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Abstract The beta distribution is used in different models
of environmental research. The power of the test for beta
distribution of Raschke [Biased transformation and its
application in goodness-of-fit tests for the beta and gamma
distribution. Commun. Statist. B—-Computa. Simula. 38
(2009): 1870-1890] is researched here. The power of the
Kolmogorov—Smirnov, Kuiper, Cramér-von Mises, Watson
and Anderson-Darling tests are researched for different
sample sizes, levels of significance and parameters of the
beta distribution. The limitation to these tests is discussed
including the differences between previous publications.
The empirical behaviour is investigated by extensive
Monte Carlo simulations. The most powerful test for the
beta distribution is the Anderson—Darling test for the
considered constellations of alternative distribution, con-
tamination or scaling. The second best test is the
Cramér-von Mises test, followed by the Watson test. The
analysis of relative humidity data of meteorology and of
runoff coefficients of the hydrology demonstrates the
advantages of the new tests and the necessity to test an
assumption of beta distribution.
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1 Introduction

The beta distribution has the probability density function
(PDF)

) =211 -x)7"/B(p,q), 0<x<1,p>0,q>0.

(1)

wherein B(p,q) is the beta function. This distribution
is used in different fields of environmental research.
Gottschalk and Weingarter (1998) used the beta distribution
in the hydrology for runoff coefficients. Yao (1974) mod-
elled the distribution of relative humidity in meteorology by
a beta distribution. Flynn (2004) used the beta distribution
in a model for human exposure to airborne contaminants.
Nadarajah and Kotz (2007) described and disscused modi-
fications of the beta distribution and their applications.
The problem in the statistical inference of the beta dis-
tribution was a lack of practical goodness-of-fit tests.
Recently, it is possible to test the hypothesis of a beta
distribution by the biased transformation (BT) of Raschke
(2009) and a classical test for normality. But only the
Anderson—Darling test has been researched for the beta
distribution up to now. The goal of this paper is to research
further EDF tests (EDF—empirical distribution function)
and their power. The aim of this research might not be very
interesting from the theoretical point of view but it is
necessary from the practical one. The goodness-of-fit of
models for environmental data have been the research
object of previous studies, for example in Song and Singh
(2010) and Crujeiras et al. (2010). The test procedure and
the different tests for normality are explained in Sect. 2.
The selection of the tests is also discussed in this section.
The power of the test for the beta distribution is researched
in Sect. 3. Empirical data are analysed in Sect. 4 to
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demonstrate the practical relevance. The results are con-
cluded in Sect. 5. Large tables containing simulation results
can be found in Appendix.

2 Test procedures

According to Raschke (2009) the basic procedure to test
the hypothesis that a random variable X is beta distributed
is the

e Maximum likelihood estimation of all parameters in
Eq. 1 for the sample,

e Computation of a
Frormal (Foew(X)),

e Maximum likelihood estimation of all parameters for a
normal distribution for Y with the PDF

fiy) = 1/(0’ Zn) exp {f(y - ,u)2/(202) , o>0and
(2)

e Application of a Goodness-of-fit test for normal
distributions.

sample of Y with Y=

The Hypothesis Hy is that X is beta distributed. The
Hypothesis Hy' is that Y is normally distributed. H, is
rejected if Hy' is rejected with the same level of signifi-
cance. The inverse Fpoma is the inverse function of a
normal distribution with p = 0 and ¢ = 1. The function
Fpera 18 the cumulative distribution function (CDF) of the
beta distribution Eq. 1 with the estimated parameters. The
condition that all observations are identical and indepen-
dent distributed has been fulfilled.

There exist different tests for normality. del Barrio et al.
(2000) describe the basics and the history of important
tests. Landry and Leparge (1992) have researched the
power of such tests. Only the EDF tests are considered here
because they are more powerful than most of the other
tests, according to the results of Landry and Leparge
(1992). “More powerful” means that the average and the
minimum share of rejections is higher when H, is really
false. Some other tests like the Oja test according to Oja
(1981, 1983) are also powerful. But there do not exist
critical values for every sample size. The same—high
power and missing critical values—is for the Shapiro—-Wilk
test (Shapiro and Wilk 1965) and its approximation
(Shapiro and Francia 1972) too. Such tests are not con-
sidered here. The test based on the L,-Wasserstein distance
(del Barrio et al. 1999; del Barrio et al. 2000) is not con-
sidered because of different reasons. Krauzci (2009) has
developed a concrete test procedure (critical values) for
this approach but the power is not researched and com-
pared satisfiable with other tests. Results are published only
for sample size n = 20 and classical EDF tests are applied

@ Springer

with a mistake. The older critical values for the Anderson—
Darling test (Stephens 1974) are used instead of the current
values (Stephens 1986). This mistake was also made by
Landry and Leparge (1992). Although the basic of the
Anderson—Darling and the Kolmogorov—Smirnov test is
the same in these studies there are considerable differences
between the share of rejections computed by Landry and
Leparge (1992, Table 5) and Krauzci (2009, Tables 2, 3).
The differences are noted in the cases “Be(1,1)”-“Beta(1,1)”,
“Be(2,2)”-“Beta(2,2)”, “We(2,1)”-“Weibull(2)”,
”Studenten(10)” and “C(0,1)”-"Cauchy”. Last but not least,
the computational effort for the test based at the L2-Was-
serstein distance seems to be considerable.

