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Abstract We propose an alternative crack propagation algo-
rithm which effectively circumvents the variable transfer
procedure adopted with classical mesh adaptation algo-
rithms. The present alternative consists of two stages: a
mesh-creation stage where a local damage model is employed
with the objective of defining a crack-conforming mesh and
a subsequent analysis stage with a localization limiter in
the form of a modified screened Poisson equation which is
exempt of crack path calculations. In the second stage, the
crack naturally occurs within the refined region. A staggered
scheme for standard equilibrium and screened Poisson equa-
tions is used in this second stage. Element subdivision is
based on edge split operations using a constitutive quantity
(damage). To assess the robustness and accuracy of this algo-
rithm, we use five quasi-brittle benchmarks, all successfully
solved.
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1 Introduction

For equilibrium problems, the presence of cracks causes the
displacement field to be discontinuous in the normal to the
crack faces. Finite element polynomial interpolation is inade-
quate for the representation of discontinuous functions. This
fact has encouraged the development of methods explic-
itly introducing a discontinuity in the interpolation functions
[1,2]. These methods entail technical challenges in terms of
generalization and have intricate coding requirements. How-
ever, it is also established that, if local solution accuracy is
not the primary objective of an analysis (i.e. singular stress
fields) there is no demand for specific treatment of the stan-
dard displacement-based solution to calculate the J-integral
(cf. [3]). From the energy balance perspective (specifically
localized strain energy density loss), displacement discon-
tinuities can be replaced by inactive elements or explicit
boundaries. In alternative, localization limiters (cf. [4]) with
strain softening constitutive laws allow a similar effect. Exist-
ing techniques for computational fracture can be classified
as either discrete or continuum-based:

e Remeshing procedures with extraneous crack path deter-
mination [5,6], local displacement [1,7—11] and strain [2,
12] enrichments, clique overlaps [13], edges reposition-
ing [14] and edge-based fracture with R-adaptivity [15].
Duflot and Nguyen-Dang [16] successfully introduced
the near-tip Westergaard field in moving least-squares
meshless weight functions, which parallels the extended
finite element developments. Another recent meshless
discretization based on discontinuous kernels was pro-
posed by Barbieri and Petrinic [17]. Peng et al. [18]
recently proposed an isogeometric/boundary element
method where NURBS patches are used to discretize the
crack surfaces. Element cutting by topological operations
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was recently proposed by Paulus et al. [19]. Full remesh-
ing techniques have also been used with some degree of
success (see the work of Bouchard [20,21]);

e Fixed-mesh element erosion [22], smeared band algo-
rithms [23], viscous-regularized techniques [24], gradi-
ent and non-local continua [25].

We aim robustness and generality (cf. [26]) with respect to
element technology and opt to use a purely constitutive algo-
rithm which produces a damage value that also serves as an
indicator of material collapse. This has been titled “contin-
uum approach to fracture” [27] and we explore it in this work.
With this approach, pre-cracks or pre-notches are unneces-
sary and explicit calculation of crack paths is not performed.
Regularization is adopted in the form of a staggered algo-
rithm for the strain with the screened Poisson equation (see,
e.g. [28]) here with amodified version. To ensure areasonable
solution and corresponding crack path, we use a preliminary
stage with local remeshing. A two-stage algorithm is there-
fore introduced:

1. The first stage uses a standard local equilibrium analysis
with recursive local remeshing, node repositioning and
variable transfer. The analysis is performed without a
localization limiter, as the only objective is to produce an
appropriate mesh.

2. After unloading, the mesh obtained from the first stage
is used in a staggered algorithm using equilibrium equa-
tions and the screened Poisson equation.

Results produced by the present algorithm show that this is
able to achieve:

e Very good mesh-size independence.

e Excellent length-scale independence for values compat-
ible with the mesh size.

e Moderate step-size independence.

e Reproduction of curved crack paths.

e Successful application to demanding quasi-brittle prob-
lems.

2 Governing equations: constitutive integration
in finite strains

Using standard notation, we write the spatial equilibrium
equations as [29]:
80’,‘]‘
— +bi=0 ey
ox .

