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Abstract

We give a new proof of a sumset conjecture of Furstenberg that was first proved by
Hochman and Shmerkin in 2012: if log 7/ log s is irrational and X and Y are xr - and
x s-invariant subsets of [0, 1], respectively, then dimg(X + Y) = min(l, dimg X +
dimpy Y). Our main result yields information on the size of the sumset AX + nY uni-
formly across a compact set of parameters at fixed scales. The proof is combinatorial
and avoids the machinery of local entropy averages and CP-processes, relying instead
on a quantitative, discrete Marstrand projection theorem and a subtree regularity
theorem that may be of independent interest.

Keywords Sums of Cantor sets - Hausdorff dimension of sumsets - Discrete
Marstrand theorem - Subtree regularity - Furstenberg’s sumset conjecture

1 Introduction

Given r € N, aset X C [0, 1] is xr-invariant if it is closed and 7, X C X, where
T.: [0,1] — [0, 1] is the map x +— rx (mod 1). In the late 1960’s, Furstenberg
conjectured! that if 7 and s are multiplicatively independent positive integers (that is,

! To the authors’ knowledge, the sumset conjecture (1.1) does not appear in print but was known to have
originated with Furstenberg. The intersection conjecture (1.2), on the other hand, is one of several conjectures
stated in [9].
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logr/log s is irrational) and X and Y are xr- and xs-invariant, respectively, then

dimyg (X+Y)=min(1,dimHX+dimHY), and (1.1)
dimpyg (X N Y) < max (0, dimyg X + dimg ¥ — 1). (1.2)

The sumset conjecture (1.1) was resolved by Hochman and Shmerkin [12], who proved
a more general result concerning the dimension of sums of invariant measures. It also
follows by more recent results of Shmerkin [23] and Wu [24], who independently
resolved a generalization of the intersection conjecture (1.2). We give a more detailed
account of this recent history later in the introduction.

The purpose of this article is to give a new, combinatorial proof of Furstenberg’s
sumset conjecture (1.1). Denoting the unlimited y-Hausdorff content by HJ;O (see
Definition 2.2), our main theorem is as follows.

Theorem A Let r and s be multiplicatively independent positive integers, and let
X,Y C [0, 1] be xr- and x s-invariant sets, respectively. Define y = min (dimH X+
dimy Y, 1). For all compact I € R\{0} and all y <7,

inf H”(AX +nY) > 0. (1.3)
rnel

Beyond implying (1.1), Theorem A gives finer quantitative information on the size
of the sumset AX + 1Y in terms of the unlimited y -Hausdorff content uniformly over
the parameters A and n. The uniformity in the result, which does not appear to follow
from [12], has found use in recent applications concerning digit problems; see, for
example, [11] and [3]. See Remark 5.1 below for some further discussion on this
uniformity.

Our proof of (1.1) differs from other proofs in the literature in that it completely
avoids the machinery of CP-processes and local entropy averages. Instead, it features
an elementary, combinatorial approach that builds on the work of Peres and Shmerkin
in [22]. Important ingredients in the proof include a quantitative discrete Marstrand
theorem (Theorem 3.2) and a subtree regularity theorem (Theorem 4.7), both of which
may be of independent interest.

1.1 History and Context

In a highly influential work in geometric measure theory, Marstrand [18] related the
Hausdorff dimension of a Borel set E C R2, dimy E, to the Hausdorff dimension of its
images under orthogonal projections and its intersections with lines. More specifically,
he showed that for almost every line L € R?, dimy (7, E) = min (1, dimy E), where
7, is the orthogonal projection R?> — L, and that for almost every line L intersecting
E,dimy(E N L) = max (0, dimg E — 1).2

2 Marstrand considered sets of positive, finite Hausdorff measure. His results imply the ones stated here
when combined with the fact that any Borel set of Hausdorff dimension y > 0 can be approximated from
above and below by sets with positive, finite (y =+ €)-Hausdorff measure. For a more modern take on these
theorems, see Corollary 9.4 and Theorem 10.10 in [19].
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Images of a Cartesian product X x Y under orthogonal projections are, up to
affine transformations which preserve dimension, sumsets of the form AX + nY,
while intersections of X x Y with lines are affinely equivalent to sets of the form
AX N (nY + o). Thus, Marstrand’s theorems in the case £ = X x Y imply the
following.

Theorem 1.1 ([18, Theorems Il and 111]) Let X and Y be Borel subsets of [0, 1]. For
Lebesgue-a.e. A,n,0 € R,

dimg (AX + nY) = min (dimg(X x Y), 1), and (1.4)
dimg (AX N (nY +0)) < max (0, dimg(X x ¥) —1). (1.5)

Improving (1.4) and (1.5) by replacing the Lebesgue-typical projection or inter-
section of X x Y with a concrete projection or intersection is not possible in general
[13] but can be done in special cases when the sets X and Y are structured. Fursten-
berg’s conjectures (1.1) and (1.2) can be contextualized as such: when r and s are
multiplicatively independent and X x Y is the product of a xr- and a xs-invariant
set, results for the Lebesgue-typical projection and intersection should hold for the
orthogonal projection to, and the intersection with, the line x = y. These conjectures
join a host of results and conjectures by Furstenberg and others that aim to capture the
independence between base-r and base-s structure when r and s are multiplicatively
independent.

Conjectures (1.1) and (1.2) were recently resolved, both proven in more general
forms. In the following theorem, we have combined special cases of the results by
Hochman and Shmerkin [12], Shmerkin [23], and Wu [24] that are most relevant to this
work. Note that dimy; denotes the upper Minkowski dimension (see Definition 2.1).

Theorem 1.2 ([12] and [23, 24]) Let r and s be multiplicatively independent positive
integers, and let X,Y C [0, 1] be xr- and xs-invariant sets, respectively. For all
A, neR\{0}and all o € R,

dimy (AX + nY) = min (dimy X 4+ dimy Y, 1), and (1.6)
dimy (AX N (nY + o)) < max (0, dimy X +dimg ¥ — 1). (1.7)

A number of partial results preceded those in Theorem 1.2, both for multiplicatively
invariant sets and for attractors of iterated function systems (IFSs). Carlos Moreira
[20] considered sumsets of attractors of IFSs with certain irrationality and non-linearity
conditions. Peres and Shmerkin [22] proved (1.6) for attractors of IFSs with rationally
independent contraction ratios; this resolved (1.6) in the special case that X and Y are
restricted digit Cantor sets with respect to multiplicatively independent bases. (This
work of Peres and Shmerkin is particularly relevant to the arguments in this paper, as
we explain in detail in Sect.5.1.)

Hochman and Shmerkin [12] developed Furstenberg’s CP processes [9] and intro-
duced local entropy averages to prove (1.6) both for invariant sets and measures and
for attractors of IFSs satisfying some general minimality conditions. Wu [24] com-
bined the CP process machinery with Sinai’s factor theorem from ergodic theory to
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resolve (1.7) for invariant sets and attractors of regular, self-similar IFSs. Shmerkin
[23] resolved (1.7) utilizing tools primarily from additive combinatorics, proving an
inverse theorem for the decay of L4 norms of certain self-similar measures of dynam-
ical origin. Yu [25] and Austin [1] gave dynamical proofs of (1.2), simplifying some
aspects of earlier proofs.

The sumset and intersection theorems are closely related: fibers of orthogonal
projections are precisely those lines with which intersections are considered. It is
not surprising, then, that the intersection theorem can be used to deduce the sum-
set theorem. For example, if for arbitrary sets X, Y C [0, 1] we know that for all
y > max (O, dimg X +dimyg Y — 1), there exists 6o > 0, forall 0 < § < ¢, and for
all balls B of diameter §,

N(XNY+B),8) <87,

then we can deduce thatdimy (X +Y) = min(1, dimg(X xY )). This type of uniformity
is made explicit in Shmerkin [23] and Yu [25] and may be implicit in the other proofs
of the intersection conjecture. It is possible to deduce Theorem A from Shmerkin’s
main result in [23]; we explain the details in the course of another argument in [11].
Despite the fact that every proof of the intersection conjecture can be counted as a
proof of the sumset conjecture, we believe our approach still has merit: it is the most
elementary proof to date; it exposes uniformity important in certain number-theoretic
applications; and it features tools which may be of independent interest.

Theorem A has a geometric formulation in terms of orthogonal projections; while
we will not make particular use of the theorem in this form, it is worth formulating for
its historical connection to the topic. Let 775 : R> — R? be the orthogonal projection
onto the line that contains the origin and forms an angle # with the positive x-axis.
The proof of the equivalence between Theorem A and Theorem B is standard and not
needed in this work, so it is omitted.

