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Abstract
Tire aerodynamics with actual tire geometry, road contact and tire deformation pose tough computational challenges. The
challenges include (1) the complexity of an actual tire geometry with longitudinal and transverse grooves, (2) the spin of the
tire, (3) maintaining accurate representation of the boundary layers near the tire while being able to deal with the flow-domain
topology change created by the road contact and tire deformation, and (4) the turbulent nature of the flow. A new space–
time (ST) computational method, “ST-SI-TC-IGA,” is enabling us to address these challenges. The core component of the
ST-SI-TC-IGA is the ST Variational Multiscale (ST-VMS) method, and the other key components are the ST Slip Interface
(ST-SI) and ST Topology Change (ST-TC) methods and the ST Isogeometric Analysis (ST-IGA). The VMS feature of the
ST-VMS addresses the challenge created by the turbulent nature of the flow, the moving-mesh feature of the ST framework
enables high-resolution flow computation near the moving fluid–solid interfaces, and the higher-order accuracy of the ST
framework strengthens both features. The ST-SI enables moving-mesh computation with the tire spinning. The mesh covering
the tire spins with it, and the SI between the spinning mesh and the rest of the mesh accurately connects the two sides of the
solution. The ST-TC enables moving-mesh computation even with the TC created by the contact between the tire and the
road. It deals with the contact while maintaining high-resolution flow representation near the tire. Integration of the ST-SI
and ST-TC enables high-resolution representation even though parts of the SI are coinciding with the tire and road surfaces.
It also enables dealing with the tire–road contact location change and contact sliding. By integrating the ST-IGA with the
ST-SI and ST-TC, in addition to having a more accurate representation of the tire geometry and increased accuracy in the flow
solution, the element density in the tire grooves and in the narrow spaces near the contact areas is kept at a reasonable level.We
present computations with the ST-SI-TC-IGA and two models of flow around a rotating tire with road contact and prescribed
deformation. One is a simple 2D model for verification purposes, and one is a 3D model with an actual tire geometry and
a deformation pattern provided by the tire company. The computations show the effectiveness of the ST-SI-TC-IGA in tire
aerodynamics.
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1 Introduction

In this article, we address the computational challenges faced
in tire aerodynamics with actual tire geometry, road contact
and tire deformation. The article is an updated version of
a recent book chapter [1]. The challenges include (1) the
complexity of an actual tire geometry with longitudinal and
transverse grooves, (2) the spin of the tire, (3) maintain-
ing accurate representation of the boundary layers near the
tire while being able to deal with the flow-domain topology
change created by the road contact and tire deformation, and
(4) the turbulent nature of the flow.
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A new space–time (ST) computational method, “ST-SI-
TC-IGA” [2], is enabling us to address the computational
challenges. The ST-SI-TC-IGA was introduced [2] in the
context of heart valve flow analysis. Its core component is
the ST Variational Multiscale (ST-VMS) method [3–5], and
the other key components are the ST Slip Interface (ST-SI)
[6,7] and ST Topology Change (ST-TC) [8,9] methods and
the ST Isogeometric Analysis (ST-IGA) [3,10,11].

1.1 ST-VMS

The ST-VMS is the VMS version of the Deforming-
Spatial-Domain/Stabilized ST (DSD/SST) method [12–14].
The DSD/SST was introduced for computation of flows
with moving boundaries and interfaces (MBI), including
fluid–structure interactions (FSI). In MBI computations the
DSD/SST functions as a moving-mesh method. Moving the
fluid mechanics mesh to track an interface enables mesh-
resolution control near the interface and, consequently, high-
resolution boundary-layer representation near fluid–solid
interfaces. The stabilization components of the DSD/SST are
the Streamline-Upwind/Petrov-Galerkin (SUPG) [15] and
Pressure-Stabilizing/Petrov-Galerkin (PSPG) [12] stabiliza-
tions, which are used very widely. Because of the SUPG and
PSPG components, the DSD/SST is now also called “ST-
SUPS.” The VMS components of the ST-VMS are from the
residual-based VMS (RBVMS) method [16–19]. There are
two more stabilization terms beyond those in the ST-SUPS,
and these additional terms give the method better turbulence
modeling features. The ST-SUPS and ST-VMS, because of
the higher-order accuracy of the ST framework (see [3,4]),
are desirable also in computations without MBI.

The Arbitrary Lagrangian–Eulerian (ALE) method is
an older and more commonly used moving-mesh method.
The ALE-VMS method [20–25] is the VMS version of
the ALE. It was introduced after the ST-SUPS [12] and
ALE-SUPS [26] and preceded the ST-VMS. To increase
their scope and accuracy, the ALE-VMS and RBVMS are
often supplemented with special methods, such as those for
weakly-enforced no-slip boundary conditions [27–29], “slid-
ing interfaces” [30,31] and backflow stabilization [32]. They
have been applied to many classes of FSI, MBI and fluid
mechanics problems. The classes of problems include wind-
turbine aerodynamics and FSI [33–40], more specifically,
vertical-axis wind turbines [41,42], floating wind turbines
[43], wind turbines in atmospheric boundary layers [44],
and fatigue damage in wind-turbine blades [45], patient-
specific cardiovascular fluid mechanics and FSI [20,46–51],
biomedical-device FSI [52–57], ship hydrodynamics with
free-surface flow and fluid–object interaction [58,59], hydro-
dynamics and FSI of a hydraulic arresting gear [60,61],
hydrodynamics of tidal-stream turbines with free-surface
flow [62], and bioinspired FSI for marine propulsion [63,64].

