COMBINATORICA 24 (4) (2004) 541-554

COMBINATORICA

Bolyai Society — Springer-Verlag

STRUCTURAL RESULTS FOR PLANAR SETS
WITH MANY SIMILAR SUBSETS

BERNARDO M. ABREGO, GYORGY ELEKES*,
SILVIA FERNANDEZ-MERCHANT

Received November 23, 2000

Consider a k-element subset P of the plane. It is known that the maximum number of
sets similar to P that can be found among n points in the plane is @(n?) if and only if
the cross ratio of any quadruplet of points in P is algebraic [3], [9].

In this paper we study the structure of the extremal n-sets A which have cn? similar
copies of P. As our main result we prove the existence of large lattice-like structures in
such sets A. In particular we prove that, for n large enough, A must contain m points
in a line forming an arithmetic progression, or m x m lattices, when P is not cocyclic
or collinear. On the other hand we show that for cocyclic or collinear sets P, there are
n-element sets A with cpn? copies of P and without k X k lattice subsets.

1. Introduction

We identify the plane with the field of complex numbers C. For A,B C C
and z,w € C we denote zA={za:a€ A}, and A+w={a+w:ae A}. Also,
we say that A and B are similar, and we write A~ B, if there are complex
numbers w and z#0 such that B=zA+w (i.e., we do not allow reflections).

For every pattern set P and finite set ACC we define

Sp(A) = [{X CA: X ~ P}.
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It is a natural question, posed many times by Erdés and Purdy [4]-[6], to
determine or estimate the following function

(1) Sp(n) = max Sp(A);
|Al=n

i.e., the maximum number of subsets similar to a given pattern P that can
be found among n points in the plane. In [3] Erdés and the second author
started the study of this function. They noticed that Sp(n)<n(n—1) (a set
similar to P is determined by the location of any pair of reference points).
They also proved that Sp(n) > en?7b1og™" " for some constants a,b,c¢ > 0
depending only on P, and Sp(n) = ©(n?) when P is an algebraic set or
|P| =3. Later, Laczkovich and Ruzsa [9] proved that Sp(n)=6(n?) if and
only if the cross ratio among every quadruplet of distinct elements in P is
algebraic. Recall that the cross ratio of a quadruplet (a,b,c,d) of different
complex numbers is given by

wbed) = Ca)d—b)
(a;55¢d) (d—a)(c—=b)

Even though this settles the order of magnitude for a big class of sets P,
it is not known if lim, .., Sp(n)/n? exists for any non-trivial sets P, e.g.,
triangles.

In this article we take a qualitative approach to the problem. For a pat-
tern set P satisfying Sp(n) = ©(n?), we say that A is a (P,c)-rich set if
Sp(A) > C|A|2. Our objective is to find structural properties about (P, c)-
rich sets. To accomplish this, we introduce in Section 2 the notion of a
Gp(m) set. Then we state our main result, Theorem 1, which asserts that
every sufficiently large (P,c)-rich set must contain a Gp(m) set. The impor-
tance of this result is seen through its corollaries. We prove, for example,
the existence of large arithmetic progressions or lattice structures (when P
is not cocyclic or collinear) among (P, c)-rich sets. Other corollaries include
the fact that the related function S%"(n), where the maximum in (1) is
restricted to sets in general position, satisfies S% "' (n)= o(n?); and the ex-
istence of regular triangle lattices among sufficiently large extremal sets of
the function St (n), where T is an equilateral triangle.

For the sake of continuity, we postpone the proof of Theorem 1 to Sec-
tion 4, where we introduce the reader to some necessary Number Theory
results by Freiman [7], Balog, Szemerédi [2], Laczkovich, Ruzsa [9], and
Fiirstenberg, Katznelson [8].

Finally, in Section 3, we look closely to the case when P is a cocyclic or a
collinear set. For this case we construct (P,c)-rich sets contained in at most
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| P| lines. From this construction we characterize cocyclic or collinear sets as
the only sets P for which there are arbitrarily large (P,c)-rich sets avoiding
| P| x | P|-lattice structures.

2. P-generated sets and the main result

We start this section by introducing the concept of a Gp (m) set which will
be essential for our main result. From now on P = {py,ps,...,pr} will be
the pattern set, and for every positive integer m, I,, ={j€Z:|j|<m} and
[m]={jeZ:1<j<m}.

