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Abstract

Structural beam elements are computationally efficient in modelling slender structures. However, they require homogenised
material models and computational homogenisation for such elements is complex because it involves higher order kinematics.
A Direct FE?> homogenisation model for shear-flexible beam elements that is based on the more versatile Timoshenko-
Ehrenfest beam theory is presented. Beyond conventional Euler—Bernoulli beam kinematics, an independent shear angle
needs to be imposed onto the heterogeneous microscale RVE to govern the microscale shear deformation. It is shown that
this can be achieved using an integral constraint involving the moments of axial displacement. With the proposed model, the
multiscale analysis can be implemented on commercial FE codes completely as a pre-processing step. Examples presented
to demonstrate the performance of the proposed model include 2D and 3D models of fibre reinforced composite beams with
material nonlinearity and coupled stretch-twist response. When compared with direct numerical simulations, the proposed
model gave closely matching predictions while requiring only a fraction of the computational time. The examples also
highlighted the inadequacy of the Euler—Bernoulli beam theory in some cases to further motivate this work.

Keywords Direct FE? - Multiscale analysis - Multi-point constraints - Shear-flexible beam elements - Timoshenko-Ehrenfest

beam theory - Heterogeneous beam structures

1 Introduction

Multiscale computational homogenisation is commonly
employed to predict the response of a multiphase macroscale
structure. Termed FE? by Feyel [1], this strategy has seen
wide adoption in the past decade [2—11]. Beyond nonlin-
ear geometries and materials, it has also been adopted for
other engineering analyses, such as rate-dependent responses
[12, 13], material damage and failure [14, 15], composite
delamination [16], adhesive layers and cohesion [17, 18],
magnetism [19] and shape memory alloys [20], among many
others. A more comprehensive list of the various applications
of the FE? method can be found in the review by Raju et al.
[21]. Work has also been done to develop generalised tool-
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boxes for solving multiscale problems in commercial finite
element (FE) software, such as ABAQUS [22-24].

At its core, conventional FE2 methods involve two sepa-
rate FE analyses—one at the macroscale and another at the
microscale—with information exchange between them in a
staggered manner [5, 25]. The macroscale kinematic fields
are first downscaled to the microscale representative volume
element (RVE) at each integration point. The microscale
FE analyses on the RVEs are then carried out, following
which the responses are then upscaled back to the macroscale
FE analysis to complete the solution loop. This requires a
considerable level of user involvement to manage the infor-
mation exchange, even if it is done on a commercial FE
software, posing substantial difficulties for less experienced
users [26-28]. Furthermore, information exchange required
by this staggered scheme may result in a significant increase
in the wallclock time for some commercial FE software.

A much simpler alternative to the conventional FE? is the
Direct FE? method, which was first proposed in 2020 [29].
Using multi-point constraints (MPCs) that are readily avail-
able in many commercial FE software, such as ABAQUS, to
impose the scale transition kinematics, Direct FE? combines
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the two FE analyses at different scales into one, transform-
ing it into a monolithic scheme. This eliminates the need
for a user-controlled information exchange while the tangent
stiffness calculations required for scale transition are han-
dled entirely by the software’s internal solver. Direct FE?
has seen successful implementation for problems involving
geometric and material nonlinearity [29], materials with rate
dependency and damage [30], transient analysis [31] and
even thermal-mechanical problems [32].

Beyond solid elements that it was originally developed
for, Direct FE> as an approach is well-suited to address
problems that call for the use of structural elements with
heterogeneous material properties. Compared to solid ele-
ments, beam and plate elements are computationally more
efficient in modelling slender and flat structures. However,
the constitutive properties of heterogeneous structures cannot
be directly assigned to these elements. Instead, this can only
be done by either assigning effective homogenised proper-
ties, or through a computational homogenisation framework.

There have been several attempts to incorporate compu-
tational homogenisation into beam elements, which is the
focus of this paper. For example, Schrefler and Lefik [33]
obtained the homogenised material coefficients of heteroge-
neous structures and combined them with a self-written beam
element code to solve problems involving uni-directional
composite beams under thermo-mechanical loads. They were
able to reduce the size of the problem while predicting stress
contours with local features similar to those obtained from
standard FE procedures. On the other hand, Cartraud and
Messager [34] used the method of cells to solve for the macro-
scopic response of beams with periodic geometries, including
stranded cables with coupling between tension and torsion.

Recently, Xu et al. [35] developed the Direct FE? model
for thin plate elements, and by order reduction, slender beam
elements. This was based on the Kirchoff-Love plate theory
and is applicable to many engineering problems that involve
heterogeneous thin plates. Even though its ability to accu-
rately capture the macroscale constitutive properties of thin
plates was demonstrated, the wider application of this model
as well as the aforementioned beam models is restricted by
the underlying assumptions of the Kirchoff-Love plate and
Euler—Bernoulli beam theories respectively. Primarily, the
theories assume that the cross section of the beam or plate
remains perpendicular to its axis and that transverse shear
deformations are negligible [36, 37].

A higher order computational homogenisation framework
is needed to capture transverse shear deformations for beam
and plate elements based on the Timoshenko-Ehrenfest beam
and Mindlin-Reissner plate theories respectively. They pre-
dict more accurately the constitutive response of thick beams
and plates as well as shear-dominant structures such as
laminated composites and foam core sandwich structures,
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which have wide engineering applications [38, 39]. A com-
mon difficulty in the development of such higher-order beam
and plate homogenisation models is in imposing the shear
deformation onto the microscale RVE.

Geers et al. proposed using a second-order framework to
implement the computational homogenisation of structured
thin sheets with transverse shear [40]. They highlighted that
the key issue with such a homogenisation framework involv-
ing transverse shear lies in the mismatch of assumptions
at difference scales for plate structures. At the macroscale,
cross-sections are assumed to remain plane even after defor-
mation. However, the absence of global shear tractions due to
the plane-stress assumption at the microscale prevents these
cross-sections from remaining plane. To remedy this, they
imposed an additional weak constraint on the RVE cross-
sections such that the average shear at both scales are the
same.

On the other hand, Klarmann et al. proposed using
additional kinetic constraints on top of a first-order beam
homogenisation framework to impose the shear deformation
on the RVE [41]. A detailed breakdown of the scale transi-
tion kinematics and kinetics of shear-flexible beam element
was provided. It was identified that the RVE would undergo
rigid body rotation in the absence of additional constraints.
They proposed matching the RVE normal stresses to those
predicted from beam theory to prevent this rotation. This was
enforced in a weak sense over the RVE face through Lagrange
parameters using additional nodes and subsequently imple-
mented as internal constraints. While comprehensive, their
homogenisation scheme is numerically more complex to
implement and requires a revised stiffness matrix for the RVE
finite elements which includes the Lagrange parameters.

We propose an alternative computational homogenisation
scheme for shear-flexible beam elements that is simpler to
implement based on the Direct FE? framework. The shear
angle of the beam is imposed onto the RVE via a kine-
matic integral constraint that is applied directly onto the
RVE boundary nodes. This paper is outlined as follows.
In Sect. 2, the kinematic and kinetic relationships across
scales required for the proposed Timoshenko Beam Direct
FE? model are presented. In Sect. 3, details on how the
model is implemented on commercial FE software are shown
along with the necessary MPCs and mesh volume scaling.
These are followed by the corresponding 3D extensions. In
Sect. 4, example problems that demonstrate the necessity of
such a model that considers shear deformation are presented,
with the results obtained from this proposed model validated
against those obtained from Direct Numerical Simulations
(DNS) where possible. Finally, we conclude in Sect. 5.
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Fig.1 An illustration of a beam
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framework a homogenised
X1

macroscale beam element,
b explicitly modelled RVE

® .