The ST-SUPS and ST-VMS have also been applied to
many classes of FSI,MBI and fluidmechanics problems. The
classes of problems include spacecraft parachute analysis for
the landing-stage parachutes [23,65–68], cover-separation
parachutes [69] and the drogue parachutes [70–72], wind-
turbine aerodynamics for horizontal-axis wind-turbine rotors
[23,33,73,74], full horizontal-axis wind-turbines [39,75–
77] and vertical-axis wind-turbines [6,78], flapping-wing
aerodynamics for an actual locust [10,23,79,80], bioin-
spired MAVs [76,77,81,82] and wing-clapping [8,83], blood
flow analysis of cerebral aneurysms [76,84], stent-blocked
aneurysms [84–86], aortas [87–90] and heart valves [2,8,
9,77,89,91,92], spacecraft aerodynamics [69,93], thermo-
fluid analysis of ground vehicles and their tires [5,91],
thermo-fluid analysis of disk brakes [7], flow-driven string
dynamics in turbomachinery [94,95], flow analysis of tur-
bocharger turbines [11,96–98], flow around tires with road
contact and deformation [1,91,99], ram-air parachutes [100],
and compressible-flow spacecraft parachute aerodynamics
[101,102].

In tire-aerodynamics computational analysis, the VMS
feature of the ST-VMS addresses the challenge created by
the turbulent nature of the flow, the moving-mesh feature
of the ST framework enables high-resolution flow computa-
tion near the moving air–tire interface, and the higher-order
accuracy of the ST framework strengthens both features.
Furthermore, compared to the tire-aerodynamics computa-
tional analysis reported in [1], here we use newer element
length definitions [103] for the stabilization parameters of
the ST-VMS. The newer definitions are more suitable for
isogeometric discretization.

1.2 ST-SI

The ST-SI was introduced in [6], in the context of
incompressible-flow equations, to retain the desirable
moving-mesh features of the ST-VMS and ST-SUPS when
we have spinning solid surfaces, such as a turbine rotor. The
mesh covering the spinning surface spinswith it, retaining the
high-resolution representation of the boundary layers. The
starting point in the development of the ST-SIwas the version
of the ALE-VMS for computations with sliding interfaces
[30,31]. Interface terms similar to those in the ALE-VMS
version are added to the ST-VMS to account for the compat-
ibility conditions for the velocity and stress at the SI. That
accurately connects the two sides of the flow field. An ST-SI
version where the SI is between fluid and solid domains with
weakly-enforced Dirichlet boundary conditions for the fluid
was also presented in [6]. The SI in this case is a “fluid–solid
SI” rather than a standard “fluid–fluid SI.” The ST-SI method
introduced in [7] for the coupled incompressible-flow and
thermal-transport equations retains the high-resolution rep-
resentation of the thermo-fluid boundary layers near spinning
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solid surfaces. These ST-SI methods have been applied to
aerodynamic analysis of vertical-axis wind turbines [6,78],
thermo-fluid analysis of disk brakes [7], flow-driven string
dynamics in turbomachinery [94,95], flow analysis of tur-
bocharger turbines [11,96–98], flow around tires with road
contact and deformation [1,91,99], aerodynamic analysis of
ram-air parachutes [100], and flow analysis of heart valves
[2,89,92].

In another version of the ST-SI presented in [6], the
SI is between a thin porous structure and the fluid on its
two sides. This enables dealing with the fabric porosity
in a fashion consistent with how the standard fluid–fluid
SIs are dealt with and how the Dirichlet conditions are
enforced weakly with fluid–solid SIs. Furthermore, this ver-
sion enables handling thin structures that have T-junctions.
This method has been applied to incompressible-flow aero-
dynamic analysis of ram-air parachutes with fabric porosity
[100]. The compressible-flow ST-SI methods were intro-
duced in [101], including the version where the SI is between
a thin porous structure and the fluid on its two sides.
Compressible-flow porosity models were also introduced in
[101]. These, together with the compressible-flow ST SUPG
method [104], extended the ST computational analysis range
to compressible-flow aerodynamics of parachutes with fab-
ric and geometric porosities. That enabled ST computational
flow analysis of the Orion spacecraft drogue parachute in the
compressible-flow regime [101,102].

In tire-aerodynamics computational analysis, the mesh
covering the tire spins with it, and the SI between the spin-
ning mesh and the rest of the mesh accurately connects the
two sides of the solution. This enables high-resolution repre-
sentation of the boundary layers near the tire. Furthermore,
compared to the tire-aerodynamics computational analysis
reported in [1], here we use newer element length definitions
in [98] for the SI terms of the ST-SI. The newer definitions
are more suitable for isogeometric discretization.

1.3 ST-TC

The ST-TC [8,9] was introduced for moving-mesh computa-
tion of flow problems with TC, such as contact between solid
surfaces. Even before the ST-TC, the ST-SUPS and ST-VMS,
when used with robust mesh update methods, have proven
effective in flow computations where the solid surfaces are
in near contact or create other near TC, if the nearness is suf-
ficiently near for the purpose of solving the problem. Many
classes of problems can be solved that way with sufficient
accuracy. For examples of such computations, see the ref-
erences mentioned in [8]. The ST-TC made moving-mesh
computations possible even when there is an actual contact
between solid surfaces or other TC. By collapsing elements
as needed, without changing the connectivity of the “parent”
mesh, the ST-TC can handle an actual TC while maintain-

ing high-resolution boundary layer representation near solid
surfaces. This enabled successful moving-mesh computation
of heart valve flows [2,8,9,77,89,91,92], wing clapping [83],
and flow around a rotating tire with road contact and pre-
scribed deformation [1,91,99].

In tire-aerodynamics computational analysis, the ST-TC
enables moving-mesh computation even with the TC created
by the actual contact between the tire and the road. It deals
with the contact while maintaining high-resolution flow rep-
resentation near the tire.

1.4 ST-SI-TC

The ST-SI-TC is the integration of the ST-SI and ST-TC. A
fluid–fluid SI requires elements on both sides of the SI.When
part of an SI needs to coincide with a solid surface, which
happens for example when the solid surfaces on two sides of
an SI come into contact or when an SI reaches a solid surface,
the elements between the coinciding SI part and the solid
surface need to collapse with the ST-TC mechanism. The
collapse switches the SI from fluid–fluid SI to fluid–solid SI.
With that, an SI can be amixture of fluid–fluid and fluid–solid
SIs.With the ST-SI-TC, the elements collapse and are reborn
independent of the nodes representing a solid surface. The
ST-SI-TC enables high-resolution flow representation even
when parts of the SI are coinciding with a solid surface. It
also enables dealingwith contact location change and contact
sliding. This was applied to heart valve flow analysis [2,89,
92] and tire aerodynamics with road contact and deformation
[1,99].