J
with the Cauchy tensor components o;; (i, j =1, 2, 3).In(1)
i is the direction index and j is the facet index. The compo-
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nents of the body force vector are b;. In (1), coordinates x; are
the spatial, or deformed, coordinates of a given point under
consideration. In addition, the following natural and essen-
tial boundary conditions hold on each part of the boundary
[ = I'" UT* where I'’ is the natural boundary and I'* is the
essential boundary:

~|
1

o-v on I )
u

u on I'* 3)

where 7 is the known stress vector on I'' where v is the outer
normal and # is the known displacement field on I'*. It is
assumed that (1) and (2-3) are satisfied for a time parameter
t € [0, T] with T being the total time of analysis and for a
point with position x € Q2 belonging to the deformed position
domain at the time of analysis. Natural boundary ' is evolv-
ing in the sense that cracks create boundaries with known £.
Equilibrium configuration corresponds to the domain 2. In
tensor notation, Eq. (1) can be presented as:

Vel +b=0 4)

with V = 9/3x being the spatial gradient operator. After
multiplication by the velocity field @, integration in the
deformed configuration 2 and application of integration by
parts component-wise, we obtain the following power form
(Wim is the internal and Wexl is the external power):

/a:LdQ:/b-udsz+/?-udr )
Q Q It

Wint Wext

where L is the velocity gradient: L = % = %. Using the

undeformed configuration €2¢ for the left-hand side, it is well
known that (5) can be written as:

/ S:Eonz/b-udQ+/ - udl (6)
Qo Q It

Wi nt Wext

where S is the second Piola-Kirchhoff stress and E is the
corresponding Green-Lagrange tensor. Eigenvalues of E
are identified as €1, &> and ¢3. For the quasi-brittle model
employed in this work, we use the Mazars [30] definition of
equivalent strain, here denoted geq:

(N

&6l = 1,2,3. From (7) the maximum

with () =
equivalent strain ¢ is defined as & = maxpig [£eq]- With a
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non-local representation of e, which is denoted € we use
a strict approach: only the softening function depends on
€. Note that in the literature, g.q is frequently adopted for
the nonlocal strain approach, e.g. [31]. Loading/unloading
conditions strictly involve local quantities and the structure
of the local constitutive representation remains. Defining the
equivalent stress as 0eq = E'geq and introducing a softening
function o (€), we establish the loading/unloading conditions
in terms of stress:

(I =d)oeq—0(8) =0 ®)
d>0 ©)
d[(1 —d)oeq — ()] =0 (10)

from which a Hookean-like constitutive law is obtained,
where Voigt notation is used:

S=(1-d)%E (11)

and ¥ is the elastic tangent modulus. Function & (g) follows
the standard exponential softening law:

ELamax:|
(12)

0 (€) = Omax €Xp |:— G
C

In (12), omax is the maximum equivalent stress, G is the
critical strain energy release rate (all modes are equally com-
bined in g¢q) and L is the length scale parameter. To ensure
consistence with other models, we identify d in (8—10) and
(11) as the damage constitutive variable. Implementation
details, including the control equation for the solution, are
provided in previous papers, see e.g. [32].

3 Regularization with the screened Poisson
equation

The classical screened Poisson equation [28] (typically
named Helmholtz-like, cf. [31,33]) is adopted to regularize
the otherwise ill-posed equilibrium problem in the presence
of strain softening [34]. Using an additional field, €, we per-
form a coupling with the constitutive-based ¢ as:

I(d, L) (vgg) I=%F—¢ (13)
with the following boundary condition:

Vepe-v=0 inTI} (14
A version with constant [ was established by Lasry and
Belytschko [4] who used an explicit version of this model,

requiring higher-order continuity. In (13), Vlf is the Laplacian
with respect to the coordinates in equilibrium configuration

Qp, corresponding to an updated-Lagrangian formulation.
This allows the diffusion effect of (13) without the well-
known [33] flattening side-effect. It is worth noting that €
given by equation (13) is a weighted average (see [31,35])
and therefore mesh size only affects the local quantity ¢
which is not directly responsible for softening, as d is made
dependent on . In the present work we introduce the follow-
ing function /(d, Ly,):

