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We prove a 1985 conjecture of Gyérfas that for all k,¢, every graph with sufficiently large
chromatic number contains either a clique of cardinality more than k or an induced cycle
of length more than /.

1. Introduction

All graphs in this paper are finite, and without loops or parallel edges. A hole
in a graph G is an induced subgraph which is a cycle of length at least four,
and an odd hole means a hole of odd length. (The length of a path or cycle is
the number of edges in it, and we sometimes call a hole of length ¢ an ¢-hole.)
In 1985, A. Gyarfas [2] made three beautiful and well-known conjectures:

Conjecture 1.1. For every integer k>0 there exists n(k) such that every
graph G with no clique of cardinality more than k and no odd hole has
chromatic number at most n(k).

Conjecture 1.2. For all integers k,{>0 there exists n(k,{) such that every
graph G with no clique of cardinality more than k and no hole of length more
than ¢ has chromatic number at most n(k,/).

Conjecture 1.3. For all integers k,{> 0 there exists n(k,f) such that every
graph G with no clique of cardinality more than k and no odd hole of length
more than ¢ has chromatic number at most n(k,{).

Mathematics Subject Classification (2000): 05C15, 05C17
* Supported by NSF grant DMS-1265803.
 Supported by ONR grant N00014-14-1-0084 and NSF grant DMS-1265563.

0209-9683/117/$6.00 ©2017 Janos Bolyai Mathematical Society and Springer-Verlag Berlin Heidelberg


http://dx.doi.org/10.1007/s00493-016-3467-x

1058 MARIA CHUDNOVSKY, ALEX SCOTT, PAUL SEYMOUR

The third conjecture implies the first two, and remains open. Virtually
no progress was made on any of them until 2013, when two of us proved
the first conjecture [3]. On the second and third, there was no progress at
all, until we proved [1] that the second and third are both true when k=2
and ¢ = 6. More recently two of us proved the third in full when k=2 [4].
(In fact we proved much more; that for all £>0, in every graph with large
enough chromatic number and no triangle, there is a sequence of holes of
¢ consecutive lengths). In this paper we prove the second; thus, our main
result is:

1.4. For all integers k,£ > 0 there exists ¢ such that every graph G with
no clique of cardinality more than k and no hole of length more than ¢ has
chromatic number at most c.

We denote the chromatic number of a graph G by x(G). If X CV(G),
the subgraph of G induced on X is denoted by G[X], and we often write
Y(X) for v(GIX)).

The proof of 1.4 is an extension of the method of [4]. In particular,
we proceed by induction on k, and so we assume that 1.4 is true with k
replaced by k—1. We will show in 5.1 that if G has no clique of cardinality
more than k& and no hole of length more than ¢, and has large chromatic
number, then there is a vertex vy such that the vertices within distance
two of vy induce a subgraph with (not quite so) large chromatic number.
The set of neighbours of v; induces a subgraph with bounded chromatic
number (because it contains no clique of cardinality k), and so the vertices
with distance exactly two from vy induce a subgraph, say Go, with large
chromatic number. By the same argument applied to G, there is a vertex
v of G5 such that the subgraph of G5 induced on the vertices with distance
exactly two from ve has large chromatic number. And so on, many times;
we obtain a sequence of “covers”, each covering the next, and all covering
some remaining subgraph which still has large chromatic number. The proof
is by looking closely at a long such sequence of covers.

2. Multicovers

Given a long sequence of covers, each covering the next as just explained,
we can clean up the relationship between each pair of them to make the
relationship between them as simple as possible, in a way that we explain
later. It turns out that after the cleanup, there are two ways each pair of the
covers might be related, and an application of Ramsey’s theorem will give
us a long subsequence where all the pairs are related the same way. Thus,
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we need to extract something useful from a long sequence of covers pairwise
related in the same way, where there are two possible cases for the “way”.
In this section we handle the first way; in that case we call the sequence of
covers a “multicover”.

If X,Y are disjoint subsets of the vertex set of a graph G, we say

e X is complete to Y if every vertex in X is adjacent to every vertex in Y;

e X is anticomplete to Y if every vertex in X is nonadjacent to every vertex
in Y; and

e X covers Y if every vertex in Y has a neighbour in X.

(If X = {v}, we say v is complete to Y instead of {v}, and so on.) Let
x€V(G), let N be some set of neighbours of z, and let C CV (G) be disjoint
from N U{z}, such that x is anticomplete to C' and N covers C. In this
situation we call (z,N) a cover of C' in G. For C,X CV(G), a multicover
of C in G is a family (N, : z € X) such that

e X is stable;

e for each x € X, (x,N,) is a cover of C;

e for all distinct z,2’ € X, 2/ is anticomplete to N, (and in particular all
the sets {x} UN, are pairwise disjoint).