In tire-aerodynamics computational analysis, the ST-SI-
TC enables high-resolution flow representation even though
parts of the SI are coinciding with the tire and road sur-
faces. It also enables dealing with tire–road contact location
change and contact sliding. Furthermore, compared to the
tire-aerodynamics computational analysis reported in [1], the
newer element length definitions [98] used here for the SI
terms of the ST-SI are more robust in the SI-TC mechanism,
even with finite element discretization.

1.5 ST-IGA

The ST-IGA was introduced in [3]. It is the integration of the
ST framework with isogeometric discretization. First com-
putations with the ST-VMS and ST-IGAwere reported in [3]
in a 2D context, with IGA basis functions in space for flow
past an airfoil, and in both space and time for the advection
equation. The stability and accuracy analysis given [3] for
the advection equation showed that using higher-order basis
functions in time would be essential in getting full benefit
out of using higher-order basis functions in space.

In the early stages of the ST-IGA, the emphasis was on
IGA basis functions in time. As pointed out in [3,4] and
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demonstrated in [10,79,81], higher-orderNURBSbasis func-
tions in time provide a more accurate representation of the
motion of the solid surfaces and a mesh motion consistent
with that. They also provide more efficiency in temporal rep-
resentation of the motion and deformation of the volume
meshes, and better efficiency in remeshing. That motivated
the development of the ST/NURBS Mesh Update Method
(STNMUM) [10,79,81]. The name “STNMUM” was given
in [75]. The STNMUM has a wide scope that includes spin-
ning solid surfaces. With the spinning motion represented by
quadratic NURBS basis functions in time, andwith sufficient
number of temporal patches for a full rotation, the circular
paths are represented exactly, and a “secondary mapping”
[3,4,10,23] enables also specifying a constant angular veloc-
ity for invariant speeds along the paths. The ST framework
and NURBS in time also enable, with the “ST-C” method,
extracting a continuous representation from the computed
data and, in large-scale computations, efficient data com-
pression [5,7,91,94,95,105]. The STNMUM and desirable
features of the ST-IGAwith IGA basis functions in time have
been demonstrated in many 3D computations. The classes
of problems solved are flapping-wing aerodynamics for an
actual locust [10,23,79,80], bioinspiredMAVs [76,77,81,82]
andwing-clapping [8,83], separation aerodynamics of space-
craft [69], aerodynamics of horizontal-axis [39,75–77] and
vertical-axis [6,78] wind-turbines, thermo-fluid analysis of
ground vehicles and their tires [5,91], thermo-fluid analysis
of disk brakes [7], flow-driven string dynamics in turboma-
chinery [94,95], and flow analysis of turbocharger turbines
[11,96–98].

The ST-IGA with IGA basis functions in space have been
utilized in ST computational flow analysis of turbocharger
turbines [11,96–98], flow-driven stringdynamics in turboma-
chinery [95], ram-air parachutes [100], spacecraft parachutes
[102], aortas [89,90], heart valves [2,89,92], and tires with
road contact and deformation [1]. Most of these computa-
tions were accomplished with the integration of the ST-IGA
and ST-SI or ST-IGA, ST-SI and ST-TC.

1.6 ST-SI-TC-IGA

The turbocharger turbine analysis [11,96–98] and flow-
driven string dynamics in turbomachinery [95] were based
on the integration of the ST-SI and ST-IGA. The IGA basis
functions were used in the spatial discretization of the fluid
mechanics equations and also in the temporal representa-
tion of the rotor and spinning-mesh motion. That enabled
accurate representation of the turbine geometry and rotor
motion and increased accuracy in the flow solution. The IGA
basis functions were used also in the spatial discretization
of the string structural dynamics equations. This enabled
increased accuracy in the structural dynamics solution, as

well as smoothness in the string shape and fluid dynamics
forces computed on the string.

The ram-air parachute analysis [100] and spacecraft
parachute compressible-flow analysis [102] were based on
the integration of the ST-IGA, the ST-SI version that weakly
enforces the Dirichlet conditions, and the ST-SI version that
accounts for the porosity of a thin structure. The ST-IGA
with IGA basis functions in space enabled, with relatively
few number of unknowns, accurate representation of the
parafoil and parachute geometries and increased accuracy
in the flow solution. The volume mesh needed to be gener-
ated both inside and outside the parafoil. Mesh generation
inside was challenging near the trailing edge because of the
narrowing space. The spacecraft parachute has a very com-
plex geometry, including gores and gaps. Using IGA basis
functions addressed those challenges and still kept the ele-
ment density near the trailing edge of the parafoil and around
the spacecraft parachute at a reasonable level.

The heart valve analysis [2,89,92] was based on the
integration of the ST-SI, ST-TC and ST-IGA. The ST-SI-TC-
IGA, beyond enabling a more accurate representation of the
geometry and increased accuracy in the flow solution, kept
the element density in the narrow spaces near the contact
areas at a reasonable level. When solid surfaces come into
contact, the elements between the surface and the SI col-
lapse. Before the elements collapse, the boundaries could be
curved and rather complex, and the narrow spacesmight have
high-aspect-ratio elements. With NURBS elements, it was
possible to deal with such adverse conditions rather effec-
tively.

An SI provides mesh generation flexibility in a general
context by accurately connecting the two sides of the solution
computed over nonmatching meshes. This type of mesh gen-
erationflexibility is especially valuable in complex-geometry
flow computations with isogeometric discretization, remov-
ing the matching requirement between the NURBS patches
without loss of accuracy. This feature was used in the flow
analysis of heart valves [2,89,92], turbocharger turbines [11,
96–98], and spacecraft parachute compressible-flow analysis
[102].

In tire-aerodynamics computational analysis, the ST-SI-
TC-IGA enables a more accurate representation of the
geometry andmotion of the tire surfaces, a meshmotion con-
sistent with that, and increased accuracy in the flow solution.
It also keeps the element density in the tire grooves and in
the narrow spaces near the contact areas at a reasonable level.
In addition, we benefit from the mesh generation flexibility
provided by using SIs.