I(d,Lm) =L —dLpn

where Ly, is the average mesh edge size at the localization
region. The following constraint applies:

Lm <L

this limits the spreading of the damaged region which occurs
with fixed /. An alternative approach with similar effect was
used by Geers et al. [35] by means of a rate effect. For the
beam example, see Sect. 5.1, two independent equations are
used for the lower and upper faces €jower and Eypper, TESPEC-
tively:

(L — dLm)2 (Vlzglower) 2 I = Elower — Elower (15)

(L — dLm)2 (vggupper) I = Eupper — Eupper (16)

We use a staggered scheme to regularize the strain-
softening problem. We introduce an element that implements
Eq. (13) using the following weak form with the previous rate
notation:

W, = / [—(L — dLp)* (VoE - VoE) + (e — B) 5] dQ,
Qb

a7

where, in terms of discretization for a triangle, € =
Z*}:l Nk (§)ex where Nk (&) are the classical shape func-
tions and €g are the nodal unknowns for the regularization
element. Linearization of (17) follows:

dWw, =/ [—(L — dLm)? (VydE - V&) — dﬁ] dQ, (18)
Q2p

We omit the case for a plate or shell, as it constitutes
a simple extension of (17) and (18). The implementation is
performed with Mathematica [36] and AceGen software [37].
We obtain the following element residual for node M:

dNg ON
ri = / [—(L —dLy) Mg
Qp

3)6,‘ 3)6,‘

+ (¢ — Nkg€k) NM] dQy =0 (19)
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Fig. 1 Stretched bar under
tension: localization region as a
function of € for / = L and

| =L —dL,. (Color figure
online)

Fig. 2 Two-stage algorithm for

crack propagation
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where the sum symbol for K was omitted. In (19), N are
the shape functions. The linearization corresponding to (19)
provides the element stiffness matrix for nodes M and K as:

ONg Ny
K¢, = —(L —dLyp)>—2 2 — NgNy | dS2
MK /Qh[ ( m) o, x; K M] b

(20)

To compare this new technique with the conventional
fixed-/ algorithm, we compare the localization regions in
tension for a stretched bar in Fig. 1 where all relevant data
is shown. We can observe that our new technique with vari-
able [ results in a much sharper definition of the localization
region.

@ Springer

4 Element subdivision and repositioning algorithm

We use two stages, depicted in Fig.2:

1. In the first stage a local approach to fracture, known to
be ill-posed, cf. [38], whose only purpose in this context
is to provide, along with the remeshing algorithm herein
described, a locally refined mesh for the second stage.

2. We subsequently unload the final state of the first stage
keeping the new mesh and solve a regularized prob-
lem which constitutes the actual fracture analysis. In this
stage, the mesh remains fixed.

Since in the second stage no variable transfer occurs and
the equations correspond to a regularized problem, results
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Algorithm 1 Localized remeshing Algorithm. 1 No

Mark edges for splitting based on a convex interpolation of d YK = Ny Z XKIYKI 2y
2L @K o

(Fig.3)
Mark edges for splitting based on the aspect ratio of adjacent
elements (Fig. 3)

Create new nodes in the center of marked edges (Fig.4)
Create new elements by subdivision of elements with marked
edges (Fig.4)

Perform nodal repositioning
Map degrees-of-freedom and history variables for the new mesh

dy = max[(dupper + diower)/2]1

dy = max|(dupper + diower)/2]2

hopt = (1 - de)he + dehmin
hopt < toly - he = mark edge for splitting

hel heg

he

he > tola(her + hea) = mark edge for splitting

Fig. 3 Splitting based on d and aspect ratio

are very smooth and naturally follow the localization regions
determined in the first stage. In the first stage, we use a
combination of a simple element subdivision scheme with
nodal repositioning, identified as Algorithm 1. Three major
steps are performed (1. edge marking, 2. node and element
creation, 3. mesh smoothing and mapping). Splitting edges
is simpler than rotating edges (cf. [14]) and duplicating tip
nodes since no specific crack path tracking is required. We
classify each edge according to the maximum value of this
mean d for both adjacent elements, cf. 3. An optimal length
hop 18 defined and, if it is smaller than the actual edge length
h., the edge is marked for splitting. Concerning the toler-
ances, Table 1 shows typical values which are used in this
work. After all edges are marked for splitting, each element
containing at least one marked edge is analyzed for subdi-
vision according to the scheme of Fig.4: one, two or three
divided edges result in one, two or three additional elements.

