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Abstract Patient-specific arterial fluid–structure interac-
tion computations, including aorta computations, require
an estimation of the zero-stress state (ZSS), because the
image-based arterial geometries do not come from a ZSS.
We have earlier introduced a method for estimation of the
element-based ZSS (EBZSS) in the context of finite element
discretization of the arterial wall. The method has three main
components. 1. An iterative method, which starts with a cal-
culated initial guess, is used for computing the EBZSS such
that when a given pressure load is applied, the image-based
target shape is matched. 2. A method for straight-tube seg-
ments is used for computing the EBZSS so that we match the
given diameter and longitudinal stretch in the target configu-
ration and the “opening angle.” 3.Anelement-basedmapping
between the artery and straight-tube is extracted from the
mapping between the artery and straight-tube segments. This
provides the mapping from the arterial configuration to the
straight-tube configuration, and from the estimated EBZSS
of the straight-tube configuration back to the arterial config-
uration, to be used as the initial guess for the iterative method
that matches the image-based target shape. Here we present
the version of the EBZSS estimation method with isogeo-
metric wall discretization. With isogeometric discretization,
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we can obtain the element-based mapping directly, instead
of extracting it from the mapping between the artery and
straight-tube segments. That is because all we need for the
element-based mapping, including the curvatures, can be
obtained within an element. With NURBS basis functions,
we may be able to achieve a similar level of accuracy as with
the linear basis functions, but using larger-size and much
fewer elements. Higher-order NURBS basis functions allow
representation of more complex shapes within an element.
To show how the new EBZSS estimation method performs,
we first present 2D test computations with straight-tube con-
figurations. Then we show how the method can be used in a
3D computation where the target geometry is coming from
medical image of a human aorta.

Keywords Patient-specific arterial FSI · Image-based
geometry · Aorta · Zero-stress state · Estimated element-
based zero-stress state · Isogeometric wall discretization

1 Introduction

Computational cardiovascular fluid mechanics and fluid–
structure interaction (FSI) have seen major advances in the
last 15 years. Some of the earliest patient-specific arterial FSI
computations [1–4]werewith a space–time (ST)FSImethod,
specifically the Deforming-Spatial-Domain/Stabilized ST
(DSD/SST) method [5,6].

The majority of the cardiovascular fluid mechanics and
FSI computations in the last 15 years have been with non-
ST methods, with the Arbitrary Lagrangian–Eulerian (ALE)
method [7] having the largest share in the computations
reported (see, for example, [8–29]). A large number of com-
putations with the ST methods were also reported in the last
15 years, including computations in the first 10 years for FSI
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of abdominal aorta [30], FSI of carotid artery [30], and FSI
of cerebral aneurysms [31–37]. The work with ST methods
reported in the last 5 years focused on even more challenging
aspects of cardiovascular fluid mechanics and FSI, includ-
ing comparative studies of cerebral aneurysms [38], stent
treatment of cerebral aneurysms [39–42], heart valve flow
computation [43–45], FSI analysis of thoracic aorta [46],
and coronary arterial dynamics [47]. Advances in core meth-
ods for moving boundaries and interfaces (MBI) and FSI
(see, for example, [20,21,48–52] and references therein)
and development of special methods targeting cardiovascu-
lar MBI and FSI (see, for example, [20,37,41,42,53] and
references therein) helped address a large number of compu-
tational challenges. In this article, we focus on a challenge
related to how we use the image-based arterial geometry in
patient-specific arterial FSI computations.

In patient-specific arterial FSI computations the image-
based arterial geometry does not come from a zero-stress
state (ZSS). Special methods targeting cardiovascular MBI
and FSI include those designed to take that into account.
The attempt to find a ZSS for the artery was first made in a
2007 conference paper [54], where the concept of estimated
zero-pressure (EZP) arterial geometry was introduced. The
method introduced in [54] for calculating an EZP geome-
try was also included in a 2008 journal paper on ST arterial
FSI methods [31] as “a rudimentary technique” for address-
ing the issue. It was pointed out in [31,54] that quite often,
the image-based geometries were used as arterial geome-
tries corresponding to zero blood pressure, and that it would
be more realistic to use the image-based geometry as the
arterial geometry corresponding to the time-averaged value
of the blood pressure. Given that arterial geometry at the
time-averaged pressure value, an estimated arterial geometry
corresponding to zero blood pressure needed to be con-
structed. Special methods developed to address the issue
include the newer EZP versions [20,33,36,37,53] and the
prestress technique introduced in [16], which was further
refined in [18] and presented also in [20,53].