1.7 Tire models

We present computations with the ST-SI-TC-IGA and two
models of flow around a rotating tire with road contact and
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prescribed deformation. One is a simple 2D model for ver-
ification purposes, and one is a 3D model with an actual
tire geometry and a deformation pattern provided by the tire
company.

1.8 Outline of the remaining sections

In Sect. 2 we describe the ST-VMS and ST-SI. The ST-SI-
TC-IGA is described in Sect. 3. The computations with the
2D and 3D models are presented in Sects. 4 and 5, and the
concluding remarks are given in Sect. 6.

2 ST-VMS and ST-SI

For completeness, we include, mostly from [6,99], the ST-
VMS and ST-SI methods.

2.1 ST-VMS

The ST-VMS is given as

∫
Qn

wh · ρ

(
∂uh

∂t
+ uh · ∇∇∇uh − fh

)
dQ

+
∫
Qn

εεε(wh) : σσσ(uh, ph)dQ −
∫
(Pn)h

wh · hhdP

+
∫
Qn

qh∇∇∇ · uhdQ +
∫
Ωn

(wh)+n · ρ
(
(uh)+n − (uh)−n

)
dΩ

+
(nel)n∑
e=1

∫
Qe
n

τSUPS

ρ

[
ρ

(
∂wh

∂t
+ uh · ∇∇∇wh

)

+ ∇∇∇qh
]

· rM(uh, ph)dQ

+
(nel)n∑
e=1

∫
Qe
n

νLSIC∇∇∇ · whρrC(uh)dQ

−
(nel)n∑
e=1

∫
Qe
n

τSUPSw
h ·

(
rM(uh , ph) · ∇∇∇uh

)
dQ

−
(nel)n∑
e=1

∫
Qe
n

τ2SUPS
ρ

rM(uh, ph) ·
(
∇∇∇wh

)
· rM(uh, ph)dQ

= 0, (1)

where

rM(uh, ph) = ρ

(
∂uh

∂t
+ uh · ∇∇∇uh − fh

)
− ∇∇∇ · σσσ(uh, ph),

(2)

rC(uh) = ∇∇∇ · uh (3)

are the residuals of the momentum equation and incompress-
ibility constraint. Here, ρ, u, p, f , and h are the density,

velocity, pressure, body force, and the stress specified at the
boundary. The stress tensor is defined as σσσ(u, p) = −pI +
2μεεε(u),where I is the identity tensor,μ = ρν is the viscosity,
ν is the kinematic viscosity, and εεε (u) = (

(∇∇∇u) + (∇∇∇u)T
)
/2

is the strain-rate tensor. The test functions associatedwith the
u and p arew and q. A superscript “h” indicates that the func-
tion is coming from a finite-dimensional space. The symbol
Qn represents the ST slice between time levels n and n + 1,
(Pn)h is the part of the slice lateral boundary associated with
the boundary condition h, and Ωn is the spatial domain at
time level n. The superscript “e” is the ST element counter,
and nel is the number of ST elements. The functions are dis-
continuous in time at each time level, and the superscripts
“−” and “+” indicate the values of the functions just below
and above the time level.

Remark 1 The ST-SUPS can be obtained from the ST-VMS
by dropping the eighth and ninth integrations.

The way the stabilization parameters τSUPS and νLSIC are
calculated has been evolving since the inception of the SUPG
method. Here, τSUPS is mostly from [103]:

τSUPS =
(
τ−2
SUGN12 + τ−2

SUGN3 + τ−2
SUGN4

)− 1
2
. (4)

The first component is given as

τ−2
SUGN12 =

[
1
u

] [
1
u

]
: GST, (5)

whereGST is the element metric tensor in the ST framework
(see Appendix 2). The second component is defined as

τ−1
SUGN3 = νrr : G, (6)

where r is the solution direction:

r = ∇∇∇ ‖u‖
‖∇∇∇ ‖u‖‖ , (7)

and G is the element metric tensor (see Appendix 1). The
third component, originating from [5], is defined as

τSUGN4 =
∥∥∥∇∇∇uh

∥∥∥−1

F
, (8)

where ‖ · ‖F is the Frobenius norm. The stabilization param-
eter νLSIC is from [75]:

νLSIC = h2LSIC
τSUPS

, (9)

with hLSIC set equal to the minimum element length hMIN

(see Appendix 1). For more ways of calculating the stabiliza-
tion parameters, see [5,6,13,14,75,106–127].
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2.2 ST-SI

2.2.1 Two-side formulation (fluid–fluid SI)

In describing the ST-SI, labels “Side A” and “Side B” will
represent the two sides of the SI. The ST-SI version of the
formulation given by Eq. (1) includes added boundary terms
corresponding to the SI. The boundary terms for the two sides
are first added separately, using test functionswh

A and qhA and
wh
B and qhB. Then, putting together the terms added to each

side, the complete set of terms added becomes

−
∫
(Pn)SI

(
qhBnB − qhAnA

)
· 1
2

(
uhB − uhA

)
dP

−
∫
(Pn)SI

ρwh
B · 1

2

((
Fh
B −

∣∣∣Fh
B

∣∣∣
)
uhB

−
(
Fh
B −

∣∣∣Fh
B

∣∣∣
)
uhA

)
dP

−
∫
(Pn)SI

ρwh
A · 1

2

((
Fh
A −

∣∣∣Fh
A

∣∣∣
)
uhA

−
(
Fh
A −

∣∣∣Fh
A

∣∣∣
)
uhB

)
dP

+
∫
(Pn)SI

(
nB · wh

B + nA · wh
A

) 1

2

(
phB + phA

)
dP

−
∫
(Pn)SI

(
wh
B − wh

A

)
·
(
n̂B · μ

(
εεε(uhB) + εεε(uhA)