The multicover (N, : x € X) is stable if each of the sets N, (x € X) is stable.
Let (N;: z€ X) be a multicover of C in G. If X’ C X, and N, C N, for each
xe X', we say that (N.: x€ X') is contained in (N,: x€X).

If (N;: 2z € X) is a multicover of C, and F is a subgraph of G with
X CV/(F) such that no vertex in CU|J, ¢ x Nz belongs to or has a neighbour
in V(F)\ X, we say that F'is tangent to the multicover. We need to prove
that if we are given a multicover (N,: z € X) with | X| large, of some set C
with x(C) large, then there is a multicover (N.: z € X') of some C' C C,
contained in (N, : x € X), with |X’| and x(C") still large (but much smaller
than before), and with a certain desirable subgraph tangent, a “tick”.

Let X CV(G) be stable. Let a and a; (z € X) be distinct members of
V(G)\ X, such that

e ¢ is anticomplete to X;
e a, is adjacent to a,z and is anticomplete to X \ {z}, for each z € X;

We call the subgraph of G with vertex set X U{a}U{a,: x€ X} and edges
T-ay,a-a; for each x € X a tick on X in G. This may not be an induced
subgraph of G because the vertices a, (z € X) may be adjacent to one
another in G.

For a graph G, we denote by w(G) the cardinality of the largest clique
of G, and if X CV(G) we sometimes write w(X) for w(G[X]). We need:
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2.1. For all j,k,m,c,x>0 there exist m;,c; >0 with the following property.
Let G be a graph with w(G) < k, such that x(H) < k for every induced
subgraph H of G with w(H) < k. Let (N,: = € X) be a stable multicover
in G of some set C, such that |X|>mj, x(C) > ¢j, and w({U,ecx Nz) < 5.
Then there exist X' C X with |X'| >m and C' C C with x(C') > ¢ and a
stable multicover (N.: x € X') of C' contained in (N,: x € X), such that
there is a tick in G tangent to (N.: x€ X').

Proof. We may assume that k> 2, for otherwise the result is vacuous. We
proceed by induction on j, keeping k,m, ¢, k fixed. If =0, then we may take
mo=co=1 and the theorem holds vacuously; so we assume that j >0 and
the result holds for j—1. Thus m;_1,¢j_1 exist. Let

mj = 2k‘mmj,1
do = ijijj_l + 2Mic

di =do + m;K
do = k2™idy
cj = do + kk.

We claim that mj,c; satisfy the theorem. Let G, (N;: € X), and C be
as in the theorem, with |X|>m; and x(C)>c¢;, such that w({J,cx Ne) <5
We may assume that |X|=m;. Since ¢; > &, there is a clique A C C with
|A|=E. Let Cy be the set of vertices in C'\ A with no neighbour in A; then
since every vertex in C'\ Cy has a neighbour in A, and for each a € A its
set of neighbours has chromatic number at most x (because it includes no
k-clique), it follows that x(C'\ Cp) <kk, and so x(Cp) >c¢; —kk=dy.

(1) There exist a € A, and X1 C X with |X1|>m;/k, and C; C Cy with
Xx(C1) > dy, such that for each v € C and each x € X1, there is a vertex in
N, adjacent to v and nonadjacent to a.

For each v € Cy and each z € X, v has a neighbour in N,; and this
neighbour is nonadjacent to some vertex in A, since |A| =k =w(G). Thus
there exists a,, € A such that some vertex in NV, is adjacent to v and
nonadjacent to a, ;. There are only %k possible values for a,, as = ranges
over X, and so there exist a, € A and X, C X with |X,|>|X]|/k, such that
Qy,z = Qy for all x € X,,. There are only k possible values for a,; so there
exist a € A and C' C Cy with x(C") > x(Cy)/k >2™id;, such that a, =a for
all ve C’. Thus for each ve C’ there exists X, CX with |X,|>|X|/k, such
that a,, =a for all x € X,,. There are at most 2" possibilities for X,; so
there exists C; € C" with x(Cy) >d;, and X; C X with |X;|>m;/k, such
that X, =X for all veCy. This proves (1).
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Let a,X7,Cq be as in (1). For each ve Cy and each z € X1, let ng, € N,
be adjacent to v and nonadjacent to a. For each x € X; choose a, € N,
adjacent to a. Let Cy be the set of all vertices in C7 nonadjacent to each
ay (x € X1); then x(C2) > x(C1) —mjk > da. For each y € Xy, let Cy be the
set of all ve€ Cy such that n,, is adjacent to ay, for at least m;_; values of
x€ X1\ {y}. Next, we show that we may assume that:

(2) x(Cy) <cj—12™i, for each y € X;.