A method for estimation of the element-based ZSS
(EBZSS) was introduced in [55] in the context of finite
element discretization of the arterial wall. The method has
three main components. 1. An iterative method, which starts
with a calculated initial guess, is used for computing the
EBZSS such that when a given pressure load is applied,
the image-based target shape is matched. 2. A method for
straight-tube segments is used for computing the EBZSS so
that we match the given diameter and longitudinal stretch
in the target configuration and the “opening angle.” 3. An
element-based mapping between the artery and straight-
tube is extracted from the mapping between the artery and
straight-tube segments. This provides the mapping from the
arterial configuration to the straight-tube configuration, and
from the estimated EBZSS of the straight-tube configuration

back to the arterial configuration, to be used as the initial
guess for the iterative method that matches the image-based
target shape. The method was used successfully in [55] in
test computations based on straight-tube configurations with
single and three layers, and a curved-tube configuration with
single layer. The method was used successfully also in [47]
in coronary arterial dynamics computations with medical-
image-based time-dependent anatomical models.

In a recent article [56], we have introduced the version of
the EBZSS estimation method with isogeometric wall dis-
cretization. With isogeometric discretization, we can obtain
the element-based mapping directly, instead of extracting it
from the mapping between the artery and straight-tube seg-
ments. That is because all we need for the element-based
mapping, including the curvatures, can be obtained within
an element. With NURBS basis functions, we may be able
to achieve a similar level of accuracy as with the linear basis
functions, but using larger-size and much fewer elements.
Higher-order NURBS basis functions allow representation
of more complex shapes within an element. The 2D test com-
putations with straight-tube configurations presented in [56]
were intended to explain how the new EBZSS estimation
method works and to demonstrate how it performs. In this
expanded, journal version of that article, we also show how
the method can be used in a 3D computation where the target
geometry is coming from medical image of a human aorta.

In Sect. 2, we describe, in the context of isogeometric
discretization, the Element-Based Total Lagrangian (EBTL)
method, including the EBZSS concept. Section 3, extracted
from [55], is an overview of the analytical relationship
between the ZS and reference states of straight-tube seg-
ments, and here we call that relationship “straight-tube ZSS
template”. The 2D test computations are presented in Sect. 4,
and the 3D computation in Sect. 5. The concluding remarks
are given in Sect. 6.

2 Element-Based Total Lagrangian (EBTL)
method

In this section we provide an overview of the EBTL method
[55], including the EBZSS concept, and describe the version
of the method with NURBS wall discretization.

Let Ω0 ∈ R
3 be the material domain of a structure in the

ZSS, and let Γ0 be its boundary. Let Ωt ∈ R
3, t ∈ (0, T ), be

the material domain of the structure in the deformed state,
and letΓt be its boundary.The structuralmechanics equations
based on the total Lagrangian formulation can be written as∫

Ω0

w · ρ0
d2y
dt2

dΩ +
∫

Ω0

δE : S dΩ −
∫

Ω0

w · ρ0f dΩ

=
∫

(Γt )h

w · h dΓ. (1)
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Here, y is the displacement, w is the virtual displacement,
δE is the variation of the Green–Lagrange strain tensor, S
is the second Piola–Kirchhoff stress tensor, ρ0 is the mass
density in the ZSS, f is the body force per unit mass, and h
is the external traction vector applied on the subset (Γt )h of
the total boundary Γt .

2.1 EBZSS

In the EBTLmethod the ZSS is definedwith a set of positions
Xe
0 for each element e. Positions of nodes from different

elements mapping to the same node in the mesh do not have
to be the same. In the reference state, XREF, all elements
are connected by nodes, and we measure the displacement y
from that connected state. The implementation of themethod
is simple. The deformation gradient tensor F is evaluated for
each element:

Fe ≡ ∂x
∂Xe

0
, (2)

= ∂ (XREF + y)
∂Xe

0
. (3)

The deformation gradient tensors for different elements are
on different states, but the terms in Eq. (1), including the
second term, do not depend on the orientation. Therefore the
rest of the process is the same as it is in the total Lagrangian
formulation.

2.2 NURBS basis functions

In representation of the EBZSSwithNURBSbasis functions,
we may be able to use larger and fewer elements compared
to linear basis functions. Higher-order NURBS basis func-
tions allow representation of more complex shapes within an
element. Curvature representation requires at least quadratic
NURBS, and to have a continuous curvature, cubic or higher-
order NURBS is required.