))
dP

− γ

∫
(Pn)SI

n̂B · μ
(
εεε

(
wh
B

)
+ εεε

(
wh
A

))
·
(
uhB − uhA

)
dP

+
∫
(Pn)SI

μC

h

(
wh
B − wh

A

)
·
(
uhB − uhA

)
dP, (10)

where

Fh
B = nB ·

(
uhB − vhB

)
, (11)

Fh
A = nA ·

(
uhA − vhA

)
, (12)

h =
(
h−1
B + h−1

A

2

)−1

, (13)

hB = 2 (nBnB : G)−
1
2 (for Side B), (14)

hA = 2 (nAnA : G)−
1
2 (for Side A), (15)

n̂B = nB − nA
‖nB − nA‖ . (16)

Here, (Pn)SI is the SI in the ST domain, n is the unit normal
vector, v is the mesh velocity, γ = 1, and C is a nondi-
mensional constant. We note that the expressions given by
Eqs. (13)–(15) were introduced in published form in [98].
At the same time we note that the element lengths given by
Eqs. (14) and (15) are straightforward extensions of the one
in [103]. For explanation of the added SI terms, see [6].

2.2.2 One-side formulation (fluid–solid SI)

On solid surfaces where we prefer weak enforcement of the
Dirichlet conditions [27,29] for the fluid, we use the ST-SI
version where the SI is between the fluid and solid domains.
This version is obtained (see [6]) by starting with the terms
added to Side B and replacing the Side A velocity with the
velocity gh coming from the solid domain. Then the SI terms
added to Eq. (1) to represent the weakly-enforced Dirichlet
conditions become

−
∫

(Pn)SI

qhBnB · uhBdP −
∫

(Pn)SI

ρwh
B · Fh

Bu
h
BdP

+
∫

(Pn)SI

qhBnB · ghdP

+
∫

(Pn)SI

ρwh
B · 1

2

((
Fh
B +

∣∣∣Fh
B

∣∣∣
)
uhB

+
(
Fh
B −

∣∣∣Fh
B

∣∣∣
)
gh

)
dP

−
∫

(Pn)SI

wh
B ·

(
nB · σσσ h

B

)
dP

− γ

∫
(Pn)SI

nB · 2μεεε
(
wh
B

)
·
(
uhB − gh

)
dP

+
∫

(Pn)SI

μC

hB
wh
B ·

(
uhB − gh

)
dP. (17)

3 ST-SI-TC-IGA

For completeness, we include (1) from [2,99] the aspects of
the ST-SI [6] and ST-TC [8] related to their integration as the
ST-SI-TC [99] and the advantages of the IGA in this context,
and (2) from [2] the integration of all three components as
the ST-SI-TC-IGA.

3.1 ST-SI

The ST-SI allows mesh slipping also in the one-side for-
mulation, that is, when the SI serves the purpose of weak
enforcement of the Dirichlet boundary conditions for the
fluid. The boundary terms added to Eq. (1) to connect the
two sides in the fluid–fluid SI and to connect the fluid to the
solid in the fluid–solid SIwere given in Sects. 2.2.1 and 2.2.2.
The added terms [see Eqs. (10) and (17)] include derivatives
in the direction normal to the SI. Therefore the elements
bordering the SI need to have finite thickness in the normal
direction. This places a limitation on the meshes that can be
used with the ST-SI; elements bordering the SI cannot have
zero thickness in the normal direction when they degenerate.
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3.2 ST-TC

The ST-TC can deal with TC in ST moving-mesh computa-
tions. The discretization is unstructured in time, but based on
a parent ST mesh that is structured in time, and the parent
mesh is extruded from a single spatialmesh. The key technol-
ogy in the ST-TC is massive element degeneration by using
a special master–slave system. The special system allows
changing, in anST slab,master nodes to slave nodes and slave
nodes to master nodes. With that, elements can collapse or
be reborn. This way, in an ST slab, we can represent closing
and opening motions. Since an ST method naturally allows
discretizations that are unstructured in time, no further mod-
ification is needed. With the ST-TC, we have a method that
is very flexible, and computationally as effective as a typical
moving-mesh method. However, the master–slave relation-
ship has to be node to node; a point on a solid surface that is
not a node cannot be a master or slave node.

3.3 ST-IGA

With NURBS meshes, we can represent curved boundaries
with less elements compared to finite element meshes. With
this desirable feature, a volume can be meshed also with
high-aspect-ratio elements. This is particularly helpful when
we need to generate meshes in very narrow spaces.

3.4 ST-SI-TC-IGA

Integration of the ST-SI, ST-TC and ST-IGA brings several
good features to ST computations. (1) It enables high-
resolution boundary layer representation near the solid
surfaces in contact even when the surfaces are covered by
meshes with SI. (2) It enables dealing with contact location
change and contact sliding on the SI. This overcomes the
ST-TC restriction created by the rule that a point on a solid
surface that is not a node cannot be a master or slave node.
(3) When part of an SI needs to coincide with a solid sur-
face, which happens for example when the solid surfaces on
two sides of an SI come into contact or when an SI reaches
a solid surface, the elements between the coinciding SI part
and the solid surface need to collapse with the ST-TC mech-
anism. Before the elements collapse, the boundaries could
be curved and complex, and the narrow space might have
high-aspect-ratio elements. With NURBS elements, we can
deal with such adverse conditions rather effectively.

Figure 1 is an example of Case (1), where we have a spin-
ning solid surface in contact with a planar solid surface. An
SI is created around the spinning surface (see Fig. 2).

The SI allows the solid surface spin togetherwith themesh
around it. The elements collapsedwith theST-TCmechanism
are in the stationary mesh on the lower side of the SI and in
the spinning mesh in the contact area. The collapse decision,

Fig. 1 A spinning solid surface (red) in contact with a planar solid
surface (blue), with no slip between the surfaces. (Color figure online)

Fig. 2 A spinning solid surface (red) in contact with a planar solid
surface (blue). The green line is the SI. It coincides with the blue line
and the flat part of the red line. (Color figure online)

which is the selection between the two-side and one-side
formulations, is made integration-point-wise, for each side
separately, based on the element length in the normal direc-
tion, as given by Eqs. (14) and (15). For example, for Side B,
the decision at an integration point ismadewith the following
rules:

– If hB = 0, we disregard the integration point, regardless
of the value of hA.

