-hand-side of the above
equation, which means c is determined by b, we only have to guarantee dvry, ;(x) =
Yp.(ax). It reduces to the same computation for b = 0, in which we getd = a9 =
aqt_1 = aqt+l with a € I, because gcd(, 2) = 1. The only difference is that, under

the assumption that b # 0, we allow a to be 0. Therefore,
K = {(ax, ax + by 4 (x),id) : @ € an,a eF,,

3
= h C—— .
b W T ha with § 8, (a, b) # (0, O)}

One may check directly that all such <‘Cl Z) form a cyclic group of order g2 — 1, which

also follows from the fact that the nonzero elements of the right idealizer

IR(Chi) ={@ € Lnglx]: fop € Cy,forall feCpl

with 89 = —5} (38)

= b caelF,, b=
{ax-l- Yn(x):a q nd' l—l—hq

form the multiplicative group of a finite field.
Hence, no matter ¢ is even or odd, K is isomorphic to (]an, ) X (FZ” -). Therefore,

AU(Ch) Z (Fju, ) x (FLy, ) 3 H. 0
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Theorem 4.2 shows that our construction provides a big family of inequivalent
MRD codes.

Corollary 4.3 Let p be an odd prime number and let r, t be positive integers witht > 4
and g = p”. The total number N of inequivalent MRD codes Cy, ; is

oo LE ] e e,

- t
%J ift =2 (mod 4).

Proof In the proof of Theorem 4.2, we have obtained a necessary and sufficient
condition (30) for the GL(2, ¢"*)-equivalence between Uy, and Uy, n = 2t. For a
given h satisfying Rt = 1, Jet &, denote the number of k for which Uy is
GL(2, g")-equivalent to Uj,. The value of & is independent of /2 and

g = 2, t#2 (mod 4);
"T1g2 41, =2 (mod 4).

As there are at most | Aut(IF;»)| = rn different p such that Uy, is GL(2, g")-equivalent
to Uy for a given h, there are at most nré&, choices of k for which Uy, is T'L(2, ¢™)-
equivalent to Uy. Therefore, we have obtained the lower bound for N which concludes
the proof. O

By Corollary 4.3, we can prove the following result.

Theorem 4.4 Let n = 2t with t > 4 and let g be an odd prime power. The family of
Fyn-linear MRD codes of minimum distance n — 1

Cny ={ax + by (x) :a,b e Fyn},
where Yrp 1 (x) = x4 + xd 7 gl d™  pl=a T e Fyn[x] and h is any
element of Fyn such that h? "+l = _1, contains examples which are not equivalent to
any known ones in Table 1.

Proof As g can be any odd prime power and n can be any even integer larger than
6, by comparing Corollary 4.3 with the numbers of known inequivalent constructions
of [Fyn-linear MRD codes of minimum distance n — 1 in Table 1, our family must be
new. O

Remark 4.5 In arecent paper [24], our family Cp, ; of MRD codes has been generalized
by Neri, Santonastaso and Zullo with an extra field automorphism o as follows

Ch,t,a = {ax + b‘/fh,t,a(X) Ta, be Fqn}
with
Uh.to(x) =x7 + 7 e 4 ho (Do
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where o is a generator of Gal(Fyn|F,), n = 2t with# > 3 and h € Fy» such
that K9+ = —1. If we take o(x) = x4, then Cp;, coincides with Cp, ;. In [24,
Section 4], a strengthened version of Theorem 4.4 has been proved: any member
of the family Cj, ; » is not equivalent to the MRD codes in family (i) for t > 3 or
(ii) for + > 4 in Table 1. The first part of Theorem 4.2 for the members in Cp ¢ »
has been also proved in [24, Section 4]. Instead of considering the equivalence map
between subspaces Uy, and Uir as we did in the proof of Theorem 4.2, they prove
it using the rank-metric code equivalence directly. However, if we wanted to further
determine the automorphism group of Aut(Cy ), then we would need to find every
map preserving Cp, ;. Nonetheless, Propositions 3.8 and 3.9 in [29] do not seem to be
enough toward this aim. This is the reason why we proved Lemma 4.1 and Theorem
4.2 (the second part about automorphism groups) without checking the definition of
MRD-code equivalence directly.