-

o4

LC

(a)

2 Scale transition relations
for a shear-flexible beam

For macroscale beam structures, variations are considered
to occur along its axial direction only. Thus, homogenisa-
tion is carried out in that direction using through-height and
through-depth RVEs as illustrated in Fig. 1. The RVEs for
beams are typically located at the mesoscale and will be
referred to as such in subsequent sections.

2.1 Macroscale shear-flexible beam

The kinematics of a shear-flexible beam can be described
using variables along the beam centreline. Macroscale vari-
ables along the centreline will be denoted using (-)¢, and their
gradients along the centreline will be denoted by V(-)¢. For
brevity, a 2D beam on the conventional xjx3-plane will be
considered, as the kinematics and kinetics are identical along
the xjxz-plane. A 3D beam will be a superposition of both
with additional terms for twisting. The macroscale variables
in the respective directions will be denoted with subscripts
() and (3.

The macroscale beam continuum of interest is based on
the Timoshenko-Ehrenfest beam theory, which takes into
account transverse shear in the cross-section rotation, in addi-
tion to its centreline slope [42]. Details on the governing
equations and some theoretical solutions can be seen in [43].
The key difference compared to the Euler—Bernoulli beam
is that cross-sections of the beam are no longer restricted to
be perpendicular to the beam centreline. It is now described
using a kinematically independent angular term ¢, which
rotates about the x;-axis. The kinematics of any point along
the beam are described by the following equations.

Uy =uj — x3¢5 (1)

bRVE

(b)

U3z = uj 2

2=, 3

The macroscale external virtual work density per unit
length of the beam in the reference configuration is then given
by

WA = Ny 8Vu§ + Q138(Vu§ — ¢5) + M85 (4)

where Ny is the axial force, Q13 the transverse shear force
and M, the moment.

2.2 Mesoscale RVE

We consider the mesoscale RVE that will be used to derive
the effective constitutive behaviour of the macroscale beam.
The corresponding mesoscale kinematic and kinetic vari-
ables will be denoted as (A) while their gradients are denoted
as (A), for i = 1,3. Without any loss in generality, we
consider a rectangular through-height RVE with dimensions
hrvE X bryEg as shown in Fig. 1b. Since the deformation
of the RVE is driven by kinematic downscaling from the
macroscale, the average internal virtual work done per unit
length in the RVE arising from its constitutive response is
required for subsequent upscaling, and is obtained as

cs

~ A PN —~
(6Wins) = 7/Uij5”i,jdv

cs

= —=

//0\11(%!\1,1 +3135ﬁ1,3 +6‘31874‘3,1dv 5)
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where A is the cross-sectional area of the beam, ¢ is the
mesoscale RVE stress tensor, V is the RVE volume and %;, j
the displacement gradients.

2.3 Downscaling relations

The macroscale to mesoscale kinematic downscaling is based
on the requirement that the macroscale deformation can be
obtained from the mesoscale average. This defines a set
of boundary conditions to be imposed on the mesoscale
RVE. Beyond a smoothly varying component defined by
the macroscale deformation, the mesoscale deformation field
also needs to incorporate a locally fluctuating component to
account for the perturbations induced by the heterogeneity of
the mesoscale structure. Combining this with the macroscale
kinematics described by Eqgs. (1) and (2) yields the mesoscale
kinematic decomposition.

74\1 = ui — 36\3g0§ +5C\1Vui — 56\3551V(p§ +74\{< (6)
it\3 = M% +551Vu§ +7,7§ (7)

It is noted that since the RVE will be modelled using solid
elements, it will only have u; and u3 displacement degrees
of freedom (DOF). The first-order gradient terms in Egs. (6)
and (7) describe the smoothly varying component and (A)* are
the perturbation components for each mesoscale kinematic
variable. Here, X; is the position of a given mesoscale point
measured from the centroid of the RVE. This decomposition
is based on the assumption that there is a clear separation of
scale between the RVE length and the characteristic length
within which the applied load changes across the macroscale
[26, 44].

2.4 Upscaling relations

Homogenisation strategies enforce the Hill-Mandel condi-
tion to ensure that the external and internal work done across
scales are consistent [45]. The condition can be satisfied by
linear displacement, constant traction boundary conditions
or periodic boundary conditions (PBC). PBC is adopted here
because it is the most accurate and fastest converging among
the three [46—48].

To satisfy the Hill-Mandel condition, the macroscale
external virtual work density given in Eq. (4) must be equal
to the mesoscale average internal virtual work done per unit
length in Eq. (5). The mesoscale kinematic decomposition
from Eqgs. (6) and (7) are first substituted into Eq. (5) to give

~ A [ ~ .
(6Wine) = 7/011(8Vu§ — X38Ve5 +8uy )
+513(—8¢5 — X18V @S + 875 3) + 531 (3Vu§ + 8% 1 )dV

®
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Grouping the perturbation terms together,

~ ACS .
(SWins) = - 011 Vu§ + 031 Vdu§ — 013895
+(=511%3 — 013%1) V8gsdV

CcS
o /a]aﬁ’;l+a35ﬁ73+3315ﬁ§1dv

cs

= > /‘811V5u§+831V8u§—3'138(p§

+ (=511 %3 — 513%1) Vogsd V

cs

+ /?lairf +130u5dS )

The second integral of Eq. (9) vanishes for zero displace-
ment perturbations or constant tractions on S, as well as for
periodic boundary conditions. The elimination of this term
for the case where the top and bottom surfaces of the beam
are traction free, together with periodicity in the X} direction
has been shown in [35]. The average internal virtual work
done per unit length is then simplified to

- A [ o
(SWins) = 7/0118Vuﬁ +0130 (Vug — (p§)
+(—011%3 — 513%1) VogsdV (10)

A direct comparison between Egs. (10) and (4) yields the
homogenised macroscale forces in terms of the mesoscale
kinetic terms.

ACS —~

Ny = /aldv (11
\%
ACS ~

N13:T/313dv (12)
\%
ACS —~

M = v /(—011X3 —o13x1)dV (13)

In conventional FE2 methods, these homogenised forces
need to be upscaled as the macroscale nodal forces. In Direct
FE? however, the macroscale and mesoscale DOF are directly
linked and solved within the same FE iteration loop, hence a
separate extraction is not needed.

3 Implementation of the Direct FE> model

In this section, the implementation of the proposed Tim-
oshenko Beam Direct FE? model on commercial FE soft-
ware is presented. A quadratic shear-flexible beam element
(ABAQUS B22) with two integration points is chosen as the
macroscale beam element. This 3-noded beam element with
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a selective reduced integration scheme avoids shear locking
and has been shown to give a good approximation to the theo-
retical solution [49]. Two explicitly modelled RVEs are then
superimposed onto each beam element, with their centroids
coinciding with the integration points of the beam element,
i.e., both macroscale and mesoscale FE meshes appear on
top of each other in the same FE model. Material proper-
ties are assigned only to the mesoscale elements while the
macroscale elements have null properties.

3.1 Scale transition kinematic constraints

The kinematic constraints linking the macroscale and
mesoscale DOF are implemented by imposing onto the RVE
boundary nodes the PBCs as described by the macroscale
DOF. Based on the mesoscale kinematic decomposition pre-
sented in Egs. (6) and (7), the PBCs for u#} and 3 can be
written as

Wilg — il = brve(Vui —%3Ve5) (14)
w3lg — w3l = brve(Vus§) (15)

where (-)|r and (-)|, refer to the right and left boundaries of
the RVE respectively.