– If hB > 0 and hA = 0, we use the one-side formulation.
– In other cases, we use the two-side formulation.

Figures 3 and 4 illustrate how the ST-SI-TC-IGA works.
We note that the SI has a high curvature where it meets

the planar surface. To improve the geometric match between
the two sides of the SI there, we limit the motion of one
of the control points. This in turn reduces the motion of the
control points nearby.We periodically remove that limitation
for a very short duration, resulting in a sudden jump in the
positions of those control points, as can bee seen in the 4th
and 5th frames of Figs. 3 and 4.

Remark 2 A node on an SI coinciding with a solid surface
must be a slave of the corresponding node on that solid sur-
face.

Remark 3 When for all integration points of an element sur-
face (element edge in the context of the 2D examples) hB
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Fig. 3 Illustration of how the ST-SI-TC-IGA works for the example in
Figs. 1 and 2. A part of the control mesh is shown. The red and black
points (more visible when zooming around the SI) are the integration
points on the two sides of the SI. The outer part of the mesh is on the
stationary side of the SI, and the inner part is rotating with the spinning
surface (red). The elements collapsed with the ST-TC mechanism are
in the stationary mesh on the lower side of the green surface and in the
spinning mesh in the contact area. The element coloring on the inner
side of the SI is for better visualization of themeshmotion. (Color figure
online)

= hA = 0, that surface is a contact surface. Pressure is not
treated as an unknown at a solid-surface master node whose
all slave SI nodes live only on contact surfaces. That node
has no role in the equation system beyond representing the
geometry. Consequently, mesh resolution plays no role in
regions made of only contact surfaces. For that reason, in

Fig. 4 The close-up view of Fig. 3, where the collapsed elements are
only on the stationary side of the SI. The method switches to the one-
side formulation on the part of the SI coinciding with the planar surface,
and remains as the two-side formulation on the other parts

Fig. 4, the stationary mesh in the contact area has very few
elements.

4 Verification with a simple 2Dmodel

In this problem a nonmoving mesh can be used to obtain the
solution. That will be the reference solution we will com-
pare the ST-SI-TC-IGA solution to for verification purposes.
We will also conduct a verification study by comparing the
solutions from two meshes with different refinements.

4.1 Problem setup

A spinning solid surface is in contact with a planar solid sur-
face and undergoes deformation. The geometry of the model
and the deformation pattern are shown in Fig. 5. The rota-
tion speed corresponds to a linear speed ofU = 100 km/h at
the undeformed tire periphery. There is no slip between the
spinning and planar surfaces. The speed of the planar surface
becomes

U0 = sin θ

θ
U , (18)

where θ = 15◦, giving U0 = 98.86 km/h. The density and
kinematic viscosity of the air are 1.205 kg/m3 and 1.512 ×
10−5 m2/s.
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θ

θ = 15◦

50
cm

Fig. 5 Asimple 2Dmodel. The deformation region is the circular sector
with central angle 30◦

Fig. 6 A simple 2D model. Computational domain and boundary con-
ditions. The left (red) and bottom (yellow) boundaries represent the
inflow and the moving planar surface, where the velocity is U0. The
innermost (blue) circle is the spinning surface, where the velocity isU .
The larger (pink) circle is the SI. The bottom of the SI is coinciding
with the planar surface and the interface of the spinning and planar sur-
faces. The conditions at the right (green) and upper (cyan) boundaries
are stress-free and slip, respectively. (Color figure online)

4.2 Computational domain, boundary conditions
andmeshes

Figure 6 shows the computational domain and boundary con-
ditions. The domain size is 3.00 m × 1.98 m. We use two
different quadratic NURBS meshes: a preliminary mesh and
a refined mesh. Near the tire surface, the refined mesh has
twice the resolution in both the circumferential and normal
directions. Figure 7 shows the preliminary mesh. The num-
ber of control points and elements are 2204 and 1800. We
note that the higher normal-direction mesh resolution on the
inner side of the SI is for better boundary-layer resolution
where the SI coincides with the road surface. The SI is not

Fig. 7 A simple 2D model. Preliminary mesh. The number of control
points and elements are 2204 and 1800. The checkerboard coloring is
for differentiating between the NURBS elements

needed for nonmoving-mesh computations, but we include it
in computing the reference solution so that the mesh for the
reference solution is just the “frozen” version of the mesh
for the ST-SI-TC-IGA solution. Figure 8 shows the moving
mesh at different instants during the computation with the
ST-SI-TC-IGA. Figure 9 shows the mesh near the contact
area during the period between the 6th and 7th frames in
Fig. 8. Figure 10 shows the refined mesh. The number of
control points and elements are 7992 and 7200.

4.3 Computational conditions

In the computations with the preliminary mesh, there are
1000 time steps per rotation, which is equivalent to a time-
step size of 1.131×10−4 s. In the refined-mesh computations,
the time-step size is reduced to half of the value used with
the preliminary mesh, making it 5.655×10−5 s. The number
of nonlinear iterations per time step is 3, and the number of
GMRES [128] iterations per nonlinear iteration is 300.

4.4 Results

Figures11 and 12 show the velocity magnitude from the
preliminary-mesh computations with the nonmoving-mesh
(ST-SI-IGA) andST-SI-TC-IGAmethods.Overall, the results
from the two computations are very comparable.

Figure 13 shows the horizontal component of the flow
velocity computed with the nonmoving-mesh (ST-SI-IGA)
method, using the preliminary and refined meshes. The spin-
ning surface generates a flow relative to the planar surface,
creating boundary layers near the spinning and planar sur-
faces. The preliminary-mesh solution has just slightly more
fluctuations than the refined-mesh solution, and we can see
convergence.
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Fig. 8 A simple 2D model. Preliminary mesh at uniformly spaced
instants during a one-rotation computation with the ST-SI-TC-IGA.
The checkerboard coloring is for differentiating between the NURBS
elements. A band of elements in the inner mesh are colored blue to
illustrate the mesh rotation. (Color figure online)

To compare the solutions obtainedwith theST-SI-TC-IGA
and nonmoving-mesh (ST-SI-IGA) methods, Figs. 14 and 15
show thehorizontal component of theflowvelocity computed
with these two methods, using the preliminary and refined
meshes. The solutions obtained with the two methods are in
close agreement, indicating that the ST-SI-TC-IGA method
can accurately represent the boundary layers in this class of
flow problems, including the boundary layers in regions near
the contact.