Theorem B Let r and s be multiplicatively independent positive integers, and let
X,Y C [0, 1] be xr-and x s-invariant sets, respectively. Define y = min (dimH X+
dimy Y, 1). For all compact I € (0, m)\{r/2} and all y <, infge; HZ o (o (X x
Y )) > 0.

1.2 Overview of the Paper

The paper is organized as follows. In Sect.2, we organize the terminology, notation,
and basic facts we need from discrete and continuous fractal geometry, including some
properties of xr-invariant subsets of [0, 1] and an equidistribution lemma. Section 3
contains a proof of Theorem 3.2, our discrete Marstrand projection theorem. Sec-
tion 4 features notation and terminology for trees and the subtree regularity theorem,
Theorem 4.7. Finally, we prove Theorem A in Sect. 5.
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2 Preliminary Definitions and Results

The positive and non-negative integers are denoted by N and Ny, respectively. For
x € R, denote the fractional part by {x} and the integer part (or floor) by |x]. The
Lebesgue measure on the real line is denoted by Leb. Throughout the paper, R? is
equipped with the Euclidean norm which we denote by | - |. Given two positive-valued
functions f and g, we write f 4,4 & OF 8 >ay,...a, [ if there exists a constant
K > 0, depending only on the quantities ay, .. ., ax, for which f(x) < Kg(x) for all

,,,,, ax 8

2.1 Continuous and Discrete Fractal Geometry

In this section, we lay out the notation, tools, and results we need from continuous and
discrete fractal geometry. A good general reference for the standard material in this
section is [19, Ch. 4]. In the definitions that follow, p, y,¢ > 0,d € N, and X C R4
is non-empty.

Definition 2.1 e Theset X is p-separated if for all distinctxy, x, € X, |x;—x2| > p.
e The metric entropy of X at scale p is

N(X, p) = sup {|Xo| | Xo € X is p-separated}.

e The lower Minkowski dimension of X is

log N'(X, 8
dimy, X = lim inf log N(X, §) @.1)

s—>0t logs—!

The upper Minkowski dimension, dimy X, is defined _analogously with a limit
supremum in place of the limit infimum. If dimy; X = dimy X, then this value is
the Minkowski dimension of X, dimy; X.

It is a well-known fact which we will use without further mention that if

p < 1, then dimy X = limian%oologN(X,p_N)/logpN and dimyX =
limsupy_, o log V(X, p™™) / log p™.
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Definition 2.2 e The unlimited y-Hausdorff content’® of X is

HY o(X) = inf {Z 8!

iel

X C U Bi, B;j open ball of diameter Si} .

iel

Note that when X is compact, the index set / may be taken to be finite.
e The Hausdorff dimension of X is

dimy X = sup{y € R | H” (X) > 0}
=inf{y e R|H (X) = 0}.

In the following definition, we introduce two notions meant to capture the
dimensionality of discrete sets.

Definition 2.3 e (cf.[15, Definition 1.2]) The set X isa (p, y)-set if itis p-separated
and for all § > p and all open balls B of diameter §,

Y
|XﬂB|§c(%) ) (2.2)

e The discrete Hausdorff content of X at scale p and dimension y is

HL,(X) :inf{ZB}'

iel

X C U B;, B; open ball of diameter §; > ,o} .

iel
Note that when X is compact, the index set / may be taken to be finite.

In the definition of a (p, y).-set, we think of p as being positive and close to 0,
y € [0, d] as the “dimension” of the set, and ¢ > 0 as an uninteresting parameter
that exists only to make our arguments explicit. The inequality in (2.2) guarantees
that the points of a (p, y).-set cannot be too concentrated in any ball. It follows
from that inequality that the maximum cardinality of a (p, y). setin [0, 114 is on the
order of p™7. A (p, y)c-set with cardinality >> p~7 can be thought of as a discrete
approximation to a set with Hausdorff dimension y; this is made more precise in
Remark 2.5 below and is realized in Lemma 2.13. In fact, if the discrete approximations
of aset X C R? at all scales p > 0 are (p, y)c-sets, then the Assouad dimension (cf.
[7, Section 2.1]) of the set X is at most y. More precisely, the Assouad dimension of
X is the infimum of the set of y’s for which there exists ¢ > 0 such that for all p > 0,
the set X rounded to the lattice pZd isa (p, y)c-set.

The discrete Hausdorff content at scale p is a “p-resolution” analogue of the unlim-
ited Hausdorff content. The discrete Hausdorff contents of two sets that look the same at
scale p are approximately equal. The following lemma provides a connection between
the discrete and the continuous regimes that will be useful in the proof of Theorem A.

3 The unlimited y-Hausdorff content is sometimes denoted in the literature by Hgo. We choose to use HZO
because it is more consistent with the notation introduced in Definition 2.3.
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Lemma2.4 Let X € RY be compact. Forall y > 0,

: Y _ Y
Jim L, () = HLo(X). (2.3)

Consequently, if lim,_.q ng(X) > 0, then dimy X > y.

Proof Let y > 0. The limit in (2.3) exists because the function p +— ng(X) is non-
increasing as p tends to 0" and is bounded from below by H};O(X ). Equality in the
limit follows from the fact that X is compact, allowing for the index set in the definition
of H’;O(X) to be taken to be finite. If lim,_,o Hép(X) > 0, then HZO(X) > 0, and it
follows from the definition of the Hausdorff dimension that dimyg X > y. O

Remark 2.5 1t would be natural to define the metric entropy at scale p and dimension
y of the set X as

N(X, (p,y)e) = sup {IXol | Xo € X isa (p,y)c-set}.

Using a max flow, min cut argument similar to the one in [2, Ch. 3], it can be shown
that for X compact,

N(X, (0, 7))

pe=’ =ea ML, (X). (2.4)

Thus, (p, y).-sets of cardinality > p~7 can be thought of as discrete fractal sets of
dimension y. We will not need (2.4); the interested reader can consult [6, Prop. Al]
for some details.

The following is a discrete version of the well-known mass distribution principle,
cf. [2, Lemma 1.2.8].

Lemma 2.6 Let y be a Borel probability measure on RY, and let p,x > 0. If for
all balls B of diameter § > p, w(B) < k87, then the support supp i of | satisfies
HY ,(suppp) > k.

Proof Lete > 0, and let {B;};<; be a cover of supp p with ball B; of diameter §; > p
and with ), ; 53’ < H; o(supp i) + €. Then the conclusion follows because € > 0
was arbitrary. O

Denote by [X]s the closed §-neighborhood of X:
[X1s:={z €10, 1] | 3x € X with |z — x| < €}.
Lemma2.7 Leta > 1landp > 0.If X,Y C R are compact and X C [Y]ap, then

HY (X)) <a HL,(Y).
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Proof Let {B;}ic; be a collection of open balls covering Y and where B; has
diameter r; > p and Zie[ rl?’ < 2H£p(Y). Since X C [Y]4p, it follows that
X C Uiel[Bi]ap and [B;]4, is a ball of diameter r; + 2ap < (2a + 1)r;. Therefore
HL,(X) =i/ (2a+ Dry)?” <2Q2a+ DHHL, (V). o

2.2 Multiplicatively Invariant Subsets of the Reals and Their Finite
Approximations

In this section, we record some basic facts about multiplicatively invariant subsets of
[0, 1] and their discrete approximations.

Definition 2.8 Letr € Nand X C [0, 1].

e The map 7, : [0, 1] — [0, 1] is defined by T,x = {rx}, where {-} denotes the
fractional part of a real number.
o The set X is xr-invariant if it is closed and 7, X C X.

The Hausdorff and Minkowski dimensions of a multiplicatively invariant set coin-
cide. As a consequence of this regularity, the Hausdorff dimension of products of such
sets is also well-behaved. We record these facts here for later use.

Theorem 2.9 (/8, Proposition II.1]) If X C [0, 1] is xr-invariant, then dimyg X =
dimM X.

Lemma 2.10 IfX,Y C [0, 1]are xr, xs-invariant, respectively, thendimgy(X xY) =
dimy X + dimg Y.

Pr_oof This follows immediately from [19, Corollary 8.11] and the fact that dimy X =
dimy X. O

Since we will work almost exclusively with finite approximations to multiplicatively
invariant sets, we establish some useful notation.