An additional set of constraints is required to prevent rigid
body translation of the RVE. This is done by prescribing the
RVE centroid to translate together with the beam integration
point where it is located, i.e.,

i‘\i|centr0id = uﬂinlptfori =13 (16)

With that, the complete set of PBCs and rigid body con-
straints can then be imposed onto the mesoscale RVE. Based
on the discretisation of the RVE, the PBCs and rigid body
constraints in Egs. (14)—(16) can be respectively rewritten as

3 3

R . , R .

ut =uy +bRVEZNj,1M{+bRVEX3ZNj,1GDé )
= i=1
3

iR iL J

R =ail +brve Y Njaul (18)

Jj=1

Acentratd

ZN ! (19)

where ()L and (-)'R in Eqs. (17) and (18) refer to the
nodes in the ith corresponding pair between the left and
right boundaries respectively, (-)/ refers to the jth node on
the macroscale beam element and N; refers to the quadratic
shape function attributed to that particular node. Equa-
tions (17)—(19) link the macroscale and mesoscale DOF and

can be directly implemented as MPCs in ABAQUS [50]. This
is done completely at the pre-processing stage.

The above equations are similar to those derived in [35]
and further details can be seen therein, with the key difference
being the shape functions used. In this proposed framework,
interpolation is done using quadratic shape functions arising
from the 3-node macroscale beam element chosen instead
of the Hermite interpolation functions commonly used for
non-shear-flexible beam and plate elements.

The constraint equations can be similarly obtained for a
3D macroscale beam and will be presented in brief here.
In 3D models, the beam element has six DOF, namely
ui, uz, u3, @1, @2 and @3, with the last three corresponding
to rotations about the 1, 2 and 3 axes respectively. Using a
first-order decomposition similar to the 2D beam and taking
into account perturbations introduced by the mesoscale het-
erogeneities, the PBC equations for the mesoscale RVE can
be written as

wilg — il = brve(Vu§ —2Ve§ + T3V 5) (20)
Wlg —W2lp = brve(Vu§ —B3Ve) 1)
w3lg —usly = brve(Vu§ + %2 Vef) (22)

In Eqgs. (21) and (22), the second term on the RHS are
deformations due to twisting in the macroscale beam ele-
ment, quantified by the gradient of the axial rotation of the
beam, V¢{. These terms do not appear in the 2D beam model.
Equations (20)—(22) can then be rewritten in terms of the
nodal DOFs as before.

3
~R __ =L J
uy” =uy +bRVEZNj,l”1

j:1

3
—bRVEszN] 1(03 +bRVEX3 Z js l(ﬂz

j=1 j=l1 (23)
3 ' 3 _
bR —iﬁZL"'bRVEZNj,lMé —bRVE%ZNj,HOf (24)
i=1 j=1
ik —@L+bRVEZNj,1M§ +bRVEf22Nj,1¢f (25)
Jj=1 Jj=1

The rigid body constraints can also be similarly expressed,

Acentrotd Z N M (26)
A? — ﬁgentroid + ’x\? Z N/@f (27)

j=1
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where Eq. (27) constrains the RVE against rigid body rota-
tion along the beam axis. It is imposed on a point, A, in the
RVE that is 555‘ offset from the centroid along the x, direc-
tion. Equations (23)—(27) can then be similarly written as
MPCs and implemented in ABAQUS to tie the macroscale
and mesoscale DOF.

3.2 Satisfaction of the Hill-Mandel condition

The other step in implementation of the Direct FE> homoge-
nization is the scaling of the RVEs to satisfy the Hill-Mandel
condition. Consider the total internal virtual work done for
each beam element,

ammz/QW%szzy%h@W%Qa (28)
o

where (-), denotes quantities at an integration point, and
o and J are the weights and Jacobian at the integration
points respectively. The Hill-Mandel condition requires that
the internal virtual work done at each macroscale integration
point to be equal to the average internal virtual work done in
the RVE located there. Substituting Egs. (5) into (28) yields

waJaACS/ ~ o~ =
SWine = —_— 0;;i0u; ;dV 29
= 7] e, % (29)

o

In Direct FE?, the commonly used strategy is to scale the
volume of the RVE, V, such that the coefficient (%’A“)
is unity. The macroscale work done is then the total inter-
nal strain energies at of all the mesoscale RVEs, as shown
in Eq. (29). As suggested by Tan et al. [29], this can be
achieved at the pre-processing stage by changing the RVE
section thickness for 2D analyses or by scaling the mesh
volume of the entire RVE for 3D analyses, i.e.,

Viy = wy Jy A (30)

It should be noted that volume scaling does not increase
computational cost. As shown in Fig. 2, if all dimensions of
the RVE is to be scaled by » to satisfy Eq. (30), all elements
are also scaled accordingly. The number of nodes and ele-
ments in the RVE mesh as well as their connectivity remain
unchanged. As such, the total degrees of freedom in the prob-
lem remain unchanged as well.

Note that in conventional FE2, Egs. (11)-(13) are needed
to identify the stresses to upscale in order to satisfy the
Hill-Mandel condition. In Direct FE2, energy consistency
is enforced simply by scaling the RVE energy through
scaling the RVE volume according to Eq. (30). Equa-
tions (11)—(13) are not required, but are presented never-
theless to demonstrate the consistency with conventional
upscaling approaches.

@ Springer
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Fig. 2 Illustration of uniform volume scaling of the RVE mesh by a
factor of n in all directions

3.3 Higher-order shear angle constraint

As reported by Klarmann et al. [41], imposing shear defor-
mations onto the RVE under simple PBCs would result in
spurious rotations. In other words, the set of constraints
in Egs. (17)—(19) obtained from first-order homogenisation
alone are insufficient to completely describe the RVE bound-
ary value problem. This is because the shear angle does not
appear in any of the constraint equations in Sect. 3.1 and is
hence not imposed at the mesoscale.

To resolve this, we propose to match the moments of %}
and u about the centroidal axis in an average sense, i.e.,

/ SR = f Ty1dFs 31)

Using Eq. (1) for the macroscale axial displacement and
performing the integration on the RHS, we obtain the con-
straint

h 3
/5?37[16156\3 = ——( RIV2E) (pg (32)

Details on the thought process that led to this choice of
constraint are presented in “Appendix A”. It should be noted
that a similar constraint was also mentioned in Geers et al.
[40]. In the proposed Direct FE? model, Eq. (32) is imposed
onto the left boundary of the RVE. For implementation into
ABAQUS as an MPC, it is rewritten in the discretised form

as
N 3 3

i (hrvE) brvE i
ZGIWIZ_TZ Nj+ === )Nt |e3
i=1 j=1

(33)

where
a = / BNy (34)

and N; is the shape function of node i on the mesoscale RVE
boundary.
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This constraint is similarly extended to the 3D beam
model. Here, one constraint is required for each shear angle.
They take the form

—— X brvE 1T (hrve) trvE)
dS =1 (¢5). - voe | | VRVE) URVE)
J ]S =[(othr (=25 ves [ P2

(35)
o~ o~ A_ . c
[, 5505 [

< bRVE) L} |:(IRVE)3 (hRVE):|
e Vos| | ————
2 > 12

(36)

where tgy g refers to the dimension of the RVE in the x,-
direction that was previously not considered in the 2D model.
It should be noted that the integrals are now surface integrals
about the left boundary surface of the RVE, instead of line
integrals used in the 2D model. Similarly, Egs. (35) and (36)
can then be written in their respective discretised forms below
to be imposed as MPCs.