Here, the EDF tests according to Stephens (1986) are
used only with values for the ordered sample of Y

13 ”
tio -

Dt = m;ax[i/n — F(Y})]

and
D™ = max[F(¥) ~ (i~ 1)/
The Kolmogorov—Smirnov test value is represented by
D* and is defined by
D =max(D",D") and
D* =D(y/n—0.01+0.85/v/n).
The Kuiper test value is represented by V* and defined
by
V=D"+D and
V*=V(v/n+0.05+0.82/vn).

The Cramér-von Mises test value is represented by W>*
and defined by

n

w2 =" [F(Y;) — (2i — 1)/(2n)]” + 1/(12n) and
i=1
W = W*(1.0 4 0.5/n).
The Watson test value is represented by U?* and defined by

n 2
Ur=w? - n{z [F(Y)]/n— 0.5} and

i=1
U* = U*(1.04+0.5/n).

The Anderson-Darling test value is represented by A%*
and defined by

A= 1= 3 (@i~ ) 0[F()] +Inf1 — F(Y, )]}
andA™ =A*(1.040.75/n+2.25/n%).

The F(Y);) is the CDF of the normal distribution with the
maximum likelihood estimated parameters. The critical
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values for a significance level o = 5 and 10% are 0.895
and 0.819 for the Kolmogorov—Smirnov test, 1.489 and
1.386 for the Kuiper test, 0.126 and 0.104 for the Cramer-
von Mises test, 0.117 and 0.096 for the Watson test and
0.752 and 0.631 for the Anderson—Darling test (Stephens
1986, Table 4.7, upper tail).

Beta distributed samples for X were simulated, param-
eters were estimated and the tests were applied for 10,000
samples in order to verify the tests. The share of rejections
is listed in Table 2 for different sample sizes and parameter
constellations in Eq. 1 and significance levels of o = 5 and
10%. The considered parameters are relative small, the
largest value is p,g = 20. Small changes of them in range
of p,g <3 influence the shape of the beta distribution
considerable. When p and ¢ become large, the beta distri-
bution becomes the shape of a normal distribution
(s. Johnson et al. 1995). This is also the case when p and g
become much larger. That is why the equal shares of
rejections can be expected for the parameter p,g > 20 as
for p,q = 20.

The used EDF tests work. The tests also work for
o = 1%, but the results are not shown here.

3 Research of the power of the tests
3.1 Alternative distributions

The power of the EDF tests is researched in the first case with
samples of a random variable X which are not beta distrib-
uted. The log-normal distribution is used with the PDF

£) = 1/ (x0v/2r) exp| ~(n(x) - 0)?/(26%)]
c>0,x>0.
This distribution for x > 0 is truncated here at x = F —!
(0.99) of the non-truncated case and then scaled so that

0<x<1. The gamma distribution is used in the same way.
The gamma PDF is defined with

F(0) =(x/2)"exp(=x/4) /[T ()],
A>0,a>0.

x>0,

A normal distribution is truncated at x = F~' (0.01) and
x = F~1(0.99) of the non-truncated case. Then the distri-
bution is scaled and moved so that 0 < x < 1.

The triangle distribution is also used, with a density
function

27)‘ forO0<x<c,
fl) =22 fore<x<1,
0, elsewhere,

with 0 < ¢ < 1. And the trapeze distribution is used with

c(lfc);fc)v for O <x<c,

f0) = T forc<x<d,
2(1—x)

T=aia—y ford<x<l,

with 0 <c<d< 1.

Samples of X were simulated, parameters were esti-
mated for an assumed beta distribution and the tests were
applied for 10,000 repetitions. The share of rejections is
listed in Table 3 for different sample sizes and parameter
constellations and significance levels of « = 5 and 10%.
The Anderson—Darling test is the most powerful and has
the highest average of shares of rejection. It is followed by
the Cramer-von Mises and the Watson test.

3.2 Contaminated beta distribution

In this research beta distributed samples of X are generated.
But 20% of the samples are from a different beta distrib-
uted variable with parameters p* and g*. The share of
rejections for 10,000 repetitions is listed in Table 4 for
different sample sizes and parameter constellations and
significance levels of o« =5 and 10%. The Anderson—
Darling test is the most powerful once again and has the
highest average of shares of rejections. It is followed again
by the Cramer von Mises and the Watson test.

3.3 Scaled beta distribution

In final research case, the beta distribution is scaled so that
0 < x < s but is assumed as non-scaled (0 < x < 1). The
value s is the scale parameter. The share of rejections for
10,000 repetitions of samples is listed in Table 5 for dif-
ferent sample sizes and parameter constellations and sig-
nificance levels of o = 5 and 10%. The Anderson—Darling
test is again the most powerful and has the highest average
of shares of rejections. It is followed again by the Cramer
von Mises and the Watson test.

3.4 Discussion of results

The Anderson-Darling test is the most powerful test in
almost all researched constellations with non beta distrib-
uted, contaminated or scaled samples of X (Tables 3, 4, 5).
It has the highest share of rejections. The power of the
different tests is shown in Fig. 1 as comparison of the
minima and averages of the shares of rejection. According
to this figure, it is obviously that the Anderson—Darling test
is the most powerful. The Cramér-von Mises test is the
second most powerful followed by the Watson test. The
Kolmogorov—Smirnov test and the Kuiper test are the least
powerful. The power of the test increases by increasing
sample size as expected.
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Fig. 1 Minima and average of share of rejections in the researched
cases: distributions different from beta (black), contaminated beta
distribution (dark gray) and scaled beta distribution (light gray) for
o = 5% according to values in Table A2-A4

The power of the test is qualitatively the same for a
significance level of o = 1%. These results are not listed
here as they are not informative.

