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Abstract We present a new way to discretize a geometri-
cally nonlinear elastic planar Cosserat shell. The kinematical
model is similar to the general six-parameter resultant shell
model with drilling rotations. The discretization uses geo-
desic finite elements (GFEs), which leads to an objective
discrete model which naturally allows arbitrarily large rota-
tions. GFEs of any approximation order can be constructed.
The resulting algebraic problem is a minimization problem
posed on a nonlinear finite-dimensional Riemannian mani-
fold. We solve this problem using a Riemannian trust-region
method, which is a generalization of Newton’s method that
converges globally without intermediate loading steps. We
present the continuous model and the discretization, discuss
the properties of the discrete model, and show several numer-
ical examples, including wrinkling of thin elastic sheets in
shear.
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1 Introduction

We consider the numerical treatment of a geometrically non-
linear hyperelastic planar Cosserat shell model. This model
has been obtained by dimensional reduction from a full
three-dimensional Cosserat continuum model. Its degrees
of freedom are the displacement m of the shell midsur-
face, together with the orientation of an orthonormal director
triple R at each point. Consequently, if & denotes the two-
dimensional parameter domain, configurations of such a shell
are pairs of functions

(m, R):w — R? x SO3),

of suitable smoothness, where SO(3), the special orthogonal
group, is the set of orthogonal 3 x 3 matrices with determinant
1. We consider a hyperelastic material law of the form

I(m, E) = / thp(U) + hWeury (Rs)

3

h
+ D Whend (Rp) dw + external loads, (1)

where Wy, is the membrane energy, Wyend is the bending
energy, and W,y is a curvature term depending only on
the orientation field R. This energy, originally proposed in
[31,34], is a second-order model, frame-invariant, and allows
for large elastic strains and finite rotations. The membrane
contribution Wy, is polyconvex, and uniformly Legendre—
Hadamard-elliptic. Existence of minimizers in the space
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H'(w, R*) x W4 (w, SO(3)) has been shown in [31,34]
forany g > 2.

In this article we consider planar shells only, i.e., we
assume that the undeformed configuration (m, Ro): (x, y)
— ((x, y, 0), Id) is a stress-free state. However, our numer-
ical treatment can also be generalized to a general nonplanar
shell model. We arrive at the planar model in two steps:
first, dimensional reduction of a parent three-dimensional
Cosserat model yields a shell model with a quadratic mem-
brane energy, suitable only for small membrane strains. We
then generalize this shell model to obtain the finite-strain
membrane term.

The shell formulation presented here is closely related
to the theory of six-parameter shells with drilling rota-
tions [12,18,27,50]. A detailed comparison between the
two approaches in the case of plates has been given in
[6,7], where we have shown existence results for isotropic,
orthotropic, and composite plates. In [10] we have adapted
the methods of [31] to prove the existence of minimizers
for geometrically nonlinear six-parameter shells. In [9] we
have considered shells insensitive to drilling rotations, and
established a useful representation theorem for this case (cor-
responding to the Cosserat couple modulus p. = 0). Readers
that are used to the notation used in the engineering litera-
ture may find [9,10] a more accessible description of our
shell model.

We also mention that the kinematic assumption underly-
ing our Cosserat shell formulation is similar to the one used in
describing a viscoelastic membrane, see [32,49]. Indeed, the
viscoelastic membrane is based on the same kinematics, but
the independent rotations are evolving through a local evo-
lution equation, whereas for the Cosserat planar shell model,
they are determined by energy minimization.

Problems with directional or orientational degrees of free-
dom are notoriously difficult to discretize. This difficulty
is caused by the nonlinearity of the orientation configu-
ration space whi(w, SO3)) (or, in fact, any space of
functions mapping into SO(3)). As a consequence, dis-
cretization methods based on piecewise linear or piecewise
polynomial functions cannot be formulated directly for such
spaces. Instead, previous discretizations have used ad hoc
approaches, each with its particular shortcomings.

An obvious approach uses Euler angles to describe the
rotations, and finite elements (FEs) to discretize the angles
[54]. However, this leads to instabilities near certain configu-
rations, and such models are suitable only for situations with
moderately large rotations [22]. Also, the resulting discrete
models are generally not objective.

Alternatively, rotations can be interpolated by means of
the Lie algebra so(3), i.e., the tangent space at the identity
rotation. A rotation R € SO(3) is represented as a rotation
vector a € s0(3) with R = expa. Since s0(3) is a linear
space, the rotation vectors a can be interpolated normally
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using FEs of first or higher order [28,29]. This approach
works only for orientation values bounded away from the cut
locus of the identity rotation. To deal with larger rotations,
[29] switches to a different tangent space when large rotations
are detected.

Unfortunately, using a fixed tangent space for interpola-
tion introduces a preferred direction into the discrete model.
The discrete solution therefore depends on the orientation of
the observer, and objectivity is not preserved.

For their model of a shell with a single director, Simo
and Fox [43] propose to avoid nonlinear interpolation alto-
gether. Instead, they introduce the director vector directions
at the quadrature points as separate variables [45]. The dis-
crete problem is solved using a Newton method. After each
Newton step, the correction is interpolated from the vertices
to the quadrature points. This is easily possible, since the
corrections are elements of a tangent space (and hence a
linear space). A similar approach is used in [15,16] in the
context of isogeometric analysis, where NURBS basis func-
tions are employed for a geometrically exact representation
of the director vector at the quadrature points. However, for
a related model [44], Crisfield and Jeleni¢ [14] showed that
this approach leads to an artificial path dependence of the
solution. An additional disadvantage is that discretization
and solution algorithm are not clearly separated. This makes
analyzing the method difficult.

One last approach regards the manifold SO(3) as a sub-
manifold of a linear space. One can then interpolate in this
space, and project the result back onto the manifold. To the
knowledge of the authors this approach has never been used
for shell models. For harmonic maps into the unit sphere
it has been proposed and analyzed in [4]. The approach
is attractive for its simplicity. However, the result of the
discrete problem depends on the embedding. This is of par-
ticular importance in the case of rotations, which can be
interpreted as a submanifold of R3*3 (in which case the
projection is the polar decomposition), but also (as quater-
nions) as a submanifold of R* (see “Quaternion coordinates
for SO(3)” in Appendix). Furthermore, the approach has only
been investigated for discretizations of first order, and it is
unclear whether higher approximation orders are possible as
well.

In this article we propose a new discretization based on
geodesic FEs (GFEs), which solves most of the shortcom-
ings of the previous methods. GFE, originally introduced in
[40,41], are a natural generalization of standard Lagrangian
FEs to spaces of functions mapping into a general Rie-
mannian manifold M. The core idea is to write Lagrangian
interpolation T — R of values vy, ..., v, € R on a refer-
ence element Tif as a minimization problem

m
& > arg min > A (€) v — wl,

weR
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where the A1, ..., Ay Tretf — R are the Lagrangian shape
functions. For values vy, ..., v, in a Riemannian manifold
M , this formulation can be generalized using the Riemannian
distance

& — arg minZAi (&)dist (vy, w)2 .

weM i=1

This construction is also known as the Karcher mean [24]
or the Riemannian center of mass. It forms the basis of a
general FE theory for functions mapping into a manifold
M [40,41]. FE spaces constructed this way are conforming
in the sense that FE functions belong to the Sobolev space
wla (w, M) for all ¢ > 2. Since their formulation is based
on metric properties of M, they are naturally equivariant
under isometries of M. Optimal a priori discretization error
bounds have been given in [20].

When using this technique for the case M = SO(3)
considered here (but the same holds also when discretiz-
ing one-director models with M = S§? such as the one
proposed in [43]), the resulting discrete model has many
desirable properties. Since the FE spaces are conforming,
there is no consistency error introduced when evaluating the
continuous energy for FE functions. Since no angles and no
“special orientations” appear in the discretization, the dis-
crete model is not restricted to small or moderate rotations.
Indeed, as we demonstrate in Sect. 6.3, arbitrary rotations in
the deformation can be handled with ease. Finally, from the
equivariance of the nonlinear interpolation follows that the
frame invariance of the continuous model (1) is preserved
by the discretization, and we obtain a completely frame-
invariant discrete problem.

As an additional advantage, the fact that the FE space
is contained in the continuous Ansatz space H 1 (w, R3) X
whi(w, SO@3)) implies that properties of the tangent matrix
can be inferred from corresponding properties of the con-
tinuous tangent operator. In particular, we directly obtain
symmetry of the tangent matrix. The tangent matrix is posi-
tive definite if the continuous tangent operator is.

The algebraic formulation corresponding to the discrete
problem is a minimization problem posed in the product
space M = R3N x SO3)V, where N is the number
of Lagrange nodes of the grid. The space M is a 6N-
dimensional Riemannian manifold. To solve this minimiza-
tion problem we use a Riemannian trust-region algorithm [1],
which is a globalized Newton method. As such, it is guaran-
teed to converge to at least a stationary point of the algebraic
energy for any initial iterate, and without using intermedi-
ate loading steps. At each step of the method, a constrained
quadratic minimization problem needs to be solved. We pro-
pose to use a monotone multigrid method [26,40], which
allows efficient and robust solutions of the constrained prob-
lems even on fine grids. As a variant of the Newton method,

the trust-region algorithm requires tangent matrices of the
energy. We obtain those matrices completely automatically
by using automatic differentiation (AD) as implemented in
the software ADOL-C [19,48].

In this article we show four numerical examples. First,
we simulate bending of a clamped beam using GFEs of dif-
ferent orders. The result shows that shear locking does not
occur unless we are using first-order elements for the defor-
mation. Then, we compute the post-critical behavior of an
L-shaped beam. This was posed as a benchmark problem in
[3,44,45,54], and we compare our results with results given
there. Thirdly, we demonstrate that our discretization does
indeed allow unrestricted rotations. For this we simulate a
long elastic strip, which we clamp on one short end, and
subject it to several full rotations at the other end. Finally,
to show that the Cosserat shell model can represent non-
classical microstructure effects, we use it to produce wrinkles
in a sheared rectangular membrane. Such shearing tests have
been performed experimentally by [52], and we obtain excel-
lent quantitative agreement with their results.

This article is structured as follows: In Sect.2 we present
the continuous model and discuss a few of its properties. Sec-
tion 3 introduces the GFE method, specialized for the case
M = SO(3) needed for the Cosserat shell model. Section4
discusses the resulting discrete and algebraic models. Sec-
tion5 explains the Riemannian trust-region method used to
find energy minimizers without loading steps. Section 6 gives
the four numerical examples. Finally, an Appendix collects
various important facts about SO(3) needed to implement the
GFE method.

2 The continuous Cosserat shell model

In this chapter we present the planar Cosserat shell model
and discuss its features. The detailed derivation of the shell
model from a three-dimensional parent Cosserat model was
presented in the papers [31,34]. The intermediate shell model
for infinitesimal strain is described in Sect. 2.1. The complete
finite-strain model is then introduced in Sect.2.2.

2.1 The small-strain planar Cosserat shell model

We consider a thin domain €, C R? of the form Q, =
w X [—h/2, h/2], where w is a bounded domain in R? with
smooth boundary dw, and A > 0 is the thickness of the
planar shell. The domain €2, is the region occupied by the
reference configuration of the parent 3D Cosserat continuum.
Let {e1, e2, e3} be the unit vectors along the axes of the
reference Cartesian coordinate system, denote by ¢: Q2 —
IR3 the deformation, and by R: €, — SO(3) the independent
microrotation of this micropolar continuum.
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For the planar shell model we want to find a rea-
sonable approximation (¢y, Ry) of (¢, R) involving only
two-dimensional quantities, i.e., expressed with the help of
functions of the in-plane coordinates (x, y). Therefore, we
assume a quadratic Ansatz in the thickness coordinate z for
the finite deformation ¢y: Q2 — R3

os(x, y, 2) =m(x, y)

2
+ (ZQm(L y)+ %Qb(x, y)) d(x, y). (2

Here m: @ — R3 describes the deformation of the midsur-
face of the shell, and d:w — R3 is an independent unit
director. We assume the rotations Ry: 2, — SO(3) for thin
and homogeneous shells to be independent of the thickness
variable z, i.e.,

— — h h
R(x, y,2) = Rs(x, y, 0) for z€|—5, =1,
22
and we specialize the independent unit director d in the
Ansatz (2) by choosing

d(X, }’) = Es(xy y, 0)es =: E3.

Thus, the director d (x, y) is taken as the third column of the
orthogonal matrix Es (x, ¥), and the model now also includes
drilling rotations about the director d. The drilling rotations
are determined by the first two columns of R;. For the sake
of simplicity, we drop the index s and write R instead of R
in what follows.

When the director d(x, y) is not normal to the midsur-
face m(x, y), then transverse shear deformation occurs. The
scalar functions p,,, pp:@ — R in (2) describe the sym-
metric thickness stretch (for p,, # 1) and the asymmetric
thickness stretch (for p, # 0) about the midsurface. The
scalar field p, is mainly membrane related, while p; is
mainly bending related. Imposing that the stress vectors on
the upper and lower surfaces of the shell have zero normal
components (which is a common assumption in the theory
of shells, see, e.g., [46], Sect.5), we obtain the following
expressions for g, and g [31]

- (Nait, R3)
=1 Vm|0), R) — 2 _
Om 2u+k[<( m|0), R) —2] + Y
- - <Nres, E3>
= — VR3|0), R) + ———,
ob 2u+/\<( 310). R) Qu+ Mh

where the parameters A, u > 0 are the Lamé constants of
classical isotropic elasticity, and Nres, Ngiff: @ — R3 are
defined in terms of the prescribed tractions N"¥ on the
transverse boundaries z = £h/2 by
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h h
Nres(x, y) == |:Ntrans (X, Vs 5) + trans (X7 Y, _E)] s
1 h h
Mants, 5= 3 [ (5. . 5) = (s =5) |

The strain measures for the planar Cosserat shell model are
the following: the micropolar non-symmetric stretch tensor
U is defined as

U=R F with F=(Vm|R;)eM>?,

while the micropolar curvature tensor K (of third order) and
the micropolar bending tensor £, (of second order) are given
by

& = (R (VRI0). R (VR:10), R' (VRs[0))
= (&), 82 &) e MP,
fp =R (VR3/0) = & e M>3,

We have used the superposed caret and bars for F , R, Uin
order to distinguish these tensors from the classical notations
in 3D elasticity for deformation gradient F, the continuum
rotation R = polar(F'), and the symmetric continuum stretch
tensor U = RTF =/ FTF.

‘We mention that the kinematical structure of this Cosserat
shell model is in fact equivalent to the kinematical structure
of nonlinear six-parameter resultant shell theory [12,18,27],
as it was pointed out in [7-10].

As a result of the dimensional reduction procedure, the
following two-dimensional minimization problem for the
deformation of the midsurface m: @ — R3 and the microro-
tation field R: @ — SO(3) is obtained [31]:

Problem 1 Find a pair (m, E) that minimizes the functional

I(m, R) = / hWinp(U) + hWeury (8y)

3 _
+ EWbend (Rp)dw — I (m, R3), 3)
subject to suitable boundary conditions for the deformation
and rotation.

The three parts of the total elastically stored energy den-
sity of the shell correspond to membrane-strain Wiy, total
curvature-strain Wy and specific bending-strain Wpepg.
They have the expressions

Winp () = wllsym(@U — 1)[1> + . liskew (@ — 1)1

+ tr[sym(U — 1)]?

"
2+ A
= 1 Isym((R1|R2)T Vm — 1) |12

shear-stretch energy
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+ e |Iskew((R1|R2) V) |1?
first order drill energy

+ @K(@, ma)® + By, my)?)

classical transverse shear energy

+ tr[sym((R1|R2)TVm — 1)1, (4)

2+ A

volumetric stretch energy
urv \) I'L c )

2 q/2
= Ll (Hﬁ; ) ,

Whend (85) = s llsym (8) 17 + wec liskew (8£5) 11

HA 2
+ et St [sym (8], (5)

T e

where the additional parameter . > 0 is called the Cosserat
couple modulus, and « is a shear correction factor (0 < x <
1). For p. > 0 the elastic strain energy density me(U)
is uniformly convex in U, but for the important case f1. =
0 this property is lost. Therefore, the case u, = 0 must
be investigated separately. In the curvature energy density
Weury, the parameter L. > 0 is an internal length which
is characteristic for the material, and is responsible for size
effects. Note that W,y is a specific contribution which is
strictly related to the new Cosserat effects and should not
be confused with the bending terms. We mention that this is
a first-order model, i.e., no second or higher derivatives of
the independent variables m and R appear. Also, the energy
depends on the midsurface deformation m and microrotations
R only through the frame-indifferent measures U and £;.
Thus, in the absence of external forces, the planar shell model
is fully frame-indifferent in the sense that

I1(QOm, QR) = I(m, R), VYQ € SO(3).

The reduced external loading functional IT(m, R3)

appearing in (3) is a linear form in (m, R3), defined in terms
of the underlying three-dimensional loads by

I (m, Rs) :/g, m) + (M. §3)dw+/ N, m)
0] Vs

+<MC7 E:i)dsa

where y; x [—%, %] C dwx [—%, %] is the part of the lateral
boundary of €2;, where external surface forces and couples
are prescribed. The vector fields ? ‘M, N and M. denote the
resultant body force, resultant body couple, resultant surface
traction and resultant surface couple, respectively [31].

For the Dirichlet boundary conditions we suppose that
there exists a prescribed function gg: €2, — R>, whose
restriction to the Dirichlet part of the boundary gives the

prescribed displacement. We further introduce the abbrevia-
tion

grw— R gh(x, y) = Vgu(x, y, 0)es.

For the midsurface deformation m we then consider the
boundary conditions

m(x’ y)h/() = gd(-x’ yv O)’ (6)

on the Dirichlet part y of the boundary dw.

For the microrotations R we can consider various possible
alternative boundary conditions on yp, see [31,34]. In what
follows, we consider two types:

(1) free boundary conditions on R,

i.e., induced Neumann type (natural) conditions; @)
/!
(2) rigid director prescription, i.e., R3 o = ”g—fY“,
8d
together with zero Neumann conditions for
the drilling degree of freedom. ®)

The existence of minimizers for this Cosserat planar
shell model under various assumptions on the coefficients
and boundary conditions has been proved in [31,34]. For
instance, in the case when the Cosserat couple modulus is
positive (. > 0) and for rigid director prescription bound-
ary conditions (8) on yp, the following existence result has
been shown in [31], using the direct method of the calculus
of variations.

Theorem 1 Let o C R? be a bounded Lipschitz domain,
and assume that the material parameters satisfy

ne >0, g=>2.

Let the boundary data and external loads functions satisfy
the regularity conditions

galx, v, 0) € H' (0, B?),

polar (Vga(x, y, 0)) € W9 (w, SO(3)),
?eLz(a), R3), Mel! (a) R3),

Nel?(y ®), M.el! (5, ®). ©
Then the minimization problem (3)—(5) with boundary con-

ditions (6)_and (8) admits at least one minimizing solution
pair (m, R) € H'(w, R3) x Wh4(w, SO(3)).

In the case of zero Cosserat couple modulus (i, = 0)
the mathematical treatment of the minimization problem is
more difficult, due to the lack of unqualified coercivity of the
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energy function with respect to the midsurface deformation
m. The corresponding existence result for this case has been
proved in [34] using a new extended Korn’s first inequality for
plates and elasto-plastic shells [30,39]. In this case, we need
q tobe strictly larger than 2. However, the numerical evidence
in Sect. 6 suggests that existence also holds for ¢ = 2. For
the sake of simplicity, we present this result in the case of
zero external loads, i.e., ? =0, M=0, N=0, MC =0.

Theorem 2 Let w C R? be a bounded Lipschitz domain and
assume that the material parameters satisfy

ne =0, q>2.

Let the boundary data satisfy the regularity conditions

galr, v, 0) € H' (0, B?),
polar (Vga(x, y, 0)) € Whi(w, SO(3)).

Then the minimization problem for the functional (3)—(5) with
boundary conditions (6_) and (8) admits at least one minimiz-
ing solution pair (m, R) € H'(w, R?) x Wl4(w, SO3)).

The statement of Theorem2 holds also in the case of non-
vanishing external loads. In this respect, see the paper [34],
where a modification of the external loading potential has
been used.

Of particular interest is the choice of the new material para-
meters i, (the Cosserat couple modulus) and L.. Our model
is derived from a 3D-Cosserat model in which the Cosserat
couple modulus appears traditionally. It controls the skew-
symmetric part of the stresses, and enforces R = polar(I:" )
for the limit case u. — oo. From the literature, there does
not exist a single material for which the value of the parame-
ter . has been identified unambiguously. Considering this
situation, in [33] it is argued that this parameter must be set
to zero when modeling a continuous body. In [37,38] the
same question has been discussed in the larger framework of
(infinitesimal) micromorphic continua with the same result:
the absence of j. leads to a more stringent physical descrip-
tion. Indeed, it implies that a linear Cosserat model collapses
into classical linear elasticity.

However, in a geometrically nonlinear context, which is
our case, a vanishing Cosserat couple modulus only implies
that there is no first-order coupling between rotations and
deformation gradients [35]. Compared with the classical
Reissner—-Mindlin kinematics without drill energy [36], set-
ting . = O appears again as the most plausible choice.
Since, therefore, there is no specific reason to have p. > 0,
we omit this parameter.

The internal length L. appears in Cosserat models as a
measure of the length scale of the material microstructure.
The numerical results of Sect. 6 show that values of L in the
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micrometer range lead to realistic results. However, we also
note that the shell model with L. > & can be useful for the
description of graphene-sheets which have practically zero
thickness but still show a bending stiffness. In a classical
shell model, we would expect zero bending resistance.

2.2 A modified large strain Cosserat shell model

We observe that the planar shell model presented above is
appropriate for finite rotations, but only small elastic mem-
brane strains, since the membrane part Wy, of the energy
density 7 is quadratic. We now slightly generalize the model
to allow for large elastic stretch as well. We consider again a
minimization problem for the energy functional

I(m, R) = / hWinp(U) + hWeury (85)
3

h _
+ EWbend (Rp) dow — 1 (m, R3), (10)

formulated again in two-dimensional quantities m and R.
This time, we replace the membrane part of / by

Winp(U) = llsym(@ — 1)|1* + peiskew(T — 1)|*

mr 1 T2 -1 _ 1)
+2M+“((dew 1 +((detU) 1))

= 1 Isym((R1|R2)T Vim — 1) |2

shear-stretch energy

+ e lIskew (R R T vm) |2

first order drill energy

+ (’”27”‘%((?3, me)? + (B3, my)?)

classical transverse shear energy
A
21+ X

+ %((det(Vm|§3) — D? + (det(Vm|R3) ' = 1)?).

modified volumetric stretch response

(11
In this expression, we have replaced the quadratic volumetric

stretch part tr[sym(ﬁ — DJ? of (4) by the non-quadratic
expression

1 77 2 71 2

5 ((detU 12+ ((det )~ — 1) )

which is volumetrically exact. However, since
— 2 — 2

((detU 1t ((detU)_ - 1) )

= trfsym(U — )]*> + O (||U - 1”3) )

1
2

the quadratic membrane energy (4) of the previous section
can be recovered by linearization at 1 € M>*3.
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For the nonlinear modified model (10) we set the following
expression for the modified thickness stretch

1
1+ st (detU — 1)

Om : € (0, 00),

which can be used for the a posteriori reconstruction of the
bulk deformation.

The modified membrane energy density (11) represents an
improvement over the initial planar shell model (4) in various
regards. Indeed, we note that

Winp(U) — oo if detU — 0.

Moreover, for any fixed R the energy Whp 18 polyconvex
[17,42] with respect to Vm, and it is uniformly Legendre—
Hadamard elliptic, independently of . > 0.

The following existence result for the modified model, in
the important case . = 0, was originally proved in [34].
Again, we assume vanishing external loads for simplicity.

Theorem 3 Let w C R? be a bounded Lipschitz domain and
assume that the boundary data satisfies (9).

Then the minimization problem for the functional (10) with
the parameters

ue =0 and q > 2,

with boundary conditions (6), (8) admits at least one minimiz-
ing solution pair (m, R) € H'(», R*) x W4 (w, SO(3)),
with

det (Vm|R3) = det F > 0,

almost everywhere in .

We note that the formulation (10) has the same lin-
earized behavior as the initial model (3) and it reduces
upon linearization to the classical infinitesimal-displacement
Reissner—-Mindlin model for the choice of parameters p, = 0
and g > 2.

Remark 1 The Cosserat model presented above can be
extended to a general nonplanar shell model. Indeed, instead
of the domain €2, and the Ansatz for plates (2), one can begin
with a shell-like (curved) thin domain and an appropriate
Ansatz for shells. Then, the formal dimensional reduction to
a two-dimensional shell model is derived analogously as in
the case of plates, but involves additional tools from classi-
cal differential geometry of surfaces for the description of
shell configurations. The resulting Cosserat shell model is
quite general and has the advantage that it can be used to
also describe elasto-plastic and visco—elasto-plastic material
behavior. This work is currently in progress.

3 Geodesic finite elements

Discretization of the shell models presented in the previ-
ous section is difficult, because the orientation configuration
space W14 (w, SO(3)) is not linear. As a consequence,linear,
and more generally polynomial, interpolation is undefined in
these spaces, and standard FE methods cannot be used.

GFE:s are a generalization of standard FEs to problems for
functions with values in a nonlinear Riemannian manifold M.
We give a brief introduction and state the relevant features
without proof. While GFEs can be constructed easily for
very general M, we state all results here for the case M =
SO(3) only. The interested reader is referred to the original
publications [40,41] for more details.

The definition of GFE spaces consists of two parts. First,
nonlinear interpolation functions are constructed that inter-
polate values given on a reference element. Then, these
interpolation functions are pieced together to form global
FE spaces for a given grid.

3.1 Geodesic interpolation

We focus on the case of a two-dimensional domain w. All
constructions and results work mutatis mutandis also for
domains of other dimensions.

Let Tiet be a triangle or quadrilateral in R2. We call Tief the
reference element. On T;.¢f we assume the existence of a set of
pth order Lagrangian interpolation polynomials, i.e., a set of
Lagrange nodes a; € Tief, i = 1, ..., m, and corresponding
polynomial functions A;: Tref — R of order p such that

m
Ai (aj) =6 for i, j=1,...,m, and ZA,- =1.
i=1

We want to generalize Lagrangian interpolation to the case
of values Ry, ..., R, € SO(3) associated to the Lagrange
nodes a;. In other words, we want to construct a function
Y: Tief — SO3)suchthat Y(a;) = R; foralli =1, ..., m.
This is a non-trivial task because SO(3) is not a vector space.

To motivate our construction we note that the usual
Lagrangian interpolation of values vy, ..., v, in R can be
written as a minimization problem

& > argmin D 4;(§) v — wl?,

weR
for each & € Tief. This formulation can be generalized to

valuesin SO(3). We use dist(-, -) for the canonical (geodesic)
distance on SO(3), which is

dist (R, Ry) = Hlog RTR, ” .
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Fig. 1 Second-order geodesic
interpolation from the reference
triangle into a sphere

oy R )

Definition 1 ([41]) Let {;}{", be a set of pth order scalar
Lagrangian shape functions on the reference element Tr.r,
and let R; € SO3),i = 1,...,m be values at the corre-
sponding Lagrange nodes. We call

T:SO3)" x Tret — SO(3),

m
Y (Ri..... Ry §) =argmin > 2;(€)dist (Ri. R)*.
ReSOB3) 175

pth order geodesic interpolation on SO(3).

To make the construction easier to understand we work
out a simple example.

Example Let Trer be the reference triangle

Tref 1= {E eR:E 20,5206 +& < 1},

and consider the first-order case p = 1. In this case, the
Lagrange nodes aj, az, a3 are the triangle vertices, and the
corresponding shape functions are

ME)=1-&—-&, ME) =&, M(E) =6&.

These are simply the barycentric coordinates of & with
respect to Tief. Let Ry, Ry, R3 be given values on SO(3).
The image of Ti.r under Y is then a (possibly degener-
ate) geodesic triangle on SO(3) with corners Ry, Rz, R3.
In particular, the edges of Tif map onto geodesics on
SO(3) ([40, Lemma?2.2 with Corollary 2.2]). Even more, the
map Y is equivariant under permutations of the values
R1, Rz, R3 ([41, Lemma4.3]), a property not shared by
various other commonly used discretization techniques [28,
29,45]. Figurel shows the corresponding second-order
case.

While Definitionl is an obvious generalization of
Lagrangian interpolation in linear spaces, it is by no means
clear that it leads to a well-defined interpolation function for
all coefficient sets Ry, ..., R, € SO3) and & € Tir. Intu-
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itively, for fixed & € Ti.r, one would expect the functional

fe R D" ai(E)dist (Ri, R)?, (12)

i=1

to have a unique minimizer if the R; € SO(3) are close
enough to each other in a certain sense. For the first-order
case p = 1, where all A; are non-negative on Trf, this fol-
lows from a classic result of Karcher [24], which was later
strengthened by Kendall [25] (see also [21]). Note that SO(3)
is complete and has constant sectional curvature of 1 [51,
Theorem?2.7.1].

Theorem 4 (Kendall [25]) Let B, be an open geodesic ball
of radius p < 7 /2 in SO3), and Ry, ..., R, € By. Let
(A}, be a set of first-order Lagrangian shape functions.
Then the function

fe: R D" hi(E)dist (R;, R)*,

i=1
has a unique minimizer in B, for all § € Tr.

If the polynomial order p is larger than 1, the weights A;
attain negative values on Tref, and the results of Karcher and
Kendall cannot be used anymore. Having all R; in a convex
ball still guarantees existence of a unique minimizer, but that
minimizer may only be contained in a ball of larger size.

Theorem 5 (Sander [41]) Let Bp C B, be two concentric
geodesic balls in SO(3) of radii D and p, respectively, and let
Ry, ..., Ry € SO(3). There are numbers D and p such that
if R, ..., Ry € Bp, then the functional (12) has a unique
minimizer in Bp.
A quantitative version of this result is given as Theorem 3.19
in[41]. Unfortunately is is quite technical and we have chosen
to omit it here. When preparing the numerical examples of
Sect.6, we have not encountered any problems stemming
from a possible ill-posedness of the interpolation for extreme
configurations of the Ry, ..., Ry,.

To be able to use the interpolation functions as the basis
of a FE theory, they need to have sufficient regularity. The
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following result follows directly from the implicit function
theorem.

Theorem 6 Let Ry, ..., R, be coefficients on SO(3) with
respect to a pth order Lagrange basis {A;} on a domain Tiet.
Under the assumptions of Theorem 5, the function

Y (R1,..., Ry &) :SO(3)" X Tret — SO(3),

is infinitely differentiable with respect to the R; and §.

This result is proved in [40,41] for interpolation in general
manifolds.

3.2 Geodesic finite element functions

The interpolation functions of the previous section can be
used to construct a generalization of Lagrangian FE spaces
to functions with values in SO(3).

For this, let @ be the two-dimensional parameter domain of
our planar Cosserat shell model, and suppose it has piecewise
linear boundary. Let G be a conforming grid for w with trian-
gle and/or quadrilateral elements. Letn; e w, i =1,..., N
be a set of Lagrange nodes such that for each element 7 of G
there are m nodes ar; contained in 7', and such that the pth
order interpolation problem on T is well posed.

Definition 2 (GFEs [41]) Let G be a conforming grid on w.
We call R;: w — SO(3) a GFE function if it is continuous,
and for each element 7' € G the restriction Ry, |7 is a geodesic
interpolation in the sense that

Rh'T('x) == T (RT,15 LR ] RT,m; fT(-x)) ’

where Fr: T — Trer is affine or multilinear and the R7 ; are
values in SO(3) corresponding to the Lagrange nodes ar ;.

The space of all such functions Rj, will be denoted by V;’ 2(3).

This construction has various desirable properties. As a
first result we note that the functions constructed in this way
are W19 -conforming forall ¢ > 2. This follows from a slight
generalization of the proof for Theorem 3.1 in [40].

Theorem 7 VSO(3)

o (@) C Wl (w, SO(3)) for all p > 1,
q >2.

Hence discrete approximation functions for the Cosserat
microrotation field R: w — SO(3) are elements of the space
W4 (w, SO(3)), in which the Cosserat shell problem is well
posed (Theorems 1 and 3). This means that the energies (3)
and (10) can be directly evaluated for GFE functions, which
simplifies the analysis considerably.

Since GFEs are defined using metric properties of SO(3)
alone, we naturally get the following equivariance result.

Lemma 8 Let O(3) be the orthogonal group on R, which
acts isometrically on SO(3) by left multiplication. Pick any
element Q € O(3). For any GFE function Ry, € V;Z(j) we
define QRy: w — SO(3) by (QRp)(x) = Q(Rp(x)) for all
x € w. Then ORy, € vlfﬁ(”

This lemma forms the basis of the frame-invariance of our
discrete Cosserat shell model.

Optimal discretization error bounds for general GFE prob-
lems have been proved in [20]. The application of those
abstract results to the energy functionals considered in this
paper will be left for future work.

4 Discrete and algebraic Cosserat planar shell
problem

We now discuss the minimization problem obtained by dis-
cretizing the continuous Cosserat shell model of Sect.2 by
GFE:s. For that, assume that the two-dimensional domain w is
discretized by a grid containing triangle and/or quadrilateral
elements. For simplicity, we again assume that the domain
boundary is resolved by the grid. We also assume that the
grid resolves the Dirichlet boundary yy.

4.1 The discrete problem

The functional / given in (10) is defined on the Cartesian
product of the spaces H'(w, R and W9 (w, SO(3)). The
first factor is a standard Sobolev space of vector-valued func-
tions. For its discretization we introduce the space VE? 5 of
conforming Lagrangian FEs of pith order with values in
RR3. In the following we write m;, for discrete displacement
functions from Vgﬁl. For the rotation degree of freedom

R:w — SO(3) we use the GFEs described in the previ-
ous chapter. Denote by V[i(f) the poth order GFE space for
functions on w with respect to the grid, and with values in
SO(3). In the following we write R}, for discrete microrota-

tions from Vsof .
P2,

It is well known that Vﬁ?h C H'w, R (see, e.g.,
[11, Satz5.2]). Additionally, we know from Theorem 7 that
the FE space Vif,(f) is a subset of W4 (w, SO(3)) for all
p2 € N. Therefore, the energy functional / is well defined
on the product space Vj, := V}fh X Viz(,)l(f) for all p1, pr €
N. A suitable discrete approximation of the geometrically
nonlinear planar Cosserat shell model therefore consists
of the unmodified energy functional [ restricted to the
space V.

In analogy to the continuous model, we consider the fol-
lowing boundary conditions for the discrete problem. Let

8d.h € VB;I be a FE approximation of the Dirichlet bound-

. 3
ary value function gs: — R?, andlet g, , € Vthz be an
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approximation of the vector field g/;. Then we demand that
the discrete displacement m, fulfill the condition

mp(x, y) = gan(x, y) forall (x, y) € . (13)

For the microrotations R we can define discrete approxima-
tions of the boundary conditions (7) and (8): we either leave
them free, corresponding to homogeneous Neumann condi-
tions for R, or, alternatively, corresponding to (8), we can
specify the direction of the transversal director vector R3
(rigid director prescription)

g:[’h('xa y)

E s =
(Ra)s . ) g2 Cex Ml

for all (x, y) € y.
(14)

Summing up, the discrete Cosserat shell problem is:

Problem 2 (Discrete Cosserat shell problem) Find a pair
of functions (mj, Rj) with m;, € Vp , and Ry € VSO(3)
that minimizes the functional / given in (10), subject to the
constraints (13) and (14) on yy.

Note that frame indifference of the discrete model is
retained naturally, because we simply restrict the frame-
indifferent functional / to a subset V}fh X Vpsf}(f) of its
original domain of definition, and this subset is closed under

rigid body motions (Lemma 8).

Remark 2 We have discretized the midsurface deformation
m using standard FEs, and we have used the novel GFEs only
for the rotation field R. We can unify the two approaches
when a more abstract viewpoint is taken. Indeed, revisiting
the definitions of Sect. 3 it is obvious that GFEs may as well
be defined for the target manifold R3 instead of SO(3); stan-
dard Lagrangian FEs are the result. In this sense, we have used
GFE:s for both the midsurface deformation and the microro-
tation field.

When the two orders pj and p; coincide p = p; = pa,
we can go one step further. Note that the space SE(3) :=
R3 x SO(3) is well known as the special Euclidean group (the
group of rigid body motions in R3). We therefore introduce
the GFE space VSE(3) and observe that it is isomorphic to

3 .
\ TR V]R VSO(%) We can therefore also interpret the
discrete Cosserat shell problem as a minimization problem

in the single GFE space V;E”.

4.2 The algebraic problem

For the numerical minimization of the Cosserat shell energy
we need an algebraic formulation. For standard FEs there is
a bijective correspondence between FE functions and coef-
ficient vectors, via the representation of the functions with
respect to a basis. For GFEs, the situation is more involved.
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Since GFE functions are continuous by definition, we can
always associate a coefficient vector R € SO(3)M to a func-
tion R, € VSO(3) by pointwise evaluation at the N Lagrange
nodes. To formahze this we introduce the evaluation operator

SO@3 - -
Epp: VIO — SO, €, (Ry), = Ru(ni),
i=1,..., N,
where n; € w,i = 1,..., Ny are the Lagrange nodes of

the FE space of order p; on the grid. However, for a given
set of coefficients R € SO(3)M? there may be more than

one GFE function that interpolates R. This happens when
the set of values violates the assumptions of Theorems4 or
5 (depending on the FE approximation order p»).

All GFE functions that do comply with the conditions of
Theorems4 or 5 element-wise can be identified with coeffi-
cient sets R € SO(3)M2. In most cases this situation can be
achieved by making the grid fine enough. This has been for-
malized in [41, Theorem 5.2], which we repeat here, adapted
to the Cosserat shell problem.

Theorem 9 Let R: w — SO(3) be Lipschitz continuous in
the sense that there exists a constant L such that

dist(R(x), R(y)) < Lllx — y|,

forallx, y € w. Let G be a grid of w and h the length of

the longest edge of G. Set R = & 2 (R), tacitly extending the
definition of £y, to all continuous functions v — SO(3). For
h small enough, the inverse of €y, has only a smgle value in

;201(13) for each R € SO(3)™ in a neighborhood OfR

The restrictions posed by this theorem do not appear to pose
any difficulties in practice. We therefore assume in the fol-
lowing that £, is a (local) bijection.

Analogously to £,, we define the corresponding operator
&y, doing point-wise evaluation of functions in V - With
these operators, it is straightforward to define the algebralc
Cosserat shell energy

[:R*N »x so3)M — R,
ion, R) =1 ( £\, &, I(R)) (15)

where [ is the functional (10). The algebraic Cosserat shell
problem then is:

Problem 3 (Algebraic Cosserat shell problem) Find a pair
m € R31 | R e SO(3)M that minimizes I, subject to suit-
able boundary conditions.

Implementation of Dirichlet boundary conditions for the
deformation my, is straightforward. For the rotation field we
again have the choice between leaving the rotation free, or
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prescribing the transversal director vector R3 (rigid director
prescription)

= " ()
(R")s B éZ(Zi)r

for all Lagrange nodes n; on the Dirichlet boundary yy.

Remark 3 If Ny = N, = N we can also interpret the func-
tional (15) as being defined on the manifold (R3 x SO(3)N.

It was mentioned in Sect. 2 that the shell energy is frame-
invariant in the sense that

1(Qm, OQR) = I(m, R),

where Q is any element of SO(3), acting on functions in
H'(w, R?) and W9 (w, SO(3)) by pointwise multiplica-
tion. By the equivariance property (Lemma8) of GFEs this
frame invariance does not get lost by discretization.

Theorem 10 The algebraic energy functional I is frame-
invariant in the sense that

[(Qm, OR) = I, R).

forall Q € SO(3), which, byﬁn abuse of notation, now acts

on the components of m and R.

This sets the GFE discretization apart from alternative
approaches like [28,29], which do not have this property.

5 Numerical minimization of the algebraic energy

All previous work on nonlinear shell elements has used the
Newton method to solve the resulting nonlinear systems of
equations. However, it is well known that this method con-
verges only locally. Therefore, a sequence of loading steps
is traditionally used to obtain a solution. These loading steps
have to be selected carefully to make sure that the Newton
solver converges at each loading step. This selection of load-
ing steps can be tedious in practice.

For energy minimization problems there exist globalized
versions of the Newton method, i.e., methods that converge
for any initial iterate, without using intermediate loading
steps. One such method is the so-called trust-region method
[13], which replaces each Newton step with a quadratic
minimization problem on a convex set. Under reasonable
conditions, it degenerates to a standard Newton method when
close enough to a solution, and hence local quadratic conver-
gence is recovered.

While the standard trust-region method works for energies
defined on Euclidean spaces, a generalization to energies on
Riemannian manifolds has been introduced and investigated

by Absil et al. [1]. This Riemannian trust-region method can
be applied to the algebraic Cosserat energy (15), which is
defined on the product manifold R*V x SO(3)2. As an
extension of Newton’s method, it shows locally quadratic
behavior. On the other hand, it can be shown to converge
globally without intermediate loading steps.

5.1 Trust-region methods

We briefly review the trust-region method for Euclidean
spaces [13], and then show how it can be generalized to
functionals on a Riemannian manifold. Consider a twice con-
tinuously differentiable functional

J:RY > R, (16)

supposed to be coercive and bounded from below. Given any
initial iterate x° € RY, we want to find a local minimizer
of J.

The Newton method does this in the following way. Let
x*¥ € RY be any iterate. Approximate J around x* by the
quadratic Taylor expansion

me: RY - R,

1
mi(s) =J (xk) +0J (xk) s+ ESTE)ZJ (xk) s,

which in this context is called a quadratic model of J around
xK. The variable s is to be interpreted as a correction s =
x — xK. Then, compute a stationary point s* of my, and use
it as the correction to the next iterate

ka = xk + sk.

Computing the stationary point s* is done by the well-known
Newton update formula

-1
sk =kl gk = 52y (xk) 3J (xk) . (17)

Observe that if the Hessian 82 J (x¥) is positive definite at all
iterates, then the algorithm produces a sequence of iterates
with decreasing energy, i.e., J kY < J () forall k € N.
However, iterates with indefinite 32 J (x*) may lead to energy
increase.

To enforce global convergence of this, the trust-region
method first replaces the search for a stationary point of my
by a minimization problem for a minimizer s* of my. As a
consequence, iterates of the trust-region method are energy
decreasing in all cases. Secondly, it notes that the quadratic
model my is a good approximation of J only in a neighbor-
hood of x*. This observation is made explicit by restricting
the minimization problem for m to a ball of radius p; around
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RN

Fig. 2 One step of the trust-region method. The new iterate x¥*1 is the minimizer of the quadratic model m restricted to the ball B« (px) (shaded
region), unless the energy decrease predicted by the model deviates too much from the true energy decrease J (x*) — J (x**1)

xk, the name-giving trust region (Fig. 2). In other words, the
Newton step (17) is replaced by

sk = arg min my (s), ”sk” < pPk. (18)
seRN

Since we now look for a minimizer on a compact set only,
Problem (18) is well-defined even if 82/ is not positive def-
inite.

Unlike the original Newton method, the trust-region
method is monotone in the sense that J (x**1) < J(x¥) for
all k € N. A more quantitative monitoring of the energy
decrease allows to control the trust-region radius, i.e., the
trust in the quality of the quadratic approximation. The
quality of the correction step s* is estimated by compar-
ing the functional decrease to the model decrease. If the
quotient

TR — TR+ s
T T(0) — mi(sh)

19)

is smaller than a fixed value 7, then the step is rejected, and
sk is recomputed for a smaller trust-region radius. Otherwise
the step is accepted. If «y is larger than a second value 1>,
the trust-region radius is enlarged for the next step. Common
values are n1 = 0.01 and 1, = 0.9 [13].

For the trust-region algorithm, the following convergence

properties can be shown.

Theorem 11 ([13, Theorems 6.4.6 and 6.5.5]) Suppose that
J is twice continuously differentiable, bounded from below,
and such that its Hessian remains bounded for all x € RV .
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(1) For all initial iterates we get

tim |87 ()| =o.

k— o0

(2) Suppose that {x*} is a subsequence of the iterates
converging to the first-order critical point x,. Suppose
furthermore that s* # 0 for all k sufficiently large.
Finally suppose that 3*J (x,) is positive definite. Then
the complete sequence of iterates {x*} converges to x,,
eventually the step quality ki remains above 1y, and the
trust-region radius py is bounded away from zero.

In particular, since x; > n» for all k large enough, the
trust-region radius grows near local minimizers, the method
eventually degenerates to a pure Newton method, and we get
locally quadratic convergence.

Various algorithms for solving the constrained quadratic
minimization problems (18) been proposed in the literature.
The monograph [13] gives a good overview.

Trust-region methods are much more convenient than
standard Newton methods, because they relieve the user of
the tedious load-stepping. They typically do not need more
iterations than a Newton method. If the tangent problems are
very badly conditioned (which, for our shell model, is unfor-
tunately the case if L. is small), then Newton methods can be
faster because they can use direct solvers to solve the inner
problems. Trust-region methods, on the other hand, need to
employ iterative solvers, whose convergence speed depends
on the matrix condition number. This argument becomes
void if large problems are considered, because for such prob-
lems the memory consumption of direct solvers makes their
use impossible. Also, constructing iterative solver that are
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Fig. 3 In the Riemannian trust-region method, the energy functional
defined on M is lifted onto the tangent space at x* using the exponential
map. Then, a linear correction step is computed on 7« M, and applied
to x* using the exponential map x**! = exp .k sk

Taylor-made for the tangent problems of nonlinear Cosserat
shell models may lead to a large speed increase. This is a
subject of future research.

5.2 Riemannian trust-region methods

The algebraic energy functional I defined in (15) is not a
functional of the type (16). Rather, its domain of definition
is the nonlinear manifold R3 x SO(3)M2. The trust-region
method has been generalized to such energies by Absil et
al. [1]. Let M be a Riemannian manifold with metric g, and
J: M — R twice differentiable and bounded from below (in
our case: M = R3M x SO(3)M2). The basic idea of such a
Riemannian trust-region algorithm is that in a neighborhood
of a point x € M the functional J can be lifted onto the
tangent space Ty M. There, a vector space trust-region sub-
problem can be solved and the result transported back onto
M (Fig. 3).

More formally, let again k € N be an iteration number and
x* € M the current iterate. We obtain the lifted functional
by setting
fk: TauM — R, fk(s) =J (eprk s) .
Let o > 0 be the current trust-region radius. The Rie-
mannian metric g turns 7.« M into a Banach space with the
norm ||-|| .k = /g« (-, -). There, the trust-region subproblem
reads

Sk = arg minmy(s),
SGTXkM

sl < pxs (20)

with the quadratic, but not necessarily convex model

mi(s) = JO + g,u (V5 (0), )

1 )
+ 58 (HessJk(O)s, s) : 1)

Here V Ji is the Riemannian gradient and HessJy the Rie-
mannian Hessian of fk (see [1] for definitions), and both are
evaluated at 0 € T,.«M. Note that (21) is independent of
a specific coordinate system on 7« M. As a minimization
problem of a continuous function on a compact set, (20) has
at least one solution s*, which generates the new iterate by

M = exp i s*.

As in trust-region methods in linear spaces, the quality of
a correction step s is estimated by comparing the functional
decrease and the model decrease. The quotient (19) now takes
the form

TR = J(exp,a s©)
 me(0) — my(s%)

For this method, Absil et al. proved global convergence
to first-order stationary points, and, depending on the exact-
ness of the inner solver, locally superlinear or even locally
quadratic convergence [1]. For our numerical results we use
the monotone multigrid method [26] together with a co-norm
trust-region. Details can be found in [40].

5.3 Computing the algebraic tangent problem
numerically

Solving the constrained quadratic problems (20) numerically
involves the algebraic Riemannian gradient V/ and Hessian
Hess/ of the functional I. While those could in principle
be evaluated analytically, such an approach is involved and
error prone (Consider the derivative formulas for the gradient
in [40, Chap.5]). It is much more convenient to use auto-
matic differentiation (AD) to compute the derivatives. AD
is a technique to algorithmically compute first and higher
derivatives of functions given in form of computer programs
[19]. This includes computer programs involving iterative
solvers like the Newton method used to evaluate GFE func-
tions (see “Quaternion coordinates for SO(3)” in Appendix).
Many good implementations of AD are available as exter-
nal libraries, and the choice can have a considerable impact
on the computational cost of assembling the tangent prob-
lem. For this article we have used the open-source ADOL-C
software [48], which is one of the few that provides all the
features needed to compute first and second derivatives of
the energy functionals considered here.

For simplicity we assume that the deformation m and the
microrotation R have been discretized with finite elements
of equal approximation order. Then there is an equal number
of Lagrange nodes N = N = N, for both of them, and we
can consider the algebraic energy I as being defined on the
manifold M = (R? x SO(3))V.

Unfortunately, current AD tools do not directly support
derivatives of energies defined on manifolds. We therefore
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use the following trick. Interpret elements R of SO(3) as unit
vectors ¢ in R* using quaternion coordinates (see “Quater-
nion coordinates for SO(3)” in Appendix). The algebraic
energy functional I can then be interpreted as being defined
on (R3 x $3)N ¢ RN, To extend I to a neighborhood of
(R? x $*N in R7V we first introduce § € R*M, a vector of
quaternions. Componentwise normalization leads to a vector
of unit quaternions, which we denote by ¢ /|g| € (S N inan
abuse of notation. Using the map F defined in (28) we can
construct F(g/|7]) € SOB)V (the application of F again
component-wise). Then we set

[(n, @) = I(m, F(G/|g))),

which is a smooth functional on an open subset of the Euclid-
ean space R’V . Given a computer implementation of 7, an
AD system like ADOL- C can then compute the Euclidean
gradient 8/ € R7V and Hessian 327 € R’¥*7N automati-
cally.

To obtain the Riemannian gradient VI and Hessian Hess/
we need additional manipulations. For the gradient we use
the following well-known result (see, e.g., [1], Sect.3.6.1).

Lemma 12 Let M be a smooth Riemannian manifold iso-
metrically embedded in a Euclidean space R!. For each
x € M let P.: TyR' — T M be the orthogonal projection
onto the tangent space at x. Let f: M — R be continuously
differentiable and f a smooth extension of f to a neighbor-
hood of M in R!. Then

Vf=Paf, (22)

where V is the gradient operator on M, and d is the gradient
Tl
inR".

Since I is defined on the N-fold product of R3 x SO(3) we
obtain the Riemannian gradient VI by applying Lemma 12
to each factor. Hence, the Riemannian gradient is given by
componentwise projection
(VD) = Px@D)i, i=1,....N,
where P, is the orthogonal projector from v € R’ to
R3? x T, S3. This projector can be constructed from the cor-
responding projector for R® (which is the identity), and the
corresponding projector for §°

53 T
Py =1—xx".

A similar formula for the Riemannian Hessian is given in

the following lemma. As we now consider second derivatives,
the curvature of SO(3) comes into play.

Lemma 13 (Absil et al. [2]) With the same notation as in
Lemma 12, we have
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Hess £ (x)[z] = Pyd*f(x)z + 2y (z, P)%af) :

where U, (z, v) is the Weingarten map of M, and PXJ‘ is the
orthogonal projector onto the normal space of M at x.

The Weingarten map for the unit sphere in R* is [2]
A (z, v) 1= —(xTv)Z,

and the orthogonal projector onto the normal space at x € S°
is
Pr=1-pP =xx!.

Written in canonical coordinates of R7V | the matrix Hess/
is a sparse symmetric 7N x 7N -matrix, consisting of dense
7 x 7 blocks. Using this representation for numerical com-
putations is undesirable for two reasons. First of all, it is
rank deficient, because the extended functional [ is constant
along each normal vector of 3. Secondly, it is bigger than
necessary: since SO(3) (or the set of unit quaternions for
that matter) is only three-dimensional, the entire Riemannian
Hessian should fit into a 6N x 6N matrix. To construct
such a representation for the Riemannian Hessian at a point
(m, @) € RN we pick a basis for the tangent space of
(R3 x SN at (7, q), and write Hess/ in that basis. Luckily,
such a basis is easily available. For the components in R3,
the canonical basis can be used. For any point ¢ € S3, an
orthonormal basis of T §3 is given by

4q3 —q2 q1
q q3 —qo

Dy = s Dy = . Dg3= )
@ —q1 * 490 © 73
—q0 —q1 —q2

and this basis depends smoothly on g. We combine the vec-
tors to a 7 x 6-matrix

1
D, = 93  —q92 q1 |, (23)
q2 q3 —q0
—q1 q0 q3
—q0 —91 —q2

whose columns form an orthonormal basis of R? x S3.

We denote by D the block-diagonal 7N x 6N-matrix
where the ith block is Dy, as given by (23). Then, in these
new coordinates, the Riemannian Hessian has the algebraic
form

Hessi = DT9%ID — DT (xTPxJ‘ai) D e ROVXON  (04)



Comput Mech (2016) 57:817-841 831
Table 1 Material parameters 2 2 2

for the cantilever and the h (mm) 1 (N/mm?) A (N/mm*©) e (N/mm?) L¢ (mm) q (1]
L-shape examples 0.6 27191 x 10% 4.4364 x 10% 0 0.6 x 1073 2

This matrix has no degenerate directions caused by the
embedding of the configuration space into R’V . Indeed, it
is again completely intrinsic. In each iteration of the trust-
region solver, this is the matrix used to define the quadratic
model.

Finally, we point out one lucky coincidence that helps to
increase efficiency. AD systems such as ADOL-C are able
to compute the product (321)D directly. This is noticeably
cheaper than using AD to compute 32/ and later multiplying
by D, because (021) D has fewer entries than 321 (7N x 6N
compared to 7N x 7N). We noted a decrease of about 10 %
of the time needed to assemble the Riemannian Hessian (24).

6 Numerical tests

We now present several numerical tests. These demonstrate
the capabilities of both our Cosserat shell model and of our
discretization. First, we demonstrate that the elements do not
suffer from shear locking, as long as the midsurface defor-
mations are discretized with finite elements of at least second
order. Then, we reproduce quantitative results from the liter-
ature (Sect. 6.2), and show how the model and discretization
can handle large rotations with ease (Sect.6.3). In Sect. 6.4
we simulate the wrinkling of a polyimide sheet, and find very
good quantitative correspondence with experimental data.
All examples in this chapter were programmed using the
DUNE libraries ([5], http://www.dune-project.org).

We deliberately do not give detailed measurements of the
time spent in the various steps of the energy minimization
algorithm. Automatic differentiation of the energy functional
to get the algebraic tangent matrices and numerical solution
of the constraint tangent problems together consume virtually
all run-time, and neither of the two consistently dominates
the other. Time spent assembling the tangent problems may
possibly be reduced by switching to a different AD library.
The run-time behavior of the iterative multigrid solver for the
constraint quadratic problems is more difficult to judge. Due
to the smallness of some of the parameters appearing in the
Cosserat energy I, the tangent problems are very badly con-
ditioned. Therefore, in many cases the multigrid solver will
simply iterate until a prescribed maximum number of itera-
tions has been reached, and the wall-time taken by the solver
is simply a multiple of this number. On the other hand, even
in such cases the multigrid solver produces enough energy
decrease for the outer trust-region method to converge. The
precise interplay between the maximum number of allowed
iterations of the multigrid solver and the convergence behav-

ior of the trust-region method is delicate, and we have not
investigated it here. There is hope that further insight into
the problem structure will allow to construct preconditioners
that will greatly speed up the multigrid convergence. Alterna-
tively, one may consider replacing the trust-region constraint
by a line search globalization, which would allow to use a
direct solver for the tangent problems.

6.1 Deflection of a cantilever

To investigate the shear locking behavior of the proposed
discretization, we use the classic benchmark of a clamped
cantilever loaded transversally at one end. We see that there
is no locking provided that the deformation m is discretized
using at least second-order finite element functions.

Let the reference domain w be the rectangle (0, 100) mm x
(0, 10) mm. We clamp the cantilever at one short end by
requiring m(x) = (x1, x2, 0) and R3(x) = (0, 0, 1) for all
x € {0} mm x (0, 10) mm. For the shell material parameters
we use the values given in Table 1. We load the cantilever by
applying a transversal surface load at the far edge of magni-
tude 18 N.

We discretize the domain by ten quadrilateral elements
(Fig. 4). From this grid, we create a sequence of finer grids
by repeated uniform refinement. On this sequence of grids
we discretize the solution space by five different GFE spaces:
first, we use the same approximation order for deformation
and microrotations, testing orders one, two, and three. Then,
as the microrotations are related to the first derivative of the
deformation m, we also investigate two combinations where
the microrotation field is discretized with one order lower
than the deformation field.

For these different discretizations we measure the can-
tilever deflection as a function of the mesh size. The results
are shown in Fig. 4. One can see that all but one discretiza-
tions give the same value for the deflection, and that that value
is independent from the grid resolution. The exception is the
discretization using first-order elements for the deformation.
There, the discrete model is much stiffer for coarse elements,
and the deflection only approaches the correct value asymp-
totically for high grid resolutions. We conclude that shear
locking is not an issue with GFEs, if at least second-order
elements are used for the deformation m. This agrees with
the results given in [23].

For all further examples in the chapter we have used
second-order elements both for the deformation and for the
microrotations.
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Fig. 4 Deformation test of a clamped cantilever. Left reference grid
and deformed grid, right vertical deflection as a function of the grid
refinement for five different discretization order combinations. In the
legend, the first number is the discretization order for the midsurface

255 mm M

o |

ww g5g

Vs

— —

ww Qg

Deflection

Refinement

deformation, and the second number is the order of the microrotation
discretization. Only the discretization using first-order elements for both
deformation and microrotations shows locking behavior

Fig. 5 Left L-shape structure with boundary conditions, right the grid, which is the one also used in [54]

6.2 Deformation of an L-shape

We begin by comparing our approach to a benchmark prob-
lem taken from the literature. The following setup is used by
Wriggers and Gruttmann [54], who compare their discrete
model with the ones from [3,44,45] for the same problem.
Our aim here is twofold: we want to show that our discrete
model can reproduce quantitative results from the literature.
Also, we want to highlight the speed and stability of our
solver.

Let w be the L-shaped domain depicted in Fig. 5. Sizes of
the shape are given in the figure, and we set the plate thick-
ness to 0.6 mm. We model the material with the finite-strain
hyperelastic material of Sect.2.2. The material parameters
are given in Table 1. The Lamé constants u, A correspond
to the values £ = 71240 N/mmz, v = 0.31 given in [54].
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As argued in Sect.2.1, the coupling modulus p. is set to
e = ON/mm. We set the curvature exponent ¢ appearing in
the curvature energy term W¢,v to ¢ = 2, and the internal
length L. to 0.6 pm, following the suggestions of Sect.2.1.

The boundary conditions are depicted on the left of Fig. 5.
The structure is clamped on the left vertical end yy. By this
we mean thaton yg wesetm(x, y) = (x, y, 0), and therigid
director description Eg = (0, 0, DT for the microrotations
R. On the lower horizontal end y; we prescribe a uniform
surface load' P in the direction of the first unit basis vector.
Zero Neumann boundary conditions are set everywhere else
for displacements and rotations. We discretize the domain
using 99 quadrilateral elements as depicted on the right of

I Here we deliberately differ from [54], where a point load is used.
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Fig. 6 Example deformation of the L-shape structure for P = 1.62N. Upper picture initial configuration and configuration under load. Lower
picture closeup of the clamped part of the structure, with the directors shown as red arrows. (Color figure online)
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Fig. 7 Out-of-plane deflection as a function of the load. Left own simulation. Right corresponding plot taken from [54]

Fig. 5. The equations are discretized using second-order (i.e.,
nine-node) GFEs.

The first aim of this experiment is to study the buckling
behavior of the structure for different values of P. When
the structure is loaded, it deforms in-plane as long as the
load P stays below a critical value Ps. For loads beyond this
value, the structure starts to buckle laterally. An example
deformation using P = 1.62N is shown in Fig. 6.

Since the in-plane deformation remains a stationary point
of the energy even for loads larger than Pg, a perturbation
needs to be applied to trigger the buckling. We do this by start-
ing the trust-region method at the asymmetric initial iterate

0
m(x, =1 X, , T =
(x5 ( Y {103(x —225)(y +15)  else

This adds a little kink in the corner of the domain, which
is enough to trigger the buckling.

A plot showing the lateral average displacement of yj is
shown in Fig. 7. For comparison we have also given the
corresponding plot from [54]. It can be seen that the criti-
cal value we obtain is between 1.188 and 1.224 N. This is
in good agreement to the other values from the literature
[3,44,45,54], which we print in Table 2.

In a second step we want to highlight a few properties of
the solver. For this we use the configuration described above
with the surface load P = 1.62N at y,; shown in Fig. 6.
We solve the problem in a single loading step, using the

if 225 —15 —
ifx < ory < ) R—1d 25)
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Table 2 Literature results for

the critical Toad References Types Type of elements Number of elements Py (N)
[3] Beam - 20 1.088
[44] Beam - 20 1.090
[3] Shell Triangle 86 1.145
[45] Shell Quadrilateral 68 1.137
[45] Shell Quadrilateral Converged solution 1.128
[54] Shell Nine-node 17 1.113
[54] Shell Nine-node 99 1.123
Here Shell Nine-node 99 1.188-1.224
10000 . . . . . . 100 16406
10 100000
1000 4 1 E ]
~ 5 o 3 10000
o o c 1000 F
S 100 2 ootf g
u S ootk g 10
10 kx 1 0.0001 [ ERR
=
1e-05 F 1F
1 L L L L L . 16-06 L L L L L L 0.1 L L L L L L
0 50 100 150 200 250 300 350 0 50 100 150 200 250 800 350 0 50 100 150 200 250 300 350
Iteration Iteration Iteration

Fig. 8 Behavior of the Riemannian trust-region solver for the con-
figuration shown in Fig. 6. Left hyperelastic energy per iteration step.
Center maximum norm of the correction per iteration. Right radius of

trust-region method described in Sect.5.2. For the quadratic
minimization problems we use a monotone multigrid method
as described in [40]. The oco-norm is used to define the trust
region. We scale the rotation part of the norm by a factor of
1073, so that corrections to the deformation (with numerical
values in the two-digit range) are treated equally to correc-
tions to the rotations (which cannot get larger than ).

We start the trust-region solver at the initial iterate given in
(25) with an initial trust-region radius of 0.1.> We terminate
the iteration as soon as the maximum norm of the correction
drops below 3 x 1079, This criterion was achieved after 334
iterations. Figure 8, left, shows the energy / per iteration (in
a semi-logarithmic plot), and we observe that the trust-region
method really is monotonically energy-decreasing. The sharp
drop in the first few steps corresponds to a decrease of the
membrane energy, which dominates the initial configuration
(25).

Figure 8 also shows the correction step length and the trust-
region radius per iteration step. We note that both remain
bounded in the one-digit range until the solver reaches the
vicinity of the minimizer at about iteration 310. At this point
the behavior is as predicted by Theorem 11: the quadratic
models start to match the energy functional very well. Cor-
respondingly, the trust-region radius starts to increase, and
the method turns into a pure Newton method. The expected

2 Note that this radius bounds both corrections to m and to R, so it
cannot be assigned a unit.
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the trust-region per iteration. The vertical axis has logarithmic scale in
all three images. Note how the solver enters quadratic convergence after
iteration 310, and how the trust-region opens up simultaneously

fast local convergence can be observed in the plot of the cor-
rection step length. We stress that this solution is computed in
a single loading step, i.e., without any path-following mech-
anism.

6.3 Torsion of a long elastic strip

The purpose of the next numerical example is to show that,
unlike, e.g., the approach in [22], our discretization can eas-
ily handle large rotations. For this we simulate torsion of a
long elastic strip, which we clamp at one short end. Using
prescribed displacements, the other short edge is then rotated
around the center line of the strip, to a final position of three
full revolutions.

Let = (0, 100) mm x (—5, 5) mm be the parameter
domain, and y and y; be the two short ends. We clamp the
shell on yg by requiring

m(x, y) =(x,y,0), R3=(0,0, DT onyy,

and we prescribe a parameter dependent displacement

1 0 0 X
my(x, y) =0 cos2mt —sin2mt v,
0 sin2mt  cos2mt 0
0
(E,)3= —sin 2wt onyi.
cos 2wt
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Table 3 Material parameters

2 2 2
for the twisted strip h (mm) u (N/m~) A (N/m”) te (N/m”) L¢ (mm) q (1)
2 5.6452 x 10° 2.1796 x 10° 0 2x 1073 2
t=20.5 t=1.0 t=1.5
?

(‘\‘\\

t=20

g
A . 'a

Fig. 9 Twisted rectangular strip at different parameter values ¢, with # equal to the number of revolutions

For each increase of ¢ by 1 this models one full revolution
of y1 around the shell central axis. Homogeneous Neumann
boundary conditions are applied to the remaining boundary
degrees of freedom. The material parameters are given in
Table3. We discretize the domain with 10 x 1 quadrilat-
eral elements, and use second-order (nine-node) GFEs to
discretize the problem.

The result is pictured in Fig. 9 for several values of 7.
Having little bending stiffness, the configuration stays sym-
metric throughout the parameter range. Indeed, by increasing
the length scale parameter L. one can produce materials that
are stiffer in bending. Strips of such material buckle sideways
even at only two revolutions.

In order to arrive at configurations with more than one
full twist, several intermediate loading steps have to be taken.
This is not because the Riemannian trust-region solver would
not converge for ¢+ > 1. Rather, it would converge, but to
a minimizer in the wrong homotopy group (i.e., the mini-
mizing configuration would never show more than a single
twist). We note also that the finite-strain membrane energy
(11) is essential for this example. Indeed, there appears to
be no stable local minimizer of the small-strain energy (3)
that corresponds to a twofold rotated strip. When the energy-
minimizing Riemannian trust-region algorithm is used to
minimize the small-strain energy starting from the two-
revolutions configuration, the algorithm converges to the
completely planar configuration.

6.4 Wrinkling of a sheared rectangular plastic sheet

In our last numerical example we demonstrate that our shell
model does indeed display microstructure. We do this by

simulating the wrinkling of a thin rectangular plastic sheet
under shearing. Such wrinkling has been studied experimen-
tally by Wong and Pellegrino [52]. Numerical simulations of
their experiments can be found in [53] using the commercial
FE software Abaqus, and in [47] using a Koiter model with
a finite difference discretization. We obtain a good match
between their experimental and our numerical results.

The experiment consists of a rectangular plastic sheet of
dimension 380 mm x 128 mm. The sheet is clamped on the
long horizontal edges, and free on the short vertical ones.
More mathematically, we prescribe Dirichlet boundary con-
ditions m(x, y) = (x, y, 0), R3(x) = (0, 0, )T on the
lower horizontal edge. On the vertical sides of the domain
we prescribe zero forces and moments. On the top hori-
zontal side we apply a small horizontal shearing §;, and
a vertical prestress §, by prescribing the Dirichlet bound-
ary condition m(x, y) = (x + 8, y + 8y, 0), R3(x, y) =
0,0, DT,

Following Wong and Pellegrino, we set the Lamé con-
stants to 4 = 5.6452 x 10°N/m? and A = 2.1796 x
10° N/m?2, which corresponds to the values E = 3.5GPa,
v = 0.31 given in [52]. The shell thickness is # = 25 pm.
Additionally, we set the Cosserat couple modulus . = 0,
the curvature exponent ¢ = 2, and the internal length scale
L. = 0.025 pm. In [52], Wong and Pellegrino state that they
vertically prestress their sheets slightly, but no numbers are
given. For their own numerical simulations described in [53],
they use a value of §,, = 0.5 mm. In our own numerical exper-
iments we found that §, = 0.5 mm leads to wrinkles that are
too vertical, in particular if there is not much shearing. Low
values of §, on the other hand do not produce enough wrin-
kles. Best results were obtained using values between 0.2 and
0.4 mm.
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z/380 mm
0.003

jen)

I —

—0.003

Fig. 10 Simulation results of the shearing tests. The color visualizes the elevation of the wrinkles, and the color scale has been chosen to match

the one used in [47]. (Color figure online)

Fig. 11 Experimental results of the shearing tests. Images taken from Wong and Pellegrino [52]

Deflection w (mm)

Distance x (mm)

6=0.5 mm

Deflection w (mm)

Distance x (mm)

6=3.0 mm

Fig. 12 Wrinkle amplitudes at the plane y = 64 mm. Black lines experimental results from Wong and Pellegrino [52]. Red lines our simulation
results. Observe that the number of wrinkles is almost identical, but the amplitudes predicted by our simulation are generally too large. (Color figure

online)

We numerically reproduce two of the four shearing exper-
iments described in [52]. The first has a shearing value of
8y = 0.5mm. For this we discretize the domain by a struc-
tured grid with 120 x 40 = 4800 quadrilateral elements,
and second-order GFEs. We set the vertical prestress to
8, = 0.2 mm, and start the trust-region solver from the node-
wise interpolant of the function

m(x, y) = (x +6,y/128 mm, y, 2mm cos(10x)),
R(x, y) =1d,

together with the Dirichlet boundary values on the top hori-
zontal side. The cosine waves were added to break the initial
symmetry. No attempt was made to influence the simulation
results by deliberate adjustments of the initial value.

Plots of the wrinkle elevation are shown on the left of
Fig. 10. The results of the corresponding experiment of Wong
and Pellegrino can be seen in Fig. 11, also on the left. We
obtain a very good quantitative match with our simulation.
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In particular, we obtain almost the same number of wrinkles
(Fig. 12). Moreover, observe how the simulation faithfully
reproduces a lot of the fine structure, such as the secondary
wrinkles near the horizontal sides, and the wrinkles near the
vertical sides.

On the other hand, the amplitudes predicted by our sim-
ulation are slightly larger than the ones observed in the
experiments. Also, the wrinkles are inclined at a slightly
steeper angle than the experimental ones. This suggests that
the prestress values 8, is still too large. However, as men-
tioned above, a lower value of §, leads to a lower number of
wrinkles.

The second experiment uses a larger shear value of §, =
3 mm. With the other parameters as above we obtain a result
that is qualitatively correct, but the number of wrinkles
is less than what Wong and Pellegrino observed in their
experiments. A better match is obtained by increasing the
vertical prestress to §, = 0.4 mm and using a fine grid with
240 x 80 = 19, 200 elements. This simulation is what is plot-
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ted on the right of Figs. 10, 11, and 12. Now we observe a very
good quantitative agreement also for this more extreme case,
with the same restrictions as for the low-shear case. Since
we have not observed artificial stiffness introduced by our
discretization, we suspect that using the finer grid makes the
trust-region algorithm end up in a different local minimizers
of the energy.

Acknowledgments The authors would like to thank Kshitij Kul-
shreshtha for his help with the ADOL-C automatic differentiation
system, and Ingo Miinch for the interesting discussions on the dis-
cretization of finite strain Cosserat problems.

Appendix: Implementation of geodesic finite
elements for SO(3)

In this Appendix we explain how the geodesic interpolation
(Definition 1) that forms the basis of the GFE method can be
implemented in practice. Since the definition of the interpo-
lation function

T:SO3)" x Tret — SO(3),

m
YT (Ry,...,Ry; &) =arg minZAi(E)dist(Ri, Q)2 (26)
0€S03) i,

uses a minimization formulation, its use in practice warrants
a few explanations.

The Cosserat shell energies of Sect.?2 are both first-order
energies. Hence, to evaluate them for a given GFE function
R;, we need to compute function values Ru(x) € SO3)
and first derivatives VR, (x): R* — Tfh (X)SO(3) at given
(quadrature) points x € . Using the integral transformation
formula this can be reduced to computing values and first
derivatives of the interpolation function Y on the reference
element Tpef.

Finding minimizers of the energy by a Riemannian trust-
region method additionally requires the gradient VI and the
Hessian HessI of the algebraic Cosserat shell energy (15).
By the chain rule, expressions for these include derivatives
of Y and VY with respect to the coefficients Ry, ..., Ry.
These can in principle be computed semi-analytically [40].
However, we have found using an AD system much more
convenient (see Sect.5.3).

Py = Pi—Ps+ Py 2(pop1 — p2p3)
2(pop1 + p2p3)
2(pop2 — p1p3)

F(p) =
2(pop3 + p1p2)

sort of coordinates for SO(3). The naive approach uses the

canonical embedding of SO(3) into R3>*3. However, quater-

nion coordinates allow a more efficient implementation.
Let

Hjyj = {p e RY|Ipl = 1},

be the set of unit quaternions, i.e., the unit sphere S 3R
equipped with quaternion multiplication

'ZHM X Hm —> Hm

P390 — P2q1 + p192 + pogs
P290 + p3q1 — poq2 + p1g3
—Pp190 + poq1 + p3q2 + p2g3
—Poq0 — P1q1 — p292 + p3g3

pP-q9=

The unit quaternions Hj;| form a smooth compact manifold
embedded in R*, and global coordinates on Hj;| are naturally
given by this embedding. The tangent space at a point p €
Hm is

4
T,Hy| = {v e R (p, vigs =0}
hence tangent vectors v € T,H]|;| can be treated as vectors

in R*. For any ¢ € Iy, the projection P,: TqR4 — T,Hy
is given by

(Py);; = 8ij — qi4;-
A Riemannian structure for | is obtained by inheriting
the metric of the surrounding space
(v, wr,my, = (v, wre forallv, we TpHy,.
For a point p € Hj| and a tangent vector v € T,H|, the

exponential map exp,, : TpH|1| — Hjy is then given by [1,
Example5.4.1]

sin |v|

vl

The unit quaternions can be used to represent rotations,
because there is a natural relationship between Hj;| and
SO(3). More precisely, the map F: ;| — R3*3

exppv:cos|v|~p+ 27

<

2(pop2 + p1p3)
—p+ p?—p3+ 3 2(pip2— pop3) : (28)
—pi — P+ p3+ 03

Quaternion coordinates for SO(3)

While the construction and theory of GFEs is completely
coordinate-free, an implementation necessarily needs some

is a Lie group homomorphism from Hj;| onto SO(3). Itis two-
to-one, meaning that for each point p € Hj there is exactly
one other point, namely — p, representing the same rotation
F(p) = F(—p) € SO(3). Using quaternion coordinates for
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rotations reduces the memory footprint and computing times
considerably. For the rest of this chapter we use upper case
letters Q, R for elements of SO(3), and lower case letters
p, q for quaternions.

The canonical distance of SO(3) in quaternion
coordinates

The metric structure of the set of unit quaternions is identical
to the metric structure of the unit sphere in R*. The geodesics
of M are the segments of great circles. Any two points
P, q € Hjj| can be connected by such segments; hence Hy,
is geodesically complete. If p # —g there is aunique shortest
geodesic that connects p and ¢g. For all pairs of points p =
—q there are infinitely many minimizing geodesics, each of
length 7r. Hence the injectivity radius of Hy is inj (1)) = 7.
The Riemannian distance between two points p and g is
the length of the shortest arc of a great circle connecting p to
g.Lety:[0, 11 — S3 be such an arc. Its length is given by

1
distsz, (p. q) = /0 (Ol dr = arccos(p, q)gs. (29)

We now use this to express the canonical distance on
SO(3) in terms of quaternion coordinates. To avoid confu-
sion we now always write disth or distso(3). First note that
F defined in (28) is a scaling in the sense that

[VF - v|gsxz = 2[|v|p4, (30)

for any v € T,Hj;. Let Ry, Ry € SO(3) be two rotations
andlet p, g € Hjy be such that F(p) = Ry and F(q) = R».
We first consider the simpler case that disth (p, q) <m/2.
Suppose that y is the shortest path from p to g. Then, by
(30), F(y) is a shortest path from F(p) to F(g) in SO(3),
and

1
distsos)(F(p), F(@)) = /0 (F 0 ) (Dlsouyd!

1
= 2/0 v @Olgdr
= 2dista, (. ).

For the general case, we also have to take into account that
My is a double cover of SO(3). Let p, g € Hj| be such that
distyy, (p, ¢) > /2. Then g represents the same element
of SO(3) as —¢q, but disth(p, —q)=m —disth(p, q) <
/2. The distance on SO(3) for arbitrary p, g given in terms
of the distance on Hy| is therefore

distso3)(F(p), F(q))

_ | 2distm, (p, @)
27 — 2disty, (p, q)

if disti, (p, q) < 7/2,

. (3D
otherwise.

@ Springer

Note that this metric is continuous, but not differentiable at
points p, g with disty, (p, ¢) = 7/2. This comes as no
surprise as this is precisely the case when F(g) is in the cut
locus of F(p).

For an algorithmic evaluation of the interpolation for-
mula (26) we will need first and second derivatives of
distso(3) (R, -)2 with respect to its second argument, for fixed
arbitrary R € SO(3). We use (31), and Lemmas 12 and 13
on the derivatives of scalar-valued functions on embedded
manifolds. For these, we need an extension of distH‘ ,toa
neighborhood of Hj| in R*. We choose

2
Tl 3 4 1
dlStHlH(pa 51)2 = dlStHHl (p’ |q_|) = arC0052 <p, |q_|> .

This is well-defined and smooth on a neighborhood of Hj;| in
R*. For ease of notation we define a: [—1, 1] = R, a(x) :=
arccos? (x).

‘We now compute the first derivative of distso3)(R, ~)2

9 .
@dlstso(g)(R, F(g))* € Ty ), (32)

for arbitrary but fixed R € SO(3). Note that

D p L= pyp gl =1.
dg V" lql

With (22), (29), and |g| = 1 we get for the coefficients i =
1,...,40f (32)

2 .
o~ distsos) (R, F())*
qi

a . 2
= (£d18t30(3)(R, F(q)) )i

4a/(x)‘x=(p ) (Pyp),  if distu, (p, @) < 7/2,

_4a/(x)’x:<p ” (Pyp), else,

where p is any one of the two points on H| with F'(p) = R.
Note thatsince disty, (p, ¢) < 7/2ifandonlyif (p, g) =0
this is equivalent to

2 dist(p. 7 = snl(p. 9l ()| (Pyp);
dqi x=l(p.g) * 1T
(33)

The derivative of a(x) = arccos?(x) can be given in closed
form

2 arccos(x)

V1 —x2

o' (x) = —
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However, this expression gets numerically unstable around
x = 1. There, the series expansion

20x — 1)

/
= —2
o (x) + 3

o ((x — 1)2)

has to be used instead.
For the second derivative of distso3)(R, )% we note that

a
a; (Pgp); = (Py);; = 8ij — qiq; and
d

gj (Pyp); = =8ij{p> 9) —4ipj>

for any p € R*. Using Lemma 13 we obtain

[ distson (R, Fi@)?]
=4a" (P;p), (Pqp)j

_4Sgn(<pv Q))O/ (Pq)” <p’ CI)» (34)

1

where again p € Hy| is such that F(p) = R.
The second derivative of a(x) is

2x arccos(x)
(1 —x»)¥2

" 2
o’ (x) = (arccos2(x)) =12

Again, near x = 1 this gets unstable and has to be replaced
by its series expansion

o (x) = 2 ﬁ(x -+o0 ((x - 1)2)
3 15 '
Evaluation of geodesic interpolation functions

We now discuss how values and first derivatives of the
interpolation function Y can be computed in practice. Unfor-
tunately, there are no closed-form expressions for the solution
of the minimization problem (26), and it therefore needs to
be solved numerically. As its objective functional (written in
quaternion coordinates)

ferq > D hiE)distsoe) (Ri, F(9))*,
i=1

is defined on the Riemannian manifold H;| C R* we use a
Riemannian Newton method as presented in [1].3 Under the
assumptions of Theorems4 (for p = 1) and 5 (for p > 1),
fe is C*° ([40, Lemma2.4]), and strictly convex on an open

3 In [40] it was proposed to use a Riemannian trust-region method
instead of the simpler Newton method. Such a choice guarantees conver-
gence of the solver. However, in practice we never observed convergence
issues even for the simpler Newton method.

geodesic ball containing the R; ([24, Theorem 1.2] and [41,
Lemma3.11], respectively).

One step of the Riemannian Newton method on My
takes the following form. With & the iteration number let
gk € Hij1| be the current iterate. We use the exponential map
eXpg, Ty, Hjp — Hjy) (see (27)) to define lifted functionals

fk: T, H; — R fAk(s) = fe (equk s).
The Newton update at step k is then
Qi1 = expy, s with s = —Hess fe(0) "'V £ (0).  (35)

Using Vexp0 = Id we see that the gradient of fk at 0 €
T, Hyy is

R - 9
V fi(0) = Zki(é)@diﬁsoa) (Ri. F(q)).
i=1

and that the Hessian is

. " 92
Hess fe(0) = >~ 4 (5) 52 distsoe (R, F(q))*.
i=1

The two derivatives of the distance function have been given
in (33) and (34). The matrix Hessfk(O) is 4 x 4, and has a
one-dimensional kernel, which is the normal space of S 3in
R* at g;. We use a rank-aware direct solver for the Newton
update systems (35). The Newton solver typically needs only
a handful of iterations to converge up to machine precision.
In the proof of Lemma6 the implicit function theorem
was used to show under what circumstances the derivative
dY /0& exists. Here we use it again for the actual compu-
tation. For ease of notation we introduce Y = F 1),
which gives interpolation points expressed as quaternions.
By [40, Lemma2.4] the functional f: is smooth. Hence, its
minimizer can be characterized by
R &, T (Ry, ..

o (R, .. R ) =0, (36)

where
®: SO3)™ x Tref x Hjyp — THjyy,

a
(D(Rls e Rm’ sa CI) = @f&(‘])

o d
= in@)@distsom (Ri, F(9))*. (37)
i=1

Taking the total derivative of (36) with respect to £ we get

iCD(Rl,..

Ry, E,T(Ry, ..
dé_ ms (1

oy Ry E))
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_0D(Ry,.... R, £, q)
- i
+8<I>(R1,...,Rm,é,q) Y (Ry, -
dq 0&

By [41, Lemma3.11] the matrix

s Rin; &)

o
— =Hessf; € R4,
dq

isinvertible on the three-dimensional subspace Ty g, g . ¢)
Hjy C R*, and hence 8?(R1, ey Ry £)/0& can be com-
puted as the solution of the linear system of equations

IP(R1, ..., Rm, &, @) TR, ..., Ru; §)
dq 9§
PRy, ..., Ry, £, q)

3

Using the definition (37) we see that in coordinates d®/9&
is a 4 x 2-matrix, where the ith column is

(38)

(a T) d dist ( ( ))2
- = —dis i .
9E ; 3q SO3) (N q

Hence evaluating the derivative of a GFE function amounts
to an evaluation of its value (to know where to evaluate the
derivatives of @) and the solution of the symmetric linear
system (38).
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