We say that A is a P-generated set of parameter m, for short Gp (m) set,
if for some triplet of points in P, say p1,ps,ps3, there exist complex numbers
u,v, and z7£0 such that A:U;?:l L; where

Lj= u(u + z2Ip,) + u(v + zly,).
P1—P3 b2 —Pp3
(We suggest depicting the special case u=v=0, z=1; all others are similar.)

A Gp(m) set has the property that whenever we ‘place’ a similar copy
of P in such a way that p; € Ly and ps € Lo, then p; € L; for all j>3 (hence
the term ‘generated’). We make this precise in the following proposition.

Proposition 1. For a,B€l,, and 1 <5<k let

—pl_pj(u—l—za)—i-u(v—i-zﬂ)eLj.

7}71—}?3 b2 — Pp3

aj7a76
If a1q87# 02,0, the set {a1.4.8,02,0,8:03,0,8;---0ka,3} 15 similar to P.

Proof. For fixed o and 8 we have

P1 P2
jop = u+ za) + v+ 20) + (
Pl ps( ) D2 — Ps( )
= Ua,8 + Za,0Pj

u+za v+ z0
+ i
pP3—P1  P3— D2

where u, 3 and z, 3 do not depend on j and z, g # 0 since, by assumption
a17a76 # a27a76' I

By definition L1, Ls and L3 are arithmetic progressions of lengths 2m+-1,
2m+1 and 4m +1 respectively. On the other hand, for j >4 the set L; is
generated by zi%ggz and %z. It turns out that these vectors are parallel
if and only if {p1,p2,p3,p;} lie on a circle or a line. Hence L; is entirely
contained in a line whenever p1,p2,p3, and p; are cocyclic or collinear, and

it is a (2m+1) x (2m+1) lattice otherwise.
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If P is a triangle and A is a Gp(m) set corresponding to the values u=
v=0and z=1, then by the above proposition we have Sp (A4) > (2m+1)*~1.
Also, by our previous remark, n=|A|=8m+ 1. Thus A is an n-element set
with at least n?/16 triplets similar to P. This is a minor improvement over
the n?/18 construction given in [3]; which can in fact be seen as a proper
subset of A.

The following theorem is the main result of the paper. It describes the
structure of sets in the plane with a large number of subsets similar to P
by showing the existence of large G'p(m) subsets. The proof of the theorem
will be postponed to Section 4. Before that, we will explore some interesting
geometric consequences.

Theorem 1. For every ¢ > 0 and m positive integer there is a threshold
No= No(c,m) with the following property.
Every (P,c)-rich set with n> Ny elements must contain a Gp(m) set.

Proof. See Section 4. |

Corollary 1. If Sp(n,m) denotes the maximum number of subsets similar
to P, among all n-element subsets of the plane with no m points on a line,
then for every fixed m we have S (n,m)=o(n?).

Proof. Follows directly from Theorem 1 and the fact that any Gp(m) set
has m collinear points. ]

As a further corollary we also have S% " (n)=o(n?), where this last func-
tion is the maximum number of subsets similar to P among n-sets in general
position (no 3 on a line no 4 on a circle).

The next corollary states the existence of large lattices among (P, ¢)-rich
sets when P is not cocyclic or collinear.

Corollary 2. If P is a finite set and {p1,p2,p3,ps} C P is not a cocyclic or a
collinear set then for every ¢>0 and m positive integer there is a threshold
No= No(c,m) with the following property.

Every (P, c)-rich set with n > Ny elements must contain a (2m~+1)x(2m+1)
lattice with generators x and y satisfying x/y = (p1;p2;P3;P4)-

Proof. Assume without loss of generality that p; =0 and py =1. Suppose

Q is a (P,c)-rich set with |Q| =n > Ny, where Ny is given by Theorem 1.

Hence @ must contain a Gp(m) set, so in particular ) contains the set
D4 — P4

1
Ly=—(u+zl,)+
ps( m) 1—ps

1-— 1-—
= (}Eu + —p4v> + &zlm + p4zIm.
D3 1—p3 P3 1 —p3

(v+zly)
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Let z= }:gg Z, Y= é’—;*z. Notice that x/y=(0;1;p3;p4) and since {p1,p2,p3,p1}
is not a cocyclic set then (0;1;p3;p4) ¢ R, and consequently x and y are
linearly independent vectors. Thus Ly is the required lattice. ]

There are n-sets with cn? triples determining equilateral triangles, and
containing no 3 x 3 lattices (e.g. any Gp(m) set with n points and P an
equilateral triangle). But large lattices are unavoidable whenever ¢ > 1/6,
more precisely we have the following.