Finally, in [14], the authors complete the study of the equivalence issue of the MRD
codes Cp 1 fort € {3, 4}.

The following result is a direct consequence of (38) in the proof of Theorem 4.2.
Corollary 4.6 Let Cy,; be defined as in (29), witht > 4. Then Ir(Cp ) = qu.
Finally, let us investigate the adjoint of v, ; and the associated MRD code.

Theorem 4.7 The I n-linear MRD code éh,, = {ax + btﬁh,;(x) ca,b € Fyn}, where
1/A/h,, is the adjoint map of Yy, + is equivalent to Cp, ;.

Proof Consider the polynomial

1 2t—1

~ t—1 _ 1 t+1 _ 21—
() = hrp (x/h) =x9 —x9 4+ R0 x4 pplmaT xaT
we investigate the equivalence between C, and Cy ;.
To prove that C, is equivalent to Cp, ;, as in the proof of Theorem 4.2, we only
. . . . . (ab
have to consider the existence of invertible matrix ( ) over [F;n such that for each

cd
x € [Fyn there exists y € IF;n satisfying

<Z 2) <g?x>) - (w,ﬁw) '

Straightforward computation show that this happens for a = d = 0, b =
q2t—l .
(=) ande=—@+ne, o

5 Equivalence of the Associated Linear Sets

Let v, be the scattered polynomial over Fyn, n = 2t, defined in Theorem (3). Let
Lig = {0 VGt x € B, (39)
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which is a maximum scattered linear set of PG(1, ¢").

In this part, we consider the PI" L-equivalence between Ly ; and L ;. Our main
result shows that there is a large number of inequivalent maximum scattered linear
sets associated with our family of scattered linear sets.

Theorem 5.1 Let p be an odd prime number and let r, t be positive integers witht > 4
and q = p”. The total number M of inequivalent maximum scattered linear sets Ly, ;
of PG(1, ¢g"), n = 2t, satisfies

Lol e moas,
- Alrtq(q—er_]H)J, ift =2 (mod 4).

Remark 5.2 We can provide an asymptotic estimation on the number of scattered
linear sets we found over the number of known families. As our new family contains
(ii1) in Table 1 and (i) has only one member, we only have to know the number of
inequivalent members of the Lunardon—Polverino family over F,», which has been
recently determined in [30]. Let us denote this number by A(n, g), whose precise
value is quite complicated; see [30, Theorem 4.4]. However, for given n, the value of
A(n, q) is approximately % for odd n and @ for even n provided that g is large

enough. Together with Theorem 5.1, it follows that the number of our scattered linear
sets over the number of known ones for given n = 2¢ > 8 is approximately at least

qn/2—2
n
, 5 #*2 (mod 4);
208
%, % =2 (mod 4),
pi)

provided that g is large enough.

To prove Theorem 5.1, we first restrict to the equivalence of linear sets under
PGL(2, ¢") and consider two cases which will be handled in Lemmas 5.4 and 5.5,
respectively. Then we will consider the PI" L (2, ¢")-equivalence and present the proof
of Theorem 5.1.

Let f(x) = ?:_01 aixqi and g(x) = Z?:_ol ,Bix‘fi be two scattered polynomials
over Fyn with g = fo = 0. The associated linear sets L s and L, are PGL(2, ¢")-

. . . . . . . (ab
equivalent if and only if there exists an invertible matrix (C d) over F » such that

Fo ) [ex+dgo
{ p .xqun}—{—ax+bg(x).xe]Fqn}. (40)

Remark 5.3 Note that ax + bg(x) has no nonzero solution in Fn, otherwise the linear
set L y would contain the point {(0, 1))]Fq,, .
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Depending on whether the value of b equals O or not, we may consider the equivalence
in two cases.
If b = 0, then we can assume that ¢ = 1, and (40) becomes

n—1 n—1
{Zaiqu_l DX EF;n} = {c—i—dZ,Biqu_l (X € ]F;n},
i=0 i=0

i.e.

n—1 n—1
{Zaiqu T x EFZ}'!} = [cx—l—dZﬂiqu T x GF(’;n}.
i=0 i=0

By (a) of Lemma 2.2, g = ¢ + dBp. As «g = o = 0, ¢ must be 0. Hence
n—1 ) n—1 )
{Zaiqulzxelﬁzn} :{dZ,Biqul :xern}. (41)
i=1 i=1

Lemma 5.4 Suppose f = Yrp s, § = Yk with t > 4. If there exists d such that (41)
holds, then (h/k)qz'H = 1 which means Uy, is T'L(2, q™)-equivalent to Uy.