Fig. 9 A simple 2D model. Preliminary mesh near the contact area
during the period between the 6th and 7th frames in Fig. 8. The checker-
board coloring is for differentiating between the NURBS elements. A
band of elements are colored blue to illustrate the mesh rotation. (Color
figure online)

Fig. 10 A simple 2D model. Refined mesh. The number of control
points and elements are 7992 and 7200. The checkerboard coloring is
for differentiating between the NURBS elements
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0 150 300

km/h

Fig. 11 A simple 2D model. Velocity magnitude from the preliminary-
mesh computation with the nonmoving-mesh (ST-SI-IGA) method, at
10 uniformly spaced instants during a full rotation

5 Tire aerodynamics with an actual tire
geometry

We present a tire-aerodynamics computational analysis with
an actual tire geometry. The tire has a prescribed motion, is
in contact with the road, and has a prescribed deformation.

5.1 Problem setup

The tire model is shown in Fig. 16. The diameter and width
are 1.03m and 260mm.There are three longitudinal grooves,
and a transverse groove for every 5◦. The depth and width
of the grooves are 11.071 mm and 11.692 mm for the center
groove, 10.974 mm and 7.177 mm for the side grooves, and

0 150 300

km/h

Fig. 12 A simple 2D model. Velocity magnitude from the preliminary-
mesh computation with the ST-SI-TC-IGAmethod, at the same instants
as in Fig. 11

−0.5 −0.4 −0.3 −0.2 −0.1 0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.1

0.2

0.3

0.4

0.5

Position (m)

H
ei
gh

t
(m

)

Fig. 13 A simple 2Dmodel. Horizontal component of the flow velocity
relative to the planar surface, displayed along vertical lines at different
positions from the center contact point. Computed with the nonmoving-
mesh (ST-SI-IGA) method, using the preliminary (orange) and refined
(green) meshes. (Color figure online)
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Fig. 14 A simple 2Dmodel. Horizontal component of the flow velocity
relative to the planar surface, displayed along vertical lines at different
positions from the center contact point. Computed with the nonmoving-
mesh (ST-SI-IGA) (orange) and ST-SI-TC-IGA (blue) methods, using
the preliminary mesh. (Color figure online)
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Fig. 15 A simple 2Dmodel. Horizontal component of the flow velocity
relative to the planar surface, displayed along vertical lines at different
positions from the center contact point. Computed with the nonmoving-
mesh (ST-SI-IGA) (green) and ST-SI-TC-IGA (red) methods, using the
refined mesh. (Color figure online)

Fig. 16 Tire aerodynamics with an actual tire geometry. Tire model

Fig. 17 Tire aerodynamics with an actual tire geometry. Deformed
shape

11.085 mm and 8.489 mm for the transverse grooves. Tire
with the prescribed deformation is shown in Fig. 17.

The tire deformation is represented in time based on the
deformation at five instants of a 5◦ rotation, which was
provided by the tire company. Figure 18 shows the tire defor-
mation at those five instants. The deformation representation
in time is with cubic NURBS basis functions and obtained
by projection from the five-instant data. The projection is
done with the ST-C [105]. The rotation speed corresponds
to a linear speed of 103 km/h at the undeformed tire periph-
ery. In this case,U0 = 100 km/h. The density and kinematic
viscosity of the air are 1.205 kg/m3 and 1.511× 10−5 m2/s.

5.2 Computational domain, boundary conditions
andmeshes

The computational domain is shown in Fig. 19. The domain
size is 4.000m and 5.489m in width and height, and 8.000m
in the flow direction. The tire is placed at 2.000 m from the
inflow boundary. The boundary conditions are 3D extensions
of the conditions in the simple 2Dmodel, with slip conditions
on the boundary planes perpendicular to the tire axis. We
use two different quadratic NURBS meshes: a preliminary
mesh and a refined mesh. The number of control points and
elements for the two meshes are given in Table 1.

Figure 20 shows, for the two meshes, the refinement level
near the tire surface. As can be discerned from the figure, the
refinedmesh has twice the resolution in the normal direction,
and four times the resolution in the longitudinal direction. In
the transverse direction, it has four times the resolution across
the treads, and twice the resolution across the grooves. We
note that most of the mesh generation complexity is near the
tire surfaces, which we wanted to do manually. The rest of
themesh could have been generated automatically (see [96]),
but that was also generated manually, because it was not that
difficult.
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Fig. 18 Tire aerodynamics with an actual tire geometry. Tire deforma-
tion near the contact region at five instants of a 5◦ rotation, provided by
the tire company

5.3 Computational conditions

In the computation with the preliminarymesh, there are 1440
time steps per rotation, which is equivalent to a time-step size
of 7.85×10−5 s. In the refined-mesh computation, the time-
step size is reduced to one-fourth of the value used with the
preliminary mesh, making it 1.96 × 10−5 s. The number of

Fig. 19 Tire aerodynamics with an actual tire geometry. Computational
domain

Table 1 Tire aerodynamics with
an actual tire geometry. Number
of control points (nc) and
elements (ne) for the two
quadratic NURBS meshes used
in the computations

Preliminary Refined

nc 690,144 4,149,720

ne 376,560 2,921,552

Fig. 20 Tire aerodynamics with an actual tire geometry. Refinement
level near the tire surface for the preliminary (top) and refined (bottom)
meshes. The checkerboard coloring is for differentiating between the
NURBS elements

nonlinear iterations per time step is 3, and the number of
GMRES iterations per nonlinear iteration is 300.
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Fig. 21 Tire aerodynamics with an actual tire geometry. Computed
with the preliminary mesh. Velocity magnitude near the contact area,
displayed on planes perpendicular to the tire axis

5.4 Results

Figures21 and 22 show, for the two meshes, the velocity
magnitude near the contact area. In the solution obtained
with the preliminary mesh, the flow patterns are closer to the
tire surface. Figures23 and 24 show, for the two meshes, the
isosurfaces corresponding to a positive value of the second
invariant of the velocity gradient tensor, colored by the veloc-
ity magnitude. The solution obtained with the refined mesh
has a better resolution of the vortex structure. This confirms
the importance of having a good method and high resolution
near the tire–road contact areas.