In the case of 1D parametric space, a curve segment can
be represented by NURBS as

z(ξ) =
nen∑
a=1

Ra(ξ)za, (4)

where nen is the number of control points in the element, za
is the position of the control point (node) a,

Ra(ξ) = Na(ξ)wa∑nen

b=1
Nb(ξ)wb

, (5)

Na(ξ) is the B-spline basis function for point a, and wa is
the NURBS weight for point a. An equivalent form can be

obtained by using the homogeneous coordinates [57], where
za is augmented as

zwa =
[

waza
wa

]
. (6)

With that, we represent the curve segment as

zw(ξ) =
nen∑
a=1

Na(ξ)zwa , (7)

and

z(ξ) =
⎡
⎣1 0 0 0
0 1 0 0
0 0 1 0

⎤
⎦ zw(ξ)∑nen

a=1
Na(ξ)wa

. (8)

The forms given by Eqs. (4) and (8) are equivalent.
As proposed in [57], we represent the B-spline basis func-

tions with the Bernstein basis functions Bb(ξ):

Na(ξ) =
nen∑
b=1

CabBb(ξ), (9)

where Cab denotes the components of the Bézier extraction
operator. See [57] for how to obtain the operator from the
B-spline knots. With that,

zw(ξ) =
nen∑
a=1

nen∑
b=1

CabBb(ξ)zwa . (10)

From that,we canfirst operatewithCab, andobtain theBézier
control positions as

ẑb =
nen∑
a=1

zwa Cab. (11)

The extension to multi-dimensional parametric spaces is
straightforward.

Given the control position za for a point a, the correspond-
ing homogeneous coordinates zwa , its Bézier representation
ẑa , and the Bézier extraction operator components Cab, we
move to an array notation where

Z = [za] , (12)

Zw = [
zwa

]
, (13)

Ẑ = [
ẑa

]
, (14)

C = [Cab] . (15)

Then, Eq. (11) can be written as

Ẑ = ZwC. (16)
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With that, the transformation from the Bézier representation
to NURBS representation becomes

Zw = ẐC−1. (17)

2.3 EBZSS representation with NURBS basis functions

When we are designing a ZSS, we have the correspond-
ing reference state XREF. Therefore we have (XREF)a , wa ,
and the Bézier extraction operator corresponding to the ele-
ment. We obtain the homogeneous coordinates (XREF)

w
a and

then convert that to
( ˆXREF

)
a
. From that and the Bernstein

basis functions, we can design the EBZSS as
(
X̂e
0

)
a
. For

implementation convenience, we convert the control points
to

(
Xe
0

)w
a by using Eq. (17).

Remark 1 Although in theZSSwecould have element-based
wa values, that would in general require using different basis
functions between the ZS and reference states. Here we do
not consider that option.

2.4 An iterative method

With the EBZSS, under a given load we would like to reach
a configuration that matches the target shape, and we take
XREF as the target state. Here we assume that we have a
reasonably good initial guess for the EBZSS, and explain the
iterative method used in calculating the EBZSS that results
in the target state associated with the given load. In doing
that, we use many pieces of the method described in [55] for
linear elements.

In our iterative method, we estimate F from the i th solu-
tion. We use the notation

F (x,X) = R (x,X)U (x,X) , (18)

which is the polar decomposition of F into rotation R and
right stretch tensor U. The arguments in the tensors repre-
sent the numerator and denominator in the partial derivatives.
With that, F at (i + 1)th iteration is expressed as

Fi+1 = R
(
XREF, xi

)
FiR

(
(Xe

0)
i , (Xe

0)
i+1

)
. (19)

With the approximation

R
(
(Xe

0)
i , (Xe

0)
i+1

)
= I, (20)

we obtain

Fi+1 = R
(
XREF, xi

)
Fi , (21)

×
U|ξξξ=ξξξa/2

ξξξa

0

Fig. 1 The representative parametric positionξξξa assigned to theBézier
control point a, and the straight path from 0 to ξξξa . When performing
the integration with the midpoint rule, the evaluation point is ξξξa/2

and from that we obtain

(
Fi+1

)−1 =
(
Fi

)−1
R(xi ,XREF), (22)

=
(
Ui

)−1
R((Xe

0)
i ,XREF). (23)

In this article, in calculating (Xe
0)

i+1, instead of doing the
tensor evaluations at ξξξ = 0, we do integrations from ξξξ = 0 to
the corresponding positions:

(Xe
0)

i+1
∣∣∣
ξξξ=ξξξa

− (Xe
0)

i+1
∣∣∣
ξξξ=0

=
∫ Xe

REF|ξξξ=ξξξa

Xe
REF|ξξξ=0

(
Fi+1

)−1
dXREF.