N 3
i~ _ (hRvE)’ (tRVE) 3 bRrvE
=N __ ) _
Zb = 12 Z_,‘:1 [Nf * < 2

i=l1

N o (trvE)’ (hRVE) =3 brvE i
Zi_lcl’uﬂlzfilz Zj:l N;+ - Nji (pg/

)mqéen

(38)

where,

y:// NS (39)
Left

aZ// NS (40)
Left

With that, the proposed Timoshenko Beam Direct FE>
model is complete. The model is described by Eqgs. (17)-(19)
and (33) for 2D, and Eqs. (23)—(27), (37) and (38) for 3D,
and they are directly imposed as MPCs in ABAQUS to link
the macroscale and mesoscale DOF.

3.4 Comparison with the conventional FE?> method

Among the various computational homogenisation frame-
works, Direct FE? stands out for its ease of implementation.
As shown previously, Direct FE? can be implemented on
commercial FE codes through only 2 key steps, namely,
specifying the MPCs and RVE volume scaling, and both
are executed during the pre-processing stage. In contrast,
conventional FE? methods entail greater level of user inter-
vention. They often require a separate control script to
manage the information transfer between scales for each
problem. The tangent stiffness matrix calculations, which

can be complex depending on the nature of the problem, will
also need to be determined by the users whereas this is han-
dled entirely by the commercial FE code’s internal solver in
Direct FE2.

Since Direct FE? can be easily implemented on commer-
cial FE codes, another advantage is that it can make full use of
the readily available material models as well as other analy-
sis capabilities such as nonlinear large deformation, contact,
implicit dynamics [31] and even multi-physics [32].

The difference between conventional and Direct FE? goes
beyond how they are implemented. As shown in Fig. 3a, the
former comprises two iterative analysis loops—a mesoscale
FEA nested inside a macroscale FEA, i.e., the multiscale
analysis staggers between macroscale and mesoscale. When
implemented on solvers that are not reentrant, such as
ABAQUS, staggered schemes suffer significant downtime.
The non-reentrant nature means that each iterative loop must
be carried out as a separate FE analysis. As such, stag-
gered solution schemes require information to be exchanged
between the FE analyses of different scales through constant
reading and writing of computational data. Moreover, the
lag time associated with the starting of a FE analysis for
each iteration can add up considerably. On the other hand,
Direct FE? is a monolithic scheme that is performed in a sin-
gle iterative analysis loop as shown in Fig. 3b. It does not
require data exchange between scales and is carried out as
a single FE analysis, thus avoiding all the downtime men-
tioned. However, it is noted that the pre-processing time in
Direct FE* would be slightly longer for the MPC equations
between scales to be set up.

A comprehensive comparison of computational perfor-
mance between staggered and monolithic schemes was
conducted by Lange et al. [51], who proposed another mono-
lithic FE? scheme. By using an in-house FORTRAN code as
the microscale solver and integrating it with the macroscale
solver in ABAQUS through its UMAT interface, the down-
time associated with non-reentrant solvers for the staggered
scheme was circumvented. The examples they presented still
showed that the monolithic scheme consistently outperforms
the staggered scheme, with savings in computational costs
ranging from 40 to 60%. It should be pointed out that their
solver included steps to reduce the size and bandwidth of
the system of equations through static condensation and
renumbering of equations. The implementation of Direct
FE? presented here simply leverages on ABAQUS’ solver
without incorporating such optimization. Another compari-
son between conventional and Direct FE? can be found in
Raju et al. [21]. Both macroscale and microscale FEA of the
conventional FE? were solved on ABAQUS with informa-
tion between scales communicated through files. To discount
the downtime due to data exchange and starting ABAQUS
repeatedly, only the numbers of floating point operations for
computation were used for the evaluation. Direct FE? needed
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Fig.3 Schematic of iteration loop a conventional FE?, b direct FE?

about only 40% the number of operations in conventional
FEZ.

Next, the accuracy and necessity of this proposed Direct
FE? model is demonstrated using several example problems.

4 Modelling composite beams using direct
FE2

4.1 Single ply composite beam under shear

In the first example, we consider a single ply composite
beam subjected to significant transverse shear to demon-
strate that under circumstances when the assumptions of the
Euler—Bernoulli beam theory no longer hold, homogenisa-
tion models based on the Euler beam will be insufficient.
For such cases, the proposed Timoshenko Beam Direct FE?
model is required to capture the constitutive responses accu-
rately.

The beam is fixed at both ends and subjected to a down-
ward displacement at the midpoint as shown in Fig. 4. Based
on the symmetry of the problem, only the left-half of the
beam is modelled. The beam is modelled with both an Euler
Beam Direct FE> (EBeam) model as well as the proposed
Timoshenko Beam Direct FE? (TBeam) model. The results
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from both Direct FEZ models are benchmarked againsta DNS
model using solid elements (Fig. 5).

The beam consists of an elasto-plastic epoxy matrix with
properties taken from [30] and carbon fibres that are assumed
to be elastic (Table 1). An RVE of the beam can be seen in
Fig. 4b. Each RVE has 160 fibres with a diameter of 0.04 mm,
resulting in a fibre volume fraction of 0.402. The fibres
are randomly distributed, subjected to a minimum distance
between them and periodicity is enforced at the boundaries
along the axial direction of the beam. The RVE is modelled
with solid plane-stress elements (ABAQUS CPS4). The DNS
model is obtained by tessellating the RVE, while the two
Direct FE2 models are identical, except for the choice of
macroscale beam element used and consequently the MPCs
that are imposed (Table 2). The TBeam model is constructed
using two, three and five macroscale beam elements.

The midpoints of the beam models are then subjected to
a downward displacement of 1 mm. Since the two Direct
FE? models follow the conventional beam assumption of
transverse incompressibility, all nodes on the mid-beam
cross-section of the DNS model are displaced uniformly to
prevent any discrepancies that may arise from stress concen-
trations due to point loads.

From the force—displacement plot in Fig. 6, it can be
seen that only the constitutive response obtained from the
TBeam models matches that from the DNS model. This is the
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Fig.4 Single ply composite All dimensions in mm
beam under shear a schematic 0.25
showing problem geomtry and
loading conditions, b explicitly ; Iy
modelled RVE of the beam Displacement Load
In-plane Depth 1
2 2
1
Mid-span
Plane of Symmetry
12
v
(a) (b)
Fig.5 DNS and Direct FE?
models with loads and boundary
conditions for single ply
composite beam DNS
2
Model
v
Direct FE?
Model

Table 1 Material properties for single ply composite beam under shear

Table 2 Differences between EBeam and TBeam models

Material ~ Young’s modulus  Poisson’s ratio  Remarks Models  Macroscale beam element MPC equations
Epoxy 3.5GPa 0.34 Plasticity based on EBeam  Linear with Cubic Hermite Interpolation
experimental Formulation
data [30] (ABAQUS B23)
Carbon 230 GPa 0.2 Elastic TBeam  Quadratic Shear-flexible Quadratic Interpolation
(ABAQUS B22) Integral Constraint for ¢

case even for the TBeam model using only two macroscale
beam elements. The EBeam model is seen to be excessively
stiff compared to the DNS model. Since this is a problem
where significant shear is expected, the key difference in the
response of both Direct FE> models can be attributed to the
difference in shear deformation.