Proof By (b) of Lemma 2.2,
J j J
aje_; =d" BB
for j =1,2,---,n — 1. Plugging the coefficients of v, ; and ¥ ,, we get

t—1 t—1

(h17q2t71)q _ qur] (kliqZTfl)q and ( . hlfqt+l)q _ qulJrl(_ klfqt+l)q

By setting ¢ = h/k, we get

gqfl — qurl’
!thl_l _ ga (42)
From (42), we derive

d@tD@ g ) g =1 g
which means dzq(qtl_3+'"'+1) — 1. Hence d4' "~ = %2(‘/’_34‘"'“)'% = 1. It follows

that ¢4 —1 = q4'" 1 = ga+l = ga—1, whenc,f 04 =4, 2
Ash?' 1 = ga'+1 = —1, 04" = 1/0.By 4" = ¢, we get £4" ! = 1. By Theorem
4.2, Uy is 'L(2, g™)-equivalent to Uy. O
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Next we consider the case b # 0. Without loss of generality, we assume that b = 1.
Then

cx +dg(x) . (c —da)x +d(ax + g(x)) _ cx
ax +gx) ax + g(x) ax +g(x)

+d’

for any x € IFZ,,, where ¢ = ¢ — da # 0. Noting that ax + g(x) = 0 must have no
nonzero solution,

éx _a&Ww

— +d +d,
ax + g(x)

where g(y) = Z?;é y,-yqi is the inverse of the map x — ax + g(x).
Furthermore, (40) becomes

n—1 n—1
{Zaiqu_l (X € an} = {EZyiqu_l +d+cy:x € an} .
i=1 i=1
By (a) of Lemma 2.2,

d+ &y =0. 43)

Thus

1n—l . n—1 .
{E;aixq l:xern}z{;)ﬁxq 1:xEIFZ;n . (44)
1= 1=

Lemma5.5 Let f = ¥4, § = Yk, witht > 4. Suppose that there exist a, ¢ and d
such that (44) holds.

(a) If't is even, then a must be 0.
(b) Iftisoddand a # 0, then f = g.

In particulary, whena =0, yp =d = 0.

The proof of the above lemma is one of the most technical parts in this paper.
Let us first give a sketch of it. The difficulty lies in the unknown coefficients y; for
i =1,...,n— 1. Thus we should derive necessary conditions on them as many as
possible.

First, as f = Y, there are only four terms with nonzero coefficients in the
polynomials of the left-hand-side of (44). Hence, by Lemma 2.2 (b) and (c), all the
other terms with zero coefficients can provide many equations on y;; see (45) to (48).

Secondly, by definition, y; is defined by the inverse of ¥ , which provides us
another set of restrictions on y;; see (51) to (57).

By all these restrictions on y; and some further computation into four different

. 2t—1
cases, we can prove that a = 0 or a has to satisfy % = —k4—9" %; see (59). By
a
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plugging (59) into some other necessary conditions derived from (44), we can finish
the proof.

Proof By the second identity in Lemma 2.2, we know that
viva—j =0, (45)

forje{l,2,---, 2t = 1}\{L,t =1, + 1,2t — 1},

1 q+1
NYs_| = (;) T, (46)
and
-1 1 I+q'! -1
VeV, = (;) 67, (47)
where 7 = h!=9"" and 9 = —p!=9""" = pl+a,

By the third identity in Lemma 2.2, we have

qa _q/ q 4’
VYj1Var—j T YiVYu_1Va—jy1 =0, (48)

for j € {2,3,.--,n — 1}. Letting j = 2, we obtain

2 2
Y1 J/lq)/gq,_g + )’27/2%—17’51—1 =0.