4 Practical application in environmental data

The procedure of EDF-tests for the beta distribution is
applied now for empirical data. The Kolmogorov—Smirnov
test for a fully specified distribution is applied also as done
by Chia and Hutchinson (1991) and the classical % test is
applied also as done by Yao (1974) to demonstrate the
differences from the new tests.

Some random variables are assumed to be beta distrib-
uted in the meteorology like the relative humidity of sur-
face by Yao (1974), the daily cloud duration by Chia and

Hutchinson (1991) and the sunshine duration by Sulaiman
et al. (1999). That’s why an example of meteorological
data is analysed here. The data of Haarweg Wageningen
weather station of Wageningen University (Netherlands,
2009) of relative humidity (RH) of the air of May 2007 and
2008 has been selected (see Appendix) and analysed sep-
arately like Yao (1974) analysed data per month. The
results of the estimation and the different tests are listed in
Table 1.

The observations and the estimated CDF are shown in
Fig. 2a. The hypothesis that the relative humidity RH is
beta distributed is not rejected for the May 2007 with a
significance level of >10% according to all new EDF-tests.
The Kolmogorov—Smirnov test (full specified) accepts H,
also for o > 10%. In contrary to this the ¥ test accepts the
hypothesis only for & > 5%. The hypothesis is rejected for
the data of May 2008 with a significance level of 1% for
the new tests except the Kolmogorov—Smirnov test. This
new test rejects the hypothesis with o > 5% like the clas-
sical y* test. In contrary to these tests, the Kolmogorov—
Smirnov test for the full specified distribution accepts the
hypothesis at a level of o > 10%.

The runoff coefficient ¢ of catchments is modelled in
the hydrology as a beta distributed random variable
(Gottschalk and Weingarter 1998) that is why this variable
is selected for a further empirical example. The runoff
coefficient data has been provided by the authors Gotts-
chalk and Weingartner (personnel communication, 2009)
except the data for Emme-Eggiwill and Langeten-Huttwil
(Gottschalk and Weingarter 1998, Table 1). Samples of
four regions of Switzerland are analysed: Alpine, Pre-
alpine, Midland and Southern alpine. The results of the ML
estimation and the tests are listed in Table 2. The obser-
vations and the estimated CDF are shown in Fig. 2b. The

Table 1 Results of ML estimation and goodness-of-fit tests for the empirical examples of meteorology and hydrology

Data of runoff coefficient ¢

Data of relative humidity RH

Data set Alpine Pre-alpine Midland Southern alpine May 2007 May 2008
Sample size n 29 33 56 50 31 31
Parameter estimation 2.460 4.103 3.366 1.334 6.356 2.803
21.782 10.101 16.533 5.444 1.971 1.456
Test values of EDF tests 0.697 >15%) 0.841 (>5%) 0.5 >15%) 0995 >1%)  0.682 (>15%) 0.947 (>2.5%)

1.107 (>15%)
0.058 (>25%)
0.052 (>25%)
A? 0.423 (>15%)
0.556 (>25%)
0.131 (>10%)

]

S

Test values of y*-test with four classes

Test values of Kolmogorov—Smirnov test
for full specified distribution

1.455 (>5%)
0.149 (>1%)
0.126 (>2.5%)
0.961 (>1%)
1.956 (>10%)
0.148 (>10%)

0.887 (>15%)
0.029 (>50%)
0.028 (>50%)
0.186 (>50%)
0.602 (>25%)
0.064 (>10%)

1.632 (>1%)
0.181 (<1%)
0.160 (>1%)
1.065 (<1%)
3.427 (>5%)
0.145 (>10%)

125 (>15%) 1709 (<1%)
0.081 (>10%) 0.218 (<1%)
0.076 (>15%) 0.196 (<1%)
0.44 (>25%) 1.295 (<1%)
3218 (>5%) 5.149 (>1%)
0.122 (>10%) 0.175 (>10%)

Critical values for Xz—test are 6.635, 3.841 and 2.706 for o = 1, 5 and 10% for degree of freedom of 1. Percentage level of significance with no

rejection are shown in brackets
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Fig. 2 Empirical and estimated (a)! (b) 1 T
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runoff coefficient ¢ can be assumed as beta distributed for
the Alpine and Midland with a significance level « > 10%
according to the new tests. In contrary to these results, the
hypothesis of a beta distributed runoff coefficient is
rejected for Pre-alpine and Southern alpine with a signifi-
cance level of o > 1-10% partly with o < 1%. The
hypothesis H, would be accepted by the classical 3> test for
all regions and the Kolmogorov—Smirnov test for the full
specified distribution with « > 10% except the x> test for
the Southern alpines which accepts Hy only with o« > 5%.

The EDF test for the beta distribution works well in
contrast to the classical ¥* test and the Kolmogorov—
Smirnov test for the fully specified distribution (compare
Table 2 with Table 6 in Raschke 2009).

5 Conclusion

The power of different EDF tests applied for the beta
distribution by using the BT has been researched. The
Anderson—Darling test has the highest power followed by
the Cramer von Mises and the Watson test in the resear-
ched cases. They are recommended for application in this
order. The classical %> test and the Kolmogorov—Smirnov

runoff coefficients ¢

test for the fully specified distribution should not be applied
for the assumption of a beta distribution with estimated
parameters. They do not work well. The test for normality
based on L2-Wasserstein distance (del Barrio et al. 1999;
del Barrio et al. 2000; Krauzci 2009) should be considered
for the test for beta distribution in the future when the
power of this test for normality is compared better with
other tests.