This is supported from the shear stress contours obtained
from all three models as shown in Fig. 7. The shear stress
contour obtained from the TBeam model is almost identical
to that obtained from the DNS model, whereas there is a stress
band located around the mid-height of the beam missing in
the EBeam model. This would be the expected transverse
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7 X107 Table 3 Compadson of CPU ' Models CPU time (s)
DNS Model time of the single ply composite
A
O Toeam Model & i) 4 beam DNS 863.8
61| % TBeam Model (3 Ele) A
X TBeam Model (5 Ele) A EBeam (3 153.4
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5+ N
N TBeam (2 113.9
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% R TBeam (3 222.8
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Fig. 6 Force—displacement plot of the single ply composite beam

DNS
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S, 812
(Avg: 75%)
+8.069e+08

TBeam
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+2.333e+07
+6.000e+00

EBeam
Model

Fig.7 Shear stress contour (Pa) of the single ply composite beam for
all three models

shear stress from beam theory that peaks at the beam’s neutral
axis, and is not accounted for in the EBeam model.

In terms of computational efficiency, it is evident from
Table 3 that all the Direct FE> models are much more effi-
cient than the DNS model due to the reduced number of
DOF arising from homogenisation. Unsurprisingly, a larger
extent of homogenisation attained by using fewer macroscale
beam elements would result in shorter computation times.
For this problem, the CPU time for the TBeam model with
two macroscale beam elements is only about 13.2% that for
the DNS model.

The study is then extended to investigate the effect of RVE
size on the analysis results. The TBeam model with 3 beam
elements is repeated using RVEs with widths of 0.125 mm,
0.25 mm and 0.5 mm, as shown in Fig. 8. The number of
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Fig.8 RVEs with similar fibre volume fraction but different widths
a0.125 mm, b 0.25 mm, ¢ 0.5 mm

fibres within each RVE is scaled accordingly such that the
fibre volume fraction is maintained at 0.402. Similar to the
original RVE, the fibres are randomly distributed, subjected
to same minimum distance between them and periodicity
is enforced at the boundaries along the axial direction of
the beam. As the areas of the RVEs now differ, the in-plane
thickness of the RVEs in each model need to be adjusted
accordingly.

From the force—displacement plots shown in Fig. 9, the
constitutive responses from all three TBeam models with dif-
ferent RVE widths match closely to that of the DNS model.
As such, the accuracy of the proposed Direct FE> model is
shown to be mostly unaffected by the size of the RVE, sug-
gesting that even the smallest RVE presented is large enough
to represent the mesostructure of the heterogeneous material.
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DNS Model

O TBeam Model (0.125mm)
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Fig.9 Force—displacement plot of the TBeam models with different
RVE widths

4.2 Angle-ply composite beams with single fibre
layer lamina

In this second example, we consider two different compos-
ite beams constructed from stacking plies with different fibre
orientations. The results for these cases will be benchmarked
against DNS analyses to investigate the ability of the pro-
posed model in handling more complicated structures and
load effects.

Fig. 10 Antisymmetric beam All dimensions in mm
under axial load a DNS model, (a)
b TBeam model, ¢ RVE

(b)

7
3510

DNS Model .
— — —DNS Model (w/o ends) T
N *  TBeam Model o
~
- - -
*
~
Z
251 =
z
z
z
_ 2F z
g z
7
T 7

= 7

151

051

L L L L L L )
002 0025 003 003 004 0.045 0.05

€1

0 L L L
0 0.005 0.01 0.015

Fig. 11 Axial stress—strain plot of the antisymmetric angle-ply beam
under axial loading

4.2.1 Antisymmetric beam with stretch-twist coupling

For Example 2.1, we first consider a beam with an antisym-
metric [+ 45/— 45]» ply layup subjected to a tensile load.
Due to the heterogeneity of the plies, this beam will result in
an out-of-plane coupled twisting effect when an axial load
is applied. Within the elastic regime, this can be predicted
using the Classical Laminate Theory (CLT) [52].

The model is shown in Fig. 10. The RVE of the beam
is formed by stacking four plies with their fibres oriented
in the respective directions. When viewed along the fibre
direction, each ply has a row of eight fibres with a diameter of
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Fig. 12 Mises stress contour (Pa) of the antisymmetric angle-ply beam under axial loading. Displacements perpendicular to the beam axial direction

are amplified to show twisting effects more clearly
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Fig. 13 Plot of angle of twist per unit length against strain for the anti-
symmetric angle-ply beam under axial loading

Fig. 14 Symmetric beam under All dimensions in mm
cantilever load a DNS model,

b TBeam model, ¢ RVE (a)
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0.08 mm and a periodic spacing of 0.1 mm, resulting in a fibre
volume fraction of 0.502. The matrix and fibres have the same
properties as the previous example, as shown in Table 1. The
RVE is modelled with solid brick elements (ABAQUS C3D8)
and the DNS model is obtained by tessellating the RVE. For
the TBeam model, only one macroscale beam element is used
here since this is a homogeneous load. The axial load is then
applied by displacing both ends of the beam equally but in
opposite directions.

As seen from the axial stress—strain plot in Fig. 11, the
TBeam model is able to capture the constitutive response of
the composite beam very closely, demonstrating its ability to
model more complicated structures and loading effects using
fewer DOF than a full DNS analysis. The DNS model has
a slightly stiffer response when the relative displacements
of the ends are used to determine the strain (solid line) due
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Fig. 15 Moment-displacement plot of cantilever symmetric angle-ply
beam

to differences in the boundary conditions of the DNS model
and the mesoscale RVEs. In the DNS model, cross-sections
at both ends of the beam are displaced uniformly, therefore
preventing any perturbations along the axial direction. In con-
trast, the response of the beam elements in the TBeam model
are determined by the homogenized RVEs which permit peri-
odic perturbations and are hence less constrained compared
to the DNS model. If the strain in the DNS model is deter-
mine from the relative displacements of two points on the
centreline 0.565 mm (one RVE length) away from the ends
(dashed line), the results from both models match exactly.

Fig. 16 Mises stress contour
(Pa) of the cantilever symmetric
angle-ply beam

This is also observed in the Mises stress contours of both
models as seen in Fig. 12. Under the homogeneous axial
load with a coupled twisting effect, the stress contours of
both models match closely. At both ends of the beam, the
DNS model is seen to have higher stress values, due to
the uniform displacement loads imposed. Furthermore, the
deformed configurations of both models also show similar
twisting deformations as seen in Fig. 12.

The angle of twist per unit length in both models are also
compared to determine how well the coupled twisting effect
is captured by the TBeam model. In the TBeam model, the
angle of twist per unit length is simply obtained as the change
in ¢f across the length of the beam. For the DNS model, the
in-plane rotations at both end cross-sections are first obtained
by considering the in-plane displacements of the nodes. The
angle of twist per unit length is then obtained as the differ-
ence between them across the length of the beam. As seen
in the plot in Fig. 13, there is a clear difference in the values
obtained by both models when nodal values at the ends of
the beam are used. This is once again due to differences at
the loaded ends between solid elements and beam elements.
It becomes negligible when the end effects are reduced by
using nodal displacements away from the ends of the DNS
beam for comparison.

4.2.2 Symmetric cantilever beam

For Example 2.2, we consider a beam with a symmetric [+
45/— 45]s ply layup subjected to a cantilever load as shown
in Fig. 14.

S, Mises
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Fig. 17 Dimensions for one ply
in the RVE of beam with
multi-layer fibre lamina

All dimensions in mm

'.‘\\ '

\_\\\'
(b)

Fig. 18 RVE layup configuration and loading conditions for beams with
multi-layer fibre lamina a antisymmetric beam under axial load, b sym-
metric beam under cantilever load

Except for the RVE ply layup configuration, the TBeam
and DNS models are largely identical to that in the previ-
ous case. Compared to Example 2.1, the plies in this RVE
are rearranged according to the symmetric layup as seen in
Fig. 14c. Two macroscale beam elements are now used for
the TBeam model instead of one, as the beam deformation
varies along its length. Another set of simulations were per-
formed on a beam of length twice that shown in Fig. 14 to
investigate end effects. The results from both sets of simula-
tions are plotted on the same diagram in Fig. 15. The bending
moment per unit area at the fixed end of the beam is chosen
for the ordinate of the plot because nonlinearity due to plastic
deformation is caused mainly by bending stresses. To facil-
itate comparison, the vertical displacement of the free end
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Fig. 19 Axial stress—strain plot of the antisymmetric beam with single-
and multi-layer fibre lamina under axial loading

shown on the abscissa is scaled by the square of the beam
length, i.e., u3/L?, to bring all the plots together.