We will show that if (2) is false, then there is a multicover (N, : x € X')
contained in (N : z € X) with w({,cx N;) <j—1, to which we can apply
inductive hypothesis on j. Suppose then that x(Cy) > ¢;—12™ for some
y € X1. For each ve Cy, let X, C X1\ {y} with |X,|=m;_1, such that n,,
is adjacent to a, for each x € X,. There are at most 2™ choices of X,,, and
so there exist C' C Cy and X' C X1\ {y} with x(C") > x(Cy)27"™ > ¢j_4
and |X'| = mj_1, such that X, = X’ for all v € C'. Let N,, be the set of
neighbours of a, in Ny, for each x € X’; then (N.: z € X') is a multicover
of C'. Moreover, since every vertex in (J, .y IV, is adjacent to ay, it follows
that w(U,exNy) < j. But then the result follows from the definition of
mj_1,cj—1. This proves (2).

(3) There exist C3 CCy with x(C3)>c and X3C X with | X3|>m, such
that n,, is nonadjacent to a, for all ve C3 and all distinct z,y € X3.

Let C’ be the set of all v Cy that are not in any of the sets Cy (y € X1),
that is, such that for each y € Xi, there are fewer than m;_; values of
z€ X1 \{y} such that n,, is adjacent to a,. From (2), it follows that

X(C,) > X(Cg) — ijWjijl > dQ — ijWjijl =2Mic.

Let ve C’; and let G, be the digraph with vertex set X in which for distinct
z,y€ Xy, y is adjacent from x in G, if n,, is adjacent to a,. It follows from
the definition of Cy that every vertex of G, has indegree at most m;_; —1.
Consequently, the undirected graph underlying G, has degeneracy at most
2mj;_1 — 2, and therefore is 2m;_j-colourable. Thus there exists X, C X;
with | X, | >|X1|/(2m;—1) such that no two members of X, are adjacent in
Gy. There are at most 2" choices of X, and so there exists C5 C C’ with
X(C3)>x(C")27™i > ¢ and X3C X, with

[ Xs| = [X1]/(2mj—1) = m;/(2km;j—1) = m,
such that X, = X3 for all v& (5. This proves (3).

For each x € X3, let N/ be the set of vertices in N, nonadjacent to each
ay (y € X3). Thus ng,, € N, for each x € X3 and ve Cs. Hence (N, : x € X3)
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is a multicover of C5 contained in (N,: z € X). Moreover, the subgraph
consisting of a, the vertices a, (z € X3) and X3, together with the edges a-a,
and a,-x for each x € X3, form a tick which is tangent to this multicover.
This proves 2.1. |

Let us say an impression of H in G is a map n with domain V(H)UE(H ),
that maps V(H) injectively into V(G), and maps each edge e=uv of H to
a path of G of length at least two joining the vertices n(u),n(v); such that
the set {n(v): ve V(H)} is stable, and for every two edges e, f of H with
no common end, V(n(e)) is disjoint from and anticomplete to V(n(f)). Its
order is the maximum length of the paths n(e)(e€ E(H)).

By repeated application of 2.1 with j = |X|, we can obtain many ticks
on the same large subset X’ of X, disjoint except for X’ and with no edges
joining them disjoint from X’. (Note that vertices in the same tick with
degree two in that tick may be adjacent in G, but otherwise the subgraph
formed by the union of the ticks is induced.) But such a “tick cluster” gives
an impression of K, ,, of order two, if we take n ticks clustered on a set X’
with | X'|=n. We deduce:

2.2. Let k,k,n > 0 be integers. Then there exist m,c with the following
property. Let G be a graph with w(G) <k, such that there is no impression of
K, ,, in G of order two, and such that x(H ) <k for every induced subgraph H
of G with w(H) <k. Then there is no stable multicover (N;: z€ X) in G of
a set C, such that | X|>m and x(C)>c.

Let us eliminate the “stable” hypothesis from 2.2.

2.3. Let k,k,n > 0 be integers. Then there exist m,c with the following
property. Let G be a graph with w(G) <k, such that there is no impression of
Ky, 5, in G of order two, and such that x(H) < k for every induced subgraph H
of G with w(H ) < k. Then there is no multicover (N, : € X) in G of a set C,
such that | X|>m and x(C)>c.