Appendix

Data of relative humidity of the Haarweg-Wageningen
weather station

May 2007: 0.4, 0.44, 0.5, 0.55, 0.58, 0.62, 0.65, 0.69,
0.72,0.72,0.73,0.75,0.77, 0.8, 0.81, 0.81, 0.83, 0.83, 0.85,
0.85, 0.85, 0.85, 0.86, 0.86, 0.87, 0.87, 0.89, 0.92, 0.94,
0.94, 0.97

May 2008: 0.39, 0.4, 0.42, 0.43, 0.43, 0.43, 0.44, 0.46,
0.48, 0.49, 0.51, 0.52, 0.53, 0.54, 0.56, 0.59, 0.62, 0.64,
0.66, 0.73, 0.75, 0.76, 0.83, 0.85, 0.88, 0.91, 0.92, 0.92,
0.95, 0.97, 0.98

See Tables 2, 3, 4, 5.

Table 2 Share of rejections of different tests for beta distributed X with different sample sizes n, parameters in Eq. 1 and levels of significance

Sample size = Parameter Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
P q 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
10 0.5 0.5 10.03 4.87 10.40 491 9.27 4.56 10.10 470 9.48 4.70
10 1 1 10.15 5.00 10.58  4.95 9.48 4.65 10.23  4.80 9.68 4.74
10 2 2 10.22 5.07 10.62  5.01 9.53 4.61 1027 4.83 9.75 4.68
10 4 4 10.20 5.10 10.65 5.03 9.55 4.65 1031 478 9.85 4.66
10 0.5 4 10.02 4.86 10.56  4.87 9.23 4.53 10.09 471 9.57 472
10 1 4 10.21 4.98 10.65 493 9.45 4.59 1029 477 9.66 477
10 2 4 10.19 5.09 10.64  5.04 9.59 4.60 1029 481 9.76 4.67
10 3 4 10.22 5.09 10.66  5.01 9.55 4.65 1032 4.78 9.83 4.66
10 0.5 1 10.02 4.81 10.57  4.89 9.31 4.53 10.17 471 9.53 4.68
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Table 2 continued

Sample size n Parameter Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
p q 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
10 0.5 2 10.02 4.86 10.58 491 9.25 4.51 10.09  4.70 9.57 4.70
10 0.5 3 10.02 4.86 10.56  4.88 9.24 4.53 10.09 4.71 9.58 4.70
10 2 3 10.23 5.08 10.63  5.02 9.57 4.62 1031 4.82 9.75 4.68
10 0.5 5 10.00 4.86 10.59  4.87 9.24 4.52 10.10  4.71 9.57 4.73
10 1 5 10.18 4.99 10.65 493 9.45 4.60 1029  4.77 9.67 4.77
10 5 5 10.19 5.09 10.66  5.00 9.54 4.64 1032 4.78 9.81 4.66
10 20 5 10.20 5.09 10.65  4.99 9.52 4.65 1027 4.79 9.82 4.66
10 0.5 20 10.01 4.87 10.59 487 9.24 4.52 10.07  4.71 9.57 4.72
10 1 20 10.18 4.98 10.67 4.93 9.45 4.61 10.28  4.76 9.67 4.78
10 5 20 10.20 5.12 10.65 5.00 9.52 4.64 10.28  4.78 9.83 4.66
10 20 20 10.16 5.10 10.67 5.01 9.49 4.63 1031 4.78 9.86 4.68
25 0.5 0.5 9.82 4.75 9.87 519 10.10 5.18 10.51 530 10.12 5.04
25 1 1 9.90 4.82 995 520 1031 5.29 10.54 543 10.28 5.18
25 2 2 10.03 4.84 995 525 1031 5.32 10.65 547 1034 5.23
25 4 4 10.01 4.82 992 529 1024 5.41 10.65 546 1034 5.25
25 0.5 4 9.86 4.87 9.80 5.18 10.15 5.17 10.58 533  10.18 5.06
25 1 4 10.04 4.84 991 521 1023 5.37 10.67 541 1035 5.18
25 2 4 10.07 4.84 991 527 1029 5.35 10.66 544 1033 5.24
25 4 4 10.01 4.85 992 529 1023 5.40 10.67 547 10.34 5.25
25 0.5 1 9.84 4.80 9.82 521 10.16 5.24 10.60 533  10.05 5.10
25 0.5 2 9.88 4.86 9.82 518 10.14 5.19 10.55 534  10.13 5.09
25 0.5 3 9.84 4.87 9.78 5.18 10.16 5.17 10.54 533  10.18 5.07
25 2 3 10.07 4.83 992 525 1028 5.34 10.65 545 1034 5.22
25 0.5 5 9.86 4.87 9.79 519 10.14 5.16 10.58 533  10.19 5.05
25 1 5 10.05 4.84 992 523 1024 5.38 10.67 541 1038 5.19
25 5 5 10.01 4.83 993 532 1024 542 10.65 548 1038 5.27
25 20 5 10.01 4.81 990 532 1024 5.45 10.66 547 1039 5.26
25 0.5 20 9.84 4.87 9.78 5.18 10.14 5.16 10.55 533  10.19 5.05
25 1 20 10.04 4.85 993 523 1024 5.38 10.67 540 1037 5.21
25 5 20 10.04 4.82 9.80 533 1024 5.45 10.70 547 1039 5.27
25 20 20 10.03 4.83 9.89  5.31 10.26 545 10.64 544 1038 5.28
50 0.5 0.5 10.01 4.68 9.84 5.10 9.95 5.12 1020  5.13  10.12 4.94
50 1 1 10.11 4.87 992 520 10.19 5.14 1033 525 1037 5.16
50 2 2 10.15 4.87 997 521 10.19 5.23 1032 529 10.37 5.25
50 4 4 10.18 4.87 996 520 10.27 5.25 10.29 532 1031 5.29
50 0.5 4 10.09 4.79 9.79 5.08 10.00 5.09 10.05 5.16 10.01 4.99
50 1 4 10.09 4.82 994 517 10.20 5.21 1032 523 1031 5.18
50 2 4 10.14 4.84 997 518 10.21 5.24 1029 529 1037 5.25
50 3 4 10.17 4.86 996 5.18 1025 5.24 1027 530 10.32 5.27
50 0.5 1 10.04 4.77 9.83 512 10.10 5.10 10.17  5.13  10.15 5.00
50 0.5 2 10.09 4.79 9.80 5.08 10.04 5.11 10.07 5.16  10.02 5.02
50 0.5 3 10.09 4.76 9.80 5.08 10.01 5.09 10.08 5.18 9.98 5.01
50 2 3 10.14 4.84 996 5.18 10.19 5.25 10.31 529 10.33 5.25
50 0.5 5 10.09 4.79 9.83 5.07 10.00 5.10 10.05 5.16  10.02 4.99
50 1 5 10.09 4.82 994 517 10.21 5.20 1032 523 1032 5.18
50 5 5 10.16 4.87 998 520 10.29 5.29 1031 5.31 10.33 5.27
50 20 5 10.16 4.85 999 520 10.26 5.27 1028 533 1033 5.26
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Table 2 continued