Similar to Example 2.1, the plots show that the TBeam
model is able to capture the constitutive response of this com-
posite beam with a symmetric layup using fewer DOF than
a full DNS analysis. The results for Example 2.2 (blue plots)
also shows that the DNS model has a slightly stiffer response,
due to the boundary conditions applied to the two ends of the
beam. When the lengths of the beams are doubled, these ends
effects are reduced and the moment-displacement plots pre-
dicted by both models match more closely, as seen in the red
plots.

This is further evidenced by the Mises stress contours of
both models with the original length as seen in Fig. 16. Atthe
fixed end of the beam, the DN'S model shows slightly higher
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Fig.20 Normal stress contour (Pa) for the antisymmetric beam with multi-layer fibre lamina under axial load a TBeam model, b magnified view

of the left RVE, ¢ corresponding RVE from Example 2.1

stresses due to the end conditions. Away from the fixed end,
both models predict stress contours that are highly similar. A
sectioned view of the DNS model at approximately the same
location as the leftmost RVE of the TBeam model also shows
a highly similar internal stress distribution in the fibres and
matrix.

4.3 Composite beams with multi-layer fibre lamina

In the previous example, each ply in the RVE had only a single
layer of fibres across its height to maintain a practical compu-
tational time for the DNS models. Having demonstrated that
the proposed TBeam model is able to predict the constitutive
response of a given heterogeneous beam with much fewer
DOF compared to a full DNS analysis, we reconsider the
same angle-ply composite beam but with more fibres per ply
that are more representative of actual composites. This makes
the model too computationally intensive for a full DNS anal-
ysis but the analysis is still manageable with the Direct FE?
TBeam model.

When viewed along the fibre direction, each ply now con-
sists of five by ten fibres with a diameter of 0.016 mm as
shown in Fig. 17, maintaining the same fibre volume frac-
tion as in previous examples. For each of the beams, four
plies are then rotated and stacked to form the respective anti-
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Fig.21 Moment-displacement plot of the symmetric beam with multi-
layer fibre lamina under cantilever load

symmetric [+ 45/— 45], and symmetric [+ 45/— 45] ply
layups.

The beams still have an overall length of 5.65 mm, now
corresponding to a length of 40 RVEs, and are subjected to
the same loading conditions used in the previous examples
(Fig. 18).
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Fig.22 Mises stress contour
(Pa) for the symmetric beam
with multi-layer fibre lamina
under cantilever load a TBeam
model, b magnified view of the
leftmost RVE, ¢ corresponding
RVE from Example 2.2

4.3.1 Antisymmetric beam with axial-twist coupling

The axial stress vs strain plot of the antisymmetric beam is
shown in Fig. 19. Compared to the axial stress—strain plot of
the beam in Example 2.1, it can be seen that the corresponding
stiffness of the beam with smaller fibre sizes is only slightly
higher. The plots also show a similar degree of plasticity.

On the other hand, a comparison between the normal stress
contours with the RVEs in Examples 2.1 and 3.1 shows clear
differences as seen in Fig. 20. The stress contour in the RVE
with the smaller fibre sizes (RVE 3.1) shows that the fibres
bear larger stresses than that predicted with the RVE with
larger fibres (RVE 2.1). While RVE 3.1 shows inter-ply fibre
interface stresses that are largely similar to those seen in RVE
2.1, theintra-ply fibre interfaces in RVE 3.1 are shown to have
areas with significant compressive stresses, which cannot be
observed in RVE 2.1 that has only a single fibre along the
height in each ply.

4.3.2 Symmetric cantilever beam

From the moment-displacement plot in Fig. 21, it can be
seen that this cantilever beam with smaller fibres is signifi-
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cantly more flexible than the beam in Example 2.2. Unlike
the stretch-twist coupling example in Fig. 20 where axial
strains are uniform over the beam cross section, there is now
a strain gradient along the height of the beam. Consequently,
the spatial distribution of the heterogeneities strongly affects
the beam stiffness. This can be observed from the RVE Mises
stress contours in Fig. 22b and c. The RVE with smaller fibres
(RVE 3.2) shows significant changes in the fibre stresses
along the height of the RVE, even within the same ply. This
cannot be captured by the RVE with single large fibres in each
ply (RVE 2.2). Moreover, although both RVEs show similar
inter-ply fibre interface stresses, once again only RVE 3.2
is able to capture the intra-ply fibre interface stress distribu-
tions. Both RVEs also show changes in the stress levels along
the direction of the beam axis, with the changes being more
obvious in RVE 3.2.

Both these examples underscore the importance of mod-
elling heterogeneous structures with sufficient details to
obtain more accurate predictions from FE analyses. Hence,
the proposed TBeam model may prove useful in circum-
stances whereby detailed predictions are required but a full
DNS analysis remains unfeasible due to computational lim-
its, and the problem cannot be simply reduced to an RVE
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Fig. 23 RVE deformations with different shear angle constraints

analysis as in the case for homogeneous loads. Beyond com-
posites, the model can also be similarly applied to beam
problems involving other types of heterogeneous structures,
as long as the base material properties are known and an
appropriate RVE can be constructed.

5 Conclusions

A Direct FE? homogenisation model for a beam element that
takes into account transverse shear deformations based on
the Timoshenko-Ehrenfest beam theory has been presented.
It is shown that the multiscale analysis can be carried out
as a single FE analysis on commercial codes and is eas-
ily implemented through two pre-processing steps—setting

up multipoint constraint equations to link macroscale and
mesoscale degrees of freedom and scaling the volume of the
mesoscale RVE mesh for energy consistency. The kinematic
downscaling of the shear angle is key to the development of
such a framework and is achieved by equating the moments
of axial displacement about the centroid of the beam cross
section at both macro- and meso- scales. Examples in 2D and
3D demonstrate the proposed model accurately reproduces
predictions from DNS. Plots of beam displacements vs load
agree to within 2%. The coupling of axial stretching and
twisting in antisymmetric fibre reinforced composite beams
was also captured correctly. Besides similarity in structural
response, stress contours within the DNS model and the
RVEs of the FE? model also matched closely. Because of
the reduction in degrees of freedom, large savings in com-
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Fig. 24 Shear strain contour plot for RVE with displacement moment
constraint

putational cost over DNS are achieved. For the 2D example
shown, the proposed FE? model gave results similar to the
DNS model but took only 13% of the computational time.
Direct FE? homogenization was also implemented based on
the kinematics of Euler beam theory. With no provision
for shear deformation, the model was significantly stiffer
compared to the DNS model and homogenized Timoshenko-
Ehrenfest beam for shear dominant loads. This further shows
that the proposed model is an important addition to the reper-
toire of homogenisation models developed.
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Appendix A: Imposition of an integral
constraint for shear

In this appendix, the thought process leading up to the inte-
gral constraint Eq. (32) will be presented. As previously
discussed in Sect. 3.3, the constraints arising from first-order
homogenisation alone are insufficient to constrain the RVE
and would result in spurious rotations. To illustrate this, we
consider a RVE located at an integration point of a homoge-
neous beam subjected to simple shear, i.e.,

@5 = Vg5 =Vu§ =0,Vu§ >0 (41)

For a homogeneous beam, the RVE is expected to deform
as shown in Fig. 23a to match the macroscale kinemat-
ics described above. However, the constraints presented in
Sect. 3.1 would result in the RVE undergoing a rotation about
the 2-axis as shown in Fig. 23b. It is pointed out that this is
not strictly a rigid body rotation as the RVE is stretched in
the beam’s axial direction to satisfy the macroscale constraint

@ Springer

Vu§ = 0. A comparison with Fig. 23a shows that the shear
angle, @5, is not being imposed onto the RVE in Fig. 23b.
This is because the shear angle does not appear in any of the
constraint equations in Sect. 3.1. We present several attempts
to address this.