As y2y2—2 = 0 and y1y2—1 # 0, we derive y» = y2;,—» = 0. Similarly, by letting
j =1t—1,wehave

t—1

vt vt vl =o.
Since y;—2yi+2 = 0and y1, ¥i+1, Vi—1, Vi+1 # 0, from the above equation we deduce
Yi—2 = yi+2 = 0.
Moreover, by (45), (48) and replacing j — 1 by j in (48),
Vi 0= yu_j=vu_jt1 =yu—j-1=0, (49)

forje{l,2,---,2t = 1}\{l,t — 1, ¢+ 1,2t — 1}.
Now, we will use the fact that g(ax + g(x)) = x, namely,

1

glax +x% + xd + uxd™ + uxd™” ) =x, (50)
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for all x € Fyn, where u = —kl_qt+l and v = kl_q%l. The coefficient of xqj in the
left-hand-side of (50) is

j j+1—1 j+1
a?’ Vit Vicl+ Vit + u?’ Viti—1+ v?’ Vj+l- (5D

By letting j = 0,1,2t — 1,4+ 1,7 — 1 and ¢ in (§1) and comparing it with the
right-hand-side of (50), we get

t—1
ayo+ vau—1 +vie1 +ul yo +vly =1, (52)
alyr +y0 =0, (53)

2r—1
a® yu_1+vp =0, (54)

+1
a®  yip1 +uyo =0, (55)
a v+ =0, (56)

2r—1 t+1

Vet A +ul 0!y =0. (57)

Here we have used the result that y; = y» = y2,—2 = y142 = y4—2 = 0.

It is clear that if @ = 0, then y must be 0. By (43),d = 0.

Assume that a # 0. By (53), (54), (55) and (56) into (52) and (57), we see that
yo # 0 is completely determined by a, and

| | L7y ety
— —F+—4+——+—1=0,
Y0 (aqu ad prEs e

1

respectively. Recall that u = —kl_qm LU= kl_qm_ and k9 = —1 /k, from the above
equation we deduce
1 1 k> k>
aqT + a—q + anT + W =0.
Therefore
1 1 (1 1\
F‘FE——]C (aqT—i_a_q) . (58)
Our goal of the next step is to prove
1 211
= 979 _
=k - (59)
always holds.
Letj=2,tr+2,2t—2,t —2in (51), we have
qr+l q3
i+ v +ul oy +0? y3 =0, (60)
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+3
Vil v +uly + 7y =0, 61)
=3 2t—1
vu—s3+vi-1+u? yi3+v? yu_1 =0, (62)
2t—3 -1
Vs + v +u? oy 407y =0, (63)

Depending on the value of 3, y;43, ¥r—3 and y»;_3, we separate the proof of (59)
into four different cases.
Case (i) y3 = y1+3 = 0. By (53), (55) and (60),

u ud

i — — _, —
P Yo =Vi41 = —UTY1 = p Y0,
. _ 21 _2r—1
which means % =—yl4 % = —fa—a"' L

Case (ii) yta_g = y2;—3 = 0. By a similar computation of (62) as in Case (i), we get
(59) again.

Case (iii) y3 # 0 and y;—3 # 0. By (49), y21—3 = ¥21-4 = ¥1+3 = Vr+4 = 0. Now,
(60) and (61) become

2 3 2
i+ Ty kT T3 =0,
2
Y3+ vie1 kT Ty = 0.

Canceling y3, we get
(1=K D)y = —(1 = KT TRy,

By Proposition 3.2, k4’ + # 1. Hence, y;41 = _ka’ta 1. By plugging (53) and (55)
into it, we derive (59).

Case (iv) y,4+3 # O0and ;-3 # 0. By (49), 13 = 4-4a = y3 = ya = 0. As/in
Case (iii), by canceling y;13 using (60) and (61), we obtain (59) again.

By (49), we have covered all possible cases. Therefore, (59) is proved.

Now we are ready to prove (a) and (b). Our strategy is to give a precise expression
for a, which is strong enough to prove (a). Then we further use (46) to get more
restrictions on the value of & which leads to (b).