Sample size n Parameter Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
p q 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
50 0.5 20 10.09 4.78 9.85 5.06 9.99 5.10 10.05 5.15 10.01 4.99
50 20 10.10 4.81 995 517 1022 5.19 1031 524 1031 5.19
50 5 20 10.17 4.87 997 519 1031 5.29 1029 531 1033 5.25
50 20 20 10.12 4.86 993 518 10.26 5.27 1030 533  10.36 5.26
100 0.5 0.5 9.78 4.52 9.06 4.44 9.20 4.29 9.34 437 9.38 4.49
100 1 1 9.87 4.56 9.18 445 9.25 4.48 946  4.45 9.58 4.58
100 2 2 9.90 4.58 9.29 446 9.25 4.49 945 443 9.56 4.58
100 4 4 9.86 4.62 937 445 9.27 4.50 942 443 9.59 4.57
100 0.5 4 9.74 4.55 895 435 9.18 4.37 9.24 439 9.20 4.42
100 1 4 9.82 4.57 921 443 9.23 4.50 932 439 9.43 4.54
100 2 4 9.88 4.61 9.28 446 9.25 4.51 945 443 9.50 4.58
100 3 4 9.88 4.60 937 445 9.28 4.51 941 441 9.58 4.56
100 0.5 1 9.76 4.53 897 439 9.23 4.37 9.33 443 9.27 4.42
100 0.5 2 9.78 4.54 896 4.36 9.20 4.37 9.28 442 9.20 4.42
100 0.5 3 9.75 4.54 896 435 9.18 4.38 9.28 440 9.18 4.42
100 2 3 9.88 4.60 9.28 446 9.28 4.49 944 442 9.52 4.57
100 0.5 5 9.72 4.54 894 435 9.18 4.37 9.24 438 9.21 4.42
100 1 5 9.82 4.58 921 445 9.23 4.51 932 439 9.42 4.54
100 5 5 9.89 4.63 9.35 444 9.31 4.53 942 444 9.59 4.58
100 20 5 9.90 4.64 9.37 444 9.31 4.55 943  4.46 9.58 4.57
100 0.5 20 9.72 4.53 894 434 9.20 4.37 9.24 437 9.20 4.42
100 1 20 9.82 4.59 920 446 9.23 4.49 9.34 439 9.40 4.52
100 5 20 9.91 4.65 934 444 9.33 4.55 942 443 9.57 4.56
100 20 20 9.85 4.64 937 445 9.36 4.56 942 443 9.55 4.57

Table 3 Share of rejections, in %, of the different tests for different distributions for X, sample sizes n and levels of significance

n Distribution and parameters ~ Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson-Darling
10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
10 LogNorm,p=1,0"=1 19.52 11.80 19.53  11.96 20.80 13.03 2090 1249 22.28 14.15
10 LogNorm, u=1,0° =2 20.50 12.44 2020 12,51  21.65 13.94 21.73  13.23 2338 14.99
10 LogNorm, p =1, ¢*> =3 22.08 13.48 21.78 13.61 23.44 15.58 2327 14.68 25.22 16.59
10 Gamma,x=1,1A=1 15.09 8.38 14.68 824 14.77 8.57 15.21 8.41 16.06 9.09
10 Gamma,a=2,1=1 14.59 8.07 1420 7.80 14.24 8.09 1460 792 15.12 8.68
10 Gamma, o =3,41=1 13.30 7.07 13.03 690 1295 7.04 1349  6.86 13.57 7.38
10 Normal 13.91 7.58 14.07  7.53 14.12 7.81 1429  7.62 14.62 8.38
10  Triangle, c = 0.5 11.47 6.12 11.63 587 1145 5.73 11.81 5.69 11.62 5.79
10 Triangle, ¢ = 0.25 12.23 6.40 12.17 633 11.96 6.02 12.69  6.06 12.69 6.31
10 Trapeze, c = 0.25,d = 0.75 10.34 5.00 1065 527 956 4.48 1051 459 977 4.69
10 Trapeze, c = 0.15,d = 0.6 10.11 4.86 1042  5.03 939 4.53 1032 483  9.57 4.67
25 LogNorm, p= 1, ¢* = 1 34.09 23.68 3176 2243  39.04 29.03 36.48 2579 42.64 31.99
25  LogNorm, p=1,0° =2 36.31 25.46 3395 2449 41.87 31.68 38.82 2826 45.39 34.97
25 LogNorm, u =1, 0° =3 40.62 29.30 38.56 27.94 46.82 36.35 4343  32.14 50.05 40.06
25 Gamma, o =1,4A=1 21.61 13.25 19.54 12.61 23.61 15.70 22.09 1429 25.70 17.26
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Table 3 continued