Corollary 3. Let T be an equilateral triangle. For m positive integer and
£>0 there is a threshold N1 = Ni(g,m) with the following property.

Every set A with n > N; elements for which St(A) > (%—}—z—:) n? must
contain a (2m+1) x (2m+1) regular triangle lattice.
Proof. Let T be the triangle {0,1,e'/3} and R the rhomb {0,1,e™/3 e~"7/3},
Suppose A is an n-element set satisfying Sr(A) > (%—1—5) n?. For i =1,2
define X; as the number of pairs in A that are the vertices of exactly i equi-

lateral triangles with vertices in A. Observe that according to our definitions
St(A)=1X1+2X, and Sg(A)=X>, hence

1
X + 2X, > (5 +3s> n?

and using the trivial inequality X; + Xo < (1/2)n? we conclude that
Sk (A) = Xy > 3en?.

Hence by Corollary 2, for n > N; = Ny(3e,m) we have that A con-
tains a (2m + 1) x (2m + 1) lattice with generators x and y satisfying
x/y = (0;1;e7/3;e7/3) = —¢i™/3 50 the lattice is in fact a regular trian-
gle lattice. ]

As a further corollary we can remark that in [1] it was proved that
St(n) > (% - Z/—E) n?+0(n3/?), so the extremal sets for the function Sy (n)
contain large regular lattices.

When the set P is cocyclic Theorem 1 cannot guarantee a lattice sub-

structure, but in that case we can always obtain a set of k concurrent lines
with many points.

Corollary 4. A set of arithmetic progressions in C is said to be concurrent
if the lines containing the progressions are concurrent. If P is a cocyclic
set with k elements then for every ¢ >0 and m positive integer there is a
threshold Ny= Ny(c,m) with the following property.

Every (P, c)-rich set with n > Ny elements must contain a set of k con-
current arithmetic progressions each of size 2m+ 1.
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Proof. Let g; = (p1;p2;p3;p;) for j>2. Assume again without loss of gen-
erality that p; =0 and ps =1. Since P is a cocyclic set then we know that
gj €R for all j>2. Suppose Q is a (P,c)-rich set with |Q| =n > Ny, where
Ny is given by Theorem 1. Thus @ contains a G p(m) set. Define the lines

l = Y + - R and
I—p3s 1-—p3

U = (u—l—gjv)—i—@]R for j > 2.
b3

Clearly L; C/; and every L; contains a 2m+1 arithmetic progression. Now
consider the similarity transformation 7: C—C given by T'(w) =22 u

w—2.
z z
By definition we have

b3
T) =2+ R and
(41) -

T;) =2(1—-pj)+p;R forj>2,

where 2 =220 A gimple calculation shows that R;:=T(¢;)NT({y) is

z2(1—p3)
given by
1 —p3)% —p3(1 —
R, — p3(1 —P3)T IE( p3)w and
p3s —Pp3
R; = pj(j+x})_j) —]z(x—i—fpj) for j > 3.
Pj — Py

1

Using the fact that g; €R and pj=p3(p3+g;(1—p3))”" we obtain for j>3

p3(1 —p3)T — p3(1 — p3)x

R; = —
b3 —Dps3

Therefore the set of lines {¢1,¢s,...,¢;} is concurrent. |

3. Cocyclic and collinear patterns

To complement the results from last section we present the following theo-
rem, where for P a cocyclic set, we construct a set contained in k concurrent
lines and with many similar copies of P.

The proof of the theorem mimics, in a certain sense, the construction first
done in [3]. The main difference being the use of the cross ratios (p1;p2;p3;p;)
instead of the value p;, this allows our set to be contained in a set of at most
k lines as opposed to have the grid-like structure described in [3].
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Theorem 2. For every k-element cocyclic or collinear set P with k>3 and
Sp(n) = ©(n?), there is a constant ¢ = ¢(P) > 0 and a collection of lines
l1,0s,... Ly through the origin satisfying the following property.