Plugging (59) in (58), we have

1 (1 _quzzfz) n l (1 _ k1+q2) —0.
a4l
that is

(G 0=)) g o
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2 2t—

By k4" = —k=9""*, we have

k! 2 a7 k=1 2
(a—q (1K't )) + - (1-K"7) =0,

Therefore,

a =k (1— k), (64)

where 1 satisfies n9' -+ = 0. Since 0 = (57~ 4+ )4 = p+ @ H = -y,
we getn € ]Fq4. Moreover,

3

—n? =—n?, t=1 (mod 4),
g2 J—n=0, t=2 (mod4),
TEIT T t=3 (mod 4),
—n?’, =0 (mod 4).
Hence
1, t=1 (mod4),
nqz_l _ 0, t=2 (mod4), 65)

1, t=3 (mod4),
—1, t=0 (mod 4).

Substitute a in (59) by (64),
2r—1

_kq_qm—lk_qt—l(1 . kql+l+qr—l)nqt _ k_qzt—l(l . kq+q )7],

which equals
kq(l . kiqiqm—l)nqt — kiqm—l(l . kq+q2t_l)77,
It implies

A (66)

Together with nqt_z 4+ n = 0, we deduce an = 7. It contradicts (65) when t = 0
(mod 4). Therefore, when ¢ is even, @ must be 0 and (a) is proved.
Finally, let us plugging (53) and (54) into (46), we have

T4
(Eyo)q+1 — qanrl — qulaq+l, (67)
v
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where £ = h/k which means 04 = 1/¢.
Similarly, by (56) and (55) into (47)

q
_ —1 1 t—l+1 r—]_l t—1 1
@y)? = ——=al = a? L (68)

Raising (67) to its qt;“-th power and (68) to its %-th power and canceling

(5y0)%(q+1)(q”1+1) and a%(q+1)(q”1+1), we obtain

Again, by 24"+ = 1, we have ¢4°+1 = 1 which means ¢2°d(@’+1.¢'+1) — | Therefore,
since t is odd, we get ¢ =1, and (b) is proved. O

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1 Suppose that f = vy, ,, § = Yk, and Ly is PTL(2,g")-

. . . . . fab
equivalent to L. Then there exists an invertible matrix ( ) over Fyn and o €

cd
Aut(FF,») such that

{f(x) :erFZn} = {M :xeF*n} = {Ld%(x):xe]}?*n},
X ax® + b(g(x))° g ax +bg(x) 9

where g(x) = Yo 1(x).

For a given h satisfying Re' = 1, let &y, denote the number of k for which Uy
is 'L(2, g")-equivalent to Uj,.

Depending on the value of b, we separate the remainder part of the proof into two
cases:

Case(a)b = 0.ByLemma5.4, (h/k")‘f2+1 = 1 which means that Uy, isT"L(2, ¢")-
equivalent to Uyo. Thus there are exactly ¢;, choices of k for which Ly ; is equivalent
toLp;.

Case (b) b # 0. Without loss of generality, we assume b = 1 and f # g. By
Lemma 5.5, d = a = 0. Thus

f(x) " cx "
{ P ZXGFqn}Z{%.XGFqn}.

Suppose that there is another g(x) = Vi, (x) for certain k € [F 2 satisfying ka'+ =
—1 and

fx) « | ] ex .
{x .xqun}—{g(x).xqun}
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for some ¢ € Fth. Then

{%X)ZXGFZn}={

By Lemma 5.4, (l;/k”)qurl = 1 which means that Uys is I'L(2, g")-equivalent to
Uy. Hence, for the case b # 0, there are exactly e; choices of k for which Ly, is
equivalent to Ly ;.

Finally we combine Case (a) and Case (b), for a given Ly, ;. Noting that [{h € Fyn :

ol 0
=
m
=
*
=
[——;

he'+ = —1}] = ¢' + 1, there are exactly
"+1 T+1
= + n q +
En 8];

inequivalent Lj ; defined by (39). Recall that

4rt, t#2 (mod 4);

e, < nr&, =
h < nréh 2¢% + Drt, t=2 (mod4),

for every possible choice of &; see the proof of Corollary 4.3. We obtain the lower
bound of M. O

Remark 5.6 By Theorem 5.1, Family (39) contains much more inequivalent elements
compared with the known constructions for infinitely many » listed in Table 1.
Therefore, this family must be new.
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