n Distribution and parameters ~ Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
25 Gamma, o =2,A=1 19.96 11.98 18.10 11.50 21.67 14.28 2047 13.04 23.61 15.50
25 Gamma, o =3, 1 =1 17.03 9.69 15.88 9.39 18.20 11.79 17.67 10.69 19.53 12.59
25  Normal 17.36 9.93 17.27 10.76  19.27 12.08 19.04 11.65 20.74 13.35
25  Triangle, ¢ = 0.5 12.83 6.63 12.60  7.00 13.38 7.51 1348  7.60 13.73 7.47
25  Triangle, ¢ = 0.25 15.29 8.25 14.62 8.03 16.33 9.46 1620 898 1641 9.67
25  Trapeze, c = 0.25,d = 0.75 10.83 5.18 11.14 570 11.14 5.74 1190 6.03 11.50 5.44
25  Trapeze, c = 0.15,d = 0.6 10.53 5.09 10.71 549 10.70 5.45 11.38 572 10.99 5.46
50  LogNorm, p =1, 6% =1 53.92 41.00 49.98 3893 61.12 50.81 5549 4492 65.80 56.22
50 LogNorm, p=1,0°=2 57.59 45.27 54.11 43.01 6495 55.20 59.75 48.70 69.74 60.54
50 LogNorm, p=1,6°=3 63.83 51.94 61.25 50.23 71.88 62.35 66.23 55.82 7645 67.77
50 Gamma, o =1,1A=1 31.07 20.55 27.50 18.76 35.64 25.72 32,12 2220 3949 29.28
50 Gamma, x=2,1=1 27.89 18.24 2495 16.84 31.85 22.61 28.80 19.72 3551 25.86
50 Gamma,x=3,1=1 22.42 13.98 2046 13.28 2539 17.19 23.63 15.27 28.04 19.39
50  Normal 20.48 12.07 22.14 1430 2429 15.81 2450 1536 2733 17.92
50  Triangle, ¢ = 0.5 14.49 7.53 14.81 832 1543 8.80 1586  8.87 15.13 8.84
50  Triangle, ¢ = 0.25 20.06 12.03 18.19 10.77  21.69 13.90 20.76 1291 2232 14.40
50  Trapeze, c = 0.25,d =0.75 12.36 6.06 12.95 6.83 12.57 6.62 13.35 6.86 12.73 6.60
50  Trapeze, c = 0.15,d = 0.6 11.43 5.34 11.74 587 11.66 6.02 11.98 623 1193 6.06
100 LogNorm, p=1,0° = 1 79.05 68.77 75.68 66.21 86.25 79.68 80.49 7225 89.58 84.40
100 LogNorm, p = 1, ¢*> =2 83.14 73.61 80.56 71.84 89.85 84.02 85.05 77.12 92.64 88.15
100 LogNorm, p=1,06° =3 88.94 80.90 8731 80.32 94.04 90.29 90.77 84.71 96.04 93.19
100 Gamma, o =1,1=1 48.01 35.22 4279  31.27 54.69 44.24 48.67 37.10 59.44 49.76
100 Gamma, 0 =2, 1 =1 42.76 30.51 3797 27.12 49.17 38.52 43.71 32.63 54.09 43.69
100 Gamma, 0 =3, 2 =1 32.47 21.98 29.18 19.74 37.46 27.08 33.61 23.11 4236 31.58
100 Normal 28.63 18.08 32.14 2218 34.01 24.17 3466 2437 3845 28.00
100  Triangle, ¢ = 0.5 18.18 10.05 19.05 11.39 19.40 11.30 19.88 11.75 19.39 11.54
100  Triangle, ¢ = 0.25 29.76 19.00 2649 1696 3343 23.59 31.27 20.68 34.63 24.10
100  Trapeze, c = 0.25,d = 0.75 14.68 7.18 15.64 8.66 15.15 8.07 16.15 8.41 1530 8.23
100  Trapeze, ¢ = 0.15,d = 0.6 12.59 5.98 13.11 6.76  12.48 6.40 1296  6.64 13.21 6.63