Definition 2.11 Let X C [0, 1] be xr-invariant. For n € Ny, the set X,, denotes the
set X rounded down to the lattice r ~"Z. That is, the point i /r" is an element of X, if
and only if X N [i/r", i + 1)/r") is non-empty.

The next results show that finite approximations to a multiplicatively invariant set
are multiplicatively invariant and are discrete models of fractal sets as captured by
Definition 2.3.

Lemma2.12 Let X C [0, 1] be xr-invariant. Foralln e N, T, X,, C X,_1.

Proof Letn € N,andleti/r" € X, withi € {0,...,r"—1}. Writei = io+dp_1r"1
withig € {0,...,r" ' —1}andd,_; € {0, ...,r —1}. Note that T, (i /r"") = io/r" !
and T, ((i + 1)/r") = (io + 1)/r"~!. We must show that i /r* ' € X,,_;.

Since i /r" € X, thereexists x € X N [i/r", (i + 1)/r"). Since T,x € X, T;x €
XNlio/r" Y, (iog+1)/r"1). It follows by the definition of X,,_1 thatio/r"~! € X,_1,
as was to be shown. O
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Lemma2.13 Let r > 2, and let X C [0, 1] be a xr-invariant set. For all y >
dimpy X, there exists ¢ > 0 such that for all sufficiently large N € N, the set Xy is a
(r=N ., y)c-set.

Proof Lety > dimyg X. Because y > dimp X (cf. Theorem 2.9), there exists ¢ > 0
such that for all N € N,

IXn| < cor™”. 2.5)
using the fact that X is xr-invariant, that 7, is injective on half-open intervals of

length r=", Lemma 2.12, and the bound in (2.5), for all 0 < n < N and for all
ie{0,...,r" =1},

i i+1
o550

Put ¢ = 2r” ¢p. To show that Xy isa (-, y)c-set, let B C R be a ball of diameter
§>r N Putn = |—log, 8] so that r~@+D) < § < =" and note that a union of two
intervals of length »” of the form above suffice to cover B. Therefore,

<|T"Xn| < |Xnn| < cor™7. (2.6)

r

) Y
‘XN ﬂB| < 2crN MY < c(—) ,

as was to be shown. O

Lemma2.14 Letr > 2, and let X C [0, 1] be non-empty and xr-invariant. For all
y > dimgy X and all sufficiently large N € N,

N dimy X Ny

= [Xnl=r

Proof Let y > dimy X. Because y > dimy X (cf. Theorem 2.9), we have that
|Xn| < rN? for all but finitely many N € N. It remains to show the lower bound.

Let M, N € N. Since [ri lr+1) i=0,1, — 1, forms a partition of [0, 1),
we have
N1
i i+1
X = X N|{—,——1)1.
| N+M| Z N+M [rN rN >‘

i=0

Note that X4 N [, Z5t) is non-empty if and only if X N[5, Z51) is non-empty,

N
which happens exactly when i /r"V € X . Hence

i+1
|Xnim| = Z Xn+m N |:1—N N )‘ 2.7
i/rfNeXy
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It follows from (2.6) that |Xy4a N [, Z)| < [Xal, which combined with (2.7)
shows that | Xy+am| < |Xn||Xpm|. In view of this sub-additive property, it follows
from Fekete’s Lemma that the sequence | X y|!/" converges to its infimum, i.c.,

lim |Xn|YN = inf |Xy|"V.
N—o00 NeN
dimyg X

It .follows from dimg X = dimy X that r = limy—oo | Xn|YY. Therefore,
rdime X — infyen | XN, and hence rV4imu X < | X v | forall N € N, as desired. O

The following notation, borrowed from [22], allows us to easily compare powers
of r and powers of s. This is useful when considering the finite approximations to the
Cartesian product of a xr- and a X s-invariant set.

Definition 2.15 For n € Ny, we set n’ = |nlogr/logs] to be the greatest integer so
that s < r". (The bases r and s do not appear in this notation but should always be
clear from context.)

Recall from Definition 2.11 that X is the set X rounded to the lattice r—NZ.
Extending this notation to Y, the set Y is the set ¥ rounded to the lattice s~N7Z.Since
r~N is approximately equal to s~V " (where N' is as defined in Definition 2.15), the
set Yy is the discrete approximation to Y that is on a scale closest to the scale of
X n. Therefore, the sets X and Yy, will always be considered in the same context,
as opposed to the sets X and Yy .

Corollary2.16 Let2 <r < s, let X, Y C [0, 1] be non-empty xr- and xs-invariant
sets. For all ¢ > dimy X + dimg Y, there exist ci,cy > 0 and My € N such that
forall N > My, the sets Xy X Yy and Xy x Y4 are (c1r™N, &)c,-sets satisfying
rN(dimHX—i-dimHY) < |XN % YN’| < I"NS and rN(dimHX—i-dimHY) < |XN % YN’+1| <

PN,

Proof Let&é > dimy X + dimyg Y. Let g > dimy X and 4 > dimy Y be such that
dimg(X xY)<g+h <&.

Applying Lemma 2.13 and Lemma 2.14, there exist ¢, d > 0 such that for sufficiently
large N € N, theset Xy isa (r ™V, g).-setsatisfying rNV 4imu X < | x| < V¢ and Yy
isa (s, h)g-set satisfying sV dmuY < |yy,| < sV Since pN(dimu X+dimpY) —
rNdimHXrNdimHY > rNdimHXsN/dimHY’ |XN x YN| < |XN % YN+] | andg+h < E?
it follows that for sufficiently large N € N, one has rV (dimp X+dimu ¥) < | ¥ x Y| <
I”N%: and rN(dimHX-i-dimH Y) <|Xy % YN’+1| < rNg.

Sete; = s land ey = s8cd. Since sV < N < sN'F! the sets Xy x Yy and Xy x
Ynr41 are cir~V-separated. Since Xy is a (r =V, g)c-set, itis a (c;7 ™V, g)gec-set.*
Let B C R? be a ball of diameter § > ¢;r . Note that

s\ 5 \"
Xy x Yy) N B| < 58 d -
s =sse (5 ) a( )

4 More generally, if 0 < ¢ < 1, then every (8, y)-set is a (¢19, y)c_yc-set. This is a quick exercise left
1

to the reader.
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. s\ . 8\ 5 \¢
< d < ,
=7 C<C1”_N) “ (Clr‘N> = (cu"‘N)

which shows that the set Xy x Yy isa (c;r ™, & )c,-set. By a similar calculation,

5 \¢ s \"
) g _°
|(Xn x Yyrp) N B| < s8¢ <c1r’\’) d (s—(N’“))

. s \¢ s \" s \¢
< d < ,
=9 C(clr—N) (clr—N> =@ <c1r—N>

which shows that the set Xy x Yy y1isa (¢, &),,-set. o

2.3 A Quantitative Equidistribution Lemma

The main result in this short section, Lemma 2.18, gives a lower bound on the number
of visits of an equidistributed sequence to a set as a function only of the measure and
topological complexity of the set’s complement. This result is certainly not new; we
state it explicitly here for convenience in a way that highlights the uniformity in the
quantifiers.

For U € N, denote by Zy the collection of those subsets of [0, 1) that are a union
of no more than U disjoint intervals of the form [a, b).

€ > 0, there exists No € N such that for all N > Ng and all B € 1y,

Lemma 2.17 For any uniformly distributed sequence (x,)neN, € [0, 1), U € N, and

1
N|{O§n§N—l|xneB}|§Leb(B)+e.

Proof Let (x,)nen, < [0, 1) be uniformly distributed, U € N, and € > 0. The
discrepancy of (xn)f;/:_o1 (cf. [14, Ch. 2, Def. 1.1]) is
{0<n<N-1]|x,€l}
Dy = sup
I N

— Leb(1)|,

where the supremum is taken over all half-open intervals [ in [0, 1). Because (x,), is
uniformly distributed, Dy — 0as N — oo (cf. [14, Ch. 2, Thm. 1]). By the definition
of discrepancy, for any half-open interval I C [0, 1),

1
ﬁ’{0§n§N—l|xn € I}| < Leb(I) + Dy.
It follows that for every B € 7y,
1
ﬁ|{0§n§N—l|xn € B}| < Leb(B) + UDy.
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Let No € N be large enough so that for all N > Ny, UDy < €. The conclusion
follows. o

Lemma 2.18 Let B > 0. For any uniformly distributed sequence (x,)nen, < [0, B)
with respect to the Lebesgue measure, U € N, and € > 0, there exists Ny € N such
that for all N > Ng and all J C [0, B) whose complement is covered by a union of no
more than U many disjoint, half-open intervals of total Lebesgue measure less than

eﬁ/z)
1
Sl0snsN-Tjmenz1-c

Proof Let (xp)nen, € [0, B) be uniformly distributed, U € N, and € > 0. Let Ny be
from Lemma 2.17 with (x,/8)seN,. U, and €/2.