6 Concluding remarks

We have successfully addressed the computational chal-
lenges faced in tire aerodynamics with actual geometry, road
contact and tire deformation. The challenges include (1) the
complexity of an actual tire geometry with longitudinal and

Fig. 22 Tire aerodynamicswith an actual tire geometry. Computedwith
the refined mesh. Velocity magnitude near the contact area, displayed
on planes perpendicular to the tire axis

transverse grooves, (2) the spin of the tire, (3) maintain-
ing accurate representation of the boundary layers near the
tire while being able to deal with the flow-domain topology
change created by the road contact and tire deformation, and
(4) the turbulent nature of the flow. The ST-SI-TC-IGA, a
new ST computational method, has enabled us to overcome
these challenges. The core component of the ST-SI-TC-IGA
is the ST-VMS, and the other key components are the ST-SI,
ST-TC and ST-IGA. The challenge created by the turbulent
nature of the flow is addressed with the VMS feature of the
ST-VMS. The moving-mesh feature of the ST framework
enables high-resolution flow computation near the air–tire
interfaces as the tire rotates. These two features are enhanced
with the higher-order accuracy of the ST framework. With
the ST-SI, we are able to domoving-mesh computations with
the tire spinning. Themesh covering the tire spins with it, and
the SI between the spinning mesh and the rest of the mesh
accurately connects the two sides of the solution. With the
ST-TC, we are able to do moving-mesh computations even
with the TC created by the contact between the tire and the
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0 150

km/h

Fig. 23 Tire aerodynamics with an actual tire geometry. Computed
with the preliminarymesh. Isosurfaces corresponding to a positive value
of the second invariant of the velocity gradient tensor, colored by the
velocity magnitude, viewed from the bottom. The gray zones are the
contact areas

road. This enables dealingwith the contactwhilemaintaining
high-resolution flow representation near the tire. Integration
of the ST-SI and ST-TC enables high-resolution flow rep-
resentation even though parts of the SI are coinciding with
the tire and road surfaces. It also enables dealing with the
tire–road contact location change and contact sliding. Inte-
gration of the ST-IGA with the ST-SI and ST-TC not only
enables a more accurate representation of the tire geometry
and increased accuracy in the flow solution, but also keeps the
element density in the tire grooves and in the narrow spaces
near the contact areas at a reasonable level. We presented
computations with two models of flow around a rotating tire
with road contact and prescribed deformation. One is a sim-
ple 2Dmodel for verification purposes, and one is a 3Dmodel
with an actual tire geometry and a deformation pattern pro-
vided by the tire company. The 2D computations confirm the
reliability of the moving-mesh and TC features of the ST-SI-

0 150

km/h

Fig. 24 Tire aerodynamicswith an actual tire geometry. Computedwith
the refined mesh. Isosurfaces corresponding to a positive value of the
second invariant of the velocity gradient tensor, colored by the velocity
magnitude, viewed from the bottom. The gray zones are the contact
areas

TC-IGA. The 3D computations confirm the importance of
having a good method and high resolution near the tire–road
contact areas. Overall, the computations show the effective-
ness of the ST-SI-TC-IGA in tire aerodynamics.
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A Element metric tensor

Here we provide from [98,103] the element metric tensor in
space and in the ST framework. To obtain the element length
and stabilization parameters, we use the metric tensor in the
space and also in the ST framework.

A.1 Elementmetric tensor in space

Components of the Jacobian matrix Q are written as

Qi j = ∂xi
∂ξ j

, (19)

where ξ j is the parametric coordinate in j th direction.Wefirst
scale it with a matrix D to take into account the polynomial
order or other factors such as the dimensions of the element
domain in the parametric space:

Q̂ = QD−1. (20)

With this vector, we define the element length as

hRQD = 2 (rr : G)−
1
2 . (21)

where

G = Q̂−T Q̂−1. (22)

Remark 4 What we get with D = I has been used in many
methods of calculating the stabilization parameters (see, for
example, [23]). In those methods, a scaling factor taking
the polynomial order into account is applied to the element
length, and here we do the scaling in the parametric space,
for each of the parametric directions.

Sweeping over all the directions represented by r, we obtain
the minimum and maximum element lengths:

hMIN ≡ 2min
r

(
(rr : G)−

1
2

)
, (23)

hMAX ≡ 2max
r

(
(rr : G)−

1
2

)
. (24)

They are equivalent to

hMIN = 2
(
max
r

(rr : G)
)− 1

2
, (25)

= 2 (λmax (G))−
1
2 , (26)

and

hMAX = 2
(
min
r

(rr : G)
)− 1

2
, (27)

= 2 (λmin (G))−
1
2 , (28)

where λmax and λmin are the maximum and minimum eigen-
values of the argument matrix.

Remark 5 In the implementation, we take measures to keep
the calculated element length between hMIN and hMAX.

A.2 Element metric tensor in the ST framework

The ST Jacobian matrix is

QST =
[

∂t
∂θ

∂t
∂ξξξ

∂x
∂θ

Q

]
(29)

=
[

∂t
∂θ

∂t
∂ξξξ

v ∂t
∂θ

Q

]
, (30)

where θ is the parametric coordinate in time, and v is the
mesh velocity:

v = ∂x
∂t

∣∣∣∣
ξξξ

. (31)

The ST scaling matrix is given as

DST =
[
Dθ 0T

0 D

]
, (32)

and the scaling becomes

Q̂ST = QST
(
DST

)−1
. (33)

The ST metric tensor is defined as

GST =
(
Q̂ST

)−T (
Q̂ST

)−1
. (34)
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