Proof. Let m,d satisfy 2.2 (with ¢ replaced by ¢'). Let ¢c=¢ k™. We claim
that m, ¢ satisfy the theorem. Let G be as in the theorem, and suppose that
(Ng: z€X) is a multicover in G of a set C, such that | X|>m and x(C)>c.
We may assume that | X| =m. For each = € X, the subgraph induced on
N, is k-colourable; choose some such colouring, with colours 1,...,k, for
each z. For each v € C, let f,: X — {1,...,k} such that for each x € X,
some neighbour of v in N, has colour f,(z). There are only X! possibilities
for f,, so there is a function f: X — {1,...,x} and a subset C' C C' with
x(C") > x(C)s~XI > ¢, such that f, = f for all v € C'. For each z € X,
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let N/ be the set of vertices in N, with colour f(z); then (N.: z€ X) is a
stable multicover of C’, and the result follows from the choice of m,c’. This
proves 2.3. |

If G admits an impression of K, ,,, then G has a hole of length at least
2n. We deduce

2.4. Let k,k,£ > 0 be integers. Then there exist m,c with the following
property. Let G be a graph with no hole of length at least £, such that
w(G) <k, and x(H) <k for every induced subgraph H of G with w(H) <k.
Then there is no multicover (N,: x € X) in G of a set C, such that | X|>m
and x(C)>c.

We remark that with a little more work, we can prove a version of 2.1,
and of 2.4 below, which just assumes there is no odd hole of length at least ¢,
instead of assuming there is no hole of length at least £. The proof is, roughly:
use the argument above to get a large tick cluster, all tangent to a multicover
(Ng: x€X) of some set C, with | X| and x(C) large. Use Ramsey’s theorem
repeatedly, to arrange that for each tick, its “knees” are stable (shrinking X
to some smaller set); and then choose an odd path between two vertices
x,2’ € X via a vertex in N, a vertex in N/, and an w(G)-clique in C. We
omit the details.

3. Cables

Now we return to the long sequence of covers mentioned at the start of the
previous section. The goal of this section is just to introduce some terminol-
ogy, describing precisely what results after the clean-up process (but before
the application of Ramsey’s theorem), and then to carry out the application
of Ramsey’s theorem.

Let X CV(G) be a clique. If | X|=k, we call X a k-clique. We denote by
N&(X) the set of all vertices in V(G)\ X that are complete to X; and by
NE&(X) the set of all vertices in V(G)\ X with a neighbour in N'(X) and
with no neighbour in X. When X ={v} we write N¢(v) for N4(X) (i=1,2).

Let G be a graph and let £ >0 and h>1 be integers. An h-cable of length
t in G consists of:

e t h-cliques X1,..., Xy, pairwise disjoint and anticomplete;

e for 1 <¢<t, a subset N; of Né(Xi), such that the sets Ny,...,N; are
pairwise disjoint;

e for 1<7<t, disjoint subsets Y;; and Z; ;11,...,Z;; of N;; and

e a subset C CV(G) disjoint from XjU---UX;UNjU---UNg
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satisfying the following conditions.

(C1) For 1<i<t,Y;, covers C, and C is anticomplete to Z; ; for i+1 <j<t,
and C' is anticomplete to X;.
(C2) Fori<j<t, X;is anticomplete to IV;.
(C3) For all i<j<t, every vertex in Z; ; has a non-neighbour in Xj.
(C4) Fori<j<k<t, Z;; is anticomplete to Xj UNj.
(C5) For all i<j<t, either
e some vertex in X is anticomplete to Y;, and Z; ;=0, or
e X; is complete to Y;;, and Z; ; covers Nj.

We call C the base of the h-cable, and say x(C) is the chromatic number
of the h-cable. Given an h-cable in this notation, let I C{1,...,t}; then the
cliques X; (i€ ), the sets N; (i€ 1), the sets Z; j (i,j€I), the sets Y (i€1)
and C (after appropriate renumbering) define an h-cable of length |I|. We
call this a subcable.

Thus there are two types of pair (i,j) with i < j <t, and later we will
apply Ramsey’s theorem on these pairs to get a large subcable where all the
pairs have the same type. Consequently, two special kinds of h-cables are of
interest (¢ is the length in both cases):

e h-cables of type 1, where for all ¢ < j < ¢, some vertex in X; has no
neighbours in Y; 4, and Z; ;=0; and

e h-cables of type 2, where for all 1 <j<t, X; is complete to Y;;, and Z; ;
covers IV;.

From 2.4 we deduce:

3.1. For all k,k,n > 0 and h > 1, there exist t,c > 0 with the following
property. Let G be a graph with w(G) <k, such that there is no impression
of Ky in G of order two, and x(H) < k for every induced subgraph H
of G with w(H) <k. Then G admits no h-cable of type 1 and length t with
chromatic number more than c.