Let N > Ng and J C [0, 8). Put B = [0, 8)\J, and note that by assumption,
B/B € Iy and Leb(B/B) < €/2. It follows from Lemma 2.17 that

1
N‘{Of” <N-—1|x,/B€B/B} <e.
Therefore,
1
ﬁ|{0§n§N—1|xneJ}| >1—e,

as was to be shown. O

3 A Discrete Marstrand Projection Theorem

In this section, we prove a discrete analogue of Marstrand’s projection theorem from
geometric measure theory. The theorem — stated for sumsets in the introduction as
Theorem 1.1 — says that for every Borel set A C [0, 113, for Lebesgue-a.e. 0 € [0, 7),
dimpg mpA = min(1, dimyg A), where g : R2 — R2 is the orthogonal projection
onto ¢y, the line that contains the origin and forms an angle 6 with the positive x-axis.
Marstrand’s theorem and its relatives have enjoyed much recent attention: we refer
the interested reader to the survey [5] and to the end of this section where we put
Theorem 3.2 into more context.

The key idea behind Marstrand’s theorem is that of “geometric transversality” and is
captured in the following lemma. The proof follows from a simple geometric argument
and is left to the reader. An immediate consequence of the lemma is that there are not
many projections which map two distant points close together.

Lemma 3.1 For all nonzero x € R? and all p > 0, the set of angles 6 € [0, 1) for
which |mgx| < p is contained in at most two balls of diameter < p|x|~".

The results in this section add to a number of other discrete Marstrand-type theo-
rems in the recent literature: [17, Lemma 5.2], [16, Prop. 3.2], [10, Lemma 3.8], [22,
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Prop. 7], [21, Prop. 4.10] to name a few. Let us highlight some distinguishing features
of LemmaA 3.1 and Theorem 3.2 that play an important role in this work. Analogues
of Lemma 3.1 more commonly found in the literature, such as the one in [19, Lemma
3.11], bound the measure of the set of projections which map x close to 0. The result
in Lemma 3.1 uses coverings to capture topological information on the set of projec-
tions. This information is carried into Theorem 3.2 and is important in the application
to Theorem A. Another useful feature of Theorem 3.2 is the allowance of a subset
A’ in (3.1); this will allow us to treat sets in Theorem A that exhibit multiplicative
invariance without necessarily being self-similar.

3.1 A Discrete Projection Theorem

Our discrete analogue of Marstrand’s theorem, Theorem 3.2, reaches a conclusion
similar to that of Marstrand’s by quantifying the size of the set E of exceptional
directions, those directions in which the image of the set A is small. On a first reading,
itis safe tothinkof y < I, n =~ p7%,§ = 1,and m = p_(y_f). In this case, the set
A is a discrete analogue of a set of Hausdorff dimension y and the set E is the set of
exceptional directions in which the set A loses at least a proportion p€ of its points.

Theorem3.2 Lety, p,c > 0. Put’y = min(y, 1). If A C [0, 11%isa (p, ¥)c-set with
n:=|A| > —logc, then forall 6 > 0and all0 <m < 82n/4, the set

E={0¢€[0,7)|34 C A, |A|=6n, NwgA', p) <m) 3.1)

satisfies

N(E, p) Ky p~ ' 2 {nl_m yr#1
) V.C

82n logn fy=1

Proof Let A C [0,1]*be a (p, y)c-set of cardinality n > —logc. Let § > 0, and let
0<m<é8n / 4.

Define S(0) = {(a1,a2) € A? | |mg(ay — az)| < p}. Let E’ be a maximal p-
separated subset of E; thus, |[E’| = N'(E, p). The goal is to bound Y, 5/ ]S(@)‘ from
above and below to get the desired bound on |E’|.

Let 6 € E" and A’ be the subset of A corresponding to 6. Since the set 7g A’ lies
on aline and NV (g A’, p) < m, there exists a collection { B} gc3 of no more than 2 m
closed balls B of diameter p whose union covers g A’. By Cauchy-Schwarz,

2
6n)* < A" < (Z [tao € A" | wpag € B}|>

BeB
< |B| Z |{a0 € A'| mpag € B}|2
BeB
52mZ|{aeA|7'[9aeB}|2
BeB
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=2m Z |{(a1,a2) c A? | mpay, mgas € B}|
BeB
<2m|S®)|.
It follows that
82n?
1B < > [s®)]. (3.2)

O€cE’

Now we use Lemma 3.1 to bound the right hand side of (3.2) from above: for
ay, az € [0, 112, the set

O(ar, az) = {0 € [0, 7) | |mo (a1 — a2)| < p}

is contained in at most two balls of diameter << p/la; — az|. Therefore,
N(©O(ay, az), p) < 1/|a; — az|, and using the fact that E’ is p-separated, we see
that

D Iseyana) =Y low.a®) < K

ay —da
OeE’ OeE’ | 1 2|

for some constant K depending on the result in Lemma 3.1. It follows that

Z 1S©)] = Z Z Lsy (a1, az)

OeE’ O€E’ ay,aeA
/
=nlE' 1+ Y Y low.a®)
aj,apeAQeE’
ay#ap
<nlE'l+K Y lai—a™,
ay,apeA
a1 #az

and so we are left to bound the second term from above.

For £ € Ny, let H, = {x € R? | |x| € [pet, petth). Breaking up the sum
Y |a; — az|~! by fixing a; and partitioning the ay’s by shells, and using the fact that
A is p-separated, we see

doola—a Tt =) i > e —al

ay,ar€A a1€A =0 are AN(a;+Hy)
aj#az

<p ' YD e AN (i + Hy|.

ajeA =0
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Since A is a (p, y)c-set, for all £ > 0, |A N (a1 + Hy)| < ¢ (2pe+!/p)”. On the
other hand, Y50 |A N (a1 + He)| = |A| — 1. It follows then from the fact that
€+ e Y is decreasing that 372 e~* |A N (a; + H@)| < f;ozo 2V cet=DHY where
Lo = [log((n/ o)V ¥)7 is the smallest value such that the set A could be contained in
a ball of diameter pezO about a;. Therefore,

00 t
10—1 Z Zg—qA N (a1 + H€)| Lye p—l Z Z (ey_l)g

aj€A =0 ajeA £=0
n Y ity £1

—1
< n .
v P {logn ify =1

Combining the upper and lower bounds on ) 4/ |S(0) , we see that there exists
a constant K depending on the result in Lemma 3.1, y, and ¢ such that

82n? n Y ity £1
2m

——IE'| <nlE'|+Kp~'n . :
logn ify=1

Dividing both sides by n and using the fact that m < §°n/4, we see that

52_”|E/|< &n E'| < Kp~! nlT ity #1
4m “\2m - logn ify=1"

which rearranges to the desired conclusion. O

3.2 A Corollary for Oblique Projections

The proof of Theorem A will feature oblique projections instead of orthogonal ones.
The following corollary concerns oblique projections and is stated in a way that will
make it immediately applicable in the proof of Theorem A.

Denote by IT; : R> — R the oblique projection IT;(x,y) = x + ty. Let ¢ :
(0, m/2) — R be the diffeomorphism ¢(6) = logtan 6. Note that I, is the oblique
projection that is the “continuation” of the orthogonal projection 7y, meaning that the
points (x, ¥), (IT¢e (x, y), 0), and g (x, y) are collinear.

Corollary 3.3 Let 0 < y; < y2 < y3 < y4 be such that y; < 1 and

2(va—v2) <yv3—ni- (3.3)
For all compact I C R, all €, ¢y, c3, c3 > 0, all sufficiently small p > 0 (depending
on all previous quantities), and all (¢1 0, y4)c,-sets A < [0, 112 with |A| > p~ 73, there

exists T C I with the following properties:

@ Springer



Combinatorica

(I) the set I\T can be covered by a disjoint union of not more than €p~' /2-many
half-open intervals of length p, a cover of total Lebesgue measure less than €.

(I1) forallt € T and all A" C A with |A’| > p™72, there exists a subset A} C A’ with
|A}| > p~"" such that the points of T A} are distinct and c3 p-separated.

