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Abstract In order to perform stress analyses of a solid
oxide fuel cell (SOFC) under operation, we propose a
characterization method of its time-varying macroscopic
electro-chemo-mechanical behavior of electrodes by consid-
ering the time-varying geometries of anode microstructures
due to Ni-sintering. The phase-field method is employed
to simulate the micro-scale morphology change with time,
from which the time-variation of the amount of triple-phase
boundaries is directly predicted. Then, to evaluate the time-
variation of the macroscopic oxygen ionic and electronic
conductivities and the inelastic properties of the anode elec-
trode, numerical material tests based on the homogenization
method are conducted for each state of sintered microstruc-
tures. In these homogenization analyses, we also have to
consider the dependencies of the properties of constituent
materials on the temperature and/or the oxygen potential
that is supposed to change within an operation period.
To predict the oxygen potential distribution in an overall
SOFC structure under long-period operation, which deter-
mines reduction-induced expansive/contractive deformation
of oxidematerials, an unsteady problem ofmacroscopic oxy-
gen ionic and electronic conductions is solved. Using the
calculated stress-free strains and the homogenized mechan-
ical properties, both of which depend on the operational
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environment, we carry out the macroscopic stress analysis
of the SOFC.
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1 Introduction

Solid oxide fuel cell (SOFC) is one of the electric generating
systems that attract most attention due to its cleanness and
applicability to distributed power generation systems [1,2].
Figure 1 is a schematic illustration of general SOFC design.
Porous oxides, which are commonly ceramic materials, are
chosen for the cathode at one end,whereas cermets composed
ofNi and oxide ceramicmaterials are used for the anode at the
other end. The electrolyte made of dense ceramics is sand-
wiched between these two electrodes. Such a unit is called
‘cell’. Generally, more than one cell are stacked together to
form a cell stack of SOFC to generate high electric power.
A component to connect adjacent cells in series is called an
interconnect.

Since the components of SOFCs are always exposed to
high temperature and large pressures of various gasses, the
overall electrical performance is degradedduring long-period
operation with start-and-stop control. Such performance
degradations are associated mainly with the aged deterio-
rations of physical properties of the constituent materials,
which are induced by various factors [3–5]. Among them,
the mechanical and thermodynamical effects come within
the scope of this paper.

The mechanical effect arises mainly from the stress-free,
expansive/contractive strains due to the time variations of
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Fig. 1 System of SOFC: cell and cell stack

– operating temperature, which causes thermal deforma-
tion [6,7]

– reduction atmosphere, which causes reduction-induced
deformation of ceramics materials due to non-
stoichiometry [8,9], and

– reaction atmosphere, which causes oxidation-reduction
(RedOx) cycling-induced deformation of Ni and NiO.

The overall deformation of a cell and its components involv-
ing these strains with different sources may cause cracks at
various spatial scales, which are possibly sources of not only
electrical, but also mechanical deteriorations that lead to the
mechanical failure at their worst.

On the other hand, the thermodynamical effect induces
the deteriorations of electrical and electrochemical perfor-
mances of SOFCs’ components that arise from the composi-
tion change due to poisoning and the morphological change
due to sintering of Ni particles at micro-scale (or particle-size
level) . In particular, notable among them is the coarsen-
ing of Ni particles in anode microstructures under operating
temperature, which is lower than its melting temperature of
1453K [10], but is close to its welding temperature from
734 to 1070K [11]. The morphological change of anode
microstructures with time due to the Ni-sintering causes not
only the aged deterioration of electrical properties such as
electric conductivities, but also the time-variation ofmechan-
ical characteristics of SOFC’s components and materials
[11,12].

A number of computational investigations have been con-
ducted to clarify the mechanisms of such electrical and
mechanical degradations in SOFCs at various spatial scales
[13–17]. Oxygen potentials are calculated to predict the
electric performance [18–20] and to evaluate the stress dis-
tributions of SOFC’s components [21]. Several articles have

been devoted to the study on the deterioration of mechanical
properties during stop-and-start operations [22,23]. Recent
years has seen a renewal of interest in phase-field simulations
to reproduceNi-sinteringprocess that involves expansion and
aggregation of Ni particles during the formation of anode
microstructures [10,24–29].

Although these individual subjects of study on the elec-
trical performance deterioration associated with the afore-
mentioned thermodynamical and mechanical effects have
been explored to some extent, little attention has been given
to their coupling phenomena. In fact, the SOFC operations
involve various types of physical phenomena at various
spatial and time scales and hence their coupling behav-
ior determines the performance of SOFS as an electrical
device. Whereas overall gas flows, heat conductions, oxygen
potential change and deformations are coupled at macro-
scale, the correspondingmacroscopic physical properties are
determined by the micro-scale morphology changes with
time and constituents’ material properties of electrodes and
of interfaces with electrolytes, which depend on tempera-
ture and oxygen potential changes. To make the prediction
of performance deteriorations more reliable, such coupling
phenomena have to be taken into account in our numer-
ical simulations. In particular, it is important to notice
that the morphological change of cement microstructures
due to Ni-sintering conduces the time-variations of both
macroscopic electrical and mechanical properties of anode
components. Therefore, the characterization of this kind of
time-varying, two-scale coupling behavior can be the first
step to realize reliable numerical simulations to evaluate the
coupled electrical and mechanical behavior of an overall cell
structure.

In this context, we propose a characterization method
of its time-varying macroscopic electro-chemo-mechanical
behavior of electrodes by considering the time-varying
geometries of anode microstructures due to Ni-sintering in
order to predict the oxygen potential and stress distributions
in SOFC under operations. The framework of the analysis is
shown in Fig. 2. The phase-fieldmethod is employed to simu-
late themicro-scalemorphology changeof anodemicrostruc-
tures with time, from which we evaluate the time-variation
of the amount of triple-phase boundaries, at which electro-
chemical reactions occur. Then, to evaluate the time-variation
of the macroscopic oxygen ionic and electronic conductivi-
ties, and the inelastic properties of the anode electrode, we
conduct a series of numerical material tests (NMTs) based
on the homogenization method for each state of the sintered
microstructures with the help of the finite element method
(FEM). In these computational homogenization analyses,
we take into account the dependencies of the properties of
constituent materials on the temperature and/or the oxygen
potential that are supposed to change within an operation
period.
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Fig. 2 Framework of analysis
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With the macroscopic properties at hand that reflect
the operating environment and the time-varying micro-
scale morphology, we solve an unsteady coupling problem
between macroscopic oxygen ionic and electronic conduc-
tions by the FEM to obtain the oxygen potential distribution
in an overall cell structure under long-period operation. Then,
according to the values of the oxygen potential, the amount
of reduction-induced expansive/contractive strain of oxide
materials can be determined. Using thus obtained infor-
mation about the stress-free strains and the homogenized
mechanical properties calculated in theNMTs, both of which
depend on the operational environment, we carry out the
macroscopic stress analysis of theSOFC to predict the overall
deformation and to examine the possibilities of mechanical
damage during the start-and-stop operation.

The novel contribution of this paper is the development
of the framework to reproduce the complicated mechani-
cal behavior of SOFC under operational environment, which
possibly induces electrochemical and mechanical deteriora-
tions. During the process of the development, we introduced
an idea of applying computational homogenization method
to characterize the time-varying degradation phenomena of
the macroscopic electrochemical and mechanical properties
by the corresponding microscopic analyses. This study com-
putationally contributes to the development of the numerical
homogenization method of the electrochemical potential
equations.

2 Framework of two-scale analysis

2.1 Electrochemical reactions in SOFC

At the cathode electrode, oxygen O2 is reduced by electron
e− to produce oxygen ion O2−, which can move through the
electrolyte toward the anode electrode. The oxygen ion that
reaches the anode electrode is oxidized by the reaction with
H2, which is provided as a fuel, to produce water H2O and
e−. These electro-chemical reactions are respectively written
as

Cathode:
1

2
O2 + 2e− → O2− (1)

Anode: O2− + H2 = H2O + 2e− (2)

Since the electrodes are porous materials, actual reactions
are expected to occur at the interfaces between gas and solid
phases. The latter electro-chemical reaction, i.e., oxidation
with emission of electrons, occurs at the so-called triple phase
boundaries (TPBs) of the anode electrode, which is gener-
ally a cermet composed of Ni particles and ion conductive
ceramics. On the other hand, the cathode electrode, whose
constituents are mixed ionic–electronic conductive ceram-
ics, allows the reduction of O2 at the so-called dual phase
boundaries (DPBs) [11], involving the ionization of the oxy-
gen with absorption of electrons.
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The electronic current density iAnodee− generated with the
oxidation (2) is known to be determined by the Butler–
Volmer relationship [2,30] as

iAnodee− = iAnode0

{
exp

(
2αaF

Rθ
�E

)
− exp

(
−2αcF

Rθ
�E

)}

(3)

where F = 96, 500 C mol−1 is the Faraday’s constant, R is
the gas constant, θ is themicroscopic temperature, and iAnode0
is the exchange current density. Also, αa and αc are respec-
tively the anodic and cathodic charge transfer coefficients
and �E is the polarization voltage evaluated by

�E = μO − μ
g
O

2F
(4)

where μO and μ
g
O are the oxygen potentials in the anode

materials and in the gas phase, respectively. The oxygen
potentialμO is calculated with the partial pressure of oxygen
pO2 as

μO = μ◦
O + 1

2
Rθ ln pO2 (5)

where the oxygen potential at standard condition μ◦
O is set

as zero. Then, the normal component of current density ie−
inside the Ni particles must be equal to the generated elec-
tronic current density as

ie− = ie− · n = iAnodee− (6)

where n is the outward unit vector on the TPB, directed to
the normal to the Ni surfaces.

A TPB is generally identified as a line shared by three
phases, e.g, gas, Ni and YSZ phases. However, since bound-
ary conditions must be imposed on surfaces, it is assumed
in this study that the boundary on which the electrochemical
reaction produces electrons or ions a small and adjacent sur-
face region around the line of the TPB and that the electronic
current is associated with the normal direction to the surface
region of Ni. On the other hand, the ionic current assumed to
be consumed on a small surface region adjacent to the TPB
line.

According to the electro-chemical reaction (2), the oxygen
ionic current density generated at the same boundary surfaces
can be evaluated as

iO2− = iO2− · n′ = iAnodeO2− = −iAnodee− (7)

where the outward unit vector n′ is defined on the TPB,
directed to the normal to the oxide’s surfaces.

The current density generated at the cathode with the
reduction process (1) can also be determined by the Butler–
Volmer type equation as

iCathodee− (8)

= iCathode0

{
exp

(
2αaF

Rθ
�E

)
−exp

(
−2αcF

Rθ
�E

)}

where the exchange current density iCathode0 and the charge
transfer coefficients are different from those for the anode.
The relationships of this generated current density with the
normal components of the current densities inside the oxide
are given as

ie− = ie− · n = iCathodee− (9)

iO2− = iO2− · n′ = iCathodeO2− = −iCathodee− (10)

The boundary conditions given to TPBs and DPBs at
micro-scale are presented in (6), (7), (9) and (10). Each of
these is a special type of transfer boundary conditions, since
the amount of current generated or consumed at TPBs and
DPs is governed by the so-called Butler–Volmer relationship
(8), which is excited by the difference between potentials
in solid (Ni or YSZ) and gas phases. In other words, the
currents flowing in and out are calculated with (8) with the
partial pressures of oxygen in the gas and solid phases, and
the calculated currents are given to the boundaries in this
study.

2.2 Two-scale modeling strategy

Although the electro-chemical reactions described above
occur atmicro-scale, ourmain concern is the characterization
of the coupling behavior between the overall electrical con-
duction with electro-chemical reactions and deformations at
a spatial scale of a cell or stack level. The schematic illus-
tration shown in Fig. 3 represents the idea of our two-scale
modeling in this study. Since the porous microstructures of
the electrodes are too small to analyze directly, they are
replaced by the equivalent homogeneous media to describe
and analyze the overall behavior of SOFC’s cells. In this
context, we apply the idea of mathematical homogeniza-
tion [31,32] to derive the two-scale boundary value problems
for electric conductions with electrochemical reactions and
deformations.

As can be seen later, the electrical conduction and defor-
mation problems to be solved are almost standard. One
of the non-standard phenomena in our two-scale molding
based on the homogenization method could be the bound-
ary conditions (BCs) associated with the above-described
electrochemical reactions on pore surfaces in the electric
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Fig. 3 Two-scale modeling of
SOFC
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condition problems. That is, while the microscopic electri-
cal conduction problems involve a sort of transfer BCs on
the TPB andDPB surfaces, the macroscopic or homogenized
electrodes no longer have pores. However, a similar phenom-
ena can be found in the heat conduction problems in porous
media with micro-scale heat transfer and the corresponding
two-scale model based on the homogenization has already
been proposed in [33], whose formulation can be diverted to
the present electrical conduction problems in SOFCs.

Also, we are concerned with the time-variation of the
anode microstructures due to Ni-sintering. That is, the
microstructures that determine the macroscopic electrical
condition with electrochemical reactions and deformation
characteristics change in time. To capture the micro-scale
geometrical changes in time, we employ the phase-field
method, which is suitable for the representation of the mor-
phological change due to solid-state diffusion. Then, the
homogenization method can be applied to some selected
states of the sintered anode microstructures to characterize
the time-varying macroscopic material properties. However,
it is assumed that the unsteady effects at micro-scale can
be negligible so that the first-order homogenization, which
neglects the actual spatial sizes ofmicrostructures, is applica-
ble. This assumption for the two-scale modeling would be
possible, if the micro-scale unsteady conduction phenomena
is very fast compared with the corresponding macroscopic
ones; see [33].

3 Formulation

3.1 Microscopic electronic and oxygen-ionic conduction
problems

The electrical conduction in mixed ionic–electronic conduc-
tive ceramics can be characterized by the local transport of
electro-chemical potentials and is governed by the following
equations:

μO = ηO2− − 2ηe− (11)

c

−2F
μ̇O = −∇ · iO2− (12)

c

−2F
(−μ̇O) = −∇ · ie− (13)

c(μO) = −4F2

Vm

∂δ(μO)

∂μO
(14)

iO2− = −
(

σO2−

−2F

)
∇ηO2− (15)

ie− = −
(

σe−

−2F

)
∇ (2ηe−) (16)

i = ie− + iO2− (17)

where the field variables and material properties are defined
as follows:
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μO : oxygen potential
ηO2− : electro-chemical potential of oxygen ion
ηe− : electro-chemical potential of electron
i : total current density
ie− : electronic current density
iO2− : oxygen-ionic current
jO2− = − je− : reaction current density at electrodes
σO2− : oxygen ionic conductivity
σe− : electronic conductivity
c : electric capacitance
Vm : molal volume
δ : oxygen non-stroiciometry or vacancy

It is noted that the source terms are not included in (12)
and (13). Instead, the reaction currents are generated on the
DPBs and TPBs as described in the previous section; see
(6), (7), (9) and (10). With these BCs on the pore surfaces at
micro-scale, we have the standard Dirchiclet BC, for which
the values of the electro-chemical potentials are prescribed
as

ηO2− = η̄O2− on ΓηO2− (18)

ηe− = η̄e− on Γηe− (19)

where •̄ indicates prescribed values. Also, the amounts of
external electronic and oxygen-ionic current densities can be
prescribed on the Neumann boundaries as

iO2− = iO2− · n = īO2− on ΓiO2− (20)

ie− = ie− · n = īe− on Γie− (21)

The substitution of (11), (15) and (16) into (12) and (13)
yields the following evolution equations:

c

−2F

(
η̇O2− − 2η̇e−

) = −∇ ·
{

−
(

σO2−

−2F

)
∇ηO2−

}
(22)

c

−2F

(
2η̇e− − η̇O2−

) = −∇ ·
{

−
(

σe−

−2F

)
∇ (2ηe−)

}
(23)

Once the solutions of these equations, ηO2− and ηe− , are
obtained, the oxygen potential can be evaluated with (11).

Here, (22) and (23) are tightly coupled and solved for both
of the electrochemical potentials simultaneously.

3.2 Microscopic deformation problem

Some sorts of metallic oxides used for components of
SOFC exhibit the so-called oxygen non-stoichiometry. To
be more specific, the vacancies are generated in the mate-
rials due to the release of oxygen ions into the air to meet
the balance of the oxygen potentials between gas and solid

phases, when metallic oxides are subjected to a reductive
atmosphere resulted from the decrease in oxygen partial pres-
sure. The resulting electrically non-equilibrated state invokes
the expansion of the material. This expansive deformation is
stress-free, just like thermal expansions, and is called the
reduction-induced (chemical) expansion.

Considering both the thermal and reduction-induced
strains, we define the microscopic deformation problem by
the following governing equations:

∇ · σ + ρb = 0 (24)

ε = εe + εc + εθ + εr (25)

σ = C : εe = κεev1 + 2μee (26)

ε̇c = γ̇
s

||s|| (27)

γ̇ = C1|σ̄ |C2 exp

(
−C3

θ

)
(28)

εθ = �θαθ1 (29)

εr = �δβr1 (30)

along with the Dirichlet and Neumann conditions on the
boundaries Γu and Γt , respectively given as

u = u on Γu (31)

t = σn = t̄ on Γt (32)

Here, the field variables and material parameters are defined
as follows:

σ : Cauchy stress tensor
s : deviatoric stress tensor
σ̄ : von-Mises equivalent stress
ρ : mass density
b : body force vector
u : displacement vector
ε : total strain tensor
εe : elastic strain tensor
εc : creep strain tensor
εθ : thermal strain tensor
εr : reduction-induced strain tensor
ee : deviatoric part of elastic strain
εev = εepp : volumetric component of elastic strain
ū : specified displacement vector
t : traction vector on boundary surfaces
t̄ : external surface force vector
C : fourth-order elasticity tensor
κ : bulk modulus of elasticity
μ : shear modulus of elasticity
γ̇ : creep multiplier
||s|| = √

si j si j : norm of deviatoric stress s
C1, C2, C3 : creep material parameters
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αθ : coefficient of thermal expansion
βr : coefficient of reduction-induced expan-

sion
�θ : change in temperature
�δ : change in vacancy

3.3 Homogenization

The standard formulation in the mathematical homoge-
nization theory starts with the introduction of micro- and
macroscopic domains along with their own coordinate sys-
tems. In particular, the domain of the microscopic problems,
usually denoted byY , is recognized as that of a representative
volume element (RVE) with geometrical periodicity, which
is often referred to as unit cell. Also, microscopic coordinate
y is introduced to measure the electro-chemo-mechanical
behavior at micro-scale. Thus, in order to characterize the
macroscopic material parameters by the homogenization
method, we just re-define the governing equations provided
in the previous section in Y with microscopic coordinate y.

For linear material models, the resulting homogenized
material properties can be calculated by the following
formulae with the pre-determined characteristic functions
ζ k
I ,χkh, ψθ and ψδ (k = 1, 2, 3, h = 1, 2, 3; see for
example [33]):

σ̃ I = 1

|Y |
∫
Y

σ I ·
(

1k − ∇yζ
k
I

)
dy (33)

C̃ = 1

|Y |
∫
Y
C :
(

Ikh − ∇yχ
kh
)
dy (34)

α̃ = C̃
−1 :

(
1

|Y |
∫
Y
C : (α − ∇yψθ

)
dy

)
(35)

β̃ = C̃
−1 :

(
1

|Y |
∫
Y
C : (β − ∇yψδ

)
dy

)
(36)

where |Y | is the volume of unit cell, σ̃I (I = O2− and e−) are
the electronic and ionic conductivities, C̃ is the homogenized
elasticity tensor, α̃ is the homogenized coefficient of thermal
expansion (CTE) and β̃ is the homogenized coefficient of
reduction-induced expansion (CRE) . Also, we have defined
some symbols using Kronecker’s delta symbol δi j such that
1k = δikei , Ikh = δikδ jhei ⊗ e j ,α = αθδi j ei ⊗ e j and
β = βrδi j ei⊗e j . Here, the gradient operationwith respect to
micro-scale y is explicitly denoted by ∇y . The characteristic
functions necessary to calculate the homogenized material
properties (33)–(36) can be obtained by solving the following
governing equations:

∇y ·
(
σ I · ∇yζ

k
I

)
= ∇y ·

(
σ I · 1k

)
(37)

∇y ·
(
C : ∇yχ

kh
)

= ∇y ·
(
C : Ikh

)
(38)

∇y · (C : ∇yψθ

) = ∇y · (C : α) (39)

∇y · (C : ∇yψδ

) = ∇y · (C : β) (40)

It is to be noted that formulae (33)–(36) make sense only
when the problems are linear.When the nonlinearities have to
be considered, we directly solve the microscopic governing
equations in Sects. 3.1 and 3.2 with definition of a periodic
RVEdomain and appropriateBCs to obtain the representative
macroscopic stress–strain curves. This process is called the
numerical material testing (NMT) [34]. Then, assuming that
the functional forms of macroscopic constitutive equations
can be found,we apply an optimizationmethod to identify the
material parameterswith respect to the obtainedmacroscopic
stress–strain responses. The method of nonlinear homoge-
nization with NMT in this context is presented in references
[34,35].

Also, the homogenized capacitance c̃ and homogenized
body force b̃ are respectively evaluated as

c̃ = 1

|Y |
∫
Y
cdy (41)

b̃ = 1

|Y |
∫
Y
bdy (42)

The macroscopic reaction current j̃ is expressed by using
microscopic reaction area Y reac and the current density in
unit reaction area i reac.

j̃K = 1

|Y |
∫

∂Yv
iKds (43)

where K takes e− or O2−, and iK is the microscopic reaction
current defined in (6), (7), (9) or (10). Also, ∂Yv is the surface
region of the TPB or DPB so that 1

|Y |
∫
∂Yv

•ds indicates the
volume average of the surface integral of • for unit cells.
According to the previous report [33], the reaction current in
the macroscopic electronic and ionic conduction problems
are used for source terms and are evaluated as

j̃Cathodee− = ADPBi
Cathode
e− (44)

j̃Anodee− = LTPBi
Anode
e− (45)

where ADPB and LTPB are the total areas of DPBs and TPBs,
respectively. With these formulae and by the definitions of
the microscopic reaction currents, the equality j̃ I

O2− = − j̃ Ie−
(I = Cathode or Anode) is trivial.

3.4 Macroscopic electro-chemo-mechanics problems

The local transport of macroscopic electro-chemical poten-
tials is governed by the following equations:
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μ̃O = η̃O2− − 2η̃e− (46)

c̃

−2F
˙̃μO = −∇ · ĩO2− + j̃O2− (47)

c̃

−2F

(
− ˙̃μO

)
= −∇ · ĩe− + j̃e− (48)

ĩO2− = −
(

σ̃ i
O2−

−2F

)
· ∇η̃O2− (49)

ĩe− = −
(

σ̃ i
e−

−2F

)
· ∇ (2η̃e−) (50)

ĩ = ĩe− + ĩO2− (51)

where symbol •̃ indicates the macroscopic (homogenized)
quantity of the corresponding microscopic quantity •. Here,
the term “macro” implies “average” or “apparent” in the
sense that the heterogeneities of electrodes’ porousmicrostruc-
tures are replaced by equivalent homogeneousmedia (Fig. 2).
The substitution of (46), (49) and (50) into (52) and (53)
yields the following evolution equations:

c̃i

−2F

( ˙̃ηO2− −2 ˙̃ηe−
)

=−∇ ·
{
−
(

σ̃ i
O2−

−2F

)
· ∇η̃O2−

}
+ j̃O2−

(52)

c̃i

−2F

(
2 ˙̃ηe− − ˙̃ηO2−

)
=−∇ ·

{
−
(

σ̃ i
e−

−2F

)
· ∇ (2η̃e−)

}
+ j̃e−

(53)

Once the solutions of these equations, η̃O2− and η̃e− ,
are determined, the macroscopic oxygen potential μ̃O can
be evaluated with (46) so that the macroscopic reduction-
induced strain can be evaluated by the multiplication of
macroscopic vacancy δ̃ by the coefficient (36). Here, the
macroscopic vacancy can be evaluated as the volume average
of the microscopic vacancy, which can be taken as empiri-
cal relationships with the microscopic oxygen potential or
oxygen partial pressure.

The macroscopic partial pressures of oxygen p̃O2 and
vacancy δ̃ are regarded as the volume-averaged quantities
of microscopic oxygen partial pressure pO2 and vacancy δ

over a unit cell. The relationship between pO2 and δ must
be determined with relevant experimental data and then p̃O2

and δ̃ can be calculated accordingly under the assumption
that the latter inherits the former.

Here, (46) is the local equilibrium equation of macro-
scopic electrochemical potentials of oxygen ion and electron,
and (52) and (53) are the evolution equations of the macro-
scopic potentials of oxygen ion and electron along with
constitutive relations (49) and (50), and (51) is the defini-
tion of total current. These are a set of governing equations
for the macroscopic conduction problem for electrochemical

potentials of electron and ions. After the calculation of the
characteristic functions by solving (37)–(30) for a single unit
cell which can be regarded as a subdomain, this macroscopic
problem governed by (46)–(51) is solved. Thus, the calcula-
tions for the unit cell and the macrostructure are carried out
separately, but not simultaneously.

From the standpoint of simulations, (52) and (53) are
tightly coupled and solved for both of the macroscopic elec-
trochemical potentials simultaneously.

On the other hand, the macroscopic governing equations
are given as follows:

∇ · σ̃ + ρ̃ b̃ = 0 (54)

ε̃ = ε̃e + ε̃c + ε̃θ + ε̃r (55)

σ̃ = C̃ : ε̃e = κ̃
(
trε̃e
)

1 + 2μ̃ẽe (56)

ε̇c = ˙̃γ s̃
||s̃|| (57)

˙̃γ = C1|σ̄ |C2 exp

(
−C3

θ̃

)
(58)

εθ = �θ̃ α̃ (59)

εr = �δ̃β̃ (60)

along with the Dirichlet and Neumann conditions on the
boundaries Γu and Γt , respectively, as

ũ = u on Γu (61)

t̃ = σ̃ ñ = t̄ on Γt (62)

Here, the indication of symbol •̃ is the same as before.

4 Microstructures of anode and cathode electrodes

We employ La0.6Sr0.4Co0.2Fe0.8O3−δ (LSCF) for the cath-
ode, 8mol% yttria-stabilized zirconia (8YSZ) for the elec-
trolyte, Ni–YSZ cermet for the anode, and La(Ca)CrO3
(LCCr) for the interconnect in this study. It is noted that
the formulation presented below does not limit target cells,
meaning that the component materials can be changed
depending on arbitrary target cells.

4.1 Time-variation of Ni–YSZ cermet microstructure

In this study, we assume that the main factor that deteriorates
the anode made by Ni–YSZ is the sintering of Ni particles,
which aggregate during the steady operation at 973–173K. In
particles touching with each other at lower temperature than
the melting point, material transfer occurs so as to reduce
the surface energy of the system. With the driving force of
the surface energy, the shapes of particles change with time.
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To simulate such a time-variation, a phase-field model for
sintering [25,27,28,36,37] is employed in this study.

4.1.1 Phase field method

Denoting the order parameters φ1, φ2 and φ3 by the phases
of Ni, YSZ and voids, respectively, we employ the following
free energy of the Gizburg–Landau-type [42]:

F =
∫
V

[∑
i

1

2
αi‖∇φi‖2 +

∑
i

Aiφ
2
i (1 − φi)

2

+
∑
i

Biφ
2
i +

∑
i

⎛
⎝∑
i	=j

βij

4
φ2
i φ

2
j

⎞
⎠+ γ

2
φ2
i φ

2
j φ

2
k

⎤
⎦ dV

(63)

where index i takes 1, 2 or 3, which indicates the phase of
Ni, YSZ or voids. Here, the first and second terms are the
surface energies, the third term is the chemical free energy,
the fourth term is the interface energy between phases i and
j and fifth term is the energy of the TPB. Also, coefficients
αi, Ai, Bi, βij = βji and γ are sorts of material constants
associated with the corresponding energies or potentials.
Since φi are conservative quantities, we adopt the following
Cahn–Hilliard equation for their evolutions [43,44]:

∂φi

∂t
= ∇ ·

{
Mi(φi, θ)

(
∇ δF

δφi

)}
(64)

where Mi(φi, θ) is the mobility defined as

Mi(φi, θ) = D(φi)mi(θ) (65)

Here, D(φi) and mi(θ) are the diffusivity function and the
mobility function that depends on temperature, respectively,
and are defined as [37,42]:

D (φi) = Dvol f (φi) + Dvap (1 − f (φi))

+ Dsurfφi
(
1 − φi

)
(66)

mi(θ) = 108

2

(
1 + tanh

θ − ai
bi

)
(67)

where Dvol, Dvap and Dsurf are the diffusivities for the volu-
metric diffusion, the gas diffusion and the surface diffusion,
respectively, and ai and bi are the mobility parameters. Also,
we assume f (φi) takes the following form:

f (φi) = φ3
i

(
10 − 15φi + 6φ2

i

)
(68)

Substituting (65) into (64) yields the following evolution
equation:

∂φi

∂t
= mi (φi)

[(∇D(φi)
) ·
(

∇ δF

δφi

)
+ D (φi)

(
∇2 δF

δφi

)]

(69)

in which the functional derivative δF/δφi can be calculated
as (See Appendix 1)

δF

δφi
= Ai

(
2φi − 6φ2

i + 4φ3
i

)
+ 2Biφi

+ βijφ
2
j φi + γφ2

j φ
2
kφi − αi∇2φi (70)

Discretizing (69) with the finite difference method, we can
easily simulate the temporal developments of the order para-
meters (See Appendix 2).

4.1.2 Simulation of Ni-sintering

Figure 4 shows the microscopic analysis models of anode
(Ni–YSZ) and cathode (LSCF) microstructures, which are
generated by the 3-dimensional porous material simulator
POCO [45], though other methods such as [46] are available.
A phase-field simulation with the above-described evolution

(a)

8.928 m
3.1 m

3.1 m

x2

x1 x3

(b)

8.928 m
3.1 m

3.1 m

YSZ
YSZ

YSZ
YSZ

YSZYSZ

YSZ

YSZ

NiNi

Ni

Ni

Ni

LSCF

Fig. 4 Microscopic analysis model of porous electrodes. a Micro-
scopic model of anode. b Microscopic model of cathode
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equations is carried out only for the Ni particles in Fig. 4a
that are assumed to be exclusively sintered.

The finite differencemodel is generatedwith 50×50×146
grids (�x×�y×�z = 0.062μm×0.062μm×0.062μm).
The material constants are chosen as α1 = α2 = 14.0 ×
10−2 J/cm3, A1 = A2 = 22.0 × 10−3 J/cm3, B1 = B2 =
1.0 J/cm3, β12 = 5.0 × 10−3 J/cm3, β13 = β23 = 0.0 ×
J/cm3, γ = 100.0×10−3 J/cm3, Dvol = 5.0×10−13 cm2/s,
Dvap = 5.0 × 10−15 cm2/s and Dsurf = 2.0 × 10−10 cm2/s
. It is noted here that the diffusivity of the interface is set at
a value larger than the ones for the solid and gas phases to
promote the sintering near the interfaces [37]. Figure 5 is the
schematic of the condition of temperature control in a virtual
SOFC operation. After the temperature increases to 1073K,
this constant value of temperature is kept for 11 h, and then
decreases to the room temperature by natural cooling. Under
this temperature control, the sintering simulation is assumed
to start when the temperature reaches at 1073K, since Ni
particles are sintered mainly in steady operations [1]. Here,
the simulation time is 11h with �t = 1 s.

Microstructures of anode and cathode electrodes should
be different in reality. Grain sizes may differ for the same
anode material. It can be said for cathode material. However,
it is known that the geometrical configurations of anode and
cathode microstructures must be similar and that the grain
sizes, which are about 0.1–10.0μm in the realistic materi-
als (For example [47,48]), are most likely comparable. In
this sense, it is reasonable to assume for the sake of simplic-
ity that the same microstructure can be used for anode and
cathode electrodes in the present numerical simulations, even
though the constituent materials are different. Therefore, it
is expected that this assumption does not make the simulated
results unrealistic.

The results of the sintering simulation of Ni particles are
provided in Fig. 6 that shows the time-variation of the anode
microstructure with the TPBs, which are generation sites of
reaction currents. The corresponding time-variation of the
amount of the TPBs is shown in Fig. 7, revealing that the
frequency of TPBs is reduced with time during the sintering
of Ni particles.

4.2 Material properties

To evaluate the macroscopic material properties of the anode
and cathode electrodes by performing the homogenization
analyses, the material properties of the constituents of the
anode and cathode microstructures have to be acquired in
advance. For that purpose, we have conducted necessary
experiments and literature searching to obtain the data pre-
sented in Table 1 [38–41] for electric conductivities, Table 2
[38,39] for the relationship between the oxygen vacancy and
oxygen potential, Table 3 for the molal volume, Table 4 for
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the elastic properties, and Table 5 [6,39,49–52] for the CTE
and CRE.

Here, the values of electric conductivities σO2− and σe−
provided in Table 1 are used in (52) and (53). Also, the values
of capacitances cO2− and ce− for LSCF and LCCr are deter-
mined with (14) and the relationships provided in Table 2,
while those of 8YSZ and Ni–YSZ are set at 1.0×103 F/cm3.
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Table 1 Electronic and oxygen ionic conductivities [38–41]

σe− σO2−

LSCF (Cathode) 354.45 − 2379.7δ
4F2

Vm
Dvδ
Rθ

Dv = 3.0 × 10−1 exp
(− 99280

Rθ

)
8YSZ (Electrolyte) 1.31 × 107 exp

(−3.88 F
Rθ

)
p−1/4
O2 1.63 × 102 exp

(−0.79 F
Rθ

)

Ni–YSZ (Anode)
σYSZ
e− = 6.6 × 102 exp

(−1.9 e
kθ

)
p−1/4
O2

+3.7 × 106 exp
(−3.7 e

kθ

)
p−1/4
O2

σNi
e− = 1.45 × 104

9.7×105
θ

exp
(− e

kθ

)

LCCr (Interconnect)

pO2 = {(6+x)μF−σe−Vm}2(σe−Vm)4

K 2
0x (xμF−σe−Vm)2(μF−σe−Vm)4

μ = 267.28086
θ

exp
(
− 11584.73

Rθ

)
K0x = 0.000155

θ
exp

(− 261026.3
Rθ

)
4F2

Vm
Dvδ
Rθ

Dv = 0.028883 exp
(
− 76571.94

Rθ

)

Table 2 Relationship between
oxygen potential and vacancy
[38,39]

LSCF (Cathode)

log pO2 log

(
(3−δ)2(

[
Sr
]−2δ)

4

δ2 exp
( −2(h0−θs0)

Rθ

) exp ( 2(a0k+θ)
Rθ

))

h0 = −79553 J/mol, s0 = −48.54 J/(mol · K),

a0 = −610990 J/mol, k = 512.06 J/(mol · K), [Sr] = 0.4

8YSZ (Electrolyte) Almost no oxygen vacancy

Ni–YSZ (Anode) Almost no oxygen vacancy

LCCr (Interconnect)

pO2 =
[

1
K

( 3−δ
δ

) ( x−2δ
1−x+2δ

)2
exp

( aδ
Rθ

)]2
K = 4.227 × 10−3 exp

( 218410
Rθ

)
,

a = 407.22θ − 430048, x = [Ca] = 0.3

Table 3 Molal volume
Molar mass (g/mol) Mass density (g/cm3) Molal volume (g/cm3)

LSCF 222.85 6.36 35.04

8YSZ 121.67 5.94 20.48

LCCr 209.26 6.10 34.30

Table 4 Elastic properties

Young’s modulus (GPa) Poisson’s ratio

Ni 200 0.31

YSZ 210 0.30

LCCr 46.5–62.8 0.30

Table 5 Coefficients of thermal and reduction-induced expansions [6,
39,49,51,52]

CTE CRE

LSCF 1.20 × 10−5 6.66 × 10−2

8YSZ 1.07 × 10−5 —

Ni 1.34 × 10−5 —

YSZ 1.05 × 10−5 —

LCCr 1.00 × 10−5 2.60 × 10−2

The values of �δ̃, which is used in (60) to evaluate the
reduction-induced strain, can also be determined with these
relationships in Table 2. Moreover, the Young’s moduli and

Poisson’s ratios of LSCF and 8YSZ are known to reveal
the dependency on the temperature as shown in Fig. 8a, b,
whereas those of Ni, YSZ and LCCr are assumed to be con-
stant as provided in Table 4.

5 Homogenization: numerical material testing

With the geometrical and material information about the
anode and cathode microstructures at hand, NMTs [34]
are conducted to evaluate the macroscopic or homogenized
material properties. The homogenized properties to be calcu-
lated here are the macroscopic electronic and oxygen-ionic
conductivities, themacroscopic elastic constants, creep para-
meters and CTE. In particular, we have to carry out the
homogenization analyses for the anode microstructure made
of Ni–YSZ cermet by taking into account the time-variation
of its micro-scale geometry due to the Ni-sintering that has
been studied in the previous section. It is to be noted that the
periodic BCs are not assumed for the homogenization analy-
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ses conducted in this section, since the microstructures under
consideration do not have geometrical periodicity. Instead,
we take the Dirichlet BCs to evaluate both the macroscopic
electronic and elastic properties.

5.1 Linear homogenization for Ni–YSZ cermet

On the basis of (33)–(43), NMTs are conducted for the
analysis model of the anode microstructure, whose initial
configuration is provided in Fig. 4. Since the time-variation
of its geometry due to the Ni-sintering has been obtained in
the previous section and is provided in Fig. 6, some con-
figurations at selected time steps are used for computational
models in the homogenization analyses under the same con-
dition of temperature control as that of the sintering process
(see Fig. 5).

The calculated conductivities of electron and oxygen ion
are provided in Fig. 9a, b, respectively. As can be seen
from Fig. 9a, the components of the homogenized elec-
tronic conductivity increase from 3600s to 43200s due to
the aggregation of Ni particles, which are the main media
for electronic conduction. On the other hand, the compo-
nents of the homogenized oxygen-ionic conductivity reveal
almost constant values during the sintering process of Ni
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particles, reflecting the fact that the oxygen ions conduct in
the YSZ phase whose geometry has not been changed with
time (Fig. 9b). Also, the homogenized electronic conduc-
tivity is not sensitive to the temperature change, while the
oxygen-ionic conductivity exhibits strong dependency on the
temperature change, which can be observed from 0s to 3600s
and from 43200s to 46800s.

The calculated homogenized elastic coefficients of the
anode electrode are provided in Fig. 10. In this figure, mod-
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erate reductions during the Ni-sintering are observed in these
values.

Figure 10 shows the time-variation of macroscopic elas-
tic constants due to the time variation of the micro-scale
geometries caused by sintering, which does not reflect the
creep behavior. It is noted that the creep deformation is also
assumed during the sintering process, but at the same time its
characteristic is affected by the sintering, which is illustrated
in Fig. 15.

Figure 11 shows the time-variation of the homogenized
CTEof the anode electrode,which reveals an increasing trend
during the Ni-sintering process. This is probably due to the
fact that the CTE of Ni is larger than that of YSZ as shown
in Table 5.

5.2 Linear homogenization for cathode made of LSCF

The computational model for the cathode made of LSCF is
shown in Fig. 4b whose geometry is assumed not to change
with time. The condition of temperature control is the same
as before. The homogenized conductivities of electron and
oxygen ion in the cathode are calculated by means of the
linear homogenization formulae and provided in Fig. 12a, b,
respectively. As can be seen from these figures, they depend
on the temperature and the oxygen vacancy, reflecting the
material behavior assumed for the constituents in the cathode
microstructure.

On the other hand, the homogenized elastic properties
evaluated in the NMTs depends on the temperature change
as can be seen in Fig. 13. This trend is similar to that of the
anode made of Ni–YSZ cement, which is shown in Fig. 8a.

5.3 Nonlinear homogenization for creep properties

Since the formulation for linear homogenization cannot be
applied to the creep material behavior of the anode and
cathode electrodes, the parameter identification has to be
conducted after the NMTs. More specifically, we have to
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perform an optimization process based on (28) to identify
the homogenized creep parameters by using appropriate sets
of macroscopic stress–strain curves that can be obtained by
a series of NMTs . In this study, we employ the method of
particle swarm optimization (PSO) that has been used suc-
cessfully in [34].
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First, we are concerned with the creep properties of the
anode electrode made of Ni–YSZ cermets. The experiments
have been conducted for YSZ and Ni to obtain the stress
relaxation curves provided in Fig. 14a, b. Then, their creep
parameters are respectively identified as follows:

YSZ: C1 = 1.0 × 10−15, C2 = 5.8 and C3 = 4.0 × 103

Ni: C1 = 1.0 × 10−8, C2 = 2.7 and C3 = 4.5 × 103

It can be found that the stress relaxation or creep character-
istic of Ni becomes more significant than that of YSZ with
an increase of temperature. In particular, the stress is rapidly
relaxed within a few tens of minutes at 1073K. Using these
data along with the elastic properties provided in Table 4, we
conduct NMTs on the same computational models used in
Sect. 5.1, some of which reflects the effect of Ni-sintering
during t = 3600–43200s. The obtained macroscopic stress–
strain curves are depicted by solid lines in Fig. 15, and used as
the data for the PSO to identify the homogenized creep para-
meters that are given in Table 6. The dotted lines in Fig. 15
are the macroscopic stress–strain responses calculated with
the identified parameters.
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Fig. 14 Creep property of Ni and YSZ: stress relaxation curves. a Ni.
b YSZ

The macroscopic stress–strain curves in Fig. 15, which
exhibit typical strain-rate dependency, are obtained for iden-
tifying the creep parameters in the numerical material tests
and do not show the actual behavior during the SOFC oper-
ation. Each curve reflects the creep characteristics for the
corresponding micro-scale geometry subjected to the sinter-
ing of Ni and the ambient temperature.

Next, we consider the cathode electrode made of LSCF
whose creep parameters are set at C1 = 1.0 × 10−15,C2 =
5.8 and C3 = 4.0 × 103 and temperature-dependent elastic
properties are given in Fig. 8a. Using these values in the com-
putational model in Fig. 4b, we conduct the NMTs to obtain
the macroscopic stress–strain curves as shown in Fig. 16.
The creep parameters identified by the PSO are provided in
Table 7 and the identified stress–strain curves are depicted
with dotted lines in Fig. 16.

6 Macroscopic analysis

Using the homogenized material properties evaluated in the
previous section, we conduct the macroscopic electric con-
duction and stress analysis sequentially. The purpose of the
macroscopic electric conduction analysis is to obtain the spa-
tial distributions of the oxygen potential that determines the
amount of reduction-induced strains. It should be noted that
the mechanical behavior of the overall cell structure cannot
be predicted for the assessment of its mechanical durability
without the potential distribution during the SOFCoperation.

6.1 Electric conduction analysis

By conducting the FE computations to solve the set of simul-
taneous equations, (46)–(51), or equivalently (52) and (53),
we evaluate the macroscopic oxygen potential μ̃O as well as
the electrochemical potentials of electrons and oxygen ions,
η̃O2− and η̃e− .

6.1.1 Analysis conditions

The target cell structure is of a cylinder-plate type as shown in
Fig. 17. But, assuming that the macroscopic potential distri-
butions are the same along the x3 axis, we confine ourselves
to the cross section on the x1–x2 plane, as shown in Fig. 18,
in the present numerical analysis. The FE mesh is generated
with 500× 120 voxel-type 3D solid elements, and the height
of each voxel in the x3-direction is set at 50 μm. The macro-
scopic material properties obtained in the previous section
are used for the anode and cathode electrodes. The electro-
chemical properties in Table 1 are used for the interconnect
and electrolyte.

Figure 18 also provides the BCs for the macroscopic elec-
trochemical potentials of electrons and oxygen ions, which
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Table 6 Creep parameters identified for Ni–YSZ

Times (s) C1 C2 C3

0–720 1.71 × 10−10 3.50 8305

720–1440 4.22 × 10−10 3.81 9161

1440–2160 9.79 × 10−10 4.00 12,170

2160–2880 6.21 × 10−11 3.76 4534

2880–3600 4.06 × 10−10 3.46 4127

3600–7200 2.07 × 10−10 3.61 4351

7200–10,800 3.56 × 10−10 3.51 4363

10,800–14,400 3.87 × 10−11 4.05 4838

14,400–18,000 3.37 × 10−10 3.41 3827

18,000–21,600 2.30 × 10−10 3.42 3450

21,600–25,200 2.28 × 10−10 3.75 5254

25,200–28,800 1.37 × 10−10 3.73 4481

28,800–32,400 1.02 × 10−10 3.85 4788

32,400–36,000 1.17 × 10−10 3.68 3834

36,000–36,900 1.83 × 10−10 3.67 4435

36,900–43,200 3.59 × 10−10 3.67 5164

43,200–45,000 4.23 × 10−10 3.51 5344

45,000–46,800 1.33 × 10−8 4.03 13, 490

assumes the condition of open circuit voltage (OCV). As a
condition of earth connection, the electrochemical potentials
of electrons is set at zero on the external boundary of the
cathode electrode. Therefore, the electric current ĩe− on this
boundary can be obtained as the solution of the problem, and
the corresponding oxygen-ionic current ĩO2− can be deter-
mined with the OCV condition such that ĩe− + ĩO2− = 0. On
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Fig. 16 Stress–strain curves obtained by NMTs and with identified
parameters for LSCF

Table 7 Creep parameters of LSCF identified by PSO

Times (s) C1 C2 C3

0–46,800 3.703 × 10−16 5.88 1475

the external boundary of the interconnect, both of the elec-
tronic and oxygen-ionic currents are assumed to follow the
Neumann type BC, whose functional form is provided in (8)
with α = 0.7, under the OCV condition. Furthermore, using
(3) with α = 0.3, we impose almost the same BC as that of
the interconnect to the surfaces of fuel channels made in the
anode electrode.

Although the fuel, namely hydrogen in this study, is sup-
plied in the fuel channel and diffuses in the porous anode
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electrode in actual situations, it is provided in the anode elec-
trode directly as data of the source term j̃e− in (53) in the
present computation. Here, the hydrogen’s partial pressure
is converted to that of the oxygen, and then converted to the
oxygen potential using (5) so that the potential difference (4)
can be evaluated. This value of the difference is used again
in (3) with α = 0.3 to determine the reaction current in the
anode electrode. This reaction current in the anode, which is
assumed to be generated at the TPB, is calculated according
to the amount of TPBs and is converted to the source term
j̃e− with the relationship provided in (45). The time-variation
of the amount of TPBs has been evaluated by the phase-field
simulation in Sect. 4. On the other hand, the way to calculate
the reaction current in the cathode is almost the same as that
of the anode under the assumption that the oxygen partial
pressure in the cathode is the same as that of the atmosphere
and is uniformly distributed in it. The amount of the DPB
can be calculated with the geometrical information of the FE
model shown in Fig. 4b and is used in (44).
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Fig. 19 Supplying condition of hydrogen in anode

The condition of temperature control is the same as that
in Fig. 5. Also, the temperature distribution is assumed to be
uniform over the analysis domain. The assumed controlling
condition of the hydrogen’s partial pressure pH2 supplied to
the anode is shown in Fig. 19, in which it is increased from 0
to 0.97atm during the time range between (i) and (ii). After
that, the steady state is kept during the time range between
(ii) and (iii), and the hydrogen’s partial pressure is decreased
to 0atm within 1h from (iii) to (iv). 1h after the fuel supply
is stopped, the temperature is gradually decreased to 673K
with natural cooling within 1h. The overall time is 13h and
is descritized with �t = 1s in our numerical analysis.

6.1.2 Numerical results

Figures 20 and 21 show the time-variations of the distri-
butions of the electrochemical potentials of electrons and
oxygen ions, respectively. The contour plot on the left of
each of these figures shows their time-varying distributions
in the x1–x2 plane, while the graph on the right of each fig-
ure shows their time-varying profiles on line P–Q indicated
in Fig. 18.

An increase of the uniform distributions of the electro-
chemical potential of electrons, which can be observed in
Fig. 20i, ii, reflects the supplying condition of fuel in the
anode in the numerical analysis. After 3600s, the potential
is kept constant as can be seen from Fig. 20ii, iii, realizing
the steady states. Although the electrochemical potential of
electrons in the anode should be decreased after (iv), when
the fuel supply is stopped and temperature is decreased, such
a phenomenon has not been reproduced in this numerical
simulation. This is probably due to the fact that the value
of capacitance of Ni–YSZ is assumed to be larger than the
actual value for the numerical stability; namely, it has extra
four more digits than that of the other materials in the SOFC
under consideration. The same phenomenon occurs in the
calculation for the oxygen ion. This discrepancy must be
overcome in the near future.

On the other hand, it can be seen from Fig. 21 that the
electrochemical potential of oxygen ions decreases in the
cathode during the fuel supply.After the fuel is fully supplied,
which corresponds to Fig. 21ii, the electrochemical potential

123



Comput Mech (2015) 56:653–676 669

0 10000050000 150000

(i) 0s

(iii) 39600s

(ii) 3600s

(iv) 43200s

(v) 46800s

2

1

0

(v) = 46800 st

(iii) = 39600 st
(iv) = 43200 st

(ii) = 3600 st

Cathode Electrolyte
Anode

Interconnect

Cathode side

Interconnect side

x1

x2

(a) (b)

P

Q

laitnetopla ci
mehcor tcelE

e
[

01
5

]lo
m/J

Electro-chemical potential
of electron e [J/mol]

1.00
Distance [cm]

P Q

Fig. 20 Temporal changes of electrochemical potential of electron. a Distributions of electrochemical potential of electron. b Profiles of potential
distributions on line P–Q

12000 9000 6000 3000 0

0

1 (v) = 46800 st

(iii) = 39600 st
(iv) = 43200 st

(ii) = 3600 st

Cathode Electrolyte
Anode

Interconnect

(i) 0s

(iii) 39600s

(ii) 3600s

(iv) 43200s

(v) 46800s

Cathode side

Interconnect side

P

Q

Electro-chemical potential
of oxygen ion [J/mol]O2x1

x2

(a) (b) 

1.00
Distance [cm]

O
2

laitnetoplac i
me hco rtcelE

[
0 1

4
]lo

m/ J

P Q

Fig. 21 Temporal changes of electrochemical potential of oxygen ion. a Distributions of electrochemical potential of oxygen ion. b Profiles of
potential distributions on line P–Q

of oxygen ions is more significant at the interconnect side
than that at the cathode side. This gradation is attributed to
the Butler–Volmer BC at the interconnect side and earth con-
dition at the cathode side. The uniform distribution are found
in Fig. 21iii when the cell is filled with the fuel. The changes
in the electrochemical potentials in the electrolyte and cath-
ode may contribute to the stress due to reduction-induced
expansions.

Figure 22 shows the time-variation of the oxygen poten-
tial, which is evaluated with (46) and has an one-to-one
relationship with the oxygen vacancy on line P–Q, as shown
in Fig. 23. The oxygen vacancy changes during the fuel sup-
ply in the cathode and interconnect that have the oxygen
non-stoichiometry realized with the relationships in Table 2.
In particular, the time-variation of the oxygen vacancy is
remarkable in the interconnect, where the time-variation of
the oxygen potential is significant. It can be predicted that the
stress due to the reduction-induced expansions can be high
in cathode and interconnect, since the oxygen vacancies in
these components reduce gradually.

Figure 24 shows the distributions of current densities on
line P–Q. Here, the blue, red and black lines respectively
indicate the electronic, oxygen ionic and total current densi-
ties, which satisfy (51). It can be seen from these figures that
the electric currents are carried due to the reaction currents
in the anode, though the OCV condition are satisfied. For
example, the oxygen ionic current is carried from the side
with high values of the oxygen ionic potential to the oppo-
site side with low values as seen in Fig. 21b(ii). Relatively
high current densities are observed in anode and electrolyte
in Fig. 24b, c, which are considered to be the effects of
high values of conductivities calculated by the equations in
Table 1.

6.2 Stress analysis

Using the homogenized elastic and creep properties, we carry
out the stress analysis of the overall cell structure. The quasi-
static equilibriumproblemwas governedby (54)–(60),which
are provided in Sect. 3.4. Here, the deformations are caused
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mainly by the thermal and reduction-induced strains, εθ and
εr, the latter of which is determined from the time-variation
of oxygen vacancy �δ̃ obtained in the macroscopic electric
conduction analysis conducted in the above.

6.2.1 Analysis conditions

The target of the stress analysis is the overall cell structure
and its FE model is provided in Fig. 25 along with the BCs.
The FEmesh is composed of 500×120×240 voxel-type 3D
solid elements, each of which is a rectangular parallelepiped
of 50μm in height with a 1μm × 1μm a square base. The
BCs are also provided in Fig. 25, which make this cylinder-
plate-type cell be a cantilever beam with the bottom being
fixed to the pedestal and without external loading.

The time-variation of the temperature distributions are the
same as in the electric conduction analysis in the above (See
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Fig. 24 Temporal change of macroscopic current density profile along
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Fig. 5). Therefore, the thermal strain distributions in the x1–
x2 cross-section can easily be calculated with temperature
change �θ̃ multiplied by the macroscopic CTEs, which is
given in Table 5 and Fig. 11. On the other hand, the time-
variation of the reduction-induced strains can be computed
from the time-variation of the oxygen vacancy distributions
on line P–Q in Fig. 23, which are converted from the oxygen
potential distributions with the relationships in Table 2. In
the present simulation, ∇yψδ in (36) is neglected so that the
macroscopic CRE β̃ is the same as β. Thus, the in-plane
distributions of the reduction-induced strains in the x1–x2
cross-section are calculated with the oxygen vacancy change
�δ̃ multiplied by β. Then, assuming that the same in-plane
distributions of the thermal and reduction-induced strains can
be set along the x3 axis, we apply these time-variations to the
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cell structure as time-varying excitation data. It is noted that
the actual size of the cell used in the experiment is much
larger than the present numerical model and that the actual
operational period is much longer than this analysis. The
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comparison is made after both the size and the period are
converted in view of their homothetic ratios.

6.2.2 Numerical results

Figures 26 and 27 show the comparison of the numerical and
experimental results. Figure 26 shows the profiles of the x2-
components of displacement, namely the deflection of the
cantilever, along line A–B on the interconnect, while Fig. 27
shows those along line C–D on the interconnect. They are
in qualitative agreement. As can be seen from Figs. 26(i)
and 27(i), at first, the overall cell structure is bent toward the
interconnect side. This initial bending until the temperature
reaches at 1073K has been caused by the significant devel-
opment of larger thermal expansion strains in the cathode
than those in the interconnect. The difference in value of the
macroscopic CTEs can be realized shown in Table 5. Sub-
sequently, the deflection is gradually decreased and the head
of the cell moves toward the cathode side during 10h-steady
operation and cooling, while the overall shape of the cell
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is warped into the interconnect side [See Figs. 27(ii)–(iv)
and 26(ii)–(iv)]. This is probably caused by the reduction-
induced expansive strains that are expected to developed in
the interconnect side during steady operation and subsequent
cooling, as discussed in Sect. 6.1.2.

A similar tendency can be found in the numerical and
experimental results shown in Fig. 28a, b, which compare
the time-variations of the x2-components of displacement
measured at Point X (x1, x2, x3) = (0.25, 0.00, 6.40 cm) of
intersection of lines A–B and C–D. More specifically, the
cell is initially bent towards the interconnect side, and then
gradually moves back to the cathode side. Here, the gradual
return at a high constant temperature is the effect of creep
deformations induced by the internal stress developed by the
differences in thermal and reduction-induced strains. Thus,
it seems reasonable to conclude that the present procedure
for stress analysis enables us to reproduce the mechanical
behavior of SOFC under actual start-and-stop operations.

To investigate the effect of reduction-induced deforma-
tions, we conducted two additional simulations, in which
thermal and reduction-induced strains are separately consid-
ered. The results are provided in Fig. 29a, b, respectively.
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As can be seen from Fig. 29a, the cell is bent toward the
interconnect side in the case of no reduction-induced strain,
as the thermal strain in the cathode part is more significant
than that in the interconnect part. On the other hand, Fig. 29b
shows a reverse tendency, in which the cell is bent toward
the cathode side, since the reduction-induced deformation of
the interconnect is larger than that of the cathode. Clear dif-
ferences are found between the results of Fig. 29 and that
of Fig. 28a. Thus, it can be said that the consideration of
reduction-induced deformations is indispensable to conduct
the stress analysis for SOFC under operational environment.

Figure 30 shows the deformed configurations of the over-
all cell structure, which reveals the same trend as discussed
above, along with the contours of the x3-normal stress
component. It can be seen from this figure that the stress
concentrates at the bottom of the cell and that the stress con-
centration is gradually relaxed from (ii) to (iii) at a high
constant temperature due to creep deformations. However,
the compressive stress in the x3-direction at the bottom
changes to the tensile one at the final stage (v), implying the
possibility of cracking around the base portion at stopping
oprations.
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Although the effects of Ni sintering have been taken into
account in the values of the homogenized mechanical prop-
erties, they seem to be little in the present stress analysis
for this cell structure. In particular, the displacement in the
x2-direction is hardly affected by the geometrical change of
the anode microstructures, since the anode has a symmetri-
cal shape and is located in the axial region of this beam-like
cell. However, the effect might be significant depending on
the shape design of cells.

7 Conclusions

In this study, to perform stress analyses of SOFCs under
operation, we have developed a characterization method
of its time-varying macroscopic electro-chemo-mechanical
behavior of electrodes by taking into account the time-
varying geometries of anode microstructures due to Ni-
sintering. The conclusions drawn in this study are summa-
rized as follows:

1. A phase-field method was presented to simulate the
micro-scale morphology change with time, from which
the time-variation of the amount of TPBs is directly pre-
dicted.

2. The numerical material tests based on the homogeniza-
tion method were conducted for each state of the sintered
microstructures, to evaluate the time-variation of the
macroscopic oxygen ionic and electronic conductivities
and the inelastic properties of the anode electrode.

3. In the homogenization analyses, the dependencies of the
properties of constituent materials on temperature and/or
the oxygen potential, which is supposed to change within
an operation period, were also considered.

4. Under the assumption of an actual start-and-stop opera-
tion, the macroscopic electric conduction analysis was
conducted to predict the oxygen potential distribution
in an overall cell structure under long-period operation
with start-and-stop control, which determines reduction-
induced expansive/contractive deformation of oxide
materials.

5. The macroscopic stress analysis is carried out for the
overall SOFC structure with the stress-free strains and
the homogenized mechanical properties, both of which
depend on the operational environment.

6. The stress analysis results gave good agreement with the
experimental data; both of them show similar tendencies
of the time-variations of displacement of the overall cell
structure.

It should be emphasized that this study presents a new
method of two-scale analyses of SOFC under start-and-stop
operations that involves multiphysics phenomena. Although
the one-way coupling scheme is employed and there are
some discrepancies between the assumptions made in the
numerical analyses and the actual situations, the method
proposed in this study provides at least a new framework
of two-scale electro-chemo-mechanical coupling analyses
to assess the mechanical durability of SOFC. An emphasis
is also placed on the fact that the present method involves
general versatility; that is, the formulation of the present
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two-scale electro-chemo-mechanical coupling problems in
consideration of time-varying microstructures in homoge-
nization analyses can be applied to other types of multi-scale
multiphysics problems encountered in practice.
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Appendix 1

Usual Ginzburg–Landau type energy can be calculated as
follows:

F =
∫
V

[
g(ρ) + α
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‖∇ρ‖2
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dV (71)

The variation of Eq. (71) is calculated as the following [53].
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i

(∑
i

βi j

4
φ2
i φ

2
j

)
+ γ

2
φ2
1φ

2
2φ

2
3 (77)

into Eq. (76), the following equation is derived.

δF

δφi
= Ai

(
2φi − 6φ2

i + 44φ3
i

)
+ 2Biφi + βi jφ

2
jφi + γφ2

jφ
2
kφi − αi∇2φi (78)

Appendix 2

Phase-field model simulation is carried out based on finite
differential method. The microstructures of anode is made
by voxel mesh, and the grids correspond to the voxels. Dis-
cretizing
(

δF

δφi

)l,m,n

= Ai

(
2φl,m,n

i − 6
(
φ
l,m,n
i

)2 + 4
(
φ
l,m,n
i

)3)

+2Biφ
l,m,n
j + βi j

(
φ
l,m,n
j

)2 (
φ
l,m,n
k

)2
φi − αi∇2φ

l,m,n
i

−αi

(
φ
l+1,m,n
i +φ

l−1,m,n
i + φ

l,m+1,n
i +φ

l,m−1,n
i +φ

l,m,n+1
i + φ

l,m,n−1
i

(�x)2

)

(79)(
∂φi

∂t
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+
(
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δφi
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+
(

δF

δφi
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+
(

δF

δφi
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⎭
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(80)

Discritizing the time with forward differential method, the
phase-field simulation is conducted with (79).
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