(24)

Here ξξξa is the representative parametric position assigned
to the Bézier control point for a (see Fig. 1), and we use
a straight path from 0 to ξξξa . The representative parametric
positions are equally spaced. The first approximation here is
performing the integration with the midpoint rule:

(Xe
0)

i+1
∣∣∣
ξξξ=ξξξa

− (Xe
0)

i+1
∣∣∣
ξξξ=0

≈
(
Fi+1

)−1
∣∣∣∣
ξξξ=ξξξa/2

(
Xe
REF

∣∣
ξξξ=ξξξa

− Xe
REF

∣∣
ξξξ=0

)
. (25)

The second approximation is to assume that the relationship
given by Eq. (25) between (Xe

0)
i+1

∣∣
ξξξ=ξξξa

and Xe
REF

∣∣
ξξξ=ξξξa

can

also be used between the control points (X̂e
0)

i+1

a and ( ˆXe
REF)a :
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(X̂e
0)

i+1

a − (Xe
0)

i+1
∣∣∣
ξξξ=0

≈
(
Fi+1

)−1
∣∣∣∣
ξξξ=ξξξa/2

(
( ˆXe

REF)a − Xe
REF

∣∣
ξξξ=0

)
. (26)

This is the new version of the “direct-update (DU)” process
(see [55] for the original DU process). The “recursive-update
(RU)” process is given as

(X̂e
0)

i+1

a − (Xe
0)

i+1
∣∣∣
ξξξ=0

≈
(
Fi+1

)−1
∣∣∣∣
ξξξ=ξξξa/2

F
(
XREF, (Xe

0)
i
)∣∣∣

ξξξ=ξξξa/2(
ˆ(Xe
0)

i
a − (Xe

0)
i
∣∣∣
ξξξ=0

)
(27)

=
(
Ui

)−1
∣∣∣∣
ξξξ=ξξξa/2

U
(
XREF, (Xe

0)
i
)∣∣∣

ξξξ=ξξξa/2(
ˆ(Xe
0)

i
a − (Xe

0)
i
∣∣∣
ξξξ=0

)
. (28)

We note that the tensor–vector operations in Eqs. (26), (27)
and (28) actually involve the augmented versions of the ten-
sors, where the augmented version of a tensor F is defined
as

[
F 0
0T 1

]
, (29)

and the augmented versions of the vectors (Xe
0)

i+1
∣∣
ξξξ=0,

Xe
REF

∣∣
ξξξ=0 and (Xe

0)
i
∣∣
ξξξ=0, as defined by Eq. (7).

In the actual computations, we start from the “ZSS tem-
plate”: (Xe

0)
0 = (Xe

0)TEMP (see Sect. 3). In the steady-state
structural mechanics computations, it is reasonable to start
from displacement y = 0. However, it is unlikely for that to
be a good match for the ZSS. To improve the convergence of
the structural mechanics solution for i = 0, we use an incre-
mental loading and modify the initial guess for the EBZSS
based on that ramping:

(
(Xe

0)
0
) j = (1 − t j )XREF + t j (Xe

0)TEMP. (30)

Here 0 < t1 ≤ t2 ≤ . . . ≤ t N = 1, N is the number
of nonlinear-iteration steps used in computing y0, and the
iterations start with (y0)0 = 0. We also ramp the load:

(hh) j = t jhh, (31)

where hh is the target load. The ramping options include
having a ramping profile where the t j values change at every
certain number of nonlinear-iteration steps. With that, we
obtain the steady-state solution y0 for (Xe

0)
0 = (Xe

0)TEMP

based on the full load. For i = 1 and beyond, (Xe
0)

i is cal-
culated from Eq. (28), and the nonlinear iterations used in
computing yi start with (yi )0 = 0.

3 Modeling the artery ZSS: straight-tube ZSS
template

An analytical relationship between the ZS and reference
states of straight-tube segments was given in [55]. Here we
will call that relationship “straight-tube ZSS template.” We
describe the straight tube in the target state, which is here the
reference state, with three lengths: �, h and L . They are the
circumferential length of the arterial-wall midsurface, wall
thickness, and the longitudinal length. The tube volume is

V = �hL . (32)

For an artery, beyond having a target shape under a given
load, there are some significant properties. One of them is
the opening angle, φ, seen after a longitudinal cut, which we
call the “LC state”. Figure 2 summarizes the template.

Remark 2 We note that in general it is not necessary for the
LC state to be a ZSS.