Proof Let I € R be compact and €, ¢y, 2, ¢3 > 0. Leto € (ya — y2, (v3 — y1)/2).
Let p > 0 be sufficiently small (to be specified later, but depending only on the
quantities introduced thus far). Let A C [0, 112 bea (cip, V4)e,-set with |A| > p773.
Put Y4 = min(1, y4), n = |A|, § = p°, and m = 2c3p'. Note that since A is a
(c1p, ¥4)c,-set contained in a ball of diameter V2,n < 2¢ch(c1p) 1A,

We want to apply Theorem 3.2 with y4 as y, c1 0 as p, ¢z as ¢, and with A, n, §, and
m as they are. We see that the inequality n > —log c> holds for p sufficiently small,
as does m < 82n/4 since o < (y3 — y1)/2. Since the conditions of Theorem 3.2 hold,
the set E C [0, ) defined in (3.1) satisfies

1 m T
N(E, p) Lyyoer P l%nl /74 log n

1 Io_yl
p2<7 p‘)’3ﬂ/]’4

(3.4)

Lysereaes P log (/O_V4) .

Let J = ¢~ ' (1), and put T = I\¢|,(E). Since the map ¢| is bi-Lipschitz,
N(pl;(E), p) =1 N(E, p).

Combining this with (3.4) and the fact that 0 < (y3 — y1)/2, we have that for suffi-
ciently small p, N(I\T, p) < ep~1/6.1t follows that the set I\ T can be covered by a
disjoint union of not more than €p~! /2-many half-open intervals of length p, a cover
of total measure less than €. This establishes (I).

To prove (Il), letr € T, and let A’ C A with |A’'| > p~2. Since n < 2¢y(c1p) ™"
and 0 > y4 — y», for sufficiently small p, p=?2 > 8n. It follows that |A’| > §n.
Because 0:=¢ (1) ¢ E, N(mgA’, p) > m. It follows that N'(mgA’, c3p) > p~ .
By choosing points in A’ in each fiber of a maximally p-separated set of the projection,
we see that there exists a subset A} € A’ of cardinality at least p~" such that the
orthogonal projection of the points in Ay, onto £ are disjoint and c3 p-separated. Since
the oblique projection I1,/ increases distances between points that lie on £y, the images
of points of A} under I, are c3p-separated. ]

4 Trees and a Subtree Regularity Theorem

Trees are combinatorial objects that are convenient for describing fractal sets. We
will be concerned solely with finite trees throughout this work. After giving the main
definitions, we motivate their importance by explaining how they will be used in the
proof of Theorem A. We move then to prove the main result in this section.
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4.1 Preliminary Definitions

The following definitions describe the familiar notion of a rooted tree, a graph with
no cycles whose vertices can be arranged on levels and whose edges only connect
vertices on adjacent levels.

Definition 4.1

e A tree of height N € Ny is a finite set of nodes I' together with a partition
' =TgU-.--UTy with |T'g| = 1 and a parent function P : I'\I'g — I'\I'y such
that foreveryn € {1,..., N}, P(I'y) = ['y—1.

e The nodes in I';, have height n. The single node with height O is the root and the
nodes with height N are called leaves.

e The node Q is the parent of each of its children, nodes in the set Cr-(Q):=P~1(Q).

o If Qisanodeof heightn, the induced tree based at Q isthe tree I'g :=UfV:6” C{; Q)
of height N — n with root Q and the same parent function as I', restricted to the
set I'g.

o Asubtreeof Tisatree IV C T of the same height as I" with parent function P Iy

(A subtree is uniquely determined by its non-empty set of leaves I'y, € I'y.)

Continuing with terminology inspired by genealogy trees, the ancestors of a node
Q are those nodes that lie between Q and the root. For the reasons described below
in Remark 4.4, it will be important to count the number of ancestors of Q that have
many children. To this end, we introduce the following terminology and notation.

Definition 4.2 Let " be atree, ¢ > 0, and w € [0, 1].
e The ancestry of Q € I, is the set

Ar(Q):=(P*(Q) | 1 <k <n}.

Note that | A (Q)] is equal to the height of Q.
e The node Q is c-fertile if |Cr(Q)| > c. The set of c-fertile ancestors of Q is
denoted

Fr.c(0):={A € Ar(Q) | A isc — fertile}.

A node Q has (c, w)-fertile ancestry if |Fr (Q)| > o|Ar(Q)|.

The following definitions allow us to capture the dimension of a finite tree by giving
costs to the nodes and measuring the cost of the least expensive cut.
Definition4.3 LetI"be atree,r € N,r > 2,and y > 0.

e AcutofT'isasubsetC C I' such that forevery leaf L of ", ({L}U.Ar (L)) NC £ .
e The y-Hausdorff content of T" with base r is

HY ():=min Z pheigh(Qy | ¢ g a cut of T

QeC
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The main result in this section, Theorem 4.7, says, roughly speaking, that any tall
enough tree with Hausdorff content bounded from below and with a uniform upper
bound on the number of children of any node has a subtree in which most nodes have
fertile ancestry. Before making this statement precise and beginning with the details
of the proof, let us make two observations about the concept of fertile ancestry that
will help explain why it will be useful later on in the proof of Theorem A.

Remark 4.4

(I) The property of having fertile ancestry is preserved under a type of tree thinning
process that we will employ in the proof of Theorem A. More specifically, suppose
that I" is a tree in which every node has either one child or at least ¢ many children
and in which every node has (¢, w)-fertile ancestry. Suppose further that for every
node Q, there exists a subset C(Q) C Cr(Q) of the children of Q with |C(Q)| >
min (c |Cr( Q)|) These subsets naturally give rise to a subtree " obtained by
thinning the tree I': the subtree I is uniquely defined by the property that if Qo
is a node of T, then Cx Q) = C(Q) It is not hard to see that every node in r
has (¢, w)-fertile ancestry, regardless of how the subsets of children C(Q) were
chosen.

(IT) A tree in which every node has fertile ancestry necessarily has large Hausdorff
content. This is a simple consequence of the mass distribution principle (or the max
flow-min cut theorem) for trees, the real analogue of which is stated in Lemma 2.6.
More specifically, let I" be a tree, and consider a “flow” through I of magnitude 1
starting at the root that splits equally amongst children. The value of the flow at any
node Q with fertile ancestry can be bounded from above using the fact that many
times, much of the flow is split amongst a large set of children before reaching Q.
If all nodes of I" have fertile ancestry, then the flow is not concentrated too highly
at any node. According to the mass distribution principle, the Hausdorff content
of a tree that supports such a flow is high.

4.2 A Subtree Regularity Theorem

We now proceed with the main results in this subsection. In the next two results, fix
r>2and 0 < y» < y3 < y4 such that setting

Ai=y4 — y3 +log, 2,
B:=y3 — y» —log, 2,

ensures the quantity B is positive. The following lemma describes the fundamental
dichotomy behind Theorem 4.7.

Lemma 4.5 IfT is a tree with the property that
every node in the tree has at most r'* many children, 4.1)

then at least one of the following holds:
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(D) there are at least r> many children Q of the root, each of which satisfies
HP*(Co) = HP(D)r ™,

(IT) there is at least one child Q of the root satisfying
H* (o) = H* (D)rP.

Proof Let I be a tree satisfying (4.1). Let Q1, Q2, ..., Q; be the children of the
root of I, ordered so that H;” (I'g,) > H}*(T"g,,,). If neither (I) nor (II) holds, then
HP(Tg,) < HP(T)r8 and H}G(Ferm) < HP?(I)r—4. It follows by the ordering
of the Q;’s and the definition of the Hausdorff content and induced trees that

I
HPAT) <r ) HP (o)
i=1
2] I
=Y rPHETg)+ Y rTPHE(T,)
i=1 i=[rr2]

< P2 IHE OB 4 4 THE (DA = HE(D),
a contradiction. O

Lemma 4.6 Every finite tree T that satisfies (4.1) has a subtree T with the property
that for all nodes Q in T,

| A (Q)|B + log, H)*(T")
A+ B '

|Fr i (Q)] = 4.2)

Proof We will prove the lemma by induction on the height N of the tree I". To verify
the base case, let I' be the tree of height N = 0: a single node with no children.
Taking I = T, the inequality (4.2) for this single node follows from the fact that
log, H*(I') = 0.

Suppose that N € N is such that the theorem holds for all trees of height N — 1.
Let I' be a tree of height N that satisfies (4.1). By Lemma 4.5, at least one of Case (I)
or Case (II) holds.

