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A Lagrangian reproducing kernel particle method

for metal forming analysis

J.-S. Chen, C. Pan, C. M. 0. L. Roque, H.-P. Wang

Abstract A Meshless approach based on a Reproducing
Kernel Particle Method is developed for metal forming
analysis. In this approach, the displacement shape func-
tions are constructed using the reproducing kernel ap-
proximation that satisfies consistency conditions. The
variational equation of materials with loading-path de-
pendent behavior and contact conditions is formulated
with reference to the current configuration. A Lagrangian
kernel function, and its corresponding reproducing kernel
shape function, are constructed using material coordinates
for the Lagrangian discretization of the variational equa-
tion. The spatial derivatives of the Lagrangian reproducing
kernel shape functions involved in the stress computation
of path-dependent materials are performed by an inverse
mapping that requires the inversion of the deformation
gradient. A collocation formulation is used in the dis-
cretization of the boundary integral of the contact con-
straint equations formulated by a penalty method. By the
use of a transformation method, the contact constraints
are imposed directly on the contact nodes, and conse-
quently the contact forces and their associated stiffness
matrices are formulated at the nodal coordinate. Numer-
ical examples are given to verify the accuracy of the pro-
posed meshless method for metal forming analysis.

1

Introduction

The finite element formulations of metal forming pro-
cesses can be classified into three categories: the La-
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grangian formulation, the Eulerian formulation, and the
Arbitrary Lagrangian Eulerian (ALE) formulation. The
Lagrangian formulation employs a solid mechanics ap-
proach for metal forming processes, and the method is
more effective for sheet metal forming processes [Wifi
etal. (1976), Wang and Budiansky (1978), Oh and Kobayashi
(1980), Nakamachi et al. (1988), and Keck et al. (1990)].
For rolling and extrusion typed metal forming problems,
the Lagrangian approach becomes ineffective due to severe
mesh distortion. Eulerian methods have been proposed to
resolve the mesh distortion difficulty [Zienkiewicz et al.
(1974, 1984), Dawson (1978), and Hwu and Lenard
(1988)]. The alternative ALE approaches combine the ad-
vantages of Lagrangian and Eulerian methods [Donea et al.
(1977), Belytschko et al. (1978), Liu et al. (1988, 1991,
1992), Hu et al. (1993), Haber and Hariandja (1985), Ghosh
and Kikuchi (1988), and Benson (1989)]. However, several
drawbacks still exist in the ALE formulation. For example,
controlling the mesh motion in an ALE computation to
minimize the convective transport effect and the mesh
distortion is tedious; especially when dealing with complex
geometries. The numerical treatment of the convective
transport effect also requires an additional effort.

The earliest and simplest approximation method de-
veloped for meshless computation is the kernel estimate
(KE) employed in the Smooth Particle Hydrodynamics
(SPH) [Lucy (1977), Monaghan (1982, 1988), Randles and
Libersky (1996)]. In KE, the kernel function is normalized
to assure the zero-th order consistency condition, and the
use of the symmetric kernel function meets the first order
consistency. However, the discretization of KE assures
neither zero-th nor the first order consistency in a finite
domain, unless the lumped mass (or lumped volume) is
carefully selected, which is difficult to accomplish with the
irregular boundary shape and arbitrary particle distribu-
tion. The first detailed investigation of the accuracy and
convergence properties of meshless methods for structural
analysis was due to Nayroles et al. (1992) and Belytschko
et al. (1994). The Element Free Galerkin (EFG) method pro-
posed by Belytschko et al. (1994) is based on a Moving
Least-Squares approximation [Lancaster (1981)]. EFG was
successfully applied to the simulation of crack propagation
[Belytschko et al. (1994, 1995, 1996a, 1996b), Lu et al.
(1994)]. A Reproducing Kernel Particle Method (RKPM)
was introduced by Liu et al. (1995a, 1995b) to improve the
accuracy of the SPH method for finite domain problems.
Duarte and Oden (1995, 1996) developed the HP Cloud
method for hp-adaptivity based on the Partition of Unity
Method (PUM) [Melenk and Babuska (1996), Babuska and
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Melenk (1996)]. In these meshless methods, the domain of
interest is discretized by a set of points that are not in-
terconnected by the structured mesh. The domain parti-
tioning can be made independent of the nodal
distributions if the Gauss integration method is used to
perform domain integration. A very detailed and com-
prehensive overview of meshless methods can be found in
Belytschko et al. (1996b).

The essential idea of RKPM [Liu et al. (1995a, 1995c,
1996a)] was to restore the discrete consistency in SPH. In
this approach, a reproducing kernel (RK) approximation
is introduced to impose a consistency condition to a de-
sired order. In the continuous form of RK approximation,
the imposition of the zero-th order consistency, through
the correction function, is in fact equivalent to the nor-
malization of kernel function in KE. The higher order
consistency in RK approximation is achieved by the en-
richment of the local polynomial basis functions to meet
the completeness requirement. Through this development,
the discrete consistency can be accomplished easily by a
proper discretization of the moment matrix involved in
the construction of the correction function. The D’Alem-
bert’s principle was recently introduced to impose essen-
tial boundary conditions [Giinther et al. (1997)]. The later
development of RKPM [Liu et al. (1995b, 1996b, 1996c,
1996d) and Li et al. (1996, 1997a, 1997b)] further intro-
duced the wavelet function into RKPM formulation to
construct a multiple-scale hierarchy for multiple-resolu-
tion analysis. By choosing different combinations in the
wavelet series expansion, the desirable synchronized
convergence properties in the interpolation can be
achieved. Recent work by Li et al. (1997b) introduced a
fairly simple procedure to construct a cluster of wavelet
functions using the differential consistency conditions.

Chen et al. (1996, 1997a-c, 1998) extended RKPM to
large deformation analysis, and demonstrated that the
method is effective in dealing with large material distor-
tion. A Lagrangian RK shape function was introduced to
approximate the field variables in hyperelastic problems,
formulated by the total Lagrangian formulation [Chen
etal. (1997a)], and in elasto-plasticity problems formulated
by the updated Lagrangian formulation [Chen et al.
(1996)]. A transformation method was introduced to deal
with the essential boundary conditions. With the em-
ployment of the Lagrangian RK shape function, the
transformation matrix can be formed at a pre-processing
stage. A nodal lumped mass was formed using the con-
sistency condition of the transformed RK shape functions.
Chen et al. (1996, 1997a) also observed that RKPM re-
quires the use of a large kernel support to obtain an ac-
curate solution in incompressible problems. They then
proposed a pressure projection procedure [Chen et al.
(1997b)] to resolve volumetric locking without the need of
employing large kernel support to enhance computational
efficiency and accuracy of RKPM. The method also elim-
inates the pressure oscillation induced from the RKPM
analysis of incompressible problems. Grindeanu et al.
(1996, 1997) applied RKPM to design sensitivity and op-
timization of hyperelastic solids.