4 2D test computations

We define a parameter α:

�0 = α�I, (33)

where �I is the circumferential length of the inner tube surface
in the target state. The task of calculating �0 becomes the task
of calculating α.

rE

rI

h

�

φ
h0

�0 (�0)E

(�0)I

Fig. 2 Straight tube in the target (left) andZS (right) states. The dashed
lines denote the arterial-wall midsurface in each state
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4.1 Meshes

In the test computations here, we use quadratic and cubic
NURBS basis functions. Although NURBS can represent a
circular arc exactly, it cannot do that throughout a full cir-
cle while retaining the C1 continuity of the basis functions.
Therefore, here we simplify the basis functions to uniformB-
splines. Figures 3 and 4 show the meshes used. We evaluate
how well the meshes represent the circular arcs. For that, we
inspect the radius of curvature, ρ. Figures 5 and 6 show ρ/ρ

as a function of the circumferential parametric coordinate, ξ ,
where ρ is the average radius.

Remark 3 The highest shape function value is at ξ = 0
for the quadratic B-splines, and at ξ = −1 and ξ = 1
for the cubic B-splines. From that, and from Figs. 5 and 6,
we conclude that the radius of curvature will be lowest at
points closest to the control points, and highest between those
points.

Figure 7 shows the standard deviation of ρ/ρ, as a func-
tion of the arc angle Δθ represented by an element, where
Δθ = 2π/nel, and nel is the number of elements. We note
that both quadratic and cubic B-splines have second-order
accuracy.

Fig. 3 Quadratic B-spline meshes with 4, 8, 16, 32, 64, and 128 ele-
ments. The red circles are the control points and the gray part is the
actual tube. (Color figure online)

Fig. 4 Cubic B-spline meshes with 4, 8, 16, 32, 64, and 128 elements.
The red circles are the control points and the gray part is the actual tube.
(Color figure online)

−1 0 1
0.0

0.5

1.0

1.5

2.0

ξ

ρ
/ρ

4 8 16 32 64 128

Fig. 5 Representation of the radius of curvature within an element
with quadratic B-splines. The curves are for the six meshes, ξ is the
circumferential parametric coordinate, and ρ is the average radius

4.2 Curvature matching in the ZSS

Curvature matching in the ZSS is done by first converting
the B-spline element in the target state to Bézier represen-
tation. After that, for the specified φ, we generate element
configurations with the objective of having a constant radius
of curvature in the ZSS. Then we convert that back to B-
spline representation. Figures 8 and 9 show examples of the
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−1 0 1
0.0

0.5

1.0

1.5

2.0

ξ

ρ
/ρ

4 8 16 32 64 128

Fig. 6 Representation of the radius of curvaturewithin an elementwith
cubic B-splines. The curves are for the six meshes, ξ is the circumfer-
ential parametric coordinate, and ρ is the average radius

10010−110−210−3

100

10−2

10−4

10−6

Δθ/π

σ
(ρ

/ρ
)

Quadratic Cubic

Fig. 7 Standard deviation of ρ/ρ as a function of the arc angle �θ

represented by a B-spline element, where ρ is the average radius

process for φ = 5π/2, which results in Bézier elements with
Δθ = (2π −φ)/nel = −π/(2nel), and for a given value of α.
The negative value implies that the outer surface is smaller
than the inner surface.

In the case of quadratic Bézier functions, we choose the
middle control point to be on the tangents to the inner surface
at the two other control points. This determines the curvature
in the ZSS. For cubic Bézier functions, we have an additional
degree of freedom, and we use that by choosing the control
points to be also at equally-spaced angular positions. Fig-
ure 10 shows quadratic convergence of the standard deviation
of ρ0/ρ0 for the Bézier elements, where ρ0 is the average
radius. We note from Figs. 7 and 10 that Bézier elements
yield the same representation quality as the B-spline ele-
ments for quadratic functions, and slightly better quality for
cubic functions.