Suppose Case (I) of Lemma 4.5 holds. Let Q be any one of the r”2-many children
guaranteed by Case (I). By the induction hypothesis, there exists a subtree F’Q of I'g
in which every node satisfies (4.2) with I'g in place of I" and T, in place of I"". Define
the subtree I’ of T to be the root node of I with the collection of at least 2> many
children Q, each of those children followed by its subtree F’Q.

We will now verify that (4.2) holds for all nodes of I'’. Let Q be any node of I'.
If Q is the root node of I, then (4.2) holds because log, HP () < 0. (Indeed, that
HP3(I") < 1 follows by considering the cut C:={Q} of I".) If Q is a non-root node of
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I/, then it belongs to one of the subtrees I'g for some child S of the root of I'. By
property (4.2) for the subsubtree I'g, we see

[P (@) = 1 = | Fr m (Q)]
_ Mry(Q)1B +log, 1 (T's)
- A+ B
_ (Ar(Q) = DB +log, HP(I) — A
- A+ B '

This simplifies to the inequality in (4.2), verifying the inductive step if Case (I) of
Lemma 4.5 holds.

Suppose Case (II) of Lemma 4.5 holds. Let Q be the child guaranteed by Case (II).
By the induction hypothesis, there exists a subtree F’Q of I'g in which every node
satisfies (4.2) with I"p in place of I" and F/Q in place of I'’. Define the subtree I'' of I"
to be the root of I' with only the child Q followed by its subtree F’Q.

We will now verify that (4.2) holds for all nodes of I'”. Let Q be any node of T". If
Q is the root node of T, then (4.2) holds because log, HPET) <0.If Q is a non-root
node of I, then by property (4.2) for the subtree containing Q, we see

(Ar(Q)| = DB +HP(T) + B
A+ B ’

|Fr 2 (Q)] =

This simplifies to the inequality in (4.2), verifying the inductive step if Case (II) of
Lemma 4.5 holds. The proof of the inductive step is complete, and the lemma follows.
O

Theorem 4.7 Forall0 < e < 1, forall0 < y» < y3 < ya < y3 + €(y3 — y2), for
all sufficiently large r € N, and for all V > 0, there exists Ny € N for which the
following holds. For all N > Ny and for all trees T of height N with H>(T') > V
that satisfy (4.1), there exists a subtree T of T such that all nodes Q € T’ with height
at least No have (r"?, 1 — €)-fertile ancestry in T"'.

Proof Let0 <€ < land0 < y» < y3 < ya < y3 +€(y3 —y2). Letr € N be
sufficiently large so that y3 —y»—log, 2 > (1—€)(ys—y»). Define A = y4—y3+log, 2
and B = y3 — y» — log, 2, and note by the inequality in the previous sentence,
B/(A+ B) > (1 —¢€).Let V > 0. Choose Ny € N such that

NoB tlog V. _ 4.3)
No(A + B)
and note that for all N > Nj, the inequality in (4.3) holds with Ny replaced by N.
Let N > No, and let " be a tree of height N with }*(I") > V that satisfies (4.1).
By Lemma 4.6, there exists a subtree I'" of I such that for all nodes Q of I", the
inequality in (4.2) holds.
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Let Q be a node of I'" with height at least Ny. By (4.2) and (4.3), we see that

[Fr (O] _ A (Q)IB +log, V
Ar Q) —  |Ar(Q)I(A + B)

It follows that Q has (r¥2, 1 — ¢)-fertile ancestry in I'/, as was to be shown. O

5 Proof of the Sumsets Theorem

In this section, we prove Theorem A, the main theorem in this work. We restate it here
for the reader’s convenience.

Theorem A Let r and s be multiplicatively independent positive integers, and let
X,Y C [0, 1]be xr- and xs-invariant sets, respectively. Define 7 = min (dimH X+
dimg Y, 1). For all compact I € R\{0} andall y < ¥,

inf H”(AX +nY) > 0. (5.1)
rmel

Several auxiliary results go into the proof: the discrete version of Marstrand’s pro-
jection theorem in Sect. 3, the subtree regularity theorem for finite trees in Sect. 4, and
the quantitative equidistribution result in Sect. 2.3. We outline the proof of Theorem A
in Sect. 5.1 before presenting the full details in Sects.5.2 and 5.3.

Remark 5.1 Itis natural to ask about the value of the infimum C:=1inf} ,c; H);o ()»X +
nY) that appears in (5.1), or, more precisely, how it depends on X and Y. The value
of C mustdependonr, s, y, ¥, and I, but also on X and Y, at least to the extent that
it accounts for the Hausdorff content of X x Y. It follows from the proof of Theorem
A below that this is essentially the only sense in which C depends on X and Y.
More precisely, there exist y3, y4 > 0 (depending only on y and dimg(X x Y))
with 3 < dimpg(X X Y) < y4 such that taking My € N and ¢y, ¢ > 0 as given by
Corollary 2.16 when applied with y4 as &, the quantity C depends only on My, ci, c2,
r,s,I,y,dimg(X x Y), and H?O(X x Y), but otherwise not on X and ¥.5

5.1 Outline of the Proof of Theorem A

Before beginning with the details of the proof of Theorem A, we explain the main
ideas behind it. To understand the argument, it helps to begin by assuming that the set
X x Y is self-similar in the sense that for every n € Ny, it is a union of approx-
imately r"(dimu X+dimuY) many translates of the set r "X x s~"Y. (Recall that
n’ = |nlogr/logs] so that s~ ~ r~") This is the case, for example, if X and
Y are both restricted digit Cantor sets. In this case, Peres and Shmerkin [22] proved

5 As will be evident from the proof, our argument requires from y3 only that H}SO(X x Y) > 0. Appealing
to a result such as [4, Theorem 3.1] it is possible to take y3 = dimy (X x Y). This improvement would
eliminate a parameter but ultimately would not simplify the argument.
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that for all &, n € R\{0}, dimg(AX + 1Y) = y. Our argument follows along the same
lines as theirs.

Recall that IT; : R*> — R is the oblique projection IT,(x, y) = x + ty. A quick
calculation shows that

My(r"X xs™"Y) = P gy o (X X Y),

which implies that the images of the translates of r " X x s~"'Y under the map I,
are affinely equivalent to the image of the full set X x ¥ under the map I1 ., st It
follows that the set I1,: (X x Y) contains affine images of the sets I'Ie,r,1 /st (X x7Y)
and hence that

dimyg [T, (X x Y) > sup dimy He,r,,/sn/ (X xY).

neNy

Thus, to bound dimy IT,: (X x Y) from below, it suffices to show that there is some n €
N for which e’ r"* / s"isa “good angle” for X x Y, in the sense that dimy I,:,n It (X x
Y) > ¥ — e. It follows from Marstrand’s theorem that the set of such “good angles”
for X x Y (indeed, for any set) has full measure in R, and it will be shown that the
sequence n log(e’r"/s”l) has image in [#, # + log s) and is the orbit of # under the
irrational x — x + logr (mod logs) translated by 7. When combined, these facts
fall just short of allowing us to conclude the existence of n € Ny for which e’r" /s"/
is a good angle: it is possible that the image of an equidistributed sequence misses a
set of full measure.

To make use of the above outline, one needs to gain some topological information
on the set of good angles from Marstrand’s theorem. This can be accomplished by
moving the argument to a discrete setting. Discretizing introduces a number of tech-
nical nuisances, but the core of the argument remains the same. Recall that X,, and
Y, are the sets X and Y rounded to the lattices » ~"Z and sZ, respectively. The
discrete analogue of Marstrand’s theorem in Theorem 3.2 tells us that the complement
of the set of “good angles” for a finite set such as X, x Y,/ can be covered by a
disjoint union of few half-open intervals. This topological information combines with
the equidistribution of the irrational rotation described above to allow us to find many
n € Ny for which e'r" /5" is a good angle for X, x Y.

The argument described thus far is essentially due to Peres and Shmerkin in [22]
and allows them to conclude that for all r € R\{0}, dimg [1/(X x Y) = y. We will
now describe the two primary modifications we make to this argument in the course
of the proof of Theorem A.

The first modification allows us to show that the discrete Hausdorff content of
IT,: (X x Y) at all small scales is uniform in ¢. Ultimately, this uniformity stems from
the fact that the irrational rotation described above is uniquely ergodic: changing ¢
in the argument above changes only the point whose orbit we consider. Exposing the
uniformity in the argument after this is then mainly a matter of taking care with the
quantifiers in the auxiliary results.