For every integer n >k there is a n-element set A, C U;?:l ¢; satisfying
Sp(A,)>cn?.

Before we see the proof of the theorem let us state the following con-
sequence which characterizes the notion of cocyclicity (or collinearity) for
finite sets.

Corollary 5. For every k-element set P satisfying Sp(n)=06 (n?) the fol-
lowing are equivalent.

1. P is cocyclic or collinear.
2. There is a constant ¢>0 and arbitrarily large (P,c)-rich sets containing
no k x k lattices.

Proof. Trivial for £ <2. The implication (1)=(2) follows from Theorem 2
and the fact that a set contained in k concurrent lines cannot contain a
k x k lattice. (2)=-(1) follows directly from Corollary 2 using any value m >
(k—1)/2. |

Proof of Theorem 2. Assume without loss of generality that p; =0 and
po =1. Let g0 =0, g3 =1, and g; = (0;1;p3;p;) for 4 < j < k; note that
gj €R since P is cocyclic or collinear. Since Sp (n) =0 (n2), we have that by
Laczkovich-Ruzsa Characterization Theorem [9] every g; is algebraic. Let D
be the degree of L=Q(gs,94,...,9k) over Q and {hy,hs,... ,hp} be a basis
of L over Q.

We first prove the theorem for an increasing sequence {n,,} of values of
n. For every m>1 consider the following set of real numbers

D
gm = {Zaihi a; € Im} .
=1

Clearly |G| = (2m+ 1)D. Let Jp =Gm X G\ {(a,b) €G X Gy :bps —a=0}.
For every (a,b) € J,, define the similarity transformation
— b)) bpa—
(2) = psla—b)  bps—a
p3—1 p3—1

a,b

and Ay, =U(ab)et, Lap(pj). By definition we
1<j<k

Let npy, = U(a,b)EJm Ta,b(pj)
1<j<k

have
(2) Tup(0) = 22

p3—1

(a—b), and Tuu(p;) = pj (a(l —g;) +bg;) for j > 2.
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Fig. 1 Examples of the sets A, for some sets P.

Let ¢1,0s,...,¢; be a collection of lines defined as follows,

(3) 0 = (pgpi 1) R, and ¢; :=p;R for j > 2.

By construction we have that for every 1<j<k

U Tus(ps) €4,
(a,b)EJm

thus A, C U§:1 ¢; and Tp ,(P) C Ay, for every (a,b) € Jp,.

Now, if P is cocyclic then all the lines in (3) are pairwise different which
together with (2) gives T, (P) # Ty 1 (P) whenever (a,b) # (a’,b"). On the
other hand, if P is collinear we can assume p; =0<p3<ps<...<pr<1=po.
If T, (P) =Ty (P) then either (a,b)=(a’,b") or by (2) P is symmetric with
respect to 1/2 and Ta_,bl oTy i (2) is a half-turn rotation with center 1/2. In
both cases, for each pair (a,b) there is at most one pair (a’,b’) # (a,b) such
that T, ,(P) =T i (P) which means

1 1
(4) Sp(An,) 2 51l 2 5 (19l® = 1Gul) = 5 1Gul

1
2 —3

Now we will find appropriate bounds for the size of A, in terms of |G,,|.
To accomplish this we need the following lemma.
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Lemma 1. There are positive integers M, K independent of m so that for
every 2<j <k we have that (K¢;)Gm CGrm-

Proof. Let y€ L=Q(g3,94,.-.,gr). Express yh; as a linear combination of
{h17h27 M 7hD} OVeI' Q?

D
yhi = qijh;
j=1

Suppose ¢; j = a; ;/b; j with a; j,b; ; integers. Let K be the least common
multiple of {b;;} and My the maximum of {|a;;|}. Then for every z =
P | zihi € Gy, we have

D D (D . Ka,
Kyz=3 zKyh; =Y (Z%)h € Z(93, 94> - - - > Gk)s

i=1 j=1 \i=1 2%
and
D D
ziKa; s ziKa; s
E Db < E 2 < KMyDm.
b - .
=1 1, =1 1,

So by letting M = KMyD we infer that (Kvy)G,, C Gyrm. Clearly we can
find common values of K and M to make this work simultaneously for

Y=92,93;---:9k- |

Besides this lemma we also need the following easy facts for gener-
alized arithmetic progressions of the form G,,: For any positive integers
N,mi,ma,m we have that NG,, C Gny, and Gy & Gy = Gy 4+my- Using
these properties we have