Table 4 Share of rejections, in %, of the different tests for contaminated samples

n Type  Parameters Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
14 q 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
50 A 0.5 0.5 12.28 5.85 1250 654 12.89 6.89 13.13  6.82 13.77 7.43
50 A 1 1 12.15 5.82 1222 624  12.69 6.75 12.80 6.68  13.48 7.36
50 A 2 2 12.02 5.56 11.78 6.01  12.32 6.61 1247 643 1299 7.06
50 A 4 4 11.91 5.51 1145 572 11.99 6.37 12.15 624 12.60 6.77
50 A 0.5 4 11.86 6.48 11.57 628 1249 6.60 1251 639  13.19 7.04
50 A 1 4 12.32 6.09 11.83 627 1252 6.88 1254 652 1351 7.29
50 A 2 4 11.77 6.08 1195 624  12.28 6.56 1242 644  12.89 7.10
50 A 4 4 11.82 5.57 11.73 589 12.11 6.48 12.16 641 12.73 6.89
50 A 0.5 1 12.27 6.28 1227 649 1270 7.12 12.84 675 13.77 7.48
50 A 0.5 2 11.98 6.29 12.02 621  12.56 6.69 12.64 650 13.49 7.16
50 A 0.5 3 11.91 6.34 11.58 629  12.56 6.69 1246 642  13.28 7.06
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Table 4 continued

n Type  Parameters Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
14 q 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
50 A 2 3 11.58 5.83 1197  6.07 12.28 6.67 1238 647  13.03 7.09
50 B 0.5 0.5 11.79 5.98 1141 587 11.82 6.38 11.71  6.00 12.73 6.77
50 B 1 1 11.77 6.18 1147 587  12.07 6.47 11.87  6.11 12.91 7.10
50 B 2 2 12.27 6.12 11.56  6.07  12.65 6.99 1237 644 1335 7.50
50 B 3 4 13.97 7.47 1223  6.63  14.46 8.14 1395 7.60 1573 8.88
50 B 0.5 4 11.93 5.96 11.07 569 1227 6.66 12.09 629 1299 7.10
50 B 1 4 12.22 6.20 1127 595 12.50 7.00 12.17 640 13.26 7.37
50 B 2 4 12.69 6.53 11.63  6.21 13.01 7.35 1281 6.76  13.85 7.90
50 B 4 4 13.71 7.14 1208 659 13.76 7.74 1340 7.12 14.64 8.41
50 B 0.5 1 11.87 6.20 1135 597 12.16 6.66 11.87 621 13.04 7.01
50 B 0.5 2 11.88 5.95 11.20 585 12.30 6.70 1205 626 1296 7.12
50 B 0.5 3 12.03 5.96 11.15 571  12.26 6.63 12.09 626 1293 7.09
50 B 2 3 12.55 6.40 11.74  6.14 1296 7.16 1253 6.61 13.75 7.78
100 A 0.5 0.5 13.85 7.34 1466 811 14.82 8.21 1523 846 16.49 9.19
100 A 1 1 13.55 7.04 1392  7.61 14.27 7.98 1475  7.88  15.67 8.71
100 A 2 2 13.09 6.90 13.09 7.15 13.50 7.52 13.83 742 14.89 8.28
100 A 4 4 12.85 6.77 1258  6.75  13.07 7.32 1322 7.1 14.11 7.94
100 A 0.5 4 13.79 7.33 1321 751 1422 8.12 14.14  7.69 15.63 8.64
100 A 1 4 13.32 6.92 12.85 7.13 13.86 7.69 13.85 733 1498 8.60
100 A 2 4 12.92 6.61 1290 6.79 13.24 7.33 13.44  7.04 1435 8.10
100 A 4 4 13.21 6.42 12.88 6.76  13.01 7.26 1326 7.16  14.25 8.09
100 A 0.5 1 13.75 7.10 13.84  7.61 14.38 8.04 1485 793 1594 8.91
100 A 0.5 2 14.01 7.14 13.66 7.69 14.30 8.06 1443 783 15.83 8.79
100 A 0.5 3 13.95 7.25 1342 756  14.20 8.09 1429 7.78  15.60 8.58
100 A 2 3 13.19 6.73 13.14 6.88 13.21 7.35 13.61 721 1442 8.19
100 B 0.5 0.5 13.83 7.48 12.84 7.01 13.92 7.97 13.65 739 1542 8.69
100 B 1 1 14.16 7.72 13.11  7.06 14.38 8.26 13.83  7.72  15.89 9.08
1000 B 2 2 15.00 8.20 13.65 7.60 1553 8.94 14.64 8.18 17.15 9.96
100 B 3 4 17.53 9.85 15.19 845 18.39 11.43 17.04 9.82  20.36 12.54
100 B 0.5 4 14.57 7.81 1323 723 1492 8.51 1393 784 16.11 9.45
100 B 1 4 14.80 8.00 1350  7.44  15.26 8.75 1449 8.06 16.74 9.69
100 B 2 4 15.45 8.52 13.74  7.64 16.19 9.51 1538 850 17.97 10.41
100 B 4 4 16.22 9.18 1436 7.88 17.10 10.43 16.07 9.19  19.23 11.60
100 B 0.5 1 14.30 7.83 1320 7.17  14.66 8.39 13.89 7.80 16.08 9.28
1000 B 0.5 2 14.37 7.83 13.23 727 1479 8.48 13.88  7.88  16.08 9.44
100 B 0.5 3 14.41 7.81 1320 724 1494 8.50 13.88 7.86 16.12 9.49
100 B 2 3 15.45 8.29 13.84 7.67 16.04 9.40 15.15 832 1758 10.20

Type A with p* = 0.5p and g* = 0.5¢, Type B with p* = 0.5p and ¢* = ¢ for different sample sizes n, parameters of Eq. 1 and levels of
significance

Table 5 Share of rejections, in %, of the different tests for scaled beta distributed variable X with scale parameter s for different sample sizes n,
parameters of Eq. 1 and levels of significance

n s Parameter Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
p q 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%