Fig. 8 Curvature matching in the ZSS. Quadratic basis functions with
eight elements. The B-spline mesh in the target state (top left) is con-
verted to Bézier representation (top right). From that, for the specified
φ and for a given value of α, we generate element configurations with
the objective of having constant radius of curvature in the ZSS (bottom
right). Then we convert that back to B-spline representation (bottom
left)

Fig. 9 Curvaturematching in theZSS.Cubic basis functionswith eight
elements. The B-spline mesh in the target state (top left) is converted to
Bézier representation (top right). From that, for the specified φ and for a
given value of α, we generate element configurations with the objective
of having constant radius of curvature in the ZSS (bottom right). Then
we convert that back to B-spline representation (bottom left)

4.3 Computational results

For a range of α values, we go through the process described
in Sect. 4.2 and, using the B-spline elements with cur-
vature matching in the ZSS, we do structural mechanics
computations. We obtain the steady-state solutions corre-
sponding to a constant pressure value of p0 = 92 mm Hg.
In these computations, the arterial wall is made of hypere-
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10010−110−210−3

100

10−2

10−4

10−6

Δθ/π

σ
(ρ

0/
ρ
0)

Quadratic Cubic

Fig. 10 Curvature matching in the ZSS. Standard deviation of ρ0/ρ0
as a function of the arc angleΔθ represented by a Bézier element, where
ρ0 is the average radius

lastic (Fung) material. The material constants D1 and D2 are
2.6447×103 N/m2 and 8.365, and the penalty Poisson’s ratio
is 0.45. We note that, because of the process in Sect. 4.2, the
inner-surface shapes obtained from the computations will be
at the best as good as those in the upper-left picture in Figs.
8 and 9, for whatever the number of elements are.

The structural mechanics computations generate a rela-
tionship between the curvature in the deformed state and α,
and from that we select theα value thatmatches the curvature
in the target state. Figures 11 and 12 show the average curva-
ture of the inner surface in the deformed state as a function
of α for the six meshes with quadratic and cubic B-splines.
For quadratic functions, with the mesh made of four ele-
ments, the α value that matches the target curvature is very
different than the value obtained with the other meshes. For
cubic functions, except for the mesh made of four elements,
curves for all the meshes coincide. Figure 13 shows, for all
the meshes, the α value that matches the target curvature.

With all the meshes and the α values displayed in Fig. 13,
we compute the steady-state structural mechanics solutions
to examine the stretches.We evaluate the stretches at the 4×4
Gaussian quadrature points (see Fig. 14).

Remark 4 In the structural mechanics computations with
quadratic functions, we use 3×3 quadrature points.

Remark 5 The integration points are defined over the ZSS.

Because of the circular symmetry, the stretches should
depend only on the radial position. Here we check that by
examining their values along different radial lines in the
element, which are called “inner” and “outer” in Fig. 14.
Figure 15 shows, for the meshes with eight elements, the
radial stretches. For the meshes with 16 or more elements,

0.97 0.98 0.99 1.00
0.96

0.98

1.00

1.02

1.04

α

κ
/κ

4
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Fig. 11 Average curvature in the deformed state as a function of α for
the six meshes with quadratic B-splines, where κ is the curvature in the
target state
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Fig. 12 Average curvature in the deformed state as a function of α for
the six meshes with cubic B-splines, where κ is the curvature in the
target state
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Fig. 13 For all themeshes, theα value thatmatches the target curvature
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1

−1

η

Fig. 14 Schematic display of the integration points

the radial stretches along the inner and outer lines are basi-
cally indistinguishable.

Remark 6 The precise definitions of the radial and circum-
ferential directions for the stretch components are based on
the parametric coordinates.

Figure 16 shows, for the meshes with 16 elements, the
circumferential stretches. For the meshes with 32 or more
elements, the circumferential stretches along the inner and
outer lines are basically indistinguishable.

Table 1 shows, for the mesh with 128 elements and cubic
B-splines, the stretch values at the integration points. We
assume the values in Table 1 to be the actual values and cal-
culate based on that the relative error for the other meshes.
Figure 17 shows the relative error in the radial and circum-
ferential stretches at all eight integration points for all those
other meshes.

5 3D computation

Here we show how the method we have presented can be
used in a 3D computation where the target geometry is com-
ing from medical image of a human aorta. The first step is to
generate a mesh for the target geometry, and we do the vol-
umemesh generation in a special fashion, taking into account
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−1 0 1
0.70
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η
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Fig. 15 Radial stretches for the meshes with eight elements and
quadratic (top) and cubic (bottom) B-splines

the radial stretch. As seen in Fig. 15, in the 2D computations
λr was linear in η, the parametric coordinate in the radial
direction in the ZSS. In that computational setting, in the
ZSS, the parametric and physical coordinates in the radial
direction also had a linear relationship. Consequently, in the
ZSS, λr was linear in the physical coordinate in the radial
direction. Based on these considerations, we do the volume
mesh generation for the target geometry with the objective
of having in the ZSS a linear relationship between the para-
metric and physical coordinates in the radial direction. In this
example, we use cubic B-splines.