A natural first consideration would be to constrain 7] such
that it matches u| in an average sense over the height of the
beam, i.c.,

/ dE = / w1 42)

For the simple shear described by Eq. (41), this is simply,
/ T1d73 = 0 43)

Due to the periodicity of u; from Eq. (14), such a con-
straint needs to be imposed on only one boundary of the
RVE, either left or right. However, imposing this constraint
still resulted in the rotation as seen in Fig. 23b.

Next, we attempt to impose @, to match ¢ in an average
sense over the height of the beam instead, i.e.,

1
hrvE

/ $rdFs = ¢ 44)

Note that ¢; is a DOF only in the macroscale beam element
but not the Cy solid elements used to model the RVE. As such,
a proxy is used for ¢; instead.

o~

pr = —odd (45)
0X3

Substituting the Eq. (45) into Eq. (44) and performing the
integration yields the constraint

af —al = hrvEes (46)

where (-)8 and ()7 refer to the bottom and top node of the
RVE boundary respectively. Imposing this constraint would
result in the deformed RVE as shown in Fig. 23c. The RVE
is seen to undergo a rotation that is constrained at the four
vertices, which is clearly incorrect.

The constraint in Eq. (43) is then revisited to understand
why it fails to enforce the correct shear angle ¢S5 onto the
RVE and prevent the spurious rotations. From Fig. 23b, it
can be seen that the spurious rotation causes % of the RVE
boundary to deviate from 1 by a similar magnitude but in
opposite directions above and below the neutral axis, X3 = 0.
As aresult, 7] and u still match in an average sense despite
significant local deviations.
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Fig. 25 Shear stress (Pa)
contours of beams under shear (a)
a solid elements model, b direct
FE? model with the shear angle
kinematic integral constraint
s, 512
Bottom, (fraction = -1.0)
(Avg: 75%)

Instead of imposing %] to match u, we then attempt to
match the moments of ] and u; about the centroidal axis in
an average sense, i.e.,

[®imam = [Fuan

Using Eq. (1) for the macroscale axial displacement and
performing the integration on the RHS, we then obtain the
constraint

(47)

(hrvE)? o

12 7?2 (48)

/ 3E1dT = —

Imposing the constraint in Eq. (32) onto the RVE results
in the deformation as seen in Fig. 23d—a close match to the
expected deformation.

Furthermore, the shear strain contour of the RVE in Fig. 24
shows that the transverse shear is low at the top and bottom
surfaces of the RVE and peaks towards the mid-height, con-
sistent with the theoretical description of transverse shear in
beams.

Although the transverse shear is not exactly zero at the
top and bottom surfaces, this is an expected effect from the
finite element discretisation. This can be seen from a sim-
ple comparison between solid elements and the proposed
Timoshenko Beam Direct FE? model using a homogeneous
beam subjected to a transverse shear load. As seen in Fig. 25,
the beam modelled using solid elements also shows low but
nonzero transverse shear stresses at the top and bottom sur-
faces, and the shear stress contour from the Direct FE? model
matches closely to that from the former.

+6.953e+07
+1.887e+07
+1.746e+07
+1.606e+07
+1.465e+07
+1.324e+07
+1.183e+07
+1.043e+07
+9.020e+06
+7.613e+06
+6.206e+06
+4.799e+06
+3.392e+06
+1.985e+06

References

10.

11.

. Feyel F (1999) Multiscale FE2 elastoviscoplastic analysis of com-

posite structures. Comput Mater Sci 16:344-354

. Terada K, Kikuchi N (2001) A class of general algorithms for

multi-scale analyses of heterogeneous media. Comput Methods
Appl Mech Eng 190:5427-5464

. Miehe C, Schroder J, Becker M (2002) Computational homoge-

nization analysis in finite elasticity: material and structural insta-
bilities on the micro-and macro-scales of periodic composites and
their interaction. Comput Methods Appl Mech Eng 191:4971-5005

. Miehe C, Schroder J, Schotte J (1999) Computational homogeniza-

tion analysis in finite plasticity simulation of texture development
in polycrystalline materials. Comput Methods Appl Mech Eng
171:387-418

. Feyel F(2003) A multilevel finite element method (FE2) to describe

the response of highly non-linear structures using generalized con-
tinua. Comput Methods Appl Mech Eng 192:3233-3244

. Ghosh S, Lee K, Moorthy S (1995) Multiple scale analysis of

heterogeneous elastic structures using homogenization theory and
voronoi cell finite element method. Int J Solids Struct 32:27-62

. Otero F, Oller S, Martinez X (2018) Multiscale computational

homogenization: review and proposal of a new enhanced-first-order
method. Arch Comput Methods Eng 25:479-505

. Kouznetsova V, Geers MG, Brekelmans WM (2002) Multi-scale

constitutive modelling of heterogeneous materials with a gradient-
enhanced computational homogenization scheme. Int J Numer
Methods Eng 54:1235-1260

. Kouznetsova V, Geers MG, Brekelmans W (2004) Multi-scale

second-order computational homogenization of multi-phase mate-
rials: a nested finite element solution strategy. Comput Methods
Appl Mech Eng 193:5525-5550

Smit RJ, Brekelmans WM, Meijer HE (1998) Prediction of the
mechanical behavior of nonlinear heterogeneous systems by multi-
level finite element modeling. Comput Methods Appl Mech Eng
155:181-192

Ghosh S, Lee K, Moorthy S (1996) Two scale analysis of hetero-
geneous elastic-plastic materials with asymptotic homogenization
and voronoi cell finite element model. Comput Methods Appl Mech
Eng 132:63-116

@ Springer



910

Computational Mechanics (2022) 70:891-910

12.

13.