Proof. Choose m,c to satisfy 2.3. By Ramsey’s theorem there exists ¢ such
that for every partition of the edges of K; into h sets, there is an m-clique
of K; for which all edges joining its vertices are in the same set. We claim
that t,c satisfy the theorem.

For let G be as in the theorem, and suppose that G admits an h-cable
of type 1 and length ¢ with chromatic number more than c. In the usual
notation for h-cables, fix an ordering of the members of X; for each %; thus,
we may speak of the rth member of X; for 1 <r <h. For each pair (7,5) with
i<j<t,let f(i,j)=r where the rth member of X; has no neighbours in Y; ;.
From the choice of ¢, there exist I C{1,...,t} with |I|=m and r€{1,...,h}
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such that f(i,j)=r for all ¢, j €I with i <j. For each j€I, let ; be the rth
member of X;. Then the sets (x;,N;) (j € 1) form a multicover of C, which
is impossible by 2.3. This proves 3.1. ]

We need an analogue for cables of type 2, but it needs an extra hypothesis.
On the other hand, we only need to assume that there is no hole of length
exactly /.

3.2. Let >0, £>5 and h>1, and let G be a graph with no ¢-hole, such
that x(N?(X)) <t for every (h+1)-clique X of G. Then G admits no h-cable
of type 2 and length ¢ —3 with chromatic number more than (¢ —3)T.

Proof. Let t=¢—3, let G be as in the theorem, and suppose that G admits
an h-cable of type 2 and length ¢ with chromatic number more than t7. In
the usual notation, choose z; € Y;; (this is possible by (C1)), and choose
24—1 € Zy—14 adjacent to z; (this is possible since the cable has type 2). Since
24—1 € Zy_14, it has a non-neighbour z; € Xy, by (C3). Neither of x¢,2; has
a neighbour in Z; ;41 for 1 <i<t—2, by (C4). Now z_; has a neighbour
249 € Zt_241, since the cable has type 1; and similarly for i=¢t—3,...,1 let
2; € Z; i+1 be a neighbour of z; 1. It follows that

R1=R2= "= Zt—1-~t= Tt
is an induced path.

For 1 <1i<t, let C; be the set of vertices v € C' such that some vertex
in Y7 is adjacent to both v, z;. Since X; is complete to Y;; (since the cable
has type 2), it follows that C; C NZ(X;U{z;}); and since X;U{z;} is an
(h+1)-clique, it follows from the hypothesis that x(C;) <7. Thus the union
CyU---UC} has chromatic number at most ¢7; and since x(C) > t7, there
exists u € C not in any of the sets C; (1<i<t). Choose v€ Y], adjacent to
u (this is possible by (C1)); then v is not adjacent to any of z1,...,2, by
definition of C1,...,C;. Choose x1 € X7; then

V-T1-21-29- - * * =24 1-2¢-T-V

is a hole of length t+3=/, a contradiction. This proves 3.2. |
From 3.1, 3.2 and Ramsey’s theorem, we deduce:

3.3. For all k,k,7,£ >0 and h > 1, there exist t,c > 0 with the following

property. Let G be a graph such that:

e (G has no hole of length at least {;

o w(G)<k;

e \(H)<k for every induced subgraph H of G with w(H)<k; and
o \(N%(X))<r for every (h+1)-clique X of G.

Then every h-cable in G of length t has chromatic number at most c.
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4. Clique control

In this section we explain the clean-up process that we plan to apply to the
long sequence of covers; but before that, we need another concept, “clique
control”.

Let N denote the set of nonnegative integers, let ¢: N — N be a non-
decreasing function, and let h > 1 be an integer. We say a graph G is
(h,¢)-clique-controlled if for every induced subgraph H of G and every in-
teger n > 0, if x(H) > ¢(n), then there is an h-clique X of H such that
X(N% (X)) >n. Intuitively, this means that in every induced subgraph H of
large chromatic number, there is an h-clique X with NZ(X) of large chro-
matic number; the function ¢ is just a way of making “large” precise.

The following contains the clean-up process, somewhat disguised (rather
than choose the whole sequence of covers and then clean up all the pairs
of its terms separately, it is more convenient to grow the sequence term by
term cleaning up all pairs involving the new term at each step).

4.1. Let t,c,7,k >0 and h >0, and let ¢: N— N be nondecreasing. Then
there exists ¢ with the following property. Let G be a graph such that

e \(N'(v)) <k for every veV(G);
o G is (h,¢)-clique-controlled; and
o X(N?(X)) <t for every (h+1)-clique X of G.