For node repositioning, we adopt an algorithm based on
the weighted Laplacian method (cf. [39]) where length ratios
are weights:

where [ is a given node number connected to node K by an
element, N, is the number of nodes connected to K, and

lx; —xxll

K] = (22)
e = xg|(1 = &) + hminds

¢ = dha (23)

where dl_ is the maximum damage variable in all elements

sharing node 1.

In the first stage, variable mapping is required between
meshes. Here it is strictly geometric and consists of the fol-
lowing two tasks:

e Finding the element in the previous mesh where the cen-
troid of each element in the current mesh falls. Then copy
the constitutive history data.

e Finding the element in the previous mesh where each
node of the current mesh falls. Then interpolate the
degrees-of-freedom.

5 Numerical tests

5.1 Shell discretization of a cantilever beam bending
with quasi-brittle behavior

The first stage of the proposed algorithm, which includes a
modified screened-Poisson equation and a staggered algo-
rithm is now assessed in its basic features. The modification
of the original screened-Poisson equation also modifies
the localization behavior. The staggered algorithm must be
inspected with respect to drifting of results. We are also con-
cerned with hypothetical spurious diffusion caused by large
number of steps. Therefore, a cantilever beam is introduced
where all these aspects can be judged without remeshing,
whichis used in subsequent examples. In summary, the objec-
tives of the simple numerical test (described in Fig.5) are:

e To assess the dependence of mesh size in the displace-
ment/reaction results. In this case the parameter 7 shown
in Fig.5 is used. Triangular elements are compared with
quadrilaterals.

e To assess the effect on step size in the displace-
ment/reaction results. Refering to Fig.5, the parameter
Aw is used.

e To study the relation between the length parameter L and
the element size &.

@ Springer
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One splitted edge

Fig. 4 Element division algorithm based on edge splitted. In bold local element numbers
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Table 1 Typical values of the parameters for the localized remeshing
algorithm

Symbol Interpretation Value
tol Ratio of lengths, below which an edge is partitioned. 0.70
toly Ratio between length of the largest edge and the sum 0.95
of the other two lengths above which the largest
edge is partitioned.
Nmin Minimum edge length. ®

® Problem data

Figure 5 shows the relevant data for the quasi-brittle can-
tilever beam. Our triangular shell element [40] is used to
perform the discretization and independent nonlocal strains
Elower and Eypper, see Eqgs. (15-16), are used to correctly rep-
resent shell bending. To study the effect of mesh size, we use
four values of /, as indicated in Fig.5. A slight dependence
on h is observable for higher values in Fig. 6a. In terms of
element topology and for & = 1.4286 and & = 2 mm, it
can be observed in Fig.7 that triangular elements produce
slightly stiffer results. In terms of step size, a clear effect
can be noted in Fig. 7 which attenuates for Aw < 5 x 1073
mm. Finally, the effect of L is also observable in Fig. 8, with
larger values producing slightly more brittle results. We note
that, although some dependence on the parameters in the
force-displacement results can be observed, this dependence
is generally mild and acceptable in most problems.

Fig. 5 Cantilever beam:
relevant geometry and properties

v =10.29

Omax = 50 N/mm?
G.=1N/mm
L =5, 10, 20, 40 mm

E = 210000 N /mm?