14.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

Feyel F, Chaboche J-L (2000) FE2 multiscale approach for mod-
elling the elastoviscoplastic behaviour of long fibre SiC/Ti com-
posite materials. Comput Methods Appl Mech Eng 183:309-330
Tikarrouchine E, Chatzigeorgiou G, Praud F, Piotrowski B,
Chemisky Y, Meraghni F (2018) Three-dimensional FE2 method
for the simulation of non-linear, rate-dependent response of com-
posite structures. Compos Struct 193:165-179

Nezamabadi S, Potier-Ferry M, Zahrouni H, Yvonnet J (2015)
Compressive failure of composites: a computational homogeniza-
tion approach. Compos Struct 127:60-68

. Ghosh S, Lee K, Raghavan P (2001) A multi-level computational

model for multi-scale damage analysis in composite and porous
materials. Int J Solids Struct 38:2335-2385

Herwig T, Wagner W (2018) On a robust FE2 model for delamina-
tion analysis in composite structures. Compos Struct 201:597-607
Verhoosel CV, Remmers JJ, Gutiérrez MA, De Borst R (2010)
Computational homogenization for adhesive and cohesive failure
in quasi-brittle solids. Int ] Numer Methods Eng 83:1155-1179
Matous K, Kulkarni MG, Geubelle PH (2008) Multiscale cohesive
failure modeling of heterogeneous adhesives. ] Mech Phys Solids
56:1511-1533

Zabihyan R, Mergheim J, Pelteret J, Brands B, Steinmann P
(2020) FE2 simulations of magnetorheological elastomers: influ-
ence of microscopic boundary conditions, microstructures and free
space on the macroscopic responses of MREs. Int J Solids Struct
193:338-356

Xu R, Bouby C, Zahrouni H, Zineb TB, Hu H, Potier-Ferry
M (2018) 3D modeling of shape memory alloy fiber reinforced
composites by multiscale finite element method. Compos Struct
200:408-419

Raju K, Tay T-E, Tan VBC (2021) A review of the FE 2 method for
composites. Multiscale Multidiscip Model Exp and Des. https://
doi.org/10.1007/s41939-020-00087-x

Tchalla A, Belouettar S, Makradi A, Zahrouni H (2013) An
ABAQUS toolbox for multiscale finite element computation. Com-
posites B 52:323-333

Riafio L, Joliff Y (2019) An Abaqus™ plug-in for the geometry
generation of representative volume elements with randomly dis-
tributed fibers and interphases. Compos Struct 209:644—651
Omairey SL, Dunning PD, Sriramula S (2019) Development of
an ABAQUS plugin tool for periodic RVE homogenisation. Eng
Comput 35:567-577

Asada T, Ohno N (2007) Fully implicit formulation of elastoplastic
homogenization problem for two-scale analysis. Int J Solids Struct
44:7261-7275

Kouznetsova V, Brekelmans W, Baaijens F (2001) An approach to
micro-macro modeling of heterogeneous materials. Comput Mech
27:37-48

Miehe C (2003) Computational micro-to-macro transitions for
discretized micro-structures of heterogeneous materials at finite
strains based on the minimization of averaged incremental energy.
Comput Methods Appl Mech Eng 192:559-591

Miehe C (2002) Strain-driven homogenization of inelastic
microstructures and composites based on an incremental varia-
tional formulation. Int J Numer Methods Eng 55:1285-1322

Tan VBC, Raju K, Lee HP (2020) Direct FE2 for concurrent mul-
tilevel modelling of heterogeneous structures. Comput Methods
Appl Mech Eng 360:112694

Koyanagi J, Kawamoto K, Higuchi R, Tan VBC, Tay T-E (2021)
Direct FE2 for simulating strain-rate dependent compressive failure
of cylindrical CFRP. Composites C 5:100165

ZhiJ,Raju K, Tay T-E, Tan VBC (2021) Transient multi-scale anal-
ysis with micro-inertia effects using Direct FE2 method. Comput
Mech 67:1645-1660

@ Springer

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

ZhiJ, Raju K, Tay TE, Tan VBC (2021) Multiscale analysis of ther-
mal problems in heterogeneous materials with Direct FE2 method.
Int J Numer Methods Eng. https://doi.org/10.1002/nme.6838
Schrefler BA, Lefik M (1996) Use of homogenization theory to
build a beam element which captures thermo-dynamic microscale
properties. Struct Eng Mech 4:613-630

Cartraud P, Messager T (2006) Computational homogenization of
periodic beam-like structures. Int J Solids Struct 43:686—-696

Xu J, Li P, Poh LH, Zhang Y, Tan VBC (2022) Direct FE2 for con-
current multilevel modelling of heterogeneous thin plate structures.
Comput Methods Appl Mech Eng 392:114658

Bauchau OA, Craig JI (2009) Euler-Bernoulli beam theory Struc-
tural analysis. Springer, Dordrecht, pp 173-221

Bauchau O, Craig J (2009) Kirchhoff plate theory structural anal-
ysis. Springer, Dordrecht, pp 819-914

Daniel IM, Gdoutos EE, Abot JL, Wang K-A (2003) Deforma-
tion and failure of composite sandwich structures. J Thermoplast
Compos Mater 16:345-364

Markham M, Dawson D (1975) Interlaminar shear strength of fibre-
reinforced composites. Composites 6:173—-176

Geers MG, Coenen EW, Kouznetsova VG (2007) Multi-scale com-
putational homogenization of structured thin sheets. Modell Simul
Mater Sci Eng 15:S393

Klarmann S, Gruttmann F, Klinkel S (2020) Homogenization
assumptions for coupled multiscale analysis of structural elements:
beam kinematics. Comput Mech 65:635-661

Timoshenko SP (1921) LXVI. On the correction for shear of the
differential equation for transverse vibrations of prismatic bars.
Lond Edinb Dublin Philos Mag J Sci 41:744-746

Wang CM (1995) Timoshenko beam-bending solutions in terms of
Euler-Bernoulli solutions. J Eng Mech 121:763-765

Geers MG, Kouznetsova VG, Brekelmans W (2010) Multi-scale
computational homogenization: trends and challenges. J] Comput
Appl Math 234:2175-2182

Hill R (1952) The elastic behaviour of a crystalline aggregate. Proc
Phys Soc A 65:349

Pivovarov D, Zabihyan R, Mergheim J, Willner K, Steinmann P
(2019) On periodic boundary conditions and ergodicity in compu-
tational homogenization of heterogeneous materials with random
microstructure. Comput Methods Appl Mech Eng 357:112563
Van der Sluis O, Schreurs P, Brekelmans W, Meijer H (2000) Over-
all behaviour of heterogeneous elastoviscoplastic materials: effect
of microstructural modelling. Mech Mater 32:449-462

Terada K, Hori M, Kyoya T, Kikuchi N (2000) Simulation of
the multi-scale convergence in computational homogenization
approaches. Int J Solids Struct 37:2285-2311

Prathap G, Bhashyam G (1982) Reduced integration and the shear-
flexible beam element. Int ] Numer Methods Eng 18:195-210
Abel JF, Shephard MS (1979) An algorithm for multipoint con-
straints in finite element analysis. Int J Numer Methods Eng
14:464-467

Lange N, Hiitter G, Kiefer B (2021) An efficient monolithic solu-
tion scheme for FE2 problems. Comput Methods Appl Mech Eng
382:113886

Chawla KK (2012) Analysis of laminated composites. Compos-
ite materials: science and engineering. Springer, New York, pp
400-413

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.


https://doi.org/10.1007/s41939-020-00087-x
https://doi.org/10.1002/nme.6838

	Multiscale computational homogenisation of shear-flexible beam elements: a Direct FE2 approach
	Abstract
	1 Introduction
	2 Scale transition relations for a shear-flexible beam
	2.1 Macroscale shear-flexible beam
	2.2 Mesoscale RVE
	2.3 Downscaling relations
	2.4 Upscaling relations

	3 Implementation of the Direct FE2 model
	3.1 Scale transition kinematic constraints
	3.2 Satisfaction of the Hill-Mandel condition
	3.3 Higher-order shear angle constraint
	3.4 Comparison with the conventional FE2 method

	4 Modelling composite beams using direct FE2
	4.1 Single ply composite beam under shear
	4.2 Angle-ply composite beams with single fibre layer lamina
	4.2.1 Antisymmetric beam with stretch-twist coupling
	4.2.2 Symmetric cantilever beam

	4.3 Composite beams with multi-layer fibre lamina
	4.3.1 Antisymmetric beam with axial-twist coupling
	4.3.2 Symmetric cantilever beam


	5 Conclusions
	Acknowledgements
	Appendix A: Imposition of an integral constraint for shear
	References