If x(G) >, then G admits an h-cable of length t with chromatic number
more than c.

Proof. Let o0y =max(c,7+ hk), and for s=t—1,...,0 let
os = max(2°¢((h + 1)°0s41), T + hk).

Let ¢ =0(. We claim that ¢ satisfies the theorem.

Let G be a graph satisfying the hypotheses of the theorem, and therefore
with x(G) > . Consequently G admits an h-cable of length 0 with chromatic
number more than og. We claim that for s=1,...,¢, G admits an h-cable of
length s with chromatic number more than os. For suppose the result holds
for some s <t; we will prove it also holds for s+ 1.

Thus, G admits an h-cable of length s with chromatic number more than
0s. In the usual notation, let C' be the base of the h-cable. For each v e C
and 1 <i<s, let Cj, be the set of vertices u € C'\ {v} nonadjacent to v,
such that some vertex in Y; , is adjacent to both u,v. Let f; , =1 if x(Cj,) >
T+hk, and f; , =0 otherwise. There are only 2° possibilities for the sequence
fiv,--+s fsw, SO there is a subset C; CC with x(C1) >27°x(C) >2"%0, and
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a 0,1-sequence fi,..., fs such that f;, = f; for 1 <i<s and all v C;. For
0<i<slet d;=(h+1)*"0s1. Let H=G[C1]; then since 2750 > ¢(dp),
there is an h-clique X441 of H such that x (Do) >dp, where Do=N#(Xs11).
Let Nyt1="Ys41541=Np(Xs41).

For 1 <i <s, we define Y} s41,7Z; 41 CY;s and D; C D;_1 as follows.
Assume that we have defined D;_1, and x(D;_1) >d;—1. Let W be the set
of vertices in Y; s that are complete to X1, and for each x € X441, let U,
be the set of vertices in D;_; with a neighbour in Y; s that is nonadjacent
to x. If x(U) >d; for some € Xy 1, let D;=U,, let Y; 541 be the set of all
vertices in Y; s that are nonadjacent to x, and let Z; 411 =0. Let us call this
“case 17.

Thus we assume that y(U,) <d; for each = € X 11; and so UxeXs+1 U,
has chromatic number at most hd;. Let D; = DZ-_1\U$6XS+1 Uy; then x(D;) >
d;—1—hd;=d;. For each vertex in D, all its neighbours in Y; s belong to W.
In particular, let x € X y1; then C; , (defined earlier) has chromatic number
more than

di > 0541 > 7+ hk,

and so f; » =1. Since z € C, it follows that f; =1, and so x(Cj,) > 7+ hk
for each ve C;.

Now let v € Ngyi. If w € C, and u has no neighbour in X¢; U{v}, and
some vertex in W is adjacent to both u,v, then u€ NZ(X,41U{v}); and so
the set of all such u has chromatic number at most 7. On the other hand,
the set of u € C' with a neighbour in X1, has chromatic number at most
hk, since for each x € X441 its set of neighbours has chromatic number at
most k. Consequently, the set of vertices in C' that are nonadjacent to v and
adjacent to a neighbour of v in W has chromatic number at most 7+ hk.
Since x(Cjy) > T+ hk, it follows that there exists u € C;, such that no
neighbour of v in W is adjacent to w. From the definition of Cj,, it follows
that v has a neighbour in Y s\ W.

Since this is true for every vertex v € Ngy1, we may define Y; ;1 =W and
Zis41=Y; s \W, and it follows that Z; s;1 covers Nyi1. This completes the
definition of Y; s41,Z; s+1 and D;. Let us call this “case 2.

In either case, x(Ds) > ds, and we claim that Xi,..., X1, the sets
Ni,...,Ngy1, the sets Z; ; for 1 <i<j<s+1, the sets Y; 411 for 1<i<s+1,
and D, define an h-cable of length s+ 1 and chromatic number more than
ds. To see this, we must verify (C1)-(C5).