(a)
1.6 T T T T T
14 b
1.2+ B
1+ 4
=
0.8F b
K
0.6 4
04k h =25 mm i
h=2mm =
0.2F h=1.4286 mm =—— 4
h =125 mm =
0 I I L I
0 1 2 3 4 5 6
w [mm]
(b)
1.6 T T T T T
14 b
1.2+ B
1+ 4
Z 0.8
Y
0.6 4
0.4k Triangle, h = 2 mm i
Quadrilateral, h = 2 mm
0.2+ Triangle, h = 1.4286 mm 4
Quadrilateral, h = 1.4286 mm
0 I L L I
0 1 2 3 4 5 6
w [mm]

Fig. 6 Cantilever beam: effect of mesh size and element topology. a
Effect of 4, L = 5 mm. b Effect of element topology, L = 5 mm.
(Color figure online)

h =1.25, 1.4286, 2, 2.5 mm
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1.6 T T T T T
1.4 bl
1.2 bl
1k 4
=
0.8 - bl
<9
0.6 - bl
04 Aw =2 x107% mm == i
Aw=1x 1072 mm —=—
02+ Aw =5 x 1075 mm =—s=— q
Aw = 3.3(3) x 107 mm =—e—
0 1 1 1
0 1 2 3 4 5 6
w [mm]

Fig. 7 Cantilever beam: effect of step size Aw. (Color figure online)

1.6 T T T T T
14+ q
1.2 q
1+ 4
Iz
0.8 - q
K
0.6 - q
041 L =5 mm = B
L =10 mm =
0.2 L =20 mm =—— 4
L =40 mm =
0 L L L L L
0 1 2 3 4 5 6
w [mm]

Fig. 8 Cantilever beam: effect of length parameter L. (Color figure
online)

5.2 L-shaped panel

We now study a L-shaped panel introduced by Winkler [41]
and numerically analyzed by Most and Bucher [42] using
the natural element method and by Dumstorff and Meschke
[43] using the extended finite element method (XFEM). More
pertinent than the discretization method is the crack propa-
gation technique used to define the path. In [42], the Authors
used two distinct crack direction algorithms, namely the aver-
aged Rankine criterion and the Erdogan-Sih LEFM criterion,
cf [44], as each separately fails to predict the correct crack
path in different problems. In [43], the Authors use a thermal
tracking algorithm to estimate the crack lines. The present
work avoids the need for a crack tracking algorithm, which
is a considerable advantage.

Relevant data for this problem is shown in Fig. 9 agreeing
with properties reported in [42]. Displacement control, with
component v identified in Fig. 9, is used in the indicated mon-
itored point with F being the corresponding force. Both crack
path agreement and load/deflection results are scrutinized.
We use three values of the initial characteristic mesh size

@ Springer

h = 8, 6 and 4 mm with corresponding hmin, = 5.333, 4.000
and 2.666 mm.

In terms of crack-path prediction, we note that the finer
mesh (h = 4, hpin = 2.666 mm) gives rise to an almost-
straight crack. Some difference is observable with respect
to the experimental envelope. This is known to be caused
by the use of a regularized continuum. Previous numeri-
cal experiments carried out by the Authors have provided a
similar conclusion (see, e.g. [45]). With respect to the force-
displacement results, we use the reported data from Most
and Bucher [42] who use Carol et al. specific mixed-mode
cohesive law [46]. The comparison is presented in Fig. 10.
Satisfactory agreement is observed with respect to the results
reported in [42] with a slight variation between the three mesh
sizes.

5.3 Single edge notched beam: assessment of L, & and
step size

An evaluation of the effect of L, i and step size is now per-
formed. With this objective, the single edge notched (SEN)
beam introduced by Schlangen (cf. [47]) is adopted using
three distinct mesh densities with the same ratio Amin/n =
0.5325. A description of this problem, with constitutive prop-
erties and boundary conditions is shown in Fig.11. Three
uniform meshes are adopted, with 7 = 4, 3 and 2 mm. In
terms of remeshing, the corresponding hpi, are 2.13, 1.6
and 1.07 mm. For the screened-Poisson equation we adopt
four distinct values of L: L = 5, 10, 15 and 20 mm. The
arc-leng-

th method is used in the solution, with monotonically increas-
ing CMSD (crack mouth sliding displacement). The crack
path reproduces closely the experimental envelope, as can
be observed in Fig. 12; even near the support the experimen-
tal observations are adequately reproduced. A comparison
with the experimental results and the DSDA method [48-
50], along with a study of mesh and step size influence is
performed. As can be observed in Fig. 13, excellent agree-
ment is obtained, with very good insensitivity to the step
size. In terms of length-scale L, we found that some sensi-
tivity occurs for smaller values (L = 5 mm is particularly
off) although values between 10 and 20 mm produce similar
results. In terms of the effect of 4, Fig. 14 shows an excellent
robustness which is traditional of regularized solutions (cf.
[31,33]).