25 05 0.5 0.5 62.88 48.23 75.60 6443 74.84 63.47 73.04 60.86 82.12 71.96

25 05 1 1 35.64 23.46 39.10 27.28  44.49 31.87 4170 28.79  51.51 37.48
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Table 5 continued

n S Parameter Kolmogorov—Smirnov Kuiper Cramer-von Mises Watson Anderson—Darling
p q 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
25 05 2 2 21.60 12.49 20.02 1135 24.61 14.91 23.11 13.38  27.19 17.08
25 05 3 4 15.48 8.36 13.42 7.41 16.60 9.60 15.98 854  17.63 9.96
25 05 0.5 4 9.82 5.00 9.83 497  10.09 5.04 10.58 5.18  10.18 4.93
25 05 1 4 10.84 5.58 10.40 519 11.01 5.72 11.40 5.64  11.20 5.70
25 05 2 4 12.78 6.59 11.29 590 13.05 6.98 12.94 6.83  13.48 7.24
25 05 3 4 14.17 7.57 12.64 6.55 14.57 8.27 14.70 7.70  15.84 8.69
25 05 0.5 1 21.96 12.35 22.67 1343 2558 15.72 24.61 14.66  29.78 18.57
25 05 0.5 2 11.68 6.02 10.94 549  11.96 6.27 12.27 596 1221 6.33
25 05 0.5 3 10.23 5.16 10.07 5.04  10.49 5.08 10.91 534 1054 5.08
25 05 2 3 14.97 7.99 13.28 7.19  15.78 8.97 15.54 825 16.93 9.45
25 025 05 0.5 71.13 57.62 82.74  74.16  82.05 72.58 80.37 70.06  88.01 79.83
25 025 1 1 44.53 30.80 5045 36.89  55.46 42.21 52.61 38.16 6298 49.06
25 025 2 2 27.34 16.99 25.85 1597 3229 21.22 29.69  18.58  35.85 23.98
25 025 3 4 18.62 10.47 16.36 9.35 2030 12.30 19.09 11.04 21.96 13.67
25 025 05 4 10.28 5.21 10.07 507 10.57 5.12 10.94 533 10.59 5.09
25 025 1 4 12.00 6.18 11.02 545 1238 6.47 12.28 6.28  12.56 6.58
25 025 2 4 14.62 7.86 12.99 7.03 1547 8.76 15.33 8.04 16.56 9.21
25 025 3 4 16.94 9.25 14.66 822 18.15 10.74 17.47 9.56  19.70 11.51
25 025 05 1 27.22 16.58 2940 19.08 3332 21.85 31.83  19.84 3847 25.78
25 025 05 2 13.18 6.97 12.32 6.29 13.82 7.47 13.97 7.14 1474 7.84
25 025 05 3 11.04 5.52 10.50 524 11.19 5.70 11.52 570 1147 5.63
25 025 2 3 18.22 10.14 16.01 9.01 19.90 11.94 18.80 1055 21.85 13.06
50 05 0.5 0.5 92.93 85.12 97.58 9524  96.63 93.22 95.68 91.24  99.00 97.34
50 05 1 1 60.96 45.69 68.90 56.64 73.84 61.33 68.57 5485 83.26 72.03
50 05 2 2 34.40 21.69 30.02 1949  40.28 28.36 3553 2359 4695 33.88
50 05 3 4 20.72 12.42 17.61 998  23.13 14.46 20.86 1227 2582 16.08
50 05 0.5 4 10.35 5.04 10.07 505 1041 5.14 10.77 5.03  10.50 5.30
50 05 1 4 12.38 6.09 11.25 577  12.39 6.52 12.24 6.21 12.82 6.98
50 05 2 4 15.48 8.35 13.53 728 1635 9.44 15.64 834 17.29 10.03
50 05 3 4 18.28 10.48 15.81 8.67 1991 11.96 18.46 1036  21.85 12.96
50 05 0.5 1 34.83 22.36 37.63 2523 4349 30.11 40.15 2659 5352 38.38
50 05 0.5 2 14.19 7.11 12.78 6.59 14.74 8.10 14.28 7.54  16.19 8.71
50 05 0.5 3 11.12 5.54 10.72 553 11.20 5.67 11.54 550 11.64 6.08
50 05 2 3 20.10 11.83 17.14 9.69  22.66 13.64 20.54  11.72  25.07 15.11
50 025 05 0.5 96.59 92.40 99.05 9794 98.64 96.84 98.21  95.68  99.60 99.04
50 025 1 1 73.39 59.06 8275 7247 8541 75.85 81.03 69.67 9191 85.15
50 025 2 2 44.99 31.07 42.08 29.73  53.69 40.90 4775 3474  61.63 48.29
50 025 3 4 27.26 16.81 22.89 1399 31.40 20.91 27.50 1756 3534 23.73
50 025 05 4 11.21 5.54 10.80 553  11.19 5.69 11.50 553  11.65 6.08
50 025 1 4 14.52 7.29 12.67 6.77  15.06 8.35 14.51 7.59  15.66 8.87
50 025 2 4 19.54 11.46 16.76 929  21.63 13.12 1992  11.30 2392 14.42
50 025 3 4 23.74 14.52 1990 11.73 2695 17.21 2392 1472  30.08 19.83
50 025 05 1 46.02 31.26 51.85 38.15 56.83 43.08 5271 3840 67.83 53.52
50 025 05 2 17.52 9.46 15.80 8.36  19.20 10.91 18.27 10.11  21.79 12.44
50 025 05 3 12.79 6.43 11.76 6.10 13.06 7.00 12.72 6.56 13.78 7.31
50 025 2 3 26.71 16.48 22.61 13.78  31.02 20.37 2745 17.05 3527 23.49
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