For (C1), since D, is anticomplete to Z; ; for i+1 < j <s, and Dy is
anticomplete to X; for 1 <¢ <s, and D, is anticomplete to X471 from its
definition, it is enough to show that for 1 <i¢<s+1, Y; ;11 covers Dy, and
if 1 <s, then D, is anticomplete to Z; s41. Suppose first that :=s+1. Since
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DS - DO = N%[(Xs-i-l) and }/S—i-l,s—l-l = le—[(Xs+1)7 it follows that }/:94_1’34_1
covers Dy, so the first claim holds; and the second holds vacuously. Thus we
may assume that 1 <4 <s. Assume that case 1 applies, and let = be as in
case 1. We recall that D; =U,, Y; 541 is the set of all vertices in Y; ; that
are nonadjacent to z, and Z; 41 = (). Consequently, Y; 511 covers U, (from
the definition if U,) and hence covers Dy C D; = Uy, from the definition
of Uy, so the first claim holds. Now Dy is anticomplete to Z; ;11 since the
latter is empty; so the second claim holds. This proves (C1) in case 1. Now
we assume that case 2 applies. With notation as in case 2, we recall that
D; :DZ-,l\U:L,EXS+1 Uz, Yist1=W and Z; ;11 =Y; s \W. For every vertex in
D;, all its neighbours in Y; s belong to W, and so Z; .41 is anticomplete to
D;C D,;, and the second claim holds; and since every vertex in D; has such
a neighbour, it follows that Y; 541 covers Dy C D;, so the first claim holds.
This completes the proof of (C1).

For (C2), it suffices to show that for i <s+1, X; is anticomplete to Ngy1.
But this is true since Ng41 C C and X; is anticomplete to C. This proves
(C2).

For (C3), it suffices to show that for all i <s+1, every vertex in Z; s41
has a non-neighbour in X, . In case 1, this is true since Z; ¢41 =0, so we
may assume that case 2 applies. In the notation of case 2, we recall that
Zi s+1=Y; s \W, and so every vertex in Z; ,1 has a non-neighbour in X,
as required. This proves (C3).

For (C4), it suffices to show that for i <j<s+1, Z; ; is anticomplete to
Xs41UNg 1. But this is true since Z; ; is anticomplete to C and X 1UN; 11 C
C'. This proves (C4).

For (C5), we must show that for all i <j<s+1, either

e some vertex in X is anticomplete to Y; 541, and Z; j=0, or
e X; is complete to Y; 411, and Z; ; covers ;.

If j<s, then the claim holds since Y; ;1 CYj s and either

e some vertex in X is anticomplete to Y; 5, and Z; j=0, or
e X; is complete to Y; s, and Z; ; covers Nj.

Consequently, we may assume that j =s+ 1. If case 1 applies, let x be as
in case 1; then z is anticomplete to Y; ¢41 from the definition of Y 541, and
Zi s+1 =10, so the claim holds. If case 2 applies, let W be as in case 2; then
X is complete to Y; ; since Y; 41 =W, and Z; ;41 covers N, since this
was shown just before the definition of “case 2”. This proves (C5), and so
completes the proof that G admits an h-cable of length s+1 with chromatic
number more than og1.
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We have shown then that for s=0,...,t, G admits an h-cable of length
s with chromatic number more than os. In particular, G admits an h-cable
of length ¢ with chromatic number more than o;=c. This proves 4.1. ]

By combining 3.3 and 4.1, we deduce:

4.2. Let k,k,7,£>0 and h > 1, and let ¢: N— N be nondecreasing. Then
there exists ¢(1) >0 with the following property. Let G be a graph such that:

G has no hole of length at least ¢;

w(G)<k;

X(H) <k for every induced subgraph H of G with w(H)<k;
G is (h,¢)-clique-controlled; and

X(N?(X)) <1 for every (h+1)-clique X of G.

Then x(G) <c(7).

Of course ¢(7) depends on all of k,x,7,¢,h and ¢, but this notation is
convenient.

5. Proof of the main theorem

We need the following. A somewhat stronger version was proved in [1], but
we give a proof here to make the paper self-contained.

5.1. Let £>4, k>0 and 7 > 0 be integers, and let G be a graph with no
hole of length at least ¢, such that x(N'(v)) <k and x(N?(v)) <t for every
vertex v. Then x(G)<2({—3)(k+7)+1.

Proof. Let Gy be a component of G with x(G1)=x(G), let zo€ V(G1), and
for ¢ >0 let L; be the set of vertices of G; with distance i from zy. Choose
k such that x(Lk) > x(G1)/2. If k=0, then the theorem holds, so we may
assume that k> 1. Let Cj be the vertex set of a component of G[Ly] with
maximum chromatic number. Choose vy € L1 with a neighbour in Cj. Let
t=¢—3, and suppose that x(Cy)>tr+tr. We claim that:

(1) For all i with 0 <i<t, there is an induced path vy-vi-----v; where
v1,...,0; € Cy, and a subset C; of Cy such that G[C;] is connected, x(C;) >
(t —i)k+t7, v; has a neighbour in C;, and vy,...,v;—1 have no neighbours
in Cz

For this is true when ¢=0; suppose it is true for some value of ¢ <t, and
we prove it is also true for ¢4+ 1. Let N be the set of neighbours of v; in C;.
Thus

X(Ci\N)>x(C;) —k>(t—i—1)k+tr >0,



1070 MARIA CHUDNOVSKY, ALEX SCOTT, PAUL SEYMOUR

and so C;\ N # (); let Ci11 be the vertex set of a component of G[C;\ N]|
with maximum chromatic number. Thus x(Cjt1) > (t—i—1)k+t7. Choose
vi+1 € N with a neighbour in Cj1. This completes the inductive definition
of v1,...,v; and Cj, and so proves (1).