5.1 Surface and volume mesh generation for the target
geometry

The surface geometry can be obtained from the medical
images using techniques such as those described in [37].
Then, we generate a surface mesh as shown in Fig. 18.
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Fig. 16 Circumferential stretches for the meshes with 16 elements and
quadratic (top) and cubic (bottom) B-splines

Table 1 Stretch values at the
integration points for the mesh
with 128 elements and cubic
B-splines

η λr λθ

−0.86114 0.9481 1.044

−0.33998 0.8760 1.121

0.33998 0.7800 1.218

0.86114 0.7049 1.289

The values along the inner and
outer lines are identical for the
number of digits displayed

Next we generate the volumemesh.We have only one ele-
ment in the radial direction, with four control points radially.
The control points of the inner surface of the artery are the
control points of the surface mesh in Fig. 18. To locate the
control points of the outer surface, for each control point of
the inner surface, we take a distance equal to the wall thick-
ness in the direction normal to the surface at the collocation
point corresponding to that control point. Figure 19 shows

10010−110−210−3
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10−5
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10010−110−210−3
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Fig. 17 Relative error in the radial and circumferential stretches at
all eight integration points for the meshes with quadratic (top) and
cubic (bottom) B-splines. The colors represent different meshes, with
the same color convention used in Fig. 11. The relative error is calcu-
lated based on the value obtained from the mesh with 128 elements and
cubic B-splines. (Color figure online)

Fig. 18 Surface geometry

Fig. 19 Volume geometry
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the volume geometry. In this example, the inner diameter at
the inlet is 27.3 mm, and use a constant wall thickness of
2.5 mm. The two interior control points do not effect the
arterial volume geometry. However, as mentioned above, we
determine their locations in a special fashion, based on con-
siderations related to the radial stretch. We will explain that
in the next subsection.

5.2 Mesh generation for (Xe
0)

0

To obtain (Xe
0)

0, we use the straight-tube ZSS template with
the data obtained in Sect. 4. We first calculate the principal
curvature directions for the elements of the inner surface. Fig-
ure 20 shows the directions of maximum principal curvature.
As expected, in most places, the direction of maximum prin-
cipal curvature coincides with the circumferential direction.
Figure 21 shows the distribution of the maximum principal
curvature.

Using those two directions and their cross product, we
create an “ideal element” as shown in Fig. 22. We see
the direction of maximum principal curvature as the cir-
cumferential direction θ , the other principal direction as
the longitudinal direction z, and the cross-product direc-

Fig. 20 Directions of maximum principal curvature

Fig. 21 Distribution of the maximum principal curvature

Fig. 22 Physical and ideal elements. The grey colored shape represents
the physical element, and the lines and points represent the correspond-
ing ideal Bézier control element. Target state (left) and ZSS (right)

Fig. 23 Control mesh in the target state, with the blue lines represent-
ing the mesh we use, which is based on the control-point spacing we
chose in the radial direction, and with the black lines representing equal
spacing of control points in the radial direction. (Color figure online)

tion as the radial direction r . The ideal element is defined
with its inner surface having those principal curvatures in
the θ and z directions, and expanding in all three direc-
tions to cover the physical element. To define the EBZSS
for the ideal element, we use the straight-tube ZSS tem-
plate with the data obtained in Sect. 4. The curvature in
the circumferential direction comes from φ = 5π/2 and
α = 0.870, and for the z direction we assume λz = 1.0
(no stretch) in this example. What we do in the radial direc-
tion is based on having the λr distribution from Fig. 15.
To that end, as mentioned in the earlier parts of this sec-
tion, we prefer to have a linear relationship between the
parametric and physical coordinates in the radial direction
in the ZSS. For that reason, the control points are equally
spaced in the radial direction in the ZSS, but not in the target
state.

With the ideal elements from the target state and ZSS,
by using a least-squares projection, we map the physi-
cal element from the target state to the ZSS. Here we
face a second choice to make, and that is for the control-
point spacing in the radial direction for the physical ele-
ment in the target state and ZSS. We choose the spacing
in the target state to be proportional to the spacing for
the ideal element in the target state, leading to a dis-
tribution in the ZSS that is not far from being equally
spaced. Figure 23 shows the control mesh in the target
state.

Remark 7 Weexpect that having proportionality between the
spacings for the physical and ideal elements will facilitate
accurate representation of the radial stretch.

