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Abstract Computational models based on the phase-field
method typically operate on a mesoscopic length scale
and resolve structural changes of the material and further-
more provide valuable information about microstructure and
mechanical property relations. An accurate calculation of
the stresses and mechanical energy at the transition region
is therefore indispensable. We derive a quantitative phase-
field elasticity model based on force balance and Hadamard
jump conditions at the interface. Comparing the simulated
stress profiles calculated with Voigt/Taylor (Annalen der
Physik 274(12):573, 1889), Reuss/Sachs (Z Angew Math
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Mech 9:49, 1929) and the proposed model with the the-
oretically predicted stress fields in a plate with a round
inclusion under hydrostatic tension, we show the quantita-
tive characteristics of the model. In order to validate the
elastic contribution to the driving force for phase transition,
we demonstrate the absence of excess energy, calculated by
Durga et al. (Model Simul Mater Sci Eng 21(5):055018,
2013), in a one-dimensional equilibrium condition of serial
and parallel material chains. To validate the driving force for
systems with curved transition regions, we relate simulations
to the Gibbs-Thompson equilibrium condition (Johnson and
Alexander, J Appl Phys 59(8):2735, 1986).

Keywords Phase-field - Elasticity - Jump-conditions -
Microstructure evolution - Heterogeneous systems -
Interfacial excess energy

1 Introduction

The modeling of microstructure evolution has become very
essential in material science and physics. Phase-field meth-
ods become increasingly important with its capability to
simulate complicated morphological evolution, in response
to the evolution of the different thermodynamic physi-
cal fields, while incorporating the influence of capillarity.
Therefore the phase-field method has been established for
simulating the microstructural evolution in a wide variety of
material processes, such as solidification, solid-state phase
transformations, precipitate growth and coarsening, marten-
sitic transformations and grain growth [5]. In the phase-field
method, we typically map a given sharp interface free bound-
ary problem onto a diffuse interface that is constructed out
of smoothly varying phase-field order parameters. The dif-
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ferent physical fields (concentration, stress, strain etc.) vary
continuously across the constructed interface following the
variation of the order parameters. Such a construction is
advantageous because it obviates the requirement to track the
interface between the phase boundaries during microstruc-
tural evolution [6], as morphological evolution is implicitly
described through the spatiotemporal evolution of the differ-
ent order parameters. Concomitant with the evolution of the
phase-fields the different physical fields related to the mass,
momentum and energy are self-consistently described using
appropriate conservation equations. Although the process is
elegant, appropriate care must be exercised in the construc-
tion of the evolution equations of the phase-fields and the
conservation equations, which generally require homoge-
nization of the variables exhibiting jumps across the interface
in the original sharp interface problem. In the absence of the
correct homogenization scheme, artificial jumps in the con-
tinuous variables could be introduced in the problem, which
then leads to an incorrect mapping with respect to the actual
free-boundary problem.

Describing solid state transformation processes or pre-
dicting microstructure and mechanical property relations, an
accurate calculation of the stresses and mechanical energy
at the transition region is indispensable. This requires that
the effective material parameters are defined in the diffuse-
interface regions in non-homogeneous materials, which is
usually performed by homogenization of the material para-
meters using smooth varying functions constructed out of the
spatially varying phase-fields. In the phase-field community,
there are several known homogenization approaches, see [7]
for an overview of approaches. Khachaturyan’s model [8]
is widely established in phase-field applications. In absence
of nonelastic strains, the model of Khachaturyan is equal to
the Voigt/Taylor (VT) homogenization scheme [1] between
locally overlapping phases. The main assumption of the VT
approach is that the strains of overlapping phases are the
same. With an order parameter ¢ the stress in the isostrain
two phase case reads as

oVT(¢) = C*[e — & h(¢) + CP [e - eﬁ] (1 = h($)).
(1

€ is the local strain, which in turn depends on the gra-
dient of displacement field (Vu);; = 0u;/dx; by € =
(Vu+ (Vu)")/2,and 0;; = (C[e — €D)ij = Cijki(ex — €x1)
is the particular stress component using the Einstein sum-
mation convention. €* and C* represent the local nonelastic
strain and the stiffness tensor of phase «. h(¢) is the interpo-
lation function which is in the simplest case h(¢) = ¢. This
approach is employed in [9—12]. Assuming equal stresses in
the transition region results in stress, due to the Reuss/Sachs
(RS) [2] approximation
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oRS(¢) = [S%h(¢) + SP(1 — h(p))] "
x €= (&n@ + &1~ n@n)]. @)

where 8% is the compliance tensor of phase «. This local
homogenization sheme has been discussed by Steinbach [13]
and Apel et al. [14]. Ammar et al. [7] propose a Hashin-
Shtrikman homogenization between locally existing phases
and present an accurate comparison between Khachatu-
ryan’s, VT, RS and their own approach. In a recent publi-
cation, Durga et al. [3] investigate the excesses of the stress,
strain and the elastic energy for both, the VT and RS inter-
polation to estimate the material properties at the interface.
As a result of the calculations, it is clear that under condi-
tions of uniaxial loading of the interface, the RS interpolation
delivers an excess free interface, while the conditions of a par-
allel material circuit with a complete shear loading require
a VT interpolation such that there is no excess contribution
from the bulk energy density to the surface energy. With this
motivation, the respective paper proposes a model by com-
bining the VT and RS interpolation schemes wherein, a VT
interpolation is imposed, in order to derive the tangential
stress component and the RS scheme is utilized to determine
the stress components on the normal plane. Although, the
model promises a new perspective, there is a problem with
the associated formulation. In the description of the model,
the stress, strain and stiffness tensor need to be transformed
into a coordinate system consisting of the interfacial normal
and of another orthogonal direction in the plane of separation
of the phases. To derive a solution, the transformed state of
stress is assumed to be a principal state. This is a physically
unrealistic situation, given there exist purely shear problems
in materials science involving precipitate growth. Hence, the
assumption is restrictive and makes the model not globally
applicable.

VT and RS methods offer approximations for two lim-
its of the real material parameters for locally overlapping
phases. When using these schemes, the approximation of
elastic constants is only valid in one-dimensional special
cases. The VT limit provides an exact stiffness for a one-
dimensional parallel material circuit of different materials
and the RS approximation does this for a one-dimensional
material chain. For all other cases, jump conditions at the
transition zones, from one material to the other, have to be
fulfilled in order to calculate the correct stresses or strains.

The equilibrium jump condition is a force balance in the
normal direction of the interface and the Hadamard condi-
tion in the tangential direction [15]. Based on these jump
conditions, we formulate a quantitative phase-field elastic-
ity model. Comparing the simulated stress and strain profiles
with the theoretically predicted fields in a one dimensional
serial and parallel material chain setup as well as for a
plate with a round inclusion under hydrostatic tension, we
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highlight the quantitative characteristics of the model. Kim
et al. [16], Plapp [17] Choudhury and Nestler [18] pointed
out for solidification processes, that a driving force, which
contains only homogeneous variables, avoid the interfacial
excess energy. The proposed model uses normal components
of the stresses and tangential components of the strains, for
the definition of consistent potential type and consequently
for the formulation of the driving force. In order to vali-
date the elastic contribution of the driving force, we generate
one dimensional equilibrium conditions in the normal and
tangential directions and demonstrate the absence of excess
energy.

2 Model formulation
2.1 Phase-field

The model is based on a generalized phase-field approach
for microstructure evolution in multi-phase and multi-
component systems [19]. In a two phase system, only one
order parameter ¢ is needed, which represents the volume
fraction of phase «. Accordingly the volume fraction of phase
Bis 1 —¢. The energy functional can be expresses in the form

1
F(p. V. e€) =/v (Sa(V¢)+ gwob(¢)+fel(¢7€)) av,
3)

where f,;(¢, €) denotes an elastic energy density contribu-
tion as a function of the local strain €. The gradient energy
density in Eq. (3) reads a(V¢) = ]/a/g|V¢)|2, as presented
in [19], where y,ps represents the surface energy density
between the phases o and S. We further use an obstacle-
type formulation w,, = 16y4s¢ (1 —¢)/ 72 as the potential.
¢ is a small length scale parameter related to the diffuse inter-
face thickness. Following the Ginzburg—Landau analysis, the
interface traction ¢ = 9¢ /9t is proportional to a variational
derivative of the functional (3) with respect to the order para-
meter ¢. The proportionality constant is the mobility of the
interface 1/7. The evolution equation for the order parameter
¢ is obtained according to

. 8F

-—— 4
Teg 50 “)
where the variational derivative writes as

1) a 0

— =— V. —. (5)
S ¢ A
We solve explicitly the momentum balance equation,
pit =V -0, (6)

for the evolution of displacement field u, until the mechanical
equilibrium pii = 0 is reached. p is the mass density and
(V - 0); = do;j/dx; defines the stress divergence. ii =
8%u /91> is the second partial time derivative of u.

2.2 Solid-solid jump conditions

The mechanical jump conditions for a bounded solid—solid
transition are the underlying physical equations of the pro-
posed model. For a sharp interface theory in the case of
singular surface, the force balance reads [15]

(0*—of)n=[o]n =0, 7

with the normal vector n at the interface between « and
phase and the corresponding jump of stresses [o’]. The trac-
tion vector ¢;, = 0%n = Jl.‘}‘.nj on the left and ¢, = oPn
on the right of the transition zone are continuous functions
at the singular surface. Apart from the continuity of the dis-
placement field u, the Hadamard jump condition follows for

Vu accordingly to [15]
[Vu] = an”. )

(anT)ij = a;n; is the dyadic product of an arbitrary vector
a and the normal vector n. The jump of the deformation gra-
dient [Vu] vanishes in the tangential direction and implies
a no slip boundary condition. If we multiply two tangential
vectors ¢ and s with (¢, n) = t;n; = 0 and (s, n) = 0 it can
be seen, that [Vu]t = 0 and [Vu]s = 0.

2.3 Energy formulation

As seen in the previous section the jump conditions (7)
and (8) depend on the interface orientation n. The basic idea
of our approach is to transform the stresses and strains to the
basis fixed on n and then to calculate the energy using only
homogeneous variables, which are given by the jump condi-
tions (7) and (8). For the manageability of the calculations,
we neglect the eigenstrains € in the first step and include them
afterwards.

The base B, which is fixed due to n, is given by B =
{n,t, s}, with (n,t) = 0, (n,s) = 0, (¢,s) = 0 and the
normal vector of the transition region

Vo
_Ve 9
"= Vel ®

with [V¢| = /(V¢, V@) as the norm of V¢. The transfor-
mation of the stress tensor ¢ to the base coordinate system
B writes as
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. Onn Ont Ons
op=Q0Q" =|0ow 01 0|, (10
Ons  Ots  Oss

O=|n n té . (11)

The traction vector t;, = o gn can now be written in the
transformed coordinate system

In Onn  Ont Ons 1 Onn
tr=\|t | =0 Ou O O)=1{ow]|.- 12)
I Ops  Ots  Ogs 0 Ons

With the previous relations formed in the coordinate system
B, the continuity of the traction vector ¢, in the normal direc-
tion results in the continuity of stress components oy, opy
and o,s. Similarly the Hadamard condition (8) leads to the
continuity of the strain components €;;, €55 and €. Thereby
the jump conditions (7) and (8) are equivalent to

00 0

0 [[Urtﬂ [[Uts]] s
0 [ois] [ossl
lenn] lend [ensl

les]={ [ex] O 0 . (13)
[ens] O 0

los] =

This means, that in a jump between the phases, the normal
components of ¢ g and the tangential components of € p are
homogeneous. Using the Voigt notation, the transformation
of stresses and strains reads

op=M.c", (14)
€y =M€’ (15)

with M and M? as transformation matrices (see Appendix
for the definition) and the corresponding variables in Voigt
notation

v T
0" = (0xx. Oyy, 02z, Oyzs Oz, Oxy) (16)

T
€' = (em, Eyy, €17, 2€y7, 2€xz, 2€xy) . 17

We reorder the components of the strain and stress vectors to
separate the normal and tangential components and define

€% = (€%, 2¢%, 26 €, €55, 2615 )| = (€2, ), (18)

ns’ n’

a €
€, t

(00,09 (19

T
[ o —
Op = (Gnrls Ons, Ont O'”, _35, G[s) =

on

o
o
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The superscript & denotes that the particular variable is non
homogeneous and dependent on the particular phase. The
homogeneous variables are denoted without a superscript and
are defined according to the jump conditions (13). Because of
this reformulation, we permute the rows of the transformation
matrices and derive the following expressions from Eqs. (14)
and (15)

0% =Myo", (20)
€5 =M.e€". 2D

Thereby, are M, and M. transformation matrices (see
Appendix for the definition) for stresses and strains directly in
the used base notation, which is defined by Egs. (18) and (19).
Using that notation and the relation M ;1 =M ET [20], the
free elastic energy for the bulk phase « can be written in the
form

3(6”):%(5”,C“e”)=%< le%, coMm eB>
1
= 5(63;, M,C*ML %) = f3(e%). (22)

=:C%

with C* as the stiffness tensor of phase « in the Voigt notation.
In order to simplify the derivations, we break the stiffness
tensor into different blocks

Cy, Co
cy = ( " ’) (23)
Ctn Ctt
where C{, and C;; are symmetric matrices of 3 x 3 dimen-
sions and Cy, is a 3 x 3 matrix with Cj;, = Cfl‘,T. With the

previous notations in Egs. (18), (19) and (23), we rewrite the
expression of the free elastic energy of the o phase as a sum
of scalar products in the appropriate spaces

1
o (€p) = 5 (€5, Cpep)
1 o
= 2 (< Cnn n> (€ n’Cnt €)
(Gtvcgz n) <€l7 C;xtel)) . (24)

The elastic energy f,(€%) is a function of homogeneous €,
and non homogeneous variables €. The discontinuity of €5
is indicated by the superscript «. Now we are able to dis-
solve the whole dependence of €},. This can be done in two
ways. We can replace €, in Eq. (24) for the elastic potential
energy, but then we have to deal with excess energy correc-
tion terms [16] in order to receive a quantitative formulation.
Another way is to follow the approach of Plapp [17], Choud-
hury and Nestler [18] to generate a potential which is only
dependent on homogeneous system variables. Therefore we
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consider the elastic contribution of the driving force for phase
transition.

2.4 Elasticity driving force contribution

The traction of the particular order parameter is proportional
to the variational derivative of the functional F (¢, Vo, €),
which is given by Eq. (3). The derivatives of the gradient
energy density a(V¢) and the potential w(¢) are described
e.g. in [19] or [18]. Here we are focusing only on the deriv-
ative 9/0¢ for the variation of the elastic contribution of
F(p,Vo,e).

The interface gives the orientation of the reference coor-
dinate system by the gradient vector V¢ which in turn
represents the directions in which stresses and strains are
decomposed, using Eqs. (18) and (19). The driving force
is the total elastic energy of the system, which writes as
the interpolated sum of the elastic energies of two phases
weighted with the smooth function 4 (¢) and k(1 — ¢) =
1 — h(¢), respectively. According to Eq. (24), the energy of
the phases can be expressed as

1
eol( = 2(< n’cgn z) (€ n’c )+ <€t’ct”€z

+ (ezycf;ﬂ)),

(€l,Cle) + (er, CL el

tm*n

fel - (Gﬁ Cfnef)
+ (ezycgfﬁ),
for = fSR@) + f2Rh(1 = ¢). (25)

We note that the superscripts «, 8 are mentioned only on
the non-homogeneous variables. The elastic driving force
contribution is given by the variation of f,; with respect to ¢

5fel _ 8fel _v. afel
8¢ RI) Ve
To perform the first part of the variation, we just note the

following interpolations that must result out of the jump con-
dition in normal direction (see Eqgs. (7) and (12)) namely

(26)

€, = €“h(p) + £n(1 — ¢). (27)

The derivative of f; at constant €7 writes as

) Ah(¢)
(W)G%—(f - 1) = % +aaa¢ h(g)
afh el
5 11— 9) (28)

In order to determine, the derivatives of the non homogeneous
variable with respect to the variation in the phase-field order

parameter ¢, we utilize the expressions in Eq. (27). Since we
require the partial derivatives at constant €%, it implies the
differentiation of both sides in expression (27). It gives us
the following relation

o B
oy B0 e, ok
¢ ¢ dp

Rewriting Eq. (28), substituting the relation (29) and using
the condition that, the normal components of stresses are
homogeneous o, = df,;/0€; = 9 fe’? /865 , the variational
derivative simplifies as

(%), (-5

+<an, — (2 — €f) M> (30)

¢). (29)

a9

Reordering the particular components in Eq. (30), the deriv-
ative results as

(aa]:;’l)e‘é N I:(feol[

(o €)= (£~ fon. )] 222

I¢
fel
-[ (- (5 <0)
p*(on.€r)
(-2 ) e
del Loy
pP(on.€)
= % [P (0. €)1(9) + PP (00, ) (1 — )].
31)

p¥(o,, €)and p’3 (0, €;) are bulk potentials, which include
only homogeneous variables o, and €,. Both bulk potentials
weighted with the smooth function 2 (¢) and A (1 — ¢) cor-
respondingly produce

P}, V¢,0n, €)=p"(0n, €)h(®)+pP (0, €)h(1 — ¢).
(32)

The particular bulk potentials are composed of a Legendre
transform of the bulk elastic energy density f;; with respect
to e

pi (o, €)= feof (GZ(Gn» €), €t)
_< 0 :;(fz(‘fn, €:), €)

o
0e

€y (0, €z)>- (33)

on

and the corresponding part of 8 phase.
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For the divergence part of the variation in Eq. (26), we
calculate x-component of the derivative at a constant €,

(@) _ 0@
0 ) e~ 7 00

afe de, arh
+(8 iR a¢xh(1_¢))

afs de f de€,
+(8°‘8q§x h(1—¢))

8en I
with ¢, = (V¢),. Similar expressions of the derivative
results for the y and z components. Assuming isotropic
bulk materials follow for material parameters C3 = C* and

p0h(1 = ¢)
SR v dpx

(34)

C/Z = CP. Since the material parameters are constant in the
particular free energy density, the derivatives C*/d¢, =
aCP /a¢. = 0 are zero. The first term of Eq. (34) is zero,
because the interpolation function is independent of V¢. The
partial derivatives are evaluated at constant e‘g = (€y, €), S0
that the derivative d€;/d¢, vanishes in Eq. (34). To evaluate
the last term, we differentiate both sides of relation (27) with
respect to ¢ at constant €, and have

B
0=(a‘"h<¢>+ 86"h(1—¢)). 35)

dpx dpx

Substituting the previous relation in Eq. (34) and using
9fe /o€ = 3fh /el = a,, we obtain 8f,/9Ve =
Therefore, the driving force part arising out of the divergence
term V - df.;/0¢y is zero. Therefore the elastic contribution
to the driving force equals to

3fa AP V.0 €)
5¢ 3¢

= (p (0n,€)—p (O’n,ét))

dh(¢)
¢

with the potential P (¢, V¢, 0, €;) as described in Eq. (32).
For anisotropic bulk materials constants (C’é # C') an addi-
tional driving force contribution must be taken into account.
Comparing the bulk densities p’ with the Eshelby Tensor for
small deformations b [15,21]

(36)

bxj = f8jk — oij€ik (37)

we notice, that the jump [p(o,, €,)] of the particular bulk

densities p' (o, €;) is exactly equal to the jump of nn com-
ponents of the Eshelby Tensor Eq. (37)

[p(on. €)] = (n, [b]n). (38)

@ Springer

2.5 Effective material parameters

The potential of the particular phase « defined only with
continuous variables o, and €, is given by the Legendre trans-
form of the elastic energy with respect to € (see Eq. (33)).
All the discontinuities are excluded from the variables and
can be incorporated in the material parameter as presented
in the following.

Using Eq. (24) results in the following derivative

A (e,
M Ca ea +Ca € =0, (39)

e nn®n

Reformulating the previous equation, we get an expression
for the non-homogeneous variable

= () (on -

The formulation of €, considers all shear components of the
normal stresses o, and of the tangential strains €,. This makes
the proposed approach more general in comparison with the
proposed model by Durga et al. [3].

By inserting the expression (40) into (33), we get an energy
term that is only dependent on homogeneous system vari-
ables

Coi€r) - (40)

1 o
Pa(an»ft)=_<(ana6t)a7a( n)>7 (41)
2 €
with the material parameter matrix

ce)! ce ) e
T — ( nn) ( nn) nt 42

(ca)"(c) ™t ex— (e () ey

In order to get the total energy in the interface, we sum-
marize the bulk energies p*(o,, €,) and p’6 (05, €;) that are
weighted with the order parameter ¢ by multiplying with the
smooth function 2 (¢) and k(1 —¢) = 1 —h(¢), respectively.
We define the homogeneous variable & := (0, € t)T and get

= p*(E)h(p) + pP(E)(1 — h(e))
1 —
= 5(5,75). 43)

P9, V9.8)

T is thereby the