In particular, such a path vg----- v¢ and subset C; exist. Since x(Cy) >tr,
there is a vertex v € Cy in none of the sets NZ(v;) (0 <i <t¢—1), and
therefore with distance at least three from all of vg,...,v;_1, since t > 1.
Choose u € Li_1 adjacent to v; then v has distance at least two from all of
vg,---,Vt—1. Let P be an induced path of G[CyU{u,v¢}] between u,vy; thus P
has length at least one. Let ) be an induced path of G between u,vy with
all internal vertices in LoU---ULg_o; then @) has length at least two. The
union of P, and vg-vi-----v¢ is a hole of length at least t+3 =/, which is
impossible.

This proves that x(Cp) <tx+t7r. Consequently x (L) <t(k+7), and so
X(G) <2t(k+7). This proves 5.1. 1

From 5.1 we deduce:

5.2. Let £ >4, and let k > 1 and k > 0 be such that x(H) < k for every
graph H with no hole of length at least ¢ and w(H) < k. For = > 0 let
¢1(x) =2({ —3)(k+x)+1. Then every graph G with no hole of length at
least ¢ and with w(G) <k is (1, ¢1)-clique-controlled.

Proof. Let G be a graph with no hole of length at least ¢ and with w(G) <k.
Let n>0, and let H be an induced subgraph of G with x(H) > ¢1(n). Conse-
quently V(H)#0; choose v €V (H) with x(N%(v)) maximum, x(NZ(v))=7
say. Since H has no hole of length at least ¢, and (V. H( )) < Kk and

(N (u)) < for every vertex u of H, 5.1 implies that x(H) <2(f—3)(k+7)+1,
and so ¢1(n) < x(H) < ¢1(x(NF(v))). Consequently x(N#(v)) > n. This
proves 5.2. |

We claim:

5.3. Let £ >4, and let k > 1 and k > 0 be such that x(H) < k for every
graph H with no hole of length at least ¢ and w(H) < k. For all h with
1 < h < k there is a nondecreasing function ¢p: N — N such that every
graph G with no hole of length at least { and with w(G) <k is (h,¢p)-clique-
controlled.

Proof. We proceed by induction on h. In view of 5.2, the result holds for
h =1, so we may assume that h < k and the result holds for h, and we
will prove it holds for A+ 1. Since the result holds for h, ¢, exists as in the
theorem. By 4.2, for each 7 >0, there exists ¢(7) as in 4.2 with ¢ replaced
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by ¢p. For each n >0, let ¢py1(n) = maxo<,<nc(T); we claim that ¢pyg
satisfies the theorem. For let G be a graph with no hole of length at least ¢,
and w(G) < k. It follows that G is (h,¢p)-clique-controlled. We must show
that G is (h+1, ¢p11)-clique-controlled. Thus, let H be an induced subgraph
of G, and let x(H) > ¢py1(n) for some n>0; we must show that there is an
(h+1)-clique X of H such that x(NZ(X))>n. Let 7 be the maximum of
X(NZ(X)) over all (h+1)-cliques X of H, or 0 if there is no such X. By 4.2,
X(H)<c(7), and so ¢(7) > ¢p41(n). It follows that 7>n, and so there is an
(h+1)-clique X of H such that x(N%(X))>n. This proves 5.3. 1

Proof of 1.4. By induction on k, we may assume that there exists k>0
such that x(H) < k for every graph H with no hole of length at least ¢
and w(H) < k. Given k,/, let ¢ be as in 5.3, and let ¢ = ¢;(0). We claim
that ¢ satisfies 1.4. For let G be a graph with no hole of length at least ¢
and with w(G) <k; then G is (k, ¢x)-clique-controlled, by 5.3 with h=k. If
X(G) > ¢y (0), then there is a k-clique X of G such that x(NZ(X)) >0, which
is impossible since w(G) <k and so x(NZ(X))=0 for every k-clique X. This
proves that x(G) <¢x(0)=c, and so proves 1.4. ]
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