U Tap(p1)| = 9 = G| = |Goml

(a,b)EJm

(note that |G| <|Gom| <27 |Gm|), and for j>2,
U Tes®i)| = (1= 6))Gm + 6iGm| < KT = Kg;Gm + K g;Gm]
(a,b)€Tm
< |gKm_ ng+ ng| — ’g(K—}—QM)m’ < (K+ 2M)D |gm|a

‘ U Tabp] ‘*| — 9y gm+g]gm|>‘gm‘
(a,b)ETm
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So by letting ¢; =k and co =k(K +2M)" we have
(5) &1 |gm| é Nm S Co |gm| .

Hence by (4) we conclude that Sp(A,,,)> % G| > %CEQn?n.

To prove the result for arbitrary n >k we note that, using (5) and |G,,|=
(2m+ 1)D , there is a constant c3 independent of m such that n,, <np,11 <
c3N,. Thus, if ny, <n<np,qq we let A, be the set A, constructed before
together with n—n,, extra points in the line ¢1. It is clear that Sp(A,) > cyn?

which completes the proof. ]

Remark. If P is collinear all the lines in (3) are the same. If P is cocyclic
then all the lines in (3) are different and every similar copy of P lies on a
circle passing through the origin.

4. Proof of Theorem 1

The proof of our main result will be based on some deep results of Com-
binatorial Number Theory, namely those which describe the structure of
small sumsets. These results are usually stated for subsets of the integers,
but they are in fact true for subsets of any torsion-free abelian group [10],
in particular for subsets of C. The notion of generalized arithmetic progres-
sions (first introduced by Szemerédi [12] in his famous paper) is involved
in all of these results. For any d positive integer, {ni,no,... ,nqg} CN, and
{z1,22,...,24} CC\{0}, we call the set

d

i=1

a generalized arithmetic progression of dimension d and parameters {n;} and
{zi}. In what follows the symbol G, will denote a generalized arithmetic
progression of dimension not exceeding d and size n. For short we will use
expressions like “there exists a Gg,,”.

From now on we assume A,BCC, |A|=|B|=n, and EC Ax B. We write
A+B={a+b:ac A,beB} and A+gB={a+b:(a,b)€E}.

Using exponential sums and methods from the geometry of numbers.
Freiman obtained the following result that describes the structure of A+ B
when the cardinality of such set is not much greater than n. Later Ruzsa
found a simpler proof [11].
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Theorem A (Freiman [7]). For every C' >0 there is a positive constant
c=c(C) and a natural number d=d(C') satisfying the following property.
If |A+ B|<Cn then AUB is contained in a Gg cp,.

Balog and Szemerédi found a statistical version of this theorem, by re-
laxing the assumption that all pairwise sums must be taken into account,
and just considering the sums of cn? pairs.

Theorem B (Balog, Szemerédi [2]). For every C1,Cy > 0 there are
positive constants ¢; = ¢1(Cy,Cq), ca = c3(C1,Cy), and a natural number
d=d(C1,Cy) satisfying the following property.

If |JA+gB| < Cin and |E| > Con® then there is a Gge,n satisfying
‘Amgd,cln‘ >con and ‘B ﬂgd,cln‘ > Can.

Laczkovich and Ruzsa took this theorem a step further by proving the
following generalization, which is precisely the result we use for the proof of
Theorem 1.

Theorem C (Laczkovich, Ruzsa [9]). For every C1,Cy > 0 there are
positive constants ¢; = ¢1(C1,C3), ca = c2(C1,C9), and a natural number
d=d(C4,Cy) satistying the following property.

If |A+g B|<Cin and |E|>Cyn? then there is a Gq e, satisfying

|E m (gd701n X gd7cln)| Z 62n2.

The following lemma, which is a consequence of Theorem C, is used in
the proof of Theorem 1. Any proof with explicit bounds of this lemma would
in turn provide explicit bounds for the results in this paper.

Lemma 2. For every C1,Cy>0 there is a positive constant cs=c3(C1,Cs)
such that for every positive integer M, there is a threshold function N =
N(C4,Cq, M) satistying the following property.

