Comput Mech (2015) 55:921-942
DOI 10.1007/s00466-015-1143-4

ORIGINAL PAPER

Energy-momentum conserving higher-order time integration
of nonlinear dynamics of finite elastic fiber-reinforced continua

Norbert Erler! - Michael GroB!

Received: 17 December 2014 / Accepted: 10 March 2015 / Published online: 25 March 2015

© Springer-Verlag Berlin Heidelberg 2015

Abstract Since many years the relevance of fibre-rein-
forced polymers is steadily increasing in fields of engineer-
ing, especially in aircraft and automotive industry. Due to
the high strength in fibre direction, but the possibility of
lightweight construction, these composites replace more and
more traditional materials as metals. Fibre-reinforced poly-
mers are often manufactured from glass or carbon fibres
as attachment parts or from steel or nylon cord as force
transmission parts. Attachment parts are mostly subjected
to small strains, but force transmission parts usually suffer
large deformations in at least one direction. Here, a geomet-
rically nonlinear formulation is necessary. Typical examples
are helicopter rotor blades, where the fibres have the func-
tion to stabilize the structure in order to counteract large
centrifugal forces. For long-run analyses of rotor blade defor-
mations, we have to apply numerically stable time integrators
for anisotropic materials. This paper presents higher-order
accurate and numerically stable time stepping schemes for
nonlinear elastic fibre-reinforced continua with anisotropic
stress behaviour.
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1 Introduction

This paper is an extension of the works [1] and [2] to a special
anisotropic material class, the transversally isotropic mate-
rial. The base for the investigated time-stepping schemes is
the time finite element approach proposed in [3] and [4],
in which higher-order accurate time-stepping schemes are
developed systematically with the focus on numerical stabil-
ity in the presence of stiffness combined with large rotations
for computing dynamical problems. In the present work,
these advantages over conventional time-stepping schemes
are combined with highly nonlinear anisotropic material
behavior. The presented integrators preserve all first inte-
grals of a free motion of a conservative continuum, i.e. the
total linear and the total angular momentum as well as the
total energy, which is advantaguous because it guarantees
that the discrete configuration vector is embedded in the
right solution space [5]. In order to guarantee the preser-
vation of the total energy, the transient approximation of the
anisotropic stress tensor has to be enhanced. First, the so-
called continuous Galerkin (cG) method in time is used for
designing higher-order accurate time integration schemes,
which is a common approach (compare [1,6-8] and [9]). In
the case of stiff nonlinear elastodynamics, these total energy
and momentum conserving time-stepping schemes have bet-
ter stability properties (see [10] and [11], for instance), which
is ideal for medium and long term calculations. Furthermore,
the potential of these integrators is demonstrated for example
in [12], that includes an enhancement to coupled thermo-
mechanical problems.

A common method to enhance the conventional integra-
tors, which is also used in this paper, is to replace an ordinary
derivative with a conserving discrete derivative (see, for
example, [10,13,14] and [15]). In order to create anisotropic
material behaviour, the starting point is the definition of a
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free energy density function that depends on a certain strain
measure, and additionally on so-called structural tensors (cf.
[16-22] and references therein for a detailed discussion),
which represent the fibre directions of the fibre reinforced
material. In general, polyconvex free energy density func-
tions are well suited for these problems (cf. [23,24] and [18]),
and are used in several practical fields of structural mechanics
(see, for example, [25,26] and [27]).

In the following, the equations of motion of the gener-
alized problem in Hamitonian formulation are presented.
Then, the description of the anisotropic material behav-
iour based on polyconvex free energy density functions
is shown. Subsequently, a finite element discretization in
space and time for dynamical problems based on non-
linear anisotropic elastic continua is summarized. Both,
conventional momentum-conserving and enhanced energy-
momentum conserving time stepping schemes are exhibited,
and compared by analysing two representative numerical
examples.

2 The dynamical problem in Hamiltonian
formulation

The presented time discretization implies a mathematical for-
mulation of the considered dynamical problem with ordinary
differential equations of first order. Besides a formulation in
the Lagrangian phase space using the generalized velocity
vector v = ( as independent variable, there exists the Hamil-
tonian phase space using the generalized momentum vector
p- Since the latter method relates the total linear momen-
tum directly with the time-stepping scheme, the Hamil-
tonian formulation is advantagous for structure-preserving
time-stepping schemes. Note that this advantage is further
exploited using variational time integrators (see [28] and ref-
erences therein), which realise a time-discrete LEGRENDRE
transformation, called position-momentum form, making
time-stepping schemes momentum conserving, which do
usually not conserve momenta as the LOBATTO-quadrature-
based trapezoidal rule.

2.1 Equations of motion

In general, semi-discrete nonlinear elastodynamics describe
motions of a finite set of material points %, which are placed
in the Euclidean space E™dim usually modelled by the real
coordinate space R"dim _In a continuous mechanical structure,
the material points are finally represented by the spatial finite
element nodes.

Let us consider a set 2 of npoi Material points, which
are arranged in a configuration %; at a given time ¢. Every
material point in this configuration is specified by its position
vector qA with A =1, ..., npoi. Assuming a free motion of
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the mechanical structure, the number of degrees of freedom
reads ndof = Ndim * Npoi- The vector q = (ql, o gt €
R"dof denotes the coordinate vector of the configuration.

‘We suppose in this work conservative internal forces due
to elastic deformations of a mechanical structure, which is
derived from a internal potential energy V" (q), having the
gradient

VqV™ (@) = Q(q)q 4))

with a nonlinear symmetric stiffness matrix and a block struc-
ture that reads

where
O oo Qingg

Q= : : 3)
anoi 1 anoinpni

Here, the matrix I, denotes the ngim X ngim identity
matrix, and the symbol ® designates the direct matrix prod-
uct.

We refer to the vector q as the velocity vector of the config-
uration, where the superimposed dot denotes differentiation
with respect to time. The kinetic energy T of the configura-
tion is then given as the quadratic form

SR P
T(qQ) 54 Mq 4

with respect to the velocity vector. The non-singular symmet-
ric mass matrix also possesses a block structure that takes the
form

M =M ® Indim (5)
where
My - M1,,poi
M=| : : ©)
anoil R anoinpoi

denotes the corresponding structure matrix. Neglecting con-
servative external forces, the Lagrangian L(q, q) = 7(q) —
Vint(q) of this dynamical problem is equal to the difference
between the kinetic energy 7' (q) and the internal potential
energy V" (q). The corresponding generalized momentum
vector p = (p!, ..., p") € R™of of the material points is
defined by

p = V4L(q,q) =Mq @)
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The Hamiltonian H follows from the LEGENDRE transforma-
tion of the Lagrangian L with respect to the velocity vector
as H(q,p) = p-q(p) — L(q, q(p)). Hence, replacing q in
the Hamiltonian, H is identical with the total energy of the
configuration, given by

H(q,p) = T*() + V" (q) ®)
where

* _1 Tar—1
T"(p) = 7P M™'p )

denotes the conjugate kinetic energy with respect to the gen-
eralized momentum vector. The matrix M~! denotes the
inverse mass matrix, which also has a block structure of the
form

M =M'®IL,, (10)
with
My MY
M l=| : : (11)
inv inv
npoil e Npoillpoi

where MX‘;; symbolize an entry of the inverse mass matrix.
Using LAGRANGE- D’ ALEMBERT’s principle in Hamiltonian
form, we find the equations of motion

. 0H _

g=—=M""p (12)
op

. oH

pP= _% + e = —Q(q)q + fie (13)

in first order form, where the vector f,c = (fL, ..., e

R™of includes all non-conservative external forces that act
on the material points. In this paper, the vector f,; includes
non-conservative explicitly time-dependent forces.

Combining the generalized coordinates and generalized
momenta in the state vector z = [q, p]T € R21aof | the equa-
tions of motion can be written as the following compact
system of first order ordinary differential equations:

2=JV,H(z) +f, (14)

where

— 0 1 — 0 2ngot
J= |:_1 0i| ®IL,, and f, = |:fnc:| eR (15)

denotes the symplectic unit matrix and the force vector in the
Hamiltonian phase space, respectively.

Remark 1 Considering a continuum body as in this work,
the total angular momentum balance principle renders the
symmetry of the second PIOLA—KIRCHHOFF stress tensor S
(see [16]). After a spatial finite element discretization as in
Sec. 4.1, the total angular momentum balance leads to the
symmetry of the matrix Q in Eq. (1) (see [1]). The symme-
try of the second PIOLA-KIRCHHOFF stress tensor also holds
for generally composite materials (see [17,18]), in which
the fibres are continuously arranged in a matrix material,
so that the continuum theory of fiber-reinforced compos-
ites can be applied (see Sec. 3.1). Hence, we also obtain for
an anisotropic material formulated with structural tensors a
symmetric matrix Q in Eq. (1).

2.2 Energy and momentum conservation

If both the Hamiltonian system does not depend explicitly
on time ¢ and is in absence of non-conservative forces, the
Hamiltonian H(q, p) remains constant during the motion.
Since for the present problem the total energy and Hamil-
tonian H is identical, the total energy is conserved inherently
(see [2], for more details). Furthermore, it can be shown that
both the total linear momentum

Npoi

P=> p’ (16)
A=1

and the total angular momentum

Mpoi

L=2 q"xp" (17)
A=1

are also conserved (for a proof may also see [2]).

3 The anisotropic material formulation

Fibre-reinforced polymers are composite materials made of a
polymer matrix reinforced with fibres of a different material.
These polymers may be modelled for finite strains by an
isotropic material law for the matrix, and structural tensors
for the fibres (see [29] and [30], for instance). The finite strain
model of such an anisotropic elastic material behaviour is
introduced in this section.

3.1 Invariant formulation of the free energy

Let X € R™im be the coordinates of an arbitrary material
point of a solid continuum body % in the initial configura-
tion %y at time ¢t = 0. Furthermore, let x € R™im be the
coordinates of the same material point at any time t > 0
in the current configuration %;, which are defined by the

@ Springer



924

Comput Mech (2015) 55:921-942

vector-valued deformation mapping

x(1) =X, 1) (18)

The deformation directions in the solid continuum are given
by the deformation gradient

F(X, 1) = Vxo(X, 1) (19)

The right CAUCHY—GREEN tensor as deformation measure
with respect to the material configuration % then reads

C=FTF (20)

To build an anisotropic material law, we first define a scalar-
valued free energy density function (see [31]), which can be
a sum of an arbitrary number of free energy density func-
tions that depend on the scalar-valued invariants of the right
CAUCHY—GREEN tensor. In general, let all free energy den-
sity functions fulfil the requirement of polyconvexity in the
sense of Ball [23] to guarantee the existence of minimizers.
The main invariants of the right CAUCHY—GREEN tensor read

L(C) =tr(C)=C: 1 1)
L(C) = %[(C ‘D> —C:C] (22)
I5(C) = det(C) (23)

where the double dot symbol denotes the scalar product of
two second-order tensors.

To define the fibre direction of the fibre-reinforced struc-
ture, we use so-called structural tensors (see [16,17] and [18],
for instance). These are built by a normalized directional vec-
tor a € R™im which lies in the direction of the fibres in the
undeformed reference configuration. The considered struc-
tural tensor reads

A=a®a— |a|=1 (24)

In general, one can define an arbitrary number of differ-
ent fibre families by its corresponding directional vectors.
In our case, we consider one family of fibres, so we have a
special case of anisotropy on hand, the so-called transverse
isotropy. Hence, two additional pseudo-invariants of the right
CAUCHY—GREEN tensor can be defined as

I4(C,A) =C:A (25)
Is(C,A) =C?: A (26)

where the tensor C? is equal to the single dot product of C
with itself. These pseudo-invariants describe the stretch of
the fibres and the intercation with the matrix, respectively.
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3.2 Isotropic free energy

Considering the isotropic part of the free energy density func-
tion, it is advantageous to split off the volumetric part C of
the right CAUCHY—GREEN tensor, which only depends on the
distortion, but not on the volume change of a volume element
of the continuum body. It reads

~ 1
C=1,C @27)

with det((~?) = 1. From this follow the modified main invari-
ants

L(C) =u(C) =1, %11 (28)
L(C) = %[(C ‘D?>-C:C) = 13‘%12 (29)

that also depend only on the distortion.

The whole isotropic part of the free energy then is sub-
divided into an isochoric, i.e. volume-preserving part, and a
purely volumetric part in the following way:

WSO — iSO (Fy ) 4 WS (75 (30)

~ _1 - _2
with [y =I; *Liand b = I, ° I.
3.3 Anisotropic free energy

For the anisotropic part, we also use the modified pseudo-
invariants, which read here

-~ o~ ~ _1
LCA=C:A=1"L 31)
2

CA=C:A=1"1I (32)

Assuming that mechanical energy is only stored due to the
distortion of the fibres (but not due to its volume change), the
whole anisotropic part of the free energy density function is
equal to its isochoric sub-part:

Waniso — Wiz;giso(i4’ iS) (33)

- _1 . _2
with Iy = I, SIyand Is = I 3.
3.4 Total free energy density function

Since it is assumed that the matrix and the fibre material
of the continuum body store the mechanical energy without
interaction, the total free energy density function is the sum

W = Wisotr + Waniso
= W1 (O), 2(C), I3(C), 14(C, A), Is(C, A)] (34)
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of both the isotropic matrix and the anisotropic fibres. Dur-
ing the practical use in numerical simulations, the total free
energy density function should be formulated according to
Eq. (34) as functions of the invariants I, ..., I5, because
this represents the universal case that can be handled best
to calculate the stress tensor and the corresponding tangent
operator (see Appendixes 1 and 5).

4 Time integration of semi-discrete elastodynamics

Considering a continuum body, we have to introduce a spatial
discretization to obtain a dynamical system of a finite number
of degrees of freedom. In this paper, we apply a BUBNOV—
GALERKIN finite element method with linear brick elements
as used in Reference [2], in order to allow a comparison of
the behaviour of the time integration schemes proposed in
this work with the behaviour reported in Reference [2]. But
the use of mixed formulations as in Reference [29] using
at least Q1/P0 brick elements is to be recommended and
realized in the follow-up work. As in Reference [2], the time
discretization is performed by a PETROV-GALERKIN finite
element method in time called ¢cG method, in contrast to the
usually applied finite difference method.

4.1 Finite element discretization in space

In order to clarify the used notation, we summarize the stan-
dard spatial finite element discretization of a solid continuum
body (see Reference [32], for instance), embedded in a n4jm -
dimensional Euclidean space E"dim  and modelled by the real
coordinate space R"dm_ In this way, a solid continuum body
% C RMim jg partitioned into non-overlapping finite ele-

ments HB,, ¢ = 1,...,ne.. The positions of the element
nodes in the initial configuration % attime t = 0 are denoted
by X¢ € B, a =1, ..., ney, and their positions in the cur-

rent configuration %y at time t € I = [0, T] are denoted
by x{ =qi(t) € 8¢, with the time-dependent position vec-
tor q4 : I — R™im of the node a in the element %;. The
arbitrary position X, € 2 and its position X, € %/ are
parameterized by the mappings

Nen

X, = W,(n) = D Na(ne)X: (35)
a=1
Nen
Xe =V, (e, 1) = D Na(e) Qi (1) (36)
a=1
where N, : 0 — R™im g =1, ..., ney, denote Lagrangian
shape functions which satisfy the aimed interpolation condi-
tion Na(nf) = 63, where nf e, b=1,...,ne, are the

element nodes of the e-th element in the parent domain. Fur-
ther, the material motion x, (X,, 1) = ¥ o (W)~ 1(X,)(¢) is

approximated by the deformation mapping

Nen

0e(Xe, 1) = D Na(ne(X)) Q2 (1) (37)

a=1

The Lagrangian velocity field v.(X,,?) tangent to the
element %7 in the point x, is given by v.(X.,t) =
0¢.(Xe, t)/0t. Further, the spatial tangent attached at the
point X, in the element 4 arises from the deformation gra-
dient F, = Vx, ¢, in the e-th element. From the deformation
gradient, the right CAUCHY-GREEN-tensor C, = F!F, as
deformation measure in the e-th element is derived (see Ref-
erence [ 1] for their explicit expressions). The potential energy
Vint of the configuration % results from summing over the
strain energies

vint — / W,(C., A)dV (38)
&2

of the elements. The gradient V4V of the strain energy then
takes the form of Eq. (1), where

Nel

Q= AQC..A) (39)
e=1

follows from assembling the element matrices

e Ae
1 1nen
Q. (Ce, A) = : : ® Lnginm (40)
Qzen] e flennen
where
0 (€)= [ Si€eih)iNGyaY @)
20

includes the material part of the internal force vector com-
ponents, based on the tensor

N = 3T [V,N, ® V,Np] - 35! (42)

denoting the spatial structure matrix of the linearised strain
operator Bf with respect to . The total kinetic energy 7'
of the initial configuration % is defined as the sum of all
kinetic element energies

1
T, = 5 /W PoVe - Ve dV 43)
20
1 & 1
=5 2 Modl - & = 54/ Med, (44)
a,b=1
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that corresponds with the element cooordinate vector ¢, =
(qé, ..., o). The element mass matrices M, have a block
structure of the form

MG M,
M, = : ® Lngin, 45)
e e
Nen 1 e NenMen
where
M;h =/ poNyNpdV (46)

denotes the mass matrix entries. The element mass matrices
are also assembled to the global consistent mass matrix M.
such that the kinetic energy 7" and the linear momentum
vector p of the configuration are given by the Egs. (4) and (7),
respectively.

4.1.1 Algorithmic momentum conservation

As it is shown in [2], this spatial discretization on hand pre-
serves the total linear momentum P and the total angular
momentum L, which means that it does not influence both
total momenta by the spatial discretization. Keeping both
total momenta constant during the whole simulation requires
both an unsupported mechanical structure (e.g. the free flight
of a blade in Sect. 5) in the absence of external forces.

4.2 GALERKIN-based finite element discretization in
time

The considered time interval .7 = [fo, T] of interest is
divided into N; — 1 non-overlapping subintervals .7, of
length h,, n =1, ..., Ny — 1, such that

Ne—1

7= % (47)
n=1

The partition of the interval 7 is related with a mesh of time
points fp < #; < ... < t, = T. Each subinterval .7, =
[th—1, t,] is transformed to a master element .%, = [0, 1]
with respect to the normed time « using the transformation
rule

I — 11

a(t) = i

(48)

where h, = t, — t,—1 denotes the time step size. Accord-
ingly, the motion in each subinterval .7}, is determined by the
following initial value problem with respect to the master ele-
ment: Given the initial value zg = z(¢,_1), find the motion
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20 @ Sy X R¥1ot 5 (@, 29) > z(ar) € R?Mof determined by
the ordinary differential equation

dz _ hnJVH[z(a)] + £, (c0) (49)
da

with respect to the time o € .%,. GALERKIN’s method deter-
mines nodal values of the trial function such that the residual
error of the considered differential equation is orthogonal
to all functions in the test space. The residual error of the
differential equation (49) reads

R(z) = :—: — [ha VL H (z) + 1] (50)

The continuous GALERKIN (cG) method is based on specific
polynomials z(«) of degree k as trial functions and §z(«) of
degree k — 1 as test functions, which have the form

k+1
2(0) = > M(a)z, (51)
J=1
and
k
Sz(a) = ZM, (@)dz; (52)
I=1

respectively. Here, z; and 8z; denote the corresponding
nodal values at equidistant time nodes. The functions M ; and
M; denote LAGRANGE polynomials of degree k and k — 1,
respectively, with respect to the corresponding equidistant
nodes on the master element. A continuous solution is pro-
vided by z; = zg, i.e. for every time step, the first nodal
values of the trial functions are given by the final values of
the previous time step or, at the beginning of the time inter-
val T, by the initial values of the motion. Then, GALERKIN’s
orthogonality condition for the residual error R(z) on the
master element .%, is the weak form

1
/ J8z(e) - R[z(e0)]da = 0 (53)
0

Owing to the fundamental theorem of variational calculus,
the weak form in Eq. (53) leads to k vector equations for the

k unknown nodal values z;, J =2, ...,k + 1, given by
k+1 .
Z/ M]M/J dazy
J=170
1 ~
- h,,/ M (JV,H[z(@)] + f)da = 0 (54)
0
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with I = 1, ..., k, where the equations can be divided into
two integral terms. The prime denotes here the time derivative
with respect to .

4.3 The continuous GALERKIN (cG) time stepping
scheme

Using the gradient of the Hamiltonian H and taking Eq. (15)
into account, one finds the following time discretization of
the semi-discrete equations of motion, which is called cG(k)
method:

k+1 1 1
Z/M,M,da qj—hn/ MM 'pda = 0 (55)
Jj=1"0 0

k+1 1 1
Z/ MM ,da p; +hn/ M;(Q"q — foc)da =0 (56)
J=1 0 0

with I = 1, ..., k. Generally, the second integral of Eq. (56)
has to be determined by numerical quadrature, because its
integrand posesses a nonlinearity, caused by the definition
of the entries of the approximated stiffness matrix Q" . This
integral is approximated by the k-point Gaussian quadrature
rules, because the collocation property of the time stepping
schemes has to be taken into account to preserve first inte-
grals, i.e. the total momenta are conserved and the equations
of motion are fulfilled exactly at the GAUSS-points &;. A proof
may be found in [2]. The quadrature reads

1
/O My (th - fnc)da
k

l

M E)[Q" EDaE) — fuc €D ]wi (57)

1

All other integrals in the Egs. (55) and (56) can be determined
exactly by the k-point Gaussian quadrature rules, because
they only include polynomials of degree 2k — 1.

The time approximation Q" () of the global stiffness
matrix is given by the element stiffness matrices @fj (Cé’ (),
where CZ : Sy — RMmXdim denotes, in general, an arbi-
trary consistent time approximation of the right CAUCHY—
GREEN tensor in the e-th element. The usual cG approxima-
tion of the element deformation gradient F, is defined by

k+1
F,=> M(a)F (58)
=1
which arise straightforward from Eqgs. (19) and (51). The
standard time approximation of the right CAUCHY—GREEN

tensor then reads C, = FeTFe according to its definition in
Eq. (20).

4.3.1 Algorithmic momentum conservation

According to [2], it can be verified that the cG(k) method con-
serves the total linear and angular momenta inherently when
using the k-point Gaussian quadrature. As already mentioned
above, the key of this conservation is the fulfilled collocation
property by the k-point Gaussian quadrature in connection
with the chosen trial function in Eq. (51).

4.4 The enhanced Galerkin (eG) time stepping scheme

The equations in this section mainly refer to the works [2]
and [1], where the equations are derived for isotropic mate-
rial elaborately. We therefore only summarize here the main
results, which are still valid since structural tensors are time-
independent.

In general, the cG time-stepping schemes from the sec-
tion above does not conserve mechanical energy, but only
in the case that the integral in Eq. (57) is calculated exactly.
This requirement is called the energy conservation condition
for the cG(k) method, from which we can derive a design
criterion that leads finally to the enhanced Galerkin (eG)
time-stepping scheme.

Further, the so-called assumed strain approximation C,
is used, where the right CAUCHY—GREEN tensor is approxi-
mated directly by its nodal values C¢ at the time nodes oy
(see also [4]). This approximation is indifferent with respect
to rigid body motions (cf. [14]), and given by

k+1
C.=> M) (59)
=1

Furthermore, the design criterion for energy conservation
leads to an enhanced gradient of the strain energy density
function W,. Considering the assumed strain approximation
from Eq. (59), one can find a so-called enhanced assumed
gradient associated with k-point Gaussian quadrature that
reads

_ Ze 9C.(a)
DW, = VCE W.[C.(a), A] + Z £y (60)
with the terms
Yo = W[C, (1), A] — W,[C,(0), A]
k
aC,
— " Ve, WelCe(&). Al : 35%1 (61)
=1
k
_ dC.(&) 9C.(&)
ﬁ_g o oa (62)
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When inserting the enhanced assumed gradient in the cG(k)
method, the eG(k) method is obtained. These higher-order
energy and momentum conserving time-stepping schemes
read

k+1 1 ) 1
Z/ MM, daq; —hn/ MM 'pda = 0 (63)
=179 0

k+1 1 1
Z/ MM ,dap; +hn/ M;(Qq — f,c)da =0 (64)
Jj=1"0 0

with I = 1, ..., k, where the second integral in Eq. (64) is
calculated by

1
/O M;(Qq — f,)da

k
> i1 ED[QEDAE) — e E)]wi (65)
=1

The time approximation Q(«) of the stiffness matrix is given
by the element stiffness matrices @e (o) with the entries

ggbz/ 2DW,(«) : N&,dV (66)
7

using the enhanced assumed gradient.

5 Representative numerical examples

In this section, we present representative numerical examples
using the eG(k) time stepping schemes as well as the cG(k)
schemes for k = 1,2,3. We consider both a free moving
structure and a supported structure with DIRICHLET bound-
ary conditions. The latter is excited by a transient external
force (see [17] for static numerical experiments, for instance).
Our aim is to verify the conservation properties stated for
the eG(k) method, and to present a comparison between the
c¢G(k) and the eG(k) method with respect to conservation of
first integrals, accuracy and numerical cost.

5.1 COOK’s membrane

As first example, we consider the well-known example for
anisotropic stress behaviour of COOK’s membrane, here dis-
cretized by ne; = 100 eight-node LAGRANGE elements, and
defined by n,, = 242 spatial element nodes (cf. [24]). The
membrane is clamped on its left edge and loaded by the force
F on the right edge, which is uniformly distributed on all
nodes and acts in y-direction. The direction of the force is
fixed and not influenced by the deformation of the membrane.
The initial position is equal to the undeformed reference
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60 - Structure in reference configuration
_—1T 1
////
///
50} T ¥
////
40l L1 |1
/
> 30
20+
10+
-10 0 10 20 30 40 50 60

Fig. 1 Initial configuration of the left side clamped COOK’s membrane

configuration in Fig. 1. We consider both a simple static
load, where the membrane is loaded by a time-independent
force, and a transient dynamic load, where we have a hat-
shaped excitation combined with a certain initial velocity
field. More precisely, in the static load case, the nodal forces

FA A € {1, ..., nyo}, of the right boundary elements are
given by
F4 = F = const. (67)

where F denotes the y-direction vector weighted with an
amplitude ||F||, and in the dynamic load case, the force is
time-dependent, and described by the hat function

t at 0<r<l1
f@)=12—t at 1 <t<2
0 at t > 2
such that
FA=F-f@) (68)

Furthermore, we have an initial velocity field with compo-
nents in the y-direction whose magnitude increases linearly
from the left to the right edge, which means the A-th node
with its coordinate vector ¢ = [x*, y4, z4]7 has an initial
velocity vector

A T
. 0} (69)

VA = |:0» Umax * 48

where the value of vy, is generally set to 1.

The considered mechanical structure consists of transver-
sally isotropic continuous material with a homogeneous mass
density pg = 1. Its mechanical behaviour is defined by the
strain energy density function
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Fig. 2 Static deformation of COOK’s membrane due to a static force with absolute value ||IA<‘|| = 400 using the non-stiff material. The colours

indicate in the left plot the Eucidean norm ||7||> of the KIRCHHOFF stress tensor and in the right plot the third invariant /3. (Color figure online)

W — Wisor  yyaniso (70)
with
wiser — %‘ (13‘1/311 - 3) +o (151123/2 - 3*/5)

+e3(ls — 1) D
pyaniso _ 26_:56Xp [CS (13—1/314 _ 1)2 _ 1} (72)

where the parameters c1, ¢3, ¢3 and c4 are stress-like parame-
ters, while the parameter cs is dimensionless (see Reference
[33] and Reference [34], respectively, and note Remark 2 and
Remark 3). We define a parameter set for the non-stiff case
with the values

c1 = 300

cp = 100

c3 = 100

cq = 240

cs = 80

I = 220 (73)

and a set for the stiff case, given by

1 = 3000

2 = 1000

3 = 1000

¢4 = 2400

¢s = 800

IF] = 2200 (74)

The direction vector for the reinforced fibres takes the form

a=[1,1,117/J3.

Remark 2 The isotropic strain energy function in Eq. (71)
can be found in Reference [33] with the applicability only
for deformations with det[F] ~ 1 as calculated during the
considered deformations in this paper. We refer to this ref-
erence for an appropriate modification of Eq. (71) for larger
deformations.

Remark 3 The anisotropic strain energy function in Eq. (72)
has been taken from Reference [34] due to the guarenteed
vanishing second PIOLA-KIRCHHOFF stress tensor S in the
reference configuration %, and therefore also in the case of
rigid body motions. This is crucial for the applicability of
the enhanced assumed gradient DW, () used in this paper,
as well as for its scientific basis, the discrete gradient in [14].
But, note that this function is only polyconvex for the range
Iy 173 I4 > 1, in contrast to the strain energy function pro-
posed in [34]. However, as also mentioned in Reference [34],
for the proposed strain energy function the vanishing stress
has to be enforced in the reference configuration mathemat-
ically, and in the present paper also for the superimposed
group motions as translations and rotations.

5.1.1 Numerical results

In Fig. 2, the static deformation of the membrane due to
the force ||ﬁ‘|| = 400 is depicted, which is an examplary
representation of the effect of the anisotropic fibre direction
(cf. [24]). In the left plot, the colours of the spatial finite
elements indicate the distribution of the Euclidean norm of
the KIRCHHOFF stress tensor. We observe a higher total stress
(fibres and matrix) at the boundaries of the membrane. The
right plot demonstrates the distribution of the third invariant
I3 of the membrane material. Here, we show that the material
parameter are chosen so that det[C] ~ 1.0.

Fig. 3 shows a representative configuration of the nonstiff
membrane (here at time r = 2) during the dynamic simula-
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Fig. 3 Dynamic deformation of COOK’s membrane at time 7,0 = 2 in
the dynamic load case using the non-stiff material determined by the
c¢G(1) method with the time step size #, = 0.1. The colours indicate

tion, calculated by the cG(1) method with the time step size
h, = 0.1. In the left plot, we show the current distribution of
the norm of the KIRCHHOFF stress tensor at the first temporal
GAUSS point, that is the midpoint of the time step. We observe
a high total stress at the loaded boundary of the membrane.
The arrows at the element nodes demonstrate the current
LAGRANGIAN velocity field during the oscillation. The right
plot depicts the current distribution of the third invariant I3
of the membrane material. Here, we observe that the material
parameter are chosen so that det[C] = 1.0 £ 0.5%.

In the dynamic load case, computed in a transient long
term simulation, the total linear and total angular momenta
of the membrane cannot be constant. The dynamic reaction
forces on the left edge of the membrane have to be considered
in the momentum balances, and effect a temporal change of
the momenta during the oscillation of the membrane. Due
to the oscillation excitation until the time ¢+ = 2, the total
energy increases to a certain value and can be investigated
with respect to energy conservation from the time ¢ >2 on.

Figures 4, 5 and 6, respectively, depict a comparison of
the total energies of the cG(k) and the corresponding eG(k)
method of the non-stiff material. We recognize, that after the
changes of the time step sizes h, from 0.1 to 1, the total
energies of the cG(k) time-stepping schemes increase up to
certain values, and then the simulations are aborted due to
blow-up-behaviour of the mechanical structures. We have to
change the time step sizes up to the tenfold value to enforce
aborts of the cG(k) time-stepping schemes, because during
the oscillations of the membranes one has rigid body rotations
which are not as large as those of the blade. This observation
is also reported in Reference [35] by using the standard trape-
zoidal rule. Considering the eG(k) time-stepping schemes in
the non-stiff case, the total energies again remains exactly
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in the left plot the Eucidean norm |[|7291/2||2 of the KIRCHHOFF stress
tensor and in the right plot the third invariant /3,,,,,. (Color figure
online)
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Fig. 4 Comparison of the total energy H using the cG(1)-method and
the eG(1)-method in the non-stiff case. The time step size is 0.1 for
t<3and1fort >3

constant after the excitation, and are indifferent with respect
to time step size changes.

We now compare the total energies of the cG(k) and the
corresponding eG(k) method when using the stiff material,
depicted in Figs. 7, 8 and 9. For the polynomial degrees k = 1
and k = 2, the time step size h,, was changed from 0.1 to 0.2.
For k = 3, the time step size was increased from 0.1 up to 1.
We recognize again that the eG(k) schemes conserve the total
energies exactly after the excitation, while the cG(k) schemes
abort at a certain simulation time. Further, the time step
changes demonstrate the benefit of higher-order time integra-
tors as the cG(k) and eG(k) method on numerical stability.

Figures 10 and 11 depict the logarithm of the relative
global error in the position at time 7 = 1 versus the log-
arithm of the associated time step size h,, and the double
logarithmic plot of the relative global error
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Fig. 5 Comparison of the total energy H using the cG(2)-method and
the eG(2)-method in the non-stiff case. The time step size is 0.1 for
t<3and1fort >3
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Fig. 6 Comparison of the total energy H using the cG(3)-method and

the eG(3)-method in the non-stiff case. The time step size is 0.1 for
t<3and1fort >3
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Fig. 7 Comparison of the total energy H using the cG(1)-method and
the eG(1)-method in the stiff case. The time step size is 0.1 for t < 3
and 0.2 fort > 3
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Fig. 8 Comparison of the total energy H using the cG(2)-method and

the eG(2)-method in the stiff case. The time step size is 0.1 for r < 3
and 0.2 fort > 3
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Fig. 9 Comparison of the total energy H using the cG(3)-method and
the eG(3)-method in the stiff case. The time step size is 0.1 forr < 3
and 1 fort > 3

versus the corresponding CPU time, respectively. The refer-
ence solution q"*' is again computed using the eG(4) method
with a time step size of 4, = 0.001. Both diagrams show
relations with respect to the convergence and the numerical
costs that are similar to those of the simulation of the blade’s
free flight in the next section.

5.2 Free flight of a fibre-reinforced blade

As second example, we consider a fibre-reinforced blade dis-
cretized by ne; = 100 eight-node LAGRANGE elements in
space, which are defined by n,, = 238 element nodes (cf.
[2]). The centre of the blade’s hub is positioned in the origin of
the respective Euclidean space. The initial position is equal to
the undeformed reference configuration. The structure con-
sists of transversally isotropic continuous material with a
homogeneous unit mass density pgp = 1. Its mechanical
behaviour is defined by the following strain energy density
function

@ Springer



932

Comput Mech (2015) 55:921-942

— ¢G(1)
—— ¢G(2)
—— ¢G(3)
—o— eG(1) |4
—— eG(2)
—=— eG(3)

relative error e

107 107

time step size hn

Fig. 10 Relative global error in the position eq versus time step size
h, in the non-stiff case (T" = 1)
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Fig. 11 Relative global error in the position eq versus CPU time in the
non-stiff case (T = 1)

W = Wisotr + Waniso (76)
with
wisor Z LS gy Loy — 1)? 77
=5 (37N (3 —1) )
. 2
paniso 2% exp [C4 (13‘ B, - 1) — 1} (78)

where the parameters cq, cp and c3 are stress-like parame-
ters, while the parameter c4 is dimensionless. We define a
parameter set for the non-stiff case with the values

1 = 300
> = 100
3 = 240
4 = 80 (79)

@ Springer

B o
2 8
0 7
2
6
4
5
>
-6
4
8
3
2
12
|

-14
-4

Fig. 12 Initital configuration %y of the fibre-reinforced blade in the
non-stiff case. The colour indicates the Euclidean norm ||7g41 2|2 of
the KIRCHHOFF stress tensor determined by the cG(1) method. (Color
figure online)

and one for the stiff case with

c; = 3000
¢ = 1000
c3 = 2400
c4 = 800 (80)

The used exemplary unit direction vector of the fibres in the
polymer matrix reads a = [1, 1, 117 /4/3.

The fibre-reinforced blade performs a free flight due to
its initial translational velocity described by the vector vi =
[2,0, —0.1] € R? and its initial angular velocity vector wg =
[0,0.7,0.7] € R3 such that the initial velocity vector of the
node A is determined by means of the EULER theorem as
vl = vr +wo x qff (81)
The initial configuration %, with the initial Lagrangian
velocity field v is depicted in Fig. 12. This chosen veloc-
ity field causes a total (fibers and matrix) KIRCHHOFF stress
llzo+1/21l2 at the midpoint of the first time step, indicated by
the depicted colours in Fig. 12.
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Fig. 13 Current configurations %;, of the fibre-reinforced blade in the
non-stiff case, starting at 7o = 0 on the left and finishing at#y = 19.6 on
the right, determined by the cG(1) method. The colour indicates in the
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100

top plot the Eucidean norm 7,412 (|2 of the KIRCHHOFF stress tensor
and in the bottom plot the third invariant 13, ,. The arrows in the top
plot denodes the current Lagrangian velocity field. (Color figure online)

0.3

[Li(tn) — Li(ta—1)1/€

- - -l i
L2
—— L3

o 2 4 6 8 10 12 14 16 18 20
time

Fig. 14 Time step differences of the total linear and angular momenta relative to the tolerance € = 108 of the NEWTON-RAPHSON pertaining to
the fibre-reinforced blade computed with the cG(1)-method in the non-stiff case. The time step size &, is 0.1 for # < 10 and 0.2 for t > 10

5.2.1 Numerical results

An examplary motion of the fibre-reinforced blade using
the non-stiff material determined by the cG(1) method is
depicted in Fig. 13. In the top plot, we show the time evo-
lution of the norm of the KIRCHHOFF stress tensor at the first
temporal GAUSS point of the ¢G(1) method, i.e. the midpoint
of the time step, as colours of the spatial elements. We observe
a high total stress in a quarter of the blade’s hub, caused by

the given initial velocity field in connection with the inertia
of the blade. The arrows at the element nodes indicates the
current Lagrangian velocity field of the blade. The bottom
plot demonstrates the time evolution of the third invariant
I3 of the blade material. Here, we show that the material
parameter are chosen so that max(det[C]) = 1.0 + 1%.

In Fig. 14, we show the time step differences of the total
linear and the total angular momenta of the ¢G(1) method
in the non-stiff case relative to the NEWTON—-RAPHSON toler-
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Fig. 16 Time step differences of the total linear and angular momenta relative to the tolerance ¢ = 108 of the NEWTON-RAPHSON pertaining to
the fibre-reinforced blade computed with the cG(3)-method in the non-stiff case. The time step size &, is 0.1 fort < 5and 0.2 forz > 5

ance € = 1078, Algorithmic momentum conservation now
means that this time evolutions stay below a correspond-
ing absolute value of one. Since the ¢G(1) method shows an
absolute value below 5- 10~ for the total linear momenta and
0.3 for the total angular momenta, the algorithmic momen-
tum conservation of the cG(1) method is obvious. But the
comparison with the higher-order cG-methods furnishes an

Table 1 Comparison of the time step differences of the total linear and
the total angular momenta of the ¢cG method relative to the NEWTON—
RAPHSON tolerance € = 1078

[Pi(th) —Pi(ta—1)]
€

[Li(ta) —Li(ta—1)]
€

cG(1) O10™%) oo
cG(2) O1073) 010
cG(3) O(1072) oo

@ Springer

interesting result. The algorithmic conservation for quadratic
(see Fig. 15) and cubic (see Fig. 16) time finite elements still
apply, but the range of the absolute value for the total linear
momentum difference on the time step increases, in con-
trast to the range of the total angular momentum difference
(see Table 1). This behaviour of the total linear momentum
is attributed to the standard update formula of the nodal
momenta Xp in Eq. (102), which is naturally based on the
position vector Xq of the NEWTON-RAPHSON method (see
Appendix 3). An improvement can be reached by an update
formula for the momentum vector x;, directly based on the
residual vector R(xq) (more precisely, the vector Fyy, in
Reference [35]). However, this behaviour of the total lin-
ear momentum difference can be avoided by solving for the
vector XZT = [xg , xg ] in the NEWTON-RAPHSON scheme.
Fore more details, we may refer to the follow up paper.
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Fig. 17 Total linear and angular momenta of the fibre-reinforced blade computed with the eG(1)-method in the stiff case. The time step size h,, is

0.1 fort < 10and 0.2 fort > 10
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Fig. 18 Total linear and angular momenta of the fibre-reinforced blade computed with the eG(2)-method in the stiff case. The time step size h,, is
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Fig. 19 Total linear and angular momenta of the fibre-reinforced blade computed with the eG(3)-method in the stiff case. The time step size h,, is

0.1 fort <5and 0.2 forz > 5
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Fig. 20 Comparison of the total energy H using the cG(1)-method
and the eG(1)-method in the non-stiff case. The time step size is 0.1 for
t <10and 0.2 for ¢t > 10
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Fig. 21 Comparison of the total energy H using the cG(2)-method
and the eG(2)-method in the non-stiff case. The time step size is 0.1 for
t <5and 0.2 forr > 5

Considering the algorithmic conservation laws of the sim-
ulation using the eG(k)-method in the Figs. 17, 18 and 19,
we notice that the enhanced time stepping schemes also con-
serve both the total linear and the total angular momenta. In
general, the fulfillment of the algorithmic conservation laws
for total momenta does not depend on the time step size or
its change during the simulation. Furthermore, it is not influ-
enced by the transversally isotropic material behaviour.

Regarding the total energies H of the non-stiff material
computed by the cG(k) and the eG(k)-method shown in the
Figs. 20, 21 and 22, we recognize that after the changes
of the time step sizes h, from 0.1 to 0.2, the total ener-
gies of the cG(k) time-stepping scheme increase up to a
certain value, and then the simulations are aborted, because
the convergence criteria of the applied NEWTON-RAPHSON
methods cannot be reached. Here, we detect the so-called
blow-up-behaviour of the mechanical structure. With respect
to the degree k, it can be seen that the abort of the simula-
tions appear as later as higher k is. This is natural, because
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time
Fig. 22 Comparison of the total energy H using the c¢G(3)-method
and the eG(3)-method in the non-stiff case. The time step size is 0.1 for

t<5and 0.2 fort > 5
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Fig. 23 Comparison of the total energy H using the cG(1)-method and
the eG(1)-method in the stiff case. The time step size is 0.1 for t < 10
and 0.2 for ¢t > 10

higher-order polynoms in time are able to approximate the
overlaid translational and rotational motion of the blade,
especially the rigid body rotations, more precisely. On the
other hand, considering the eG(k) time-stepping schemes, the
total energies remain exactly constant during the complete
simulations, and are indifferent with respect to time step size
changes.

We now compare the total energies of the cG(k) and the
corresponding eG(k) method when using the stiff material,
depicted in Figs. 23, 24 and 25. Especially considering the
¢G(1) method in Fig. 23, one can see that the conventional
time-stepping schemes abort after some seconds even with a
time step size of 0.1 in the presence of stiffness. Higher-order
cG(k) methods abort shortly after the change of the time step
size, while the eG(k) schemes again conserve the total energy
of the mechanical structure all over the time interval. To give
a conclusion about the quality of the reached convergence
behaviour of the NEWTON-RAPHSON method, we show an
investigation of the relative global error
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Fig. 24 Comparison of the total energy H using the cG(2)-method and
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Fig. 25 Comparison of the total energy H using the cG(3)-method and
the eG(3)-method in the stiff case. The time step size is 0.1 forr < 5
and 0.2 fort > 5
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in the position vector at a certain time 7. Here, qref denotes
the reference solution of the position vector computed by
using the eG(4) method with a time step size of 4, = 0.001.
Fig. 26 depicts the logarithm of the relative global error in
the position at time 7 = 1 versus the logarithm of the asso-
ciated time step size h,, for the cG(k) and eG(k) method for
k = 1,2,3. We recognize, that the rates of convergence,
specified by the slopes of the graphs, have values of about
2k for both the cG and the eG method, as aspected. Finally,
Fig. 27 shows a double logarithmic plot of the relative global
error versus the corresponding CPU time. In general, we see
a greater CPU time for the eG(k) method compared to the
corresponding cG(k) method due to the higher costs for com-
puting the stiffness and the tangent matrices. However, we
identify intersections in graphs of the higher-order methods
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Fig. 26 Relative global error in the position eq versus time step size
h,, in the non-stiff case (T = 1)
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Fig. 27 Relative global error in the position eq versus CPU time in the
non-stiff case (T=1)

(k = 2, 3), because these methods need less iterations. Thus,
higher costs for the computation and assembly of the larger
system matrices could be compensated by lower costs in the
NEWTON-RAPHSON methods (cf. [35]).

6 Summary and outlook

The relevance of fibre-reinforced polymers (FRP) is steadily
increasing in engineering fields due to the possibility of light-
weight construction, for example in the aircraft industry [36].
Due to the high strength in fibre direction, but possible large
deformations in other directions, these composites replace
more and more traditional strong but heavy materials as met-
als. Fibre-reinforced polymers are often subjected to small
strains, but a geometrically nonlinear formulation is neces-
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sary due to large deformations of the reinforced structural
elements at least in one direction, as for helicopter rotor
blades. Here, the fibres have the function to stabilize the
structure in one direction in order to counteract large cen-
trifugal forces. A stress analyses of rotor blades in long-run
simulations demands numerically stable time integrators for
anisotropic materials. This paper presents numerically sta-
ble and also higher-order accurate time stepping schemes for
nonlinear elastic fibre-reinforced continua with anisotropic
stress behaviour. These time-stepping schemes are based
on a time discretization of ordinary differential equations
of first order. Therefore, a state space representation of
the considered continuum dynamics is necessary. In this
paper, the Hamiltonian formulation of dynamics is preferred,
because two of the first integrals of the motion are at most
quadratic approximated in time, i.e. the total momenta, which
allows an exact algorithmic total momentum conservation.
These algorithmic conservation properties allow for more
numerical stability in the presence of large rotations. Since
fibre-reinforced polymers are composite materials made of
a polymer matrix reinforced with fibres of a different mater-
ial, these polymers are here modelled for finite strains by an
isotropic material law for the matrix, and structural tensors
for the fibres (cf. [29,30]). To build such an anisotropic mate-
rial law, we first define a scalar-valued free energy density
function [31], which is a sum of free energy density func-
tions that depend on the scalar-valued invariants of the right
CAUCHY-GREEN tensor and the structural tensors, and then
derive from that the second PIOLA—KIRCHHOFF stress ten-
sor in the equations of motion. The space-time discretisation
of the considered anisotropic continuum is performed by a
trilinear BUBNOV—GALERKIN approximation in space, and a
higher-order accurate PETROV—GALERKIN approximation in
time. In order to preserve the mathematical structure of the
equations of motion leading to asymptotically stable discrete
nonlinear equations of motion, algorithmic conservation laws
of total linear and total angular momentum as well as total
energy are preserved by Gaussian quadrature and a spe-
cial time approximation of the stress tensor. The resulting
energy-momentum conserving eG(k) time-stepping schemes
are applied to two mechanical structures: a three-dimensional
blade-model and the well-known COOK’s membrane. Both
continuum bodies are reinforced by uni-directional fibres,
and are simulated in the presence of large deformations and
superimposed rigid body motions. The presented eG(k) time-
stepping schemes of higher-order prove to be numerically
stable in comparison with the standard cG(k) time-stepping
schemes of the same order. Further, the advantage of increas-
ing the polynomial order in dynamical simulations is also
shown. In fact, higher-order schemes reduce numerical time
integration costs if accuracy is of interest for the simulation,
and are more stable in the presence of material stiffness.
Accordingly, these schemes can be recommended for sim-

@ Springer

ulating fibre-reinforced continua under dynamic loads as
helicopter rotor blades.

In the future, we investigate a new modification of the
enhanced assumed gradient DW,, which take the fibre direc-
tion a in the structural tensors not only in its numerator ¥,
into account. From this new adjustment to anisotropic mater-
ial, the authors suspect an important improvement especially
for two and more families of fibres. Further, we aim at the
incorporation of the mixed spatial finite element discretiza-
tion in [15], internal damping behaviour of the matrix and
the fibres, the thermal conductivity of both, especially of
conductive fibres, in nonlinear mechanical structures [37].
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Appendix

In the following, the implementation of the presented time-
stepping schemes are sketched, including the residuals
and the corresponding tangent matrices in the NEWTON-—
RAPHSON method necessesary for solving these nonlinear
algebraic equation systems. In general, the implementation
is close to the one in [2].

Appendix 1: The stress tensor
As already derived extensively in [24,38] and [18], the sec-

ond PIOLA-KIRCHHOFF stress tensor corresponding to the
above free energy density function is given by

5
oW al;
S(C,A) =2Vew =2> 220
(€.4) ¢ < 31; oC
aW oW aW . AW
=2{{—+ —0)I- —C+ —5iC"!
[(811+812 ‘) oL o
aW AW
TA+ZZACHC A 83
FaAt At )] (83)

depending on the right CAUCHY—GREEN tensor and the struc-
tural tensor. Here, the free energy function is assumed to
depend on the invariants Iy, ..., I5. If the free energy func-
tion depends on the modified invariants I Lyvvns i5, we have
to take the chain rule of differentiation into account for cal-
culating the partial derivatives in Eq. (83), which leads to

AW AW aL  aw !
— =—_—=—1 (84)
aly al; 9l ol
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i#3

W AW Ay 9w 1
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a1y 9l 014 01y
oW oW als AW 2

=22k (88)

s 9is 0ls  ols

where we have to bear in mind in the summation convention
that there exist no invariant /3.

Appendix 2: The residuum

Here, the implementation of the residuum for both the
cG(k) and the eG(k) method is described. The time-stepping
schemes take the form of Eqgs. (55) and (56) for the cG(k)
method, and of Egs. (63) and (64) for the eG(k) method,
where the stiffness matrix Q is used for the cG(k) method and
stiffness matrix Q for the eG(k) method ,respectively. Col-
lecting the unknown coordinates and momenta in the vectors
Xq = (q2, ..., Qk+1) and Xp = (P2, ..., Pr+1), the cG(k)
method read in matrix notation

b’ @ qi + [A” ® Ly IxXg — ha{b’ © M~ 'p1]
+[A' @M x,} =0
b @p1 +[A" ® Ly, Ixp

+ ha[WEL -, &) ® Ly f(Xq) = 0 (89)
with
M (&) M (&)
W=| : : (90)
My (&1) My (&)

where we defined the following shorthand notations for a
compact representation:

A}, .. Al Al LAl
A/= . . A//: . .
AL Al AL LAl
! b
b=|:| b=]: 1)
b b

with

1 1
A = / MMypda AL, = / MMy, de (92)
0 0

1 1
by = /O MM da by = /0 M;M{da (93)

The force vector f(x;) is given by

[Q(@GE1)aED) — foc(ED)]wy

f(xy) = (94)

[Q(q&))q(&r) — e (Er) wi

Note that the non-conservative force vector f,. depends
explicitly on time ¢. Its dependence on the normed time «
can be obtained by using the inverse function of Eq. (48) and
inserting 7 ().

Since the unknown momenta are linear combinations of
the unknown coordinates, one can eliminate the vector x,
such that we obtain the residuum

1 1
R(xg) = -—[A} ® MIxq + -—Ag ® [Mai] + Ay @ py
n n

+ha[WEL -y &) @ Ly (X)) = 0 (95)

with

A];1 — A//[A/]—IA// AqR — A//[A/]—lb// Ag — b// _ A//[A/]—Ib/
(96)

In order to obtain the matrix representation of the eG(k)
method, we only have to substitute the stiffness matrix Q for
the matrix Q.

Appendix 3: The Newton—Raphson method

The residuum of the cG(k) method respresents a system of
nonlinear equations, which has to be solved numerically for
determining the unknown coordinatesq4, A =2, ..., k+1.
Therefore, we apply the NEWTON-RAPHSON method, in
which we perform a linearization of the nonlinear equation
system and solve these equations iteratively with the fol-
lowing iteration formulas, denoting the iteration index by
i=0,1,..., imax:

x{D =x0 — K )R (97)
where Kr(xq) = Vx,R(Xq) indicates the tangent operator
corresponding to the residuum in Egs. (89), and is given by

1 -
Kr(xg) = h—[A}i ® M] + 1, [W ® L, K (Xq) (98)
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where the matrix K(xq) has the following block structure

Ko(EpDwy ... Kepr(§pwy
Vel = | : (99)
KoEpwr .. K1 Grwg

K(xq) =

The unknown coordinates for the first iteration within every
time step are determined in the physically motivated prestep

X = —Aj@q — h A} © M 'pi] (100)
with

Ad = —e;

Al = [ATATA Y — (A

e =(1,...,1) e R (101)

which initiate the variables by the rigid body motion. The
momenta X, can be computed subsequently using the now
known coordinates q4, A =1,...,k + 1:

1 1
Xp = E[Afn ® Mixq + EAg ® [Mqi]—Ap®p; (102)

[A/]flA// Ap [A/]flb// Ap [A/]—lb/ (103)
As the stopping criterion for the iterative solution procedure,
we check in this paper simply the Euclidean norm of the
residuum. The vector xq' is accepted as approximate solution

if the norm of the residuum fulfils a tolerance ¢ in the way

IR <& (104)
For all simulations, we have chosen a tolerance of ¢ =
108, Note that there are more appropriate stopping criteria
necessary for systems with internal variables and thermo-
mechanical couplings (see [12]).

Appendix 4: The tangent matrix

The blocks K, J = 2,...,k + 1 of the tangent K(x4) in
Eq. (99) themselves have again a block structure, given by

eK‘l,l eKljnen

Nel
K, = A

e=1

: (105)
eK’}enl

EK”ennen
J
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The blocks eK‘}b € RMim>7dim can be divided additively
in both a geometrical and a material part such that

eK?b =* KGCOJ + KMatJ (106)

Defining for a compact presentation of the tangent matrices
the abbreviations

B =F, ® V,N,-J, "
BT =377 v,N, @ [F]T

(107)
(108)

the geometrical and the material parts associated with the cG
method read

K&, =My 0%y, (109)
eK%’mJ =M / eBZ : Z(C,, A) [B,‘;]TdV (110)
“0

For the eG method, especially the material parts of the
tangent operator are more complicated due to the additional
terms of the enhanced gradient:

b
eKGeO‘; = MJQZ;,Indim

%
Kyt =/WB6 -[M,f(ce,A)+ aM’ T ]1] (B4 17 dv
7

-
287 k+1 9C,
+/ B¢ :[ : ® S
7 " N, da 4
4 oC,
] [“B517dv

o 00

/ [4% oC,

fgg} av

where

k

C.
1—Z{MJ<$> &)

=1

+ M (&) [chWe(C &), A) +——

: V&, We(Ce(81). A)

9, 3C, (51)“ w
N, o

e

oLt _ Z 2C. (&)

oo
=1

aBe T
+MJ(§I)[ ”(g’)} ]wz

HMJ(&)[BZ,(&)

da

Note that these tangent matrices only apply for the case that
the vector of the non-conservative forces f;,. does not depend
on the coordinates q and the momenta p, respectively.
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Appendix 5: The material tangent operator

The material tangent operator .2, see Reference [18], nec-
essary in the linearisation of the semi-discrete equations of
motion, is a fourth-order tensor resulting from the gradient
of the second PIOLA-KIRCHHOFF stress tensor. Defining the
short hand notations

(111)

1
Liji = 5(31'143/1 + 8itdjx)

1
{(A ® 1)324}ijk1 = Z(Ai15jk + Ajbik + Airdji + Ajrdir)
(112)

(clklc + c;‘c,;jl) (113)

{_Cil oC }ukl

of the symmetric fourth-order unity tensor I, the minor and
major symmetric product (A ® I)S?* of the structural tensor
A with the unity tensor I and the major symmetric product ©
of the symmetric inverse right CAUCHY—GREEN tensor, this
fourth-order tensor takes the form (cf. [16] and [24])

Z(C,A) =2V(S = 4VEW
5 5
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>{5ce| Zar (37)
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3 00013
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(114)

Note that Eq. (114) also represents the universal case, and
does not require a split of the free energy density function
into an isochoric and volumetric part.
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