5.4 Four-point single edge-notched beam

The four-point single-edge notched shear beam (SENS) prob-
lem by Arrea and Ingraffea [51] is described in Fig.15.
Properties coincide with the work of Most and Bucher [42],
see also [52]. Here, we focus on the effect of mesh size & for
fixed /min/h = 0.5. Four mesh sizes are adopted, correspond-
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Fig. 9 L-shaped panel: geometry and relevant data

ing to edge lengths 4: h = 5, 6, 8§ and 10 mm. As in the SEN
test, we use the CMSD as control variable (with each incre-
ment fixed as ACMSD = 1 x 1073). A comparison with the
meshless results reported by Most and Bucher [42] and the
reported experimental results is performed in Fig. 16 where,
despite some difference between distinct meshes, reason-

LSS0/ 777777777777

=4 hm — ' I

able agreement can be observed. Snap-back behavior in the
v — F diagram is shown in Fig. 17. Crack paths for four val-
ues of & are in excellent agreement with the experiments, as
Fig. 18 shows. However, finer meshes tend to slightly reduce
the crack path curvature, which can be observed for the case
h =5 mm.
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Fig. 10 L-shaped panel: v-F diagram. (Color figure online)

5.5 Crack growth in a four-point bending concrete
beam: effect of #imin/n

Concerning the crack path formation and robustness, the
effect of Zmin/h should be inspected. For this exercise we
make use of the four-point bending concrete beam proposed
by Bocca et al. [53]. The four-point bending beam prob-
lem consists of a bi-notched beam subjected to two point
loads. The effect of size is inspected: two specimens with
different dimensions are tested. From the set of specimens
studied by Bocca et al. [53] we focus on specimens with
c¢/b = 0.8, b = 50 and b = 200 mm, since these have
reproducible experimental data. We use L = 12 mm for
the larger specimen and L = 3 mm for the smaller one.
We compare the crack paths and the force-displacement
numerical results with those reported in [53]. It is worth not-
ing that, using the cracking particle method, Rabczuk and

Fig. 11 Schlangen’s SEN test:

Belytschko [54] obtained very good crack path predictions,
although the force in the force-displacement diagram was
higher than experimentally observed. In addition, with the
particle methods, there is the problem of selecting the sup-
port dimension in the crack region. Relevant data is shown
in Fig. 19, along with the contour plot of €. Crack paths and
mesh size evolution are shown in Fig.20 for the four val-
ues of /min/h. Below min/n = 0.495, the crack path begins to
exhibit the correct curvature and agreement with the exper-
iments. In terms of analysis, for anti-symmetry reasons, we
force the same mouth horizontal displacement at the edge of
notches A and B: Aup = Au 4. The relatively wide spread of
experimental crack paths is typical and results from the use
of six specimens of reference [53]. Experimentally, some
residual crack evolution in the opposite direction of the final
path was observed and we also obtained that effect. Force-
displacement results are shown in Fig. 21 where a comparison
with the measurements of Bocca et al. [53] and the cracking
particle method of Rabczuk and Belytschko [54] is made.

6 Conclusions and extensions

By combining a staggered algorithm with the modified
screened Poisson equation and adaptive mesh refinement,
we successfully solved five problems in quasi-brittle frac-
ture. Two main goals were achieved:

1. Crack path criteria are not required. Mesh refinement
indirectly provides the crack path.

2. Cohesive laws are not required. A regularized continuum
law, within a smeared model, is used which provides very

geometry, boundary conditions CMSD-_~ Values of L:
and material properties Meshes (h ¢ hun): I —5mm
h= 2,- hmin = 1.07 mm , é i 19 mim
h =3, hyp, = 1.6 mm / I B %0 mm
h =4, hyy = 2.13 mm K = 20 mm
-7 T =L
/ - b \
/
v |
S U E=35000 N/mm?
AN L,/ v=0.15
Sano=? Omax=3.0 N/mm?
2 G.=0.1 N/mm
(Dimensions in mm) H=100 mm
P(CMSD): Load parameter
1
=P
n 10
T
180 % e 180
175" 5 M5

@ Springer



Comput Mech (2016) 58:1003-1018

1013

/N N
IOAVATAVAVAY
DO
§§ VYN
PREA
AVA
WALIavs,
O\
VAVAVAVAVA

YAVAVAVAV/
AVAVAVAVAVAVAVAVAVAVAVAVAVAVAI

Y
Q

VAY

\VAVAVAYAVAVAVAYG|
IX
s

INININININT

AVAVAVAVAVAVAVA)

\V4

AVAVAVAVAVAV
AVAVAVAVAN

7N
AV
¥
VAVAVA

YAVAV,

YAY
VAVA
AVA

a NNPNSET
@ Rl R e e
T RITRRNIRILD o SR R R R MR KR
TAY VAVAVS VAVAVAVAY, BSOS NI S RIS KISKISK SRR IK KIS SO
R ORI BRSO RIS SRS
VATAN A YA A AV AN PV A AYAYAVAVAVA YA N AT AVAYAVAVAVa s RS SR RIS RER SRR RIS KSR
/N WA aavaVVavavie, AVAVAVAVAVAA YAVAVAVAV 2\ KA SIS RK PRI KISKISKISK SRS
< 0K 0 SN ISR ISR RIS RIRISKISRISRIRI K
AN Ay AN SRR RIS ]
v SRR RISKIKISR R RIS RISKIRISKIKISKISS
R SRR SRR IRISRIRIIISY
NSRS RISKIKIS S RISKIKIKIRI RIS
SRS AR SRR RIS PSRRI EK
NPT KKK KISKISKIPK KKK
RIS RS RIKISKIREEREREK]
s SRR RIS R R R
s R R SRR
i~ SRR RS RS RIRIRR]
SRISRREREK N 2
SRR Kl o
SRS SRR
<] 1 § h
< 1>

AVAVAVAVAVAVAVAVAVAVAVAVAVAVA

VAVAVAVAVAVAVAVAVAVAVAVAVAV A

XA
KKK
AVAY

2

VA

NN

W

| VAVAVAVAVAVAVAVAVAV/

&
X

A

%
VAVAS
N

VAN
AV

i
2

VAV
Davaves
AVAVA
RO
VAVAV4 AAA

\/
X0
/'
55
\V4

K7
YAVAVAVAVAVAVAVAVS
VAVAVAVAVAVAV
KRR

VAVAVAVAVAVAVAVAVAVAVAVAU A

VAVAVAVAVAVAVAVAV
RS
VAVAVAVAVAVAVA%A%v

\VAVAV
V4
o

&

VAY
AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA

<
a)

VAN

v

R S Y SSS s
R S s

SRR R SRS A SRR RRKKRINER

%
%

R
K ORRERND

IR % K
ST RRRRRRRRRAIN -

2 X
ORI &

(d) R /Experimental envelope (Schlangen 1993)
\
‘A

\\
\

\
Present model o\g\\

\
\

\
1
DSDA
s ‘\N\
\
)

RIS
T

ORI
SRR

pa R R KRR e :
S S S o
2R P e
- i R R R KRR DR RRAI
N b R b R X R RO SRR K LR LRI
Bl b
e e e
B R R K LR e e s
A b AT AN A R IR KRR
b A £ Sea
R I RRERE il P
B e e -
S :
SR AR R % 5
RGO, ERERERERRERRRY G ey
e L AR R EREREREOELI
S S S 55 S D
DR RS £ Rl S
s = 5 e S e s
PREREREERERRRRRRERT S PO R L L S Ak LA L
KSR 5 ERARI S O
L 55 R e
KRR RS SRR RO LR, e S, X
EREEREKERRRERE KRR K ORI FIXXA RO I 0
SRRERERRRRIRSRERE, KRR TR L SRS S S e
S R R A i S
SRR RS e N
SR 5 S
e s
R R R I
R R RS SR
KRS RRARIRIA IS
TS S

VAVAVAV/

Fig. 12 Schlangen’s SEN test: Deformed meshes for the three values by Schlangen [47]. a h = 4 mm (magnified). L = 10 mm. b h = 3
of h. Elements with high values of d are removed. Crack path (h = 2 mm (magnified). L = 10 mm. ¢ # = 2 mm (magnified). L = 10 mm.

mm) compared with DSDA [50] (yellow) and the experimental results d Crack path comparison. (Color figure online)

@ Springer



1014

Comput Mech (2016) 58:1003-1018

(a)

50000 T

45000
40000
35000
30000
25000
20000
15000
10000
5000 1 b

Prc;cnt (ACA\ISL) =3x 10’4‘111111) —_—
Present (ACMSD = 4.5 x 10~ mm) ——
Present (ACMSD =6 x 10~* mm) 7

)
)

T

T

Present (ACMSD =7.5x 10~ mm
Experimental (Schlangen 1993

T T

T

Reaction
T
-~

[

T
!

0 0.02 0.04 0.06 0.08 0.1 0.12
CMSD

(b)
50000 x x ;

45000
40000
35000
30000
25000
20000
15000
10000
5000 b

Present modcl (L= 5 mm

T

Present model (L = 10 mm

N

Present model (L = 20 mm

T

) —
) —
Present model ( 15 mm)
)
)

Experimental (S(hlangcn 1993

Reaction
T T T

T

T
!

1
0 0.02 0.04 0.06 0.08 0.1 0.12
CMSD
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results for four values of L. (Color figure online)
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Fig. 14 Schlangen’s SEN test: load-CMSD results: effect of mesh size
h(ACMSD =3 x 10~* mm, L = 10 mm). (Color figure online)

accurate results in terms of energy dissipation without the
requisite of special surface elements.

Besides the usual mesh length %, which is required to solve
any finite element problem, only two additional solution para-
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Also shown are results from Most and Bucher [42] and the experimental
results. (Color figure online)
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Fig. 17 SENS problem: Force-displacement results: effect of mesh
size h. (Color figure online)

meters are required: the non-local length L appearing in the
screened-Poisson equation and also in the smeared model,
which is applied in a staggered form, and the mesh refinement
length Ay, controlling the subdivision of elements. When
compared with enrichment methods or classical remeshing
algorithms, we detected the following two shortcomings in
the present technique:
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Fig. 19 Four-point bending of a concrete beam
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Fig. 20 Four-point bending of a concrete beam: crack paths compared with the envelope of experimental results by Bocca et al. [53]. The increase
in the number of nodes is shown for four values of /umin/i. (Color figure online)

1.

Computational cost is comparatively high, since two
analysis are performed, with the second involving regu-
larization and equilibrium equations. Degrees-of-freedom
also increase in the first stage of the analysis.

In the L-shaped panel there was some difficulty in repro-
ducing the experimental crack path.

The two-stage algorithm introduced, consists of:

1.

A local approach to fracture with local remeshing and
global node repositioning. The only parameter in this

@ Springer

stage is the minimum element size, hmin. The purpose
of this stage is to establish the appropriate mesh for the
regularized problem.

2. Asecond stage which consists of aregularized continuum
with a modified screened Poisson equation depending
on L and a smeared model using the same parameter
L.

Mostly good crack path agreement with quasi-brittle
experiments was obtained. Good agreement in the force-
deflection and force-CMSD results was also observed.
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Bocca et al. [53] and the cracking particle method of Rabczuk and
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analysis. a b=200nm. b »=50nm. (Color figure online)

Eq

Concerning the extension to three-dimensional analysis,
s. (19) and (20) remain unchanged and only the remeshing

algorithm described in Section differs 4 in terms of edge and
face partitioning. The work of [55] on adaptive tetrahedron
edge division is applicable.
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