The second modification allows us to handle sets X and Y which are only assumed
to be xr- and xs-invariant. Such sets need not be self-similar, but they do exhibit
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some “near self similarity” in the following sense. Consider the discrete set X, for
some large m € N. Because X is xr-invariant, the set X ;1) N [i /r™™, (i +1)/r"™™),
when dilated by ™" and considered modulo 1, is a subset of X,,. While this set is
generally not equal to X,,, it is, by an averaging argument, very often of cardinality
greater than r €| X,,,|. This is profitably re-interpreted in the language of trees: in the
tree with levels X, X Y(,my, n € No, many nodes have nearly the maximum allowed
number of children. The tree thinning result in Theorem 4.7 exploits this abundance
by finding a sufficiently “regular” subtree on which we focus our attention. Then, we
invoke our discrete analogue of Marstrand’s theorem — which provides information on
the set of angles that are good not only for the original set X, x Y,,/, but also for large
subsets of it — to further thin the subtree. Following the reasoning given in Remark 4.4,
the resulting subtree has fertile ancestry and hence has large Hausdorff content. By
the construction of the subtree, its image under I1,: is large, and this yields the lower
bound on the Hausdorff dimension in the conclusion of the theorem.

5.2 Proof of Theorem A

In this section and the next, let , s, X, Y, and ¥ be given as in the statement of
Theorem A. The proof of Theorem A begins with a number of reductions, the last of
which in Claim 5.2 is a statement about the existence of measures on the images of
the discrete product sets under oblique projections. We prove Claim 5.2 in the next
subsection.

By Lemma 2.10, dimg(X x Y) = dimg X + dimg Y. Note that if dimg X = 0,
then the conclusion is clear by considering, for any x € X, images of the set {x} x Y.
The same is true if dimy Y = 0. Thus, we will proceed under the assumption that
dimy X, dimg Y > 0. Note that the set 1 — X is xr-invariant and that —AX + nY is a
translate of the set A(1 — X) + nY. The analogous statement holds for Y. Combining
these facts, it is easy to see that it suffices to prove Theorem A in the case that
I < (0, 00).

The next step is to formulate a statement sufficient to prove Theorem A in terms of
oblique projections of discrete sets. Recall that n’ = |nlogr/logs] and that X, Y,
are the sets X and Y rounded to the lattices r ~"Z and s_”/Z, respectively. For n € Ny,
define

Op=X,xYy and Op=Xpx Ypir. (5.2)

Claim 5.2 For all compact I € Randall0 < y < Y, there exists m, Ng € N such that
forall N > Np and all ¢ € I, there exists a probability measure p supported on the
finite set I1,: Qn,, with the property that for all balls B C R of diameter § > pNm,
w(B) < rNomsy,

To deduce Theorem /} from Claim 5.2,1et I € (0, 0o0) be compactand 0 < y < y.
Apply Claim 5.2 with I::{ log(n/A) | n,A € I} as I and y asitis. Let m, No € N
be as guaranteed by Claim 5.2.
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Note that by Lemma 2.4 and the fact that the function p — HL (A X + nY) is
non-increasing (as p decreases),

inf HZo(AX +n¥) = lim inf HL,(AX +nY).
>1

A p—>0xr,nel

The limit in the final expression exists because infy ;e; H; 0 (AX + nY ) is non-
increasing and is bounded from below by zero.
Therefore, to show that (5.1) holds, it suffices to prove that

lim inf H;r_Nm (AX +nY) > 0. (5.3)

N—o00 A,ne

It follows from the fact that
A X Nm + 0¥ (Nmy s AX +10Y) L s 7N,
where dy is the Hausdorff metric, and Lemma 2.7 that forall A, n € I,

H;rme ()\.X + T’]Y) XI,r,s H;rme ()\XNm + nY(Nm)’)

5.4)
=1rs H;rme (XNm + elogm/1) Y(Nm)’)-
Therefore, to show (5.3), it suffices to prove that
lim inf 1. _, (Mt Qnm) > 0. (5.5)

N—oo tef

Combinipg the conclusion of Claim 5.2 with Lemma 2.6, we see that for all N > N
andt € I, H” (Mot Qnm) = r~No™ This shows that the limit in (5.5) is positive

> y—Nm
and completes the deduction of Theorem A from Claim 5.2.

5.3 Proof of Claim 5.2

Choosing the parameter m and scale p. Recall that 7, s, X, Y, and y are as given
in the statement of Theorem A. Without loss of generality, we can assume thatr < s.
Put B =logs,let0 < y <y, and define e:=y — y and yp:=y.

We claim that there exist y1, 12, ¥3, and y4 such that

D O0<pw/(1—€/2) <y1 <yr<ys <dimg X +dimy Y < ys;

(D ya <y3+€(y3 —12)/6;
dm y1 < L
(AV) 2(ys — y2) < y3 — yj (this is the inequality in (3.3)).
To see why, note that if we put y1 = y/(1 —€/2), ya = y3 = dimg X + dimy Y,
and y» = y1/3 + 2y3/3, then the inequalities in (I) holds with “<” replaced by
“<”, while the inequalities in (II), (IIT), and (IV) hold as written. It follows that y;
and y4 can be increased and y3 can be decreased (with the corresponding change to
2 = y1/3 + 2y3/3) so that all of the strict inequalities hold.
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Let ¢y, ¢2, and M( be the constants guaranteed by Corollary 2.16, when applied
with y4 as &. Let I C (0, oo) be compact, and define Ig = I + [0, 8]. Let P > O be
a Lipschitz constant for all of the maps I1,, r € Ig, and let ¢3 = 4Ps~! 4+ 1. Choose
m € N large enough so that we can apply

e Theorem 4.7 with €/6 as € and r"* as r;
o Corollary 3.3 with /g as I, €8/12 as € and r " as p;
e Corollary 2.16 with m as N (i.e., m > M)).
Put p =r=".
A uniformly distributed sequence. Let o = log (r” /s’"/) and let R : [0, B) —
[0, B) be the transformation R : x +— x + « (mod B). As B = logs and m’ =
lmlogr/logs], we have

a/B=mlogr/logs —m' = {mlogr/logs}. (5.6)

Sincelog r/ log s isirrational, we conclude that o/ 8 is irrational, whereby the sequence
(R"(0))neN, is uniformly distributed on [0, B).

Claim 5.3 For all n € Ny,

(V) R"(0) + (nm)' logs = nmlogr;
(VD

/ (nm) +m’ if R"(0) +a < B
((n + 1)m) = ) .
(nm) +m’+1 if R"(0) +a > B
Proof Sinceforalln € N, R"(0) = na (mod B),using (5.6), we can write R" (0)/8 =

{na/B} = {n{mlogr/B}} = {nmlogr/B}. Recalling that (nm)’ = [nmlogr/B],
this establishes (V).
Next, note that for any real numbers x, y,

_ )+ Lyl if {x} +{y} <1
lx+y]= . .
lx] + v+ 1 if{x}+{y}>1
The equality in (VI) follows from this by substituting x = nmlogr/f and y =
mlogr /B and using R"(0)/8 = {nm logr/ﬂ} and (5.6). O

Choosing the parameter No. From Corollary 2.16, the sets Q,, and @m (defined
in (5.2)) are (c10, v4)¢,-sets and satisfy

P77 < Qs [Om] < p . (5.7)

Let T (resp. 72) be the subset of /4 obtained from applying Corollary 3.3 with /g as
1,eB/12 as € and Q,, (resp. Q) as A. Put T = T1 N T. It follows from Corollary 3.3
that /g \ T is covered by a disjoint union of not more than U :=[2¢Bp~"' /247 many
half-open intervals of Lebesgue measure less than €8/6.

Let Ny € N be the larger of
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e the Ny from Theorem 4.7 with €/6 as €, ¥’ as r, and 2’V3HfO(X x Y)as 'V,
e the Ny from Lemma 2.18 with (R"(0)),eN, as (Xn)nenN, and €/3 as €.

Fixing the parameters N and ¢. To prove Claim 5.2, we will show that for all
N > Npandallt € [ there exists a probability measure w supported on the set IT,: Q
with the property that for all balls B € R of diameter § > pV, u(B) < p~N§7. Let
N > Np and ¢ € I. From this point on, all new quantities and objects can depend on
N andt.

Constructing the tree I".  Let I be the tree (see Definition 4.1) of height N with node
setatheightn € {0, 1, ..., N}equalto Qp,,. Associating the point (i /r™", j/s(’”")/) S

Qnm with the rectangle
|: i+ 1) [ joJ+ 1)
, X s s
pmn pmn smn)'” g (mn)y

parentage in the tree I" is determined by containment amongst associated rectangles.
Denote by Cr(Q) the children of the node Q in I'. Denote by © : R* x R? — R? the
binary operation of pointwise multiplication.