Figure 24 shows the elements of (Xe
0)

0 obtained with the
process we have described. From (Xe

0)
0 and XREF, we cal-

culate the circumferential, longitudinal and radial stretches,
defined based on the parametric coordinates in the ideal
element, with the three directions corresponding to the direc-
tions ofmaximum andminimumprincipal curvatures and the
cross product of the two directions. Figures 25, 26 and 27
show those stretches.
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Fig. 24 Elements of (Xe
0)

0

0.5 1.0 2.0

λθ

Fig. 25 Circumferential stretch from (Xe
0)

0 and XREF

0.5 1.0 2.0

λz

Fig. 26 Longitudinal stretch from (Xe
0)

0 and XREF

0.5 1.0 2.0

λr

Fig. 27 Radial stretch from (Xe
0)

0 and XREF

5.3 Iterations to calculate Xe
0

In computation of y0 from (Xe
0)

0, we use the rampingmethod
described in Sect. 2.4, for reasons also described in that sec-
tion. Figure 28 shows (Xe

0)
0 and y0. Figures 29, 30, 31 and

10−6 101

Displacement (mm)

Fig. 28 Elements of (Xe
0)

0 (left) and y0 (right)

10−6 101

Displacement (mm)

Fig. 29 Elements of (Xe
0)

1 (left) and y1 (right)

32 show (Xe
0)

i and yi for i = 1, 2, 300, and 1000. Figure 33
shows the maximum of ‖yi‖ as a function of i . There are
some very-low-magnitude oscillations, but the solution con-
verges very well.

5.4 Observations on the results

From converged Xe
0 and XREF, we calculate the circumfer-

ential, longitudinal and radial stretches, defined based on the
parametric coordinates in the ideal element in the target state,
with the three directions corresponding to the directions of
maximum and minimum principal curvatures and the cross
product of the two directions. The stretches are shown in
Figs. 34, 35 and 36. In most places the stretches are very
comparable to what we obtained from (Xe

0)
0 and XREF (see

Figs. 25, 26 and 27). However, there are some differences
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10−6 101

Displacement (mm)

Fig. 30 Elements of (Xe
0)

2 (left) and y2 (right)

10−6 101

Displacement (mm)

Fig. 31 Elements of (Xe
0)

300 (left) and y300 (right)

locally, such as at the high-curvature region of the descending
aorta. The high curvaturemight be due to the surrounding tis-
sues. We also note the template used in the computation was
based on the straight part of the aorta. Improving our method
for determining the EBZSS might require more observed
data, and additional boundary conditions representing the
surrounding tissues.

6 Concluding remarks

We have presented the version of the EBZSS estimation
method with isogeometric wall discretization and have suc-
cessfully applied the method to patient-specific modeling of
a human aorta. The EBZSS estimation method, originally
introduced in the context of finite element wall discretiza-
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Displacement (mm)

Fig. 32 Elements of (Xe
0)

1000 (left) and y1000 (right)
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Fig. 33 Maximum of ‖yi‖ as a function of i (EBZSS iteration counter)

0.5 1.0 2.0

λθ

Fig. 34 Circumferential stretch from converged Xe
0 and XREF

tion, will help us estimate the ZSS in patient-specific arterial
FSI computations, where the image-based arterial geometry
does not come from a ZSS. The method consists of three
main components. 1. An iterative method, which starts with
a calculated initial guess, is used for computing the EBZSS
such that under a given load, the image-based target shape
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0.5 1.0 2.0

λz

Fig. 35 Longitudinal stretch from converged Xe
0 and XREF

0.5 1.0 2.0

λr

Fig. 36 Radial stretch stretch from converged Xe
0 and XREF

is matched. 2. A method for straight-tube segments is used
for computing the EBZSS so that the given diameter and
longitudinal stretch in the target configuration are matched
together with the opening angle. 3. An element-based map-
ping between the artery and straight-tube configurations.
This provides the mapping from the arterial configuration
to the straight-tube configuration, and from the estimated
EBZSS of the straight-tube configuration back to the arte-
rial configuration, to be used as the initial guess for the
iterative method that matches the target shape. With isogeo-
metric discretization, we obtain the element-based mapping
directly, instead of extracting it from the mapping between
the artery and straight-tube segments. That is because all
we need for the element-based mapping, including the cur-
vatures, can be obtained within an element. With NURBS
basis functions, we may be able to achieve a similar level
of accuracy as with the linear basis functions, but using
larger-size and much fewer elements. Higher-order NURBS
basis functions allow representation of more complex shapes
within an element. To demonstrate how the new EBZSS
estimation method performs, we first presented 2D test com-
putations with straight-tube configurations, carried out with
quadratic and cubics basis functions and meshes made of
different number of elements. Then we showed how the
method can be used in a 3D computation where the tar-
get geometry is coming from medical image of a human
aorta.
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