For every n> N, if |A+g B| < Cyn and |E| > Cyn? then there are arith-
metic progressions Gi,Gs of length | > M and common difference such that

|E N (gl X gg)‘ > 03l2.

Proof. By Theorem C, applied to the sets A and B, there are positive
constants c1,co, a positive integer d (all depending on Cy and Cs only), and
G=G.c,n a generalized arithmetic progression satisfying |(G x G) N E| > can®.
Suppose G is given by

d

i=1
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with n1 >n9>...>ny>1 and Hleni:cln. Let c3=cp/c3, N=M¢%/c;, and
l:nl.
For every r=(r2,73,...,rq) € [n2] X [n3] X -+ X [ng] define

d
G, = {k’lzl +ZTiZi 0< ki< :l}.

i=2
Observe that
> (G, x Gs)NE| > (G x G)NE| > con®

r,s€[n2] X [ng] X X [ng]
so by an averaging argument there are Ry, Rg € [ng]x[ns]x---x[ng] satisfying
|EN(Gry % Gry)| = (e2/cF)nT = e3l?.
Notice that Gr, and Gpg, are arithmetic progressions with common difference
z1. If n> N then ld—n1 >cn > N=M? , i.e., > M and thus Gg,,Gg, is
the required pair of arithmetic progressions. ]
The other main ingredient for our proof is a two dimensional generaliza-
tion of the famous Szemerédi Theorem [12] regarding the existence of long
arithmetic progressions among subsets of Z with positive density. The the-

orem is due to Fiirstenberg and Katznelson and was obtained by means of
Ergodic Theory [8]. No quantitative proof of this result is known.

Theorem D (Firstenberg, Katznelson [8]). For every integer m and
constant ¢>0 there is a threshold function Ny = Nj(c,m) with the following

property.

For every n> Ny, if AC[n]x [n] and |A|>cn? then A contains an m xm
square sublattice, i.e., a set of the form (a1 +b[m]) x (az+b[m]) with ay,as,b
positive integers.

Finally we are in a position to prove the main theorem.

Proof of Theorem 1. First assume without loss of generality that p; =0
and po=1. Suppose Q1is a (P, ¢)-rich set of size n. Let A=p3Q, B=(1—p3)Q,
and

E:{(a,b)eAxB:bpg;éa(l—pg) and o22 +b pJGQforallj}
b3 1—ps
Consider the function f:E—>{XCQ:X~P} given by

a,b:{ Piyplopig o <1<;}
fla.0) P3 1—p3 /

(G e
1—p3 ps 1—p3) 7" =J =0y
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Observe that f is well defined since a/p3—b/(1—p3)#0 by assumption (i.e.,
bps#a(l—p3)). Let X CQ satisfy X ~ P, thus X =w+ zP for some w,z€C
and z # 0. Let a =p3(w+2) and b= w(1 — p3), notice that (a,b) € F and
w+zpj:a§—g +bi:§g €Q. Thus f(a,b)=X, i.e., f is surjective.

Therefore |E| > {XCQ:X~P} = Sp(Q) > cn?, and additionally
|A+EB| <n since A+ B C @ (see the condition in the definition of E,
for p; =p3). So we have the exact hypothesis of Lemma 2 with C; =1 and
Cy=c. Let M = Ny(c3,2m+1) and No= N (1,¢,M), where N; and N are
the respective threshold functions of Theorem D and Lemma 2. Therefore,
by Lemma 2 there are arithmetic progressions Gi,Go of length [ > M and
common difference such that

(6) ’E N (G1 x gg)‘ > 03l2.

Suppose G; = {u;+j2z:0<j<l} for i=1,2. Identify G; x Gy with [I] x [I]
and EN(G1 xGa) with the corresponding subset of [I] x[l]. Now, since [ >M =
Ni(cs,2m+1) then using (6) as the hypothesis for Theorem D we conclude
that EN(G1 x Go) contains a (2m—+1) x (2m+1) square sublattice S7 x Ss.
Suppose S; = 4; +tzl,, for i = 1,2, with ¢ a positive integer and 4y € Gy,
U9 € Go. Since S x So C E we have

. 1 — .
Lj::&51+ p]SQCQforlgjgk:.
p3 1 —ps
Hence U§:1 L; is the required G'p(m) set contained in Q. |

Remark. We actually proved that @ contains a G p (m) set for every choice
of the triplet p1,p2,p3.
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