Claim5.4 Letn < N and Q € Q.

(VID) If R"(0) + « < B, then Cr(Q) C Q + (r—"m, s~m)y & Q.-
(VIID) If R”(O) +a > B, then Cr(Q) € Q + (r™"m, s~y © Q,,.
(IX) H () = 27HE (X x ).

Proof We first prove parts (VII) and (VIII). By Lemma 2.12, r X,, € X,,—1 (mod 1)
andsY, € Y,y_1 (mod 1). By (VD),if R"(0)+«a < B,then ((n—l—l)m)/ = (nm)' +m’,
and hence (r"™, s("’”),) O Qu+1ym € D (mod 1), and in particular (r""", s("”’)/) 0}
Cr(Q) € Q, (mod 1). If R"(0) + & > B, then ((n + Dm) = (nm) +m' + 1,
and hence Q”m, s("’")/) O Qu+niym S ém (mod 1), and in particular (#"", s("’”)/) ©)
Cr(Q) € Qp (mod 1).

Write Q = (i /r™, j/s(”m)/) and let Q' € Cr(Q). Because Q' is a child of Q, we
can write Q' = Q~|—(10/r("+1)’” jo/s(@HDM"y where 0 < iy < r™and 0 < jo < s™
It follows that ("™, sy @ (Cr(Q) — Q) € Q (in the first case R"(0) +a < f)
or (r"™, sm)’ YO (Cr(Q) — Q) < Qm (in the second case R"(0) + « > B), where
the containment now is understood without reducing modulo 1.

To prove (IX), take a cut {Q1, ..., Q¢} € I" of I" with node Q; at height n;. Then,
by construction of T, there exists a cover X x ¥ C Ule B; where ball B; has diameter
at most 2" . Since the cut was arbitrary, it follows that Hﬁ Ty > 2_V3H};30(X x Y).

O

Constructing the tree I’.  Combining (5.7) with (VII) and (VIII), it follows that
|Cr(Q)| < r"™* for every non-leaf node Q of I". The tree I" has now been shown to
satisfy all the hypothesis of Theorem 4.7 (withe/6 as €, r™ as r, and 2’V3H’;30(X xY)
as V), thus there exists a subtree I'” of " with the property that every node with height
at least Ng has (r"™72, 1 — €/6)-fertile ancestry in I,
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Constructing the tree I'’. Now we will use Corollary 3.3, the corollary to the
discrete version of Marstrand’s theorem, to further thin out the tree I'’; an outline for
this step was described in Remark 4.4 (I). For each non-leaf node Q € I/, we will
define a subset Cl’ﬂ, (Q) of Cr/(Q).Define J = (T —1)N[0, B). Since Ig\ T is covered
by at most U many half-open intervals of measure less than €3/6, the same is true
for the set [0, 8) \ J. Define 7 = {0 <n < N —1]| R*(0) € J}. Note that for all
n > No, by Lemma 2.18, |7 N{0,...,n —1}| > (1 —€/3)n.

Let Q be a non-leaf node of T, and let n € {0, ..., N — 1} be the height of Q.
Consider the following cases:

X) n ¢ Jor|Cr(Q)| < p~ 7. Select a single child Q" of Q and put CL(Q) =
{0'}.
XD) ne J,|Cr(Q)| = p~7,and R*(0) + o < B. By Theorem 4.7 and (VII), the
set A:=("", s © (Cp(Q) — Q) is a subset of Q,, of cardinality at least
p~ 2. Since n € J, we have that r + R"(0) € T. Applying Corollary 3.3 (II)
with  + R"(0) in the role of ¢, there exists a subset Aj € A’ with |A]| > p™"
and such that the points of IT,..xn) A; are distinct and c3p-separated. Define
Cr(Q) = O+, s~ )© Ay sothat (-, s )O(CIH(Q)— Q) = A;.
XI) n € J, |Cr(Q)| > p~ 7%, and R"(0) + o > B. We do exactly as in (XI) with
Om replaced by Q,, and using (VIII) to get the set C[,(Q).

Let I'” be the subtree of I'" with the property that if Q is a non-leaf node of I'”, then
Cr»(Q) = C'.(Q). We claim that

every node of I'” with height at least Ny has(+""", 1 — €/2) — fertile ancestry.
(5.8)

Indeed, let Q be a node of T'” with height n > Nj. The ancestry of Q in I'’ is
(r™2, 1 — €/6)-fertile. Each r""2-fertile ancestor of Q in I’ with height in the set [
is an r™”1 fertile ancestor of Q in I'”. Since |jﬂ {0,...,n— 1}| > (1 —¢€/3)n, there
are at least (1 — €/2)n many r™"2-fertile ancestor of Q in I'’ with height in the set 7.
It follows that Q has (r™"1, 1 — ¢/2)-fertile ancestry in I'”.

Claim 5.5 If L and L, are two distinct leaves of I'” and n is maximal such that L
and L, have a common ancestor at height n, then [TT1,:L; — I, L,| > p"t1.

Proof Let Q be the common ancestor of L and L, in '’ of height n. Note that by the
definition of I'”” and maximality of n, it must be that Q has more than one child and
hence that n € 7. Let Q1 and Q5 be the children of Q in I'” that are ancestors of L
and L, respectively. Note that Q1 # Q; but that Q; may be equal to L;.

We will show first that IT, Q1 and IT,: Q5 are ¢3p" ! -separated. Write Q = (p, q)
and Q; = (pi, qi). Suppose that R"(0) + o < B. It follows from (V) that

My Qi =r™ " ("M (Qi — @) + M Q
=" (" (i = p) + O (g — ) +TLi0 (59

= 0" (Mo (67,5 © (0 = 0))) + T 0.
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By (XI), the points of TT ;4 zn () ((r”’", stm o (Qi— Q)), i =1, 2, are c3p-separated.
It follows then from (5.9) that the points of I1.: Q;, i = 1, 2, are ¢3 ,o”*l -separated. A
similar argument works to reach the same conclusion if R”(0) + o > B using (XII).

By the definition of the Q,,,, sets, |Q; —L;| < 2s~!p"*!. By the triangle inequality
and the fact that ¢35 = 4Ps~ ! + 1,

[Ty Ly — My Ls| > [y Q1 — M Q2] — [T (Q1 — L1)| — [T (Q1 — Ly))|
z (4Ps—1 + l)pn-i-l _4Ps—1pn+1 z pn-i-l‘

It follows that |TT,i Ly — I Lo| > p"*, as was to be shown. ]

Constructing the measure ;. The proof of Claim 5.2 will be concluded by demon-
strating that 1) the fertile ancestry property of I'” in (5.8) guarantees that I'” supports
a “measure” which is not too concentrated on any node (an outline for this step was
described in Remark 4.4 (II)); and 2) by Claim 5.5, the projection of this measure is
not too concentrated on any ball.

Let v : T” — [0, 1] be the unique function that takes 1 on the root of I'” and
has the properties that for all non-leaf nodes Q of I'”, v is constant on Cr»(Q) and
v(Q) = ZCGCF//(Q) v(C). (Colloquially, a mass of 1 begins at the root of I'” and
spreads down the tree by splitting equally amongst the children of each node.) Let vy
be the function v restricted to '}, the set of leaves of I'”. By the defining properties
of v, the function vy is a probability measure on I'}.

Since I ;(, C Qnm, the measure . = I, vy, the push-forward of vy through the
map IT,:, is a probability measure supported on the set I1,: Qn,,. We will conclude
the proof of Claim 5.2 by verifying that for all balls B € R of diameter § > pV,
w(B) < p~Nogro_ (Recall that yy = y.)

Let B C R be an interval of length § > p". Putn = [log, 8] + 1 and note that
p" < 8 < p" ! Tt follows from Claim 5.5 that there exists a node Q of I'” with
height at least n with the property that if L is a leaf of I'” with [T, L € B, then Q is
an ancestor of L. This implies that u(B) < v(Q), and so it suffices to show that

v(Q) < p~Nogw, (5.10)

If n < Np, then ,o_NO(SVO > 1 and (5.10) holds trivially. If n > Np, then by the
definition of v and the fact that Q has (r"*"!, 1 — €/2)-fertile ancestry (cf. (5.8)),

1
= yi(l—€/2)n —Nogyo
v(Q) = e = P < p~0§",

since (1 — €/2)y; > yp. This verifies (5.10), completing the proof of Claim 5.2 and
hence of Theorem A.
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