In this paper, we employ RK approximation to formu-
late the discrete nonlinear equilibrium equations, and

frictional contact conditions, with specific application to
the metal forming problems. In Sect. 2, the basic theory of
RKPM is reviewed. The Lagrangian formulation of RKPM
for path-dependent materials is discussed in Sect. 3. The
treatment of contact constraints in a meshless formulation
is presented in Sect. 4. Section 5 gives numerical study of
the solution accuracy and demonstrates the applicability
of RKPM for metal forming analysis. Finally, the conclu-
sions are outlined in Sect. 6.

Reproducing kernel approximation

2.1

Kernel estimate

The earliest development of the meshless methods is the
Smooth Particle Hydrodynamics (SPH) [Lucy (1977),
Monaghan (1982, 1988)] based on kernel estimate. The
kernel estimate of a function f is an integral transforma-
tion through a kernel function ®, which has a compact
support, as measured by a parameter g, in the following
form:

rx) = /Q Oy (x — y)f (y)dy (2.1)

where f* is the kernel estimate of f. The discrete kernel
estimate is

N

£ =3 @u(x —x)f (1) AV, (22)
=1

In SPH, a lumped mass m; is assigned to the particle I and

Eq. (2.2) is usually written as:

mp

fAx) = Z Oy (x — x1)f (x1) ——~ (2.3)

p(xr)

where p(x;) is the density at particle I. If one considers
f = p, then Eq. (2.3) becomes

N

P E) =D Dp(x—x)my (2.4)
J=1

As recently reported by Randles and Libersky (1996),

using Eq. (2.4) for the calculation of density leads to a

greater accuracy. By introducing Eq. (2.4) to Eq. (2.3), one

obtains the following kernel estimate:

fix) = IXN:%(X — ) [
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=
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f(xr)
}

(2.5)

Unfortunately, the kernel estimate of Eq. (2.5) does not
exactly reproduce a unity, i.e., if f =1,

ﬁ@%Z[
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Belytschko et al. (1996a) also showed that in a one-di-
mensional case, the discretized equation (Eq. (2.2)) does
not reproduce a unity for a non-uniform arrangement of
nodes. This leads to a violation of zero-th order consis-

(2.6)



tency condition, or the partition of unity, and therefore the
convergence of the solution is not guaranteed.

2.2

Continuous reproducing kernel approximation

Liu et al. (1995a, 1995¢) investigated the reproducibility of
kernel estimate using a Taylor series expansion of the
function f. Consider here a one-dimensional kernel esti-
mate for simplicity, and let

f) =0 gt

— (2.7)

where f(") = d"f /dx". Substituting Eq. (2.7) into the ker-
nel estimate Eq. (2.1) yields

- (_1)71 n
fH(x) = mo(x)f (x) + Z;Tm”(x)f( ()

where m,(x) is the moment defined by

a(x) = /Q (x — 9)"a(x — y)dy

To exactly reproduce a unity, letting f(x) = 1 in Eq. (2.8)
leads to the following requirement:

mo(x) = /Q(Da(x —y)dy =1

Equation (2.10) corresponds to the continuous form of the
zero-th order consistency condition. One can also show
that for the kernel estimate to reproduce a linear function
f(x) = ag + a;x, the kernel function needs to satisfy the
following conditions:

my(x) = /Q(Da(x —y)dy=1

() = [ (=)0l ~ )y =0

Consequently, in order for the kernel estimate to exactly
reproduce an N-th order polynomial, the following con-
ditions are required:

mo(x) = /Q(I)a(x —y)dy =1

() = [ (=)0l =y)dy =0

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

() = [ (69" @ul =)y =0

Liu et al. (1995b) called Eq. (2.12) the reproducing con-
ditions. It is noted that Eq. (2.12) leads to the following
conditions:

/Q(Da(x —y)dy =1

/y%(x —y)dy =x
Q (2.13)

/Qy%a(x —.y)dy =x"

In fact, a zero-th consistency condition (Eq. (2.10)) can be
easily satisfied by the normalization of the kernel function.
However, the higher-order consistency conditions are
difficult to meet, and most of the kernel functions do not
satisfy these reproducing conditions. To formulate the
reproducing kernel approximation, we rewrite Eq. (2.12)
in the following form:

| B =)0~ 1)y = H(0) (2.14)

H'(x—y) = [Lx—y,....(x—»"]

Liu et al. (1995a, 1995¢) proposed a reproducing kernel
approximation by introducing a correction function to the
kernel estimate:

(2.15)

) = /Q Clox:x — y)(x — y)f (7)dy (2.16)

where fR(x) is the “reproduced” function of f(x), and Eq.
(2.16) is the reproducing kernel approximation, or the
reproducing equation. The function C(x;x — y) is the
correction function defined by

C(x;x —y) = bo(x) + by(x)(x —y) +---

+by(x)(x — )" = bT(x)H(x — y)
(2.17)
(2.18)

bT(X) = [b()(X), bl(X), ey bN(x)}

and b;(x)’s are determined by the satisfaction of the
reproducing conditions, i.e.,

/Q Clxix — y)y(x — y)H(x — y)dy = H(0)  (2.19)

Substituting Eq. (2.17) into Eq. (2.19) leads to

{ | B =)0 = KT (x = )y bi) = (O

(2.20)
and the unknown vector b(x) is solved by
b(x) = M(x) "H(0) (2.21)
M) = [ Her - pH (- 3)0ux-)dy (222)

Introducing Eqgs. (2.17) and (2.21) into Eq. (2.16) results in
the following reproducing kernel approximation:

FRx) = / Clox:x — )0a(x — y)f (7)dy

W (O)M () / H(x — y)u(x — ) ()dy
(2.23)

A multi-dimensional extension of Eq. (2.23) is straight-
forward, simply by setting x — x = [x1,%;,%3], y >y =
V1,¥2,y3), and dy — dQ, = dy; dy, dys, Qu(x — y) —
®,(x —y), and letting H be a vector of monomial basis
functions,
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H'(x —y) = [1,%1 — y1,% — y2, %3
—y3, (k1= y1)% - (e — )]

Equation (2.23) can be recast into the following form,

R = /Q By (x:x — y)f(y)d,

where @,(x;x —y) = C(x;x — y)®,(x — y) is called the
reproduced kernel, and ®,(x — y) is the multi-dimensional
kernel function. Since Eq. (2.25) exactly reproduces N-th
order monomial, the method fulfills the N-th order con-
sistency conditions, i.e.,

/Q Do(x;x —y) ! b yh dQ,

, (2.24)

(2.25)

= x| 2,
i+j+k=0,...,N
(2.26)

23

Discrete reproducing kernel approximation

To construct an approximation function for a finite di-
mensional solution of the partial differential equations, the
domain Q is discretized by a set of nodes {x,...,xnp},
where x; is the position vector of node I, and NP is the
total number of points (nodes). By performing nodal in-
tegration with unit weights of Eq. (2.23), the continuous
reproducing equation is discretized into

i(x) = z C(x;x — x1) Py (x — x1)f
- (2.27)
= ; Yi(x)fr
where
Yi(x) = C(x;x — x1) Py (x — x1) (2.28)
C(x;x—x;) = HI(O)M™ ' (x)H(x — x;) (2.29)

where W(x) and f; are the shape function and the corre-
sponding coefficient of the reproducing kernel approxi-

mation. Note that since ¥;(x;) # Jy, and the coefficient f;
is not the nodal value of f*(x), i.e., f; # f"(x;). Using Egs.
(2.28) and (2.29) one can obtain the derivative of ¥;(x) as

W¥i(x) = HT(0) M;l(x)H(x —x1) D, (x — %)

M~ (x)H ;(x — x;) @y (x — x;)

+
+M ' (x)H(x — x)P,, (x — x7)]

where ( ) = # and M is computed by M;'(x) =

—M(x)~! M(x) M(x ) ! "'As discussed in Chen et al. (1996),
in order to preserve the consistency condition in a dis-
cretized reproducing equation, Eq. (2.27), the moment
matrix M(x) needs to be discretized with the same dis-
cretization method as was used in the Reproducing
equation, i.e.,

(2.30)

NP

M(x) = Z H(x — x;)H" (x — %)@y (x — X;)

(2.31)

For example, the reproducing kernel shape function cor-
responding to a constant basis function H = [1] is:

i(l) (x—x;) — ¥;(x) = g(X_XI)

J=1 D, (x — x7)
(2.32)
Equation (2.32) is called the Shepard function that satisfies:

Z ¥i(x) =

Equation (2.33) corresponds to Eq. (2.27) with f(x) =1,
which is the zero-th consistency condition, or the Partition
of Unity. For a general consideration of N-th order mo-
nomial basis function, one can show that:

(2.33)

Z Y (x)H' (x — x)
- Z [H'(0)M ™! (x)H(x — x;) (2.34)
x®D,(x — x;)H (x — XI)]
= H(0)

and Eq. (2.34) leads to the N-th order consistency condi-
tion

Z‘PI = H"(x) (2.35)
or
NP ) . o
Z‘PI(X)XIU Xr xls(l = X} X xls(a
I=1
i+j+k=0,...,N (2.36)

To compute ‘P,(x), the term M(x) ; also needs to be
formed numerlcally The d1fferent1at10n of Eq. (2.31) leads
to

NP

M, = Z [H;(x — x))H" (x — x1) Q0 (x — x1)

—#—7H(x - xI)H?;(x —x7)D,(x — x7)
+H(x — x)H" (x — x1) Qg (x — X1)] (2.37)

The use of Eq. (2.37) in Eq. (2.30) yields the following
differential consistency condition:

Z ¥, i(x)H (x))

Figure 1(a) illustrates that the KE shape functions (Eq.
(2.28) without correction function) do not satisfy the
constant consistency condition (or Partition of Unity) near
the boundaries, and particle refinement reduces the error
near the boundaries. Similarly, the KE shape functions do
not satisfy the x-linear consistency condition near the
boundaries, and the boundary errors can be reduced by a
particle refinement as shown in Fig. 1(b). As expected, RK
shape functions satisfy constant and x-linear consistency

=H(x) (2.38)



conditions using the linear basis functions H' = [1, x]. current configuration Q, with the boundary I'y. The mo-
Similarly, KE shape functions do not meet the differential tion of a material particle originally located at a position
consistency conditions near the boundaries, whereas RK X € Qy is described by a mapping x = ¢(X, 1)
shape functions exactly satisfy differential consistencies as (x; = ¢;(X, t)), where x € Q, is the spatial location of the
shown in Figs. (2a) and (2b). material particle X at time ¢, and ¢, is the mapping
3 function. For loading path-dependent material behavior,
L . . . the constitutive equations are expressed in the current
agrangian reproducing kernel formulation q . d therefore it i . R
for elasto-plasticity configuration, and therefore it is more convenient to ref-
erence the kinematic and kinetic variables to the current
3.1 configuration in the variational equation (updated La-
’ grangian formulation). In Lagrangian formulation, the

Governing equations . : ) o
In a Lagrangian (or material) formulation, we follow the primary unknown variable is the material displacement
’ which is defined by

motion of all the material particles in the body from its
original configuration Qy with the boundary I'y, to the  u(X,t) = ¢(X,t) — X (3.1)

777 =
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a  KE shape functions (5x5 nodes) KE shape functions (11x11 nodes) RK shape functions (5x5 & 11x11 nodes)

b  KE shape functions (5x5 nodes) KE shape functions (11x11 nodes) RK shape functions (5x5 & 11x11 nodes)

Fig. 1a,b. Constant and linear consistency conditions of KE and RK shape functions
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Fig. 2a,b. Differential consistency conditions of KE and RK shape functions
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Note that Eq. (3.1) is the measure of displacement fol-
lowing a fixed material point X. This identification of
material displacement is important since the later devel-
opment of reproducing kernel shape functions for dis-
placements will be based on the material coordinates
(material quantity). Consequently, the material velocity v
and material acceleration a are defined by

0p(X,t) ou(X,t) )
v(X,t) = o =% =u(X,t) (3.2)
] x]
Po(X,t o*u(X, t ..
a(X,t) :% [ ]:% [ ]Eu(X,t) (3.3)
X X

The statement of variational equation is then given as the
following: Given the body force b; in the domain Q,, the

surface traction h; on the natural boundary Ffé", the pre-

scribed boundary displacement g; on the essential boun-

dary I'¥/, the initial displacement ? and the initial velocity
¥ in the domain Qy, find u; € H;,(H; ={u:ueH y =
gi on I'8'}), such that for all 6u; € Hy (Hy = {w: w € H',
w; = 0 on I'¥'}), the following equation is satisfied [Atluri,
(1980)]:

oIl = / ou;pii; dQ + / 511,‘J‘E,‘j dQ
Q, Qy

— / 5u,-bl- dQ — / 5u,-hl~ dl'=0
Q. =

with initial conditions
ui(X,0) = u}(X) (3.5)
(X, 0) =) (X)

where H! is the Sobolev space of degree one,

(), =0()/0x; denotes the spatial derivative, and t;; is the
Cauchy stress obtained from constitutive equations.
Equation (3.4) is a Lagrangian description formulated in
the current configuration. It should be realized that in the
Lagrangian description the “current” integration domain
Q, and boundary I', moves with the material particles and
are not fixed in space. Consequently the Cauchy stress is
evaluated at a spatial coordinate x = ¢(X, t) of a fixed
particle X, and therefore the stress update is processed
with respect to the same material particle in the La-
grangian setting.

The linearization of Eq. (3.4) requires the employment
of stress rate. Many frame indifference stress rates can be
used [Atluri (1984)], and the linearized equation, in gen-
eral, can be written in the following form [see Atluri (1980)
and Atluri and Cazzani (1994) for details]:

A5H:/ 5uipAii,-dQ+/ 5uilj(D,~jkl+Tijl)Auk’1dQ
Q

X

—/ 5u,-Ab,- dQ—/ 5u,-Ahl~dF
Q, rhi

where Djj; and Ty are the material response and the

geometric response (initial stress) tensors that are closely
related to the stress rate employed in the linearization of
Cauchy stress. For example, if Jaumann stress rate is used

(3.7)

Dyt = Ciy (3.8a)

1 1 1 1
Tijxi = ik — 3 Tudik + 5 Tjdik — 5 Tikdjt — 5 TjkOir
(3.8b)

and Cjy, is the constitutive tensor that relates Jaumann
stress rate to velocity strain. Whereas if Truesdell stress
rate is used,

(3.9a)
(3.9b)

where ngkl is the constitutive tensor that relates Truesdell
stress rate to velocity strain. The incrementally objective
algorithm proposed by Hughes and Winget (1980), Rub-
instein and Atluri (1983), and Reed and Atluri (1985) can
be used to integrate the elastic response of Cauchy stress
due to rotational effect, and the algorithmic tangent op-
erator consistent to the return mapping algorithm pre-
sented by Simo et al. (1985) is employed to form the
elasto-plastic material response tensor. Alternatively, if the
yield surface is an isotropic function, Simo et al. (1988)
established a hyperelastic-based stress-strain relation (to-
tal form) for stress and internal variable computations
based on the principle of maximum plastic dissipation and
the multiplicative decomposition of deformation gradient.
The consistent tangent operator of this approach formu-
lated by Simo et al. (1988, 1992) should be used in the
incremental equation to ensure the quadratic rate of
convergence.

_ ot
Djju = Cijkl

Tijk = Tjk0il

3.2

Lagrangian and Eulerian reproducing kernel

shape functions

To describe the motion of a body, one can consider a
material description of a kinematic variable G¥(X, t), or its
spatial description G*(x, ) = G¥(X, t) where x = ¢(X, 1).
Choosing one over another depends entirely on the se-
lection of a reference configuration. The material time
derivative of GX(X, t) is

0GX(X,t)|  0G¥(x,t)
ot ot
X g
DG*(x, t
V- (VG (x, 1) = % (3.10)

where vX (X, t) = v¥(X, t) is the spatial description of the
material velocity v¥(X, t) with x = ¢(X, t) (the material
velocity defined in Eq. (3.2) is denoted here more precisely
by vX(X, t)). Consequently, the material acceleration is
defined by the material time derivative of the material
velocity

vE(X,1) ovi(x,t)
X _ i ) — i\
o (X,1) = ot ot
X] (x]
ovi(x,t) Dv¥(x,t)
: r = 11
+ axj '] Dt (3 )

To introduce the reproducing kernel approximation of
displacements, one can first consider a Lagrangian kernel



function expressed in a material description, ®*. Take a
cubic B-spline kernel function for example:

Similarly, the spatial description of the Eulerian repro-
ducing kernel shape function, W7 (x), is constructed using

- 4(nx xm) +4(\\74 X1H>

XX —X;) =-—

3 1
) for§<

XXl X=X ]| [IX—X]]
() () g (e
0

for 0 < XX

<

N|—=

(3.12)

[IX—X]] <1
P

otherwise

and the spatial description of the Lagrangian kernel
function, @7, is

(I)Z(X, Xp t) = (DZ((¢71(X7 t) - @71(X17 t)) (3'13)

The value of the Lagrangian kernel function is determined
on the distance between material points X and X;. Thus
the support radius of this Lagrangian kernel function a is
defined in the initial configuration, and the support covers
the same set of material points throughout the course of
deformation. One can also consider an Eulerian kernel
function expressed in a spatial description:

the Eulerian kernel function ¢J(x — x;) with the discrete
reproducing conditions imposed at the current configu-
ration to yield

295

2 g} g (lexl)
VAT ) AT

dy(x —x1) ==

4
3
0

_4(\\x—xI||> " 4<||x—xlu)2_g(Hx—xﬂ|>3
a a 3 a

¥%(x) = hT(0)m " (x)h([x — x;)D*(x — x;) (3.20)
m(x) = Zh x — x)h" (x — x)®*(x — x;) (3.21)
hT(X - XI) = [Lxl — X11, X2 — X2r,
X3 — X3[y. -, (X_o, — X31)N] (322)
for 0 < [lx—xi|| S%
for 1 < el g (3.14)
otherwise

and the material description of this Eulerian cubic B-spline
kernel function, d)f, is

d)f(xv XIa t) = ¢2(@(X7 t) - (P(XI7 t))

The value of the Eulerian kernel function is determined by
the distance between spatial points x and x;. Thus the
Eulerian kernel function has a support radius of a defined
in the current configuration, and the support covers dif-
ferent material points at a different time ¢.

The next step is to construct the reproducing kernel
shape function for large deformation. The material de-
scription of the Lagrangian reproducing kernel shape
function, W5 (X), is constructed using the Lagrangian ker-
nel function @7 (X — X;) with the discrete reproducing
conditions imposed at the initial configuration to yield

(3.15)

PX(X) =H'(0OM '(X)HX - X))®X (X~ X;) (3.16)
M(X) = i HX -X)H' X - X)X -X;) (3.17)
H' (X - X)) =[1,X; — X1, X5 — Xa1,

X3 — Xap, ..., (X3 — X3)V] (3.18)

This set of Lagrangian reproducing kernel shape functions

{‘PX v ‘Pﬁp} satisfies the following consistency
condltlons
NP . ,
i k i k
Z ‘P?(X) Xir XJzI X=X XJz X33
I=1

itj+k=0,...,N (3.19)

and this set of Eulerian reproducing kernel shape func-
tions {W{,¥3,..., ¥}p} satisfies the following consis-
tency condltlons:

Z‘Px

i+j+k =

x11 xlzl X3 = X) x’ xsv

0,...,N (3.23)
In Lagrangian formulation, it is more convenient to em-
ploy the Lagrangian reproducing kernel shape functions
with material description for the approximation of mate-
rial displacement:

uf((X, t) = @;(Xi, t)

—X; = Z‘Px "0

where d,I( )’S are the time-dependent coefficients of
L 230, )%, and the material velocity and material accelera-
tion are obtained by

Oui( Xt)

(3.24)

V(X t) = lex(x i (3.25)
(X, 1) = @Tgxﬂ D SUECRCED

If an Eulerian reproducing kernel function is used for the
approximation of material displacement,

= Z lP)IC(X) éll(t)

ui(x,t) = x; — (3.27)
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where fﬂ( )’S are the time-dependent coefficients of
¥¥(x)"®, and the spatial description of the material velocity
is obtained by

ouif(x,t)|  Ouf(x,t)

our(x,t)
o o |
x

axj v_;c (X7 t)

(x

_ Z[Tx ézI + vx( ) ( )ézl(t) (328)

An additional convective term is involved in Eq. (3.28)
when Eulerian reproducing kernel shape functions are
used for the approximation of field variables, and this
complicates the computation as compared to the use of the
Lagrangian reproducing kernel shape functions. On the
other hand, the updated Lagrangian formulation of the
variational equation (Eq. (3.4)) requires a spatial deriva-
tives on the displacements. Taking the spatial derivatives
of the Eulerian reproducing kernel shape functions is
straightforward, but taking the spatial derivatives of the
Lagrangian Reproducing shape functions requires the
following computation:

QP (X) _QP[(X)0X _ 0¥F(X)
6x1~ 6XJ ax,’ an J

(3.29)

To avoid taking the spatial derivatives of W} (X) involved
in F!, F! is computed indirectly by taking the inversion
of F, i.e.,

(3.30)

NP a\PX N
{Zd ® )+I

where I is the second order identity tensor.

3.3

Coordinate transformation and the reproducing

kernel matrix equation

Since the meshless shape functions such as the repro-
ducing kernel shape functions or Moving Least-Square
shape functions do not have Kronecker delta properties,
the essential boundary conditions need to be imposed by
the Lagrange multiplier method [Belytschko et al. (1994),
Lu et al. (1994)], or by the transformation method (Chen
etal. (1996, 1997a). The first approach requires the solution
of independent kinematic variables as well as Lagrange
multipliers at each incremental step. Further, one needs to
consider the stability condition, the Babuska-Brezzi con-
dition [Babuska (1973), Brezzi (1974)], when more than
one independent variables are used in the variational
equation. The second approach transforms the generalized
coordinates to nodal coordinates to allow a direct treat-
ment of the essential boundary conditions. Since the sec-
ond approach can be easily applied to contact problems
(discussed in the next section), the method is used here to
establish the discrete RKPM equation for general elasto-
plasticity problem.

Using the Lagrangian reproducing kernel shape func-
tions, the kinematic admissible displacement u (X, t) of
the variational equation, Eq. (3.4), needs to satisfy the
following conditions:

u; (X)) Z‘P (X)) di(t) = gi(X), 1)
V] € ngi

ou (Xp,t) = Z‘Pf(xfﬁdﬂ(t) =0

: (3.31)

where 1, denotes a set of particle numbers in which the
assoc1ated particles are located on I'%. Equation (3.31)
represents two sets of constraint equatlons that are needed
to be solved simultaneously, with the equation of motion.
Using the transformation method, the transformation
matrix is formed by establishing the relationship between
the nodal value u/(X;,t) = dy(t) and the “generalized”
dlsplacement dy(t )

Z WX(X))di(t) Z Lydi(t) (3.32)
or

d, Lyl Lyl Ly [ dy
d, LI Lpl -+ Lyl d;

o Jlv=np)
dy LinT Lyl LynI | | dy

AT
(3.33)
Ly =¥ (X)) (3.34)

where A is the coordinate transformation matrix and I is
the identity matrix. The shape functions can also be
transformed by

X) = iL;,“PI(x) (3.35)
and
- Z PX(X)dy (t) = Z: W (X)da(1)  (3.36)

Note that ¥;(X;) = dy, and with this transformation, the
essential boundary conditions of Eq. (3.31) are imposed by

CAi,' t) = gi( Xy, t
f() (X1, 1) vIen,
5di1(f)—

Using the Lagrangian reproducing kernel shape functions,
the transformation matrix is formed only once and that
can be performed at the undeformed configuration or even
at a pre-processing stage.

The incremental matrix equation is obtained by intro-
ducing reproducing kernel shape function and coordinate
transformation to the variational equation Eq. (3.4) and its
linearization Eq. (3.7) to yield

MAd + KAd = (fe Jnt1 — (f )n+1

where n and v are the time step and iteration counters,
respectively, Ad = d"Jrl d" v is the displacement incre-

n+1
ment, and M, K, £ ) and £

(3.37)

(3.38)

are the mass matrix, stiffness



matrix, external force vector, and internal force vector at
~ext

the nodal coordinates. Note that the matrices M, K f

and f can be constructed directly by using the trans-
formed Lagrangian reproducing kernel shape functions
‘I’f , or by constructmg their generalized coordinate
counterparts using the untransformed Lagrangian repro-
ducing kernel shape functions W5 and then performing
matrix transformation to the nodal coordinates [see Chen
et al. (1996) for details]. For example, K=AT'KAT
where K is the stiffness formulated at the generated co-
ordinates.

4
Frictional contact conditions

4.1

Preliminaries

In this development, we restrict the scope to the numerical
treatment of contact conditions of a classical Coulomb
friction law. For a general description of contact condi-
tions, the two potential contact surfaces are arbitrarill\}r
demgnated by slave surface I'S and master surface I'"
shown in Fig. 3. At each pomt x € T3, a normal gap g, is

defined by
g =(x—xc)-n (4.1)

where x¢ is the closest projection }})/[omt of x onto T'Y, i.e.,
[x — xc|| = min{|jx — x*|| : x* € T} and n is the unit
outward normal vector of F at xc. The contact constraint
does not allow the 1nterpenetrat10n to occur between I'S
and T. When two surfaces I'; and ' are in contact, the
followmg constraint condition needs to be imposed

g =(X—%) n=0 (4.2)

The friction between the contact surfaces are accounted
for by the Coulomb law

if [he |[<plha| g=0
otherwise | h; |= pu | hy |

(stick)
(slip)

where h; is the tangential traction with the direction op-
posite to the relative motion, p is the coefficient of friction,
and g, is the tangential relative displacement increment
during a load increment. The contact constraints are ap-
proximately furnished by a penalty formulation reduced
from a perturbed Lagrange formulation (Saleeb et al.
(1994)):

(4.3)

oM (u) + / (An0gn + 240g)dl =0, T¢=TSnTY
rC

x

(4.4)

Fig. 3. Contact geometry and kinematics

where 0I1(u) is the virtual work without the contribution
from the contact traction, and

Jn = —Wngn (4.5)
)= ) T8 if [ wige [<] pdn | (stick)
‘ —pinsgn(g;) otherwise (slip)
(4.6)

where w, and w; are the penalty numbers, and Eq. (4.6) is
the penalized version of the classical Coulomb law.

4.2

Discretizations

To employ the slave-master slideline contact algorithm
(Hallquist et al. (1985)), the master surface is represented
by the union of master segments, and the slave surface is
discretized by a set of slave nodes as shown in Fig. 4. In
this work, we consider a piecewise linear discretization of
the master segment. A typical situation is shown in Fig. 4,
in which xg = X + ds defines the current position of a
slave node, and xy1 = Xpn + dann and xp = Xz + dany
define the current position of a master segment, where ds,
dyr, dp, are the RKPM nodal displacements of the slave
node S and master nodes M1 and M2. Note that in the
search of contact conditions, the nodal kinematic infor-
mation is required and therefore the nodal displacements
are used here to define the kinematics for contact analysis.
To define the contact geometry, the length [, the tangential
unit vector t, and the normal unit vector n of the linear
master segment are defined as

n—=e3xt
(4.7)

I=|xp2 — xp], t= %(XMz — Xu1),

where e; is the base vector normal and pointing outward
of the plane. The natural coordinate of a closest projection
point x¢ of xg on the master segment M1 — M2 is de-
scribed by the natural coordinate

oc = (xs — xp) - t/1 (4.8)
and the location of x¢ on the master segment is
Xc = (1 — O(c)XMl + dcXpn (4.9)

The normal and tangential gaps associated with the slave
nodes S and master segment M1 — M2 are defined as

gn = (Xs — XM1> ‘n (410)
g = (x¢c—x¢) -t (4.11)

slave particle

e —

master segment

S

Fig. 4. Discretization of contact surfaces
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where x} = (1 — ad)xp + 0%, is the closest projection
point of the slave node at the last converged increment and
ol is its corresponding natural coordinate computed by
Eq. (4.8). Note that in Eq. (4.11), the master segment refers
to the last converged stage. The collocation discretization
of Eq. (4.4) leads to

SU() + > (7ndgn + 40g), =0 (4.12)
A

where A is summed over all the closest projection points of
the slave nodes on the master segments, and
(2nOgn + 2:0g:),, denotes the evaluation of 4,0g, + 4,0g: at
%1& closest projection point x4. Using the property

1 (Xa) = O, the reproducing kernel particle discretiza-
tion of the term (1,08, + A:0g;), is

. AT AC
(An0gn + A0gr) 4 = 0d, (£ ),

where d, is the composite nodal displacement vectors
associated with the slave particle xs and the two end points
of the master segment x);; and Xy,

AT

d, = [&; a;n ) &Lz]

and the corresponding nodal contact force vector at the

(4.13)

(4.14)

closest projection point x4 is

~C I

(f )4 = (ZnCs +7)~tct)A (4.15)
where

C, = [n",—(1 —ac)n”, —acn'] (4.16)
Cl = [ lg” — (1 —ao)t?, —g—l”nT — ocCtT] (4.17)

and x4 is the projection of xg onto the M1 — M2 line. With
the use of the transformation method, the RKPM contact
force vector f in Eq. (4.15) does not involve the repro-
ducing kernel shape functions.

Taking the collocation form of A frc(/l,,égn + 2¢0g:)dI in
conjunction with the Kronecker delta property of trans-
formed Lagranglan reproducing kernel shape functions
{‘P fz | - yields the following RKPM discretized tangen-
tial operator associated with the contact constraints:

AT A N
[A(2n0gn + A:08¢)] 4= 5dA(KC)AAdA

where (K©), is the contact stiffness matrix with the com-
ponent ordering consistent with [d] ,:

(4.18)

) D g
(K%, = {wncnc;{ + 5 (1" 4 TP +gTPPT)

Al T T _ &n T T
-—|C,P" +PC, _T(PQ +QPY) (4.19)

12
Q- QCF} } +(®),

A

and
wt(CtCtT)A

P
(Kf)A = { l_z

Toruwn [sgn(gt)CtCZ]A

if | g |<| Wi |
otherwise

(4.20)

PT=[07,—n",n"] (4.21)
Q' = [0, —t", t"] (4.22)
T = [t7, —(1 — ae)t?, —act’] (4.23)

Combining Egs. (3.38), (4.13), and (4.18), the final incre-
mental reproducing kernel matrix equation of a contact
problem is

MAd + (K + K°)’, Ad

— (fext) _ (fmt fC) (4'24)

n+1 n+1

where K and f™ are global tangential stiffness matrix and
internal force vector associated with the non-contact
conditions.

4.3
Degeneration to quasi-static rigid-to-flexible body
frictional contact

Many metal forming processes are slow in motion, and the
problems can be treated as quasi-static in which the inner
effect is neglected:

(K4 K", ,Ad = (£, | — (f™ + £€)"

(4.25)

n+1 n+1 n+1

If one further assumes that the master surfaces are

rigid (for example, punch and die) with prescribed rigid
body motion, then the degrees of freedom associated
with the master segments can be eliminated from the
system of algebraic equations. In this case, the compos-
ite contact nodal displacement vector of Eq. (4.14) reduces
to

AT _ AT
d, =d; (4.26)
and the corresponding nodal contact force vector at the
closest projection point x4 is
(f9), = (Aun™ + 2,t7), (4.27)
Consequently, the contact stiffness matrix (K¢), corre-
sponding to d4 reduces to:
(K),

(KC)A = (a)nnnT)A + (4.28)

and

SN wt(ttT)A
(K), = { — ey [sgn(g,)tnT]

if |wyg| < |pinl
otherwise

(4.29)

5

Numerical examples

Lagrangian reproducing kernel shape functions con-
structed by the cubic B-splice kernel function with linear
basis functions HT = [1,X — X;, Y — Y;] are used to
analyze the numerical examples. In the following prob-
lems, the metal forming processes are considered to be
quasi-static, and punch and die are assumed to be per-
fectly rigid.
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1
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Cq f
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Fig. 5. Geometric description of cylindrical punch stretch

5.1

Sheet metal stretch by a cylindrical punch

This problem is advocated as a benchmark test [Choudhry
and Lee (1994)] of sheet metal forming processes. A plane-
strain sheet metal is stretched by a cylindrical punch as
shown in Fig. 5, where the geometrical parameters are

R, = 50.8 mm, C; = 59.18 mm, R; = 6.35 mm, and h=1
mm. The material constants of the sheet metal are as fol-
lows: Young’s modulus E = 69 GPa, Poisson’s ratio
v = 0.3, isotropic hardening R(?) = 589(10* + &)
MPa, and coefficient of friction u = 0. Because of sym-
metry, only half of the sheet metal is modeled with 3 x 51
particles and 2 x 50 integration zones, and Gauss inte-
gration order of 4 x 4 is used. Normalized dilation pa-
rameter (dilation parameter “a” in Eq. (3.12) divided by
the nodal distance) of 1.4 is employed in both membrane
and thickness directions. Relative dense particles are dis-
tributed around the die where the sharp corner is expected
to cause stress concentrations. In this analysis, the end of
the sheet metal is fixed, and the rigid punch is moved
downward with a vertical displacement of 30 mm in 50
incremental steps.

The RKPM prediction is compared with the membrane
analytical solution [Choudhry and Lee (1994)] and good
agreement is observed in Fig. 6. Figure 7 shows the ex-
cessive deformation that occurs near the contact with the
die at various deformation stages. The final deformation of
the sheet metal is shown in Fig. 8, and local neckings are
observed near the die contact areas. In this analysis, the
tolerance for the residual force norm is 107%. A typical
residual force norm information during the iteration
process at the punch depth of 27 mm is shown in Tables 1,
and a quadratic convergent rate is observed. An average of
12 iterations is required in each incremental step. In this
analysis, the RKPM solution is not sensitive to the dila-
tational parameters.

0.216

5.2

Sheet metal stretch by a hemispherical punch

This problem is the axisymmetric version of the
preceding one, and the same analysis model and con-
ditions are used. In this problem, frictionless (u = 0)
and frictional (x = 0.3) conditions are considered, and
the predicted punch force-displacement curves are

0.5

—— RKPM Solution, p=0.0
Analytical Membrane Solution

0.4

0.3

0.2

Punch Force (kN/mm)

0.1

| IS S W'Y

24.0

TR YT S T VRN TN TR W [T W WY W 1
12.0 18.0
Punch Depth (mm)

30.0

Fig. 6. Cylindrical punch stretch: comparison with membrane
solution

0.30
0.25 |
£ i
O
-
5
Y 0.20
o
=}
-
=
— 0.15 Punch Depth 30 mm
£ :
< [
2 o.10
[= L R
§ I Punch Depth 24.0 mm
0.05
[ Punch Depth 10.2 mm |
- 4
________________________________ \
0.00 PRI TR W (T T S S W | 1 PR [T ST ST T T NN T S W 1
0.0 10.0 20.0 30.0 40.0 50.0 60.0

Distance From Center (mm)

Fig. 7. Cylindrical punch stretch: longitudinal true strain distri-
bution

Fig. 8. Cylindrical punch stretch: deformation at punch depth of
30 mm

plotted in Fig. 9. Stiffer response of the frictional case
occurs only at a deeper punch depth. The longitudinal
true strain distributions are shown in Figs. 10 and 11,
and the friction shifts the strain peak away from the
center line.

299



300

Table 1. Sheet metal stretch by cylindrical punch: force residual norms at punch depth 27 mm

Iteration 1 2 3 4 5 6
force residual norm .12087E+04 .94854E+03 .25455E+03 .14846E+03 .99999E+02 .44881E+02
7 8 9 10 11 12
.12087E+04 .94854E+03 .25455E+03 .14846E+03 .99999E+02 44881E+02
13 14 15 16 17 18
.16754E+02 .16823R+02 .12630E+01 .12677E-01 .20761E-05 .31347E-09
120 0.30
__ 100 - o 025 -
€ - ‘s - Punch Depth 30 mm
S L ] [
~. 80 | 9 020 F
zZ r ()
= C 2 [
L = L
8 60 [ — 015 Punch Depth 24.0 mm
ul B O Y e
Ie) L c v S .,
[N o s t g .
[ )
£ 40 | 2 0wk
C s L
S N C I
a I S LT
20 005 F  punch Depth 10.2 mm e
0 A N T T R N s ettt rcz=5
0.0 6.0 12.0 18.0 24.0 30.0 0.0 10.0 20.0 30.0 40.0 50.0 60.0

Punch Depth (mm)

Fig. 9. Hemispherical punch stretch: load-displacement curves of
1 =0.0 and 0.3
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Fig. 10. Hemispherical punch stretch: longitudinal true strain
distribution at various punch depth with = 0.0

In this analysis the tolerance of the residual force norm
is chosen to be 1079, and an average of 9 iterations is
required for both frictionless and frictional cases. A typical
residual force norm information at punch depth of 27 mm
is shown in Table 2, and the quadratic convergent rates are
observed.

Distance From Center (mm)

Fig. 11. Hemispherical punch stretch: longitudinal true strain
distribution at various punch depth with x4 = 0.3

Table 2. Sheet metal stretch by a hemispherical punch: force
residual norms at punch depth 27 mm

Iteration Force residual Force residual
norm (u = 0) norm (¢ = 0.3)

1 .29995E+05 .34642E+05

2 .16242E+05 .17483E+05

3 .27556E+04 .21240E+04

4 .11993E+04 .27415E+04

5 47132E+02 .55116E+02

6 .83472E+00 .19323E+01

7 .53776E—-03 .64199E—-02

8 .62826E—07 .15286E—-06
53

Ring compression analysis

The ring compression test is often used to estimate the
friction coefficient in metal forming operations [Male and
Cockcroft (1965)]. The test consists of compressing a ring
at different compression ratios with flat tools and mea-
suring the deformed height and deformed internal diame-
ter. The setup of the ring test is shown in Fig. 12, where the
initial ring geometry is: internal diameter = 6.0 cm, height =
4.0 cm, and external diameter = 12.0 cm. The ring is made
of a cold forging steel 16MnCr5 with yield stress o, = 100
MPa, Young’s modulus E = 288 GPa, Poisson’s ratio

v = 0.3, and the material is assumed to be perfectly plastic.



3 Initial configuration

Z-coordinate

Radial coordinate

Fig. 12. Geometric description of ring compression

Due to symmetry, only a quarter of the ring is dis-
cretized by 16 x 11 nodes and 15 x 10 integration zones

as shown in Fig. 12. The dilation parameters (“a” in Eq.

(3.21)) is 0.6 cm in x- and y-directions and the Gauss

Z-coordinate
o
1

Z-coordinate

1 2 1
0 2 4
c Radial coordinate

o
[o0]

integration order is 4 x 4. Several analyses were per-
formed with various friction conditions p = 0.0,0.15,0.3,
and with perfect stick conditions. The ring is compressed
to half of its original height in 1000 incremental steps.
Due to the frictional contact conditions, bulge deforma-
tion occurs, and the degree of bulging is proportional to
the level of friction on the interface. The final deforma-
tions of the RKPM analysis for different frictional con-
ditions are shown in Fig. 13, and as expected the bulge
deformation is most severe in the stick condition. Figure
14 shows the ring progressive deformations of the stick
condition, and the effective plastic strain contour is
plotted in Fig. 15.

A refined model with h-adaptivity at the four corners is
introduced to better capture the strain concentration un-
der stick condition. The original and deformed geometries
of the refined model subjected to stick condition are
plotted in Fig. 16, and the corresponding effective plastic
strain is shown in Fig. 17.

Finite element analysis is also performed for the stick
condition using ABAQUS. Automatic time stepping is used
with an initial step size set to be 0.1% of the total com-
pression, and with the maximum increment specified to be

Z-coordinate

g e
-3 -
. 1 1 1 1 1 1
0 2 4 6 8
b Radial coordinate
3 -
] Stick condition
2 et

Z-coordinate
o
1

1
O PPN
3
1 1 1 1 1 1 1
0 2 4 6 8
d Radial coordinate

Fig. 13a-d. Ring compression: final deformed geometries associated with various frictional conditions: a 4 = 0.0, b u = 0.15,

c 1=0.3, d stick
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Fig. 14. Ring compression: progressive deformations associated with stick condition

1000. Both 4-node and 8-node elements with various for- 5.4

mulations available in ABAQUS, including hybrid formu- Upsetting simulation

lation and displacement-based formulation with reduced  An upsetting process with the axisymmetric geometries of
integration and hourglass control, are used to analyze this the punch, die, workpiece, and their initial setup as shown
ring compression problem under stick condition. All the in Fig. 19 is analyzed using RKPM. The punch and die are
finite element analyses failed when dealing with the stick treated as rigid bodies, and only the workpiece is con-
condition since it leads to a severe mesh distortion. Figure sidered to be deformable. The material properties of the
18 shows the distorted meshes of 4-node and 8-node hy- workpiece are: Young’s modulus E = 288 GPa, Poisson’s
brid elements prior to the solution divergence. ratio v = 0.3, and the material is assumed to be perfectly
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B 2.524E+00 5 9.453E-01
A 2.298E+00 4 7.198E-01
0 2.073E+00 3 4.944E-01
9 1.847E+00 2 2.689E-01
8 1.622E+00 1 4.341E-02
7 1.396E+00 Min = 4.341911E-02
6 1.171E+00 Max = 2.749052E+00

T =
ﬁﬂi/@\

B 2.780E+00 5 1.030E+00
A 2.530E+00 4 7.795E-01
0 2.280E+00 3 5.294E-01
9 2.030E+00 2 2.794E-01
8 1.780E+00 1 2.927E-02
7 1.530E+00 Min = 2.926980E-02
6 1.280E+00 Max = 3.030343E+00

Fig. 15. Ring compression: effective plastic strain distribution of Fig. 17. Ring compression: effective plastic strain of corner-re-

stick condition

plastic with the yield stress o, = 100 MPa. The friction
between the punch/die and the workpiece was determined
based on lubrication conditions. In this problem the co-
efficient of friction is estimated to be u = 0.15 [Roque
(1996)]. During the upsetting operation, the die is totally
fixed, and the punch is compressed until the punch/die is
completely closed.

The workpiece model is created by MSC/PATRAN as
shown in Fig. 20, in which the finite element mesh is used
as the integration zones for RKPM computation. The
supports of the kernel function (Eq. (3.12)) cover about
five particles in each direction. All the particles on the
surface of the workpiece, except the ones on the line of
symmetry, are assigned as the slave particles since they
all have the possibility to contact with the punch or die.
The master segments on the die are completely fixed,
and the master segments of the punch are moved down-
ward with a total travel of 1.68 cm to close the opening.
The progressive deformations of the workpiece are
shown in Fig. 21. The comparison of the predicted
deformation and the experimental data [Roque (1996)] as

fined model under stick condition

FEM 4-node hybrid element FEM 8-node hybrid element

Undeformed mesh Undeformed mesh

1 111
1

11 111111
11

9

! )| e
1] ILIT] i {41

Failed at 44% completion

Failed at 59% completion

Fig. 18. Finite element analysis of ring compression problem
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Fig. 16. Ring compression: final deformation of corner-refined model under stick condition
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In this paper, a meshless formulation for loading path-
dependent material behavior and frictional contact con-
ditions is developed based on the Reproducing Kernel
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Particle Method (RKPM). Both Lagrangian (material) and
Eulerian (spatial) forms of the reproducing kernel shape
functions can be used to approximate the field variables of
path-dependent materials. The employment of Lagrangian
reproducing kernel shape functions leads to a straight-
forward computation of the material time derivative of
displacements; however, performing the spatial derivative
of displacements requires the inversion of the deformation
gradient. Conversely, using the Eulerian reproducing
kernel shape functions allows direct computation of the
spatial derivatives of displacements, but it yields an ad-
ditional convective term when performing material time
derivative of displacements.

In this work, the Lagrangian reproducing kernel shape
functions are constructed for the discretization of the
variational equation expressed in the current configura-
tion. The generalized displacements are transformed to the
nodal coordinates to yield a direct treatment of essential
boundary conditions and concentrated loads. With the
employment of the Lagrangian reproducing kernel shape
functions, the transformation matrix, and its inversion,
can be computed at a pre-processing stage. The RKPM
computation requires that the support of the kernel
function covers enough particles, and the use of La-
grangian reproducing kernel shape functions assures this
kernel stability in large deformation analysis since they
cover the same set of particles throughout the deformation
processes.

This coordinate transformation method also leads
to a straightforward implementation of contact formula-
tion and contact algorithms in a meshless setting. To
maintain the consistency between the treatment of
contact constraints and essential boundary conditions, a
collocation discretization is employed to construct a
nodal contact force vector and a contact stiffness matrix.
Since in this formulation all the kinematic quantities
are computed at the nodes, using the transformed

reproducing kernel shape functions yields simple ex-
pressions in the RKPM matrix equation for contact
problems.

The numerical examples demonstrate the effective-
ness of Lagrangian RKPM for metal forming analysis.
The large plastic deformation induced in the metal form-
ing process can be dealt with easily by the proposed
method, and no mesh distortion difficulties are encoun-
tered. Due to the use of the Lagrangian reproducing kernel
shape functions, the support size of the kernel functions
does not require re-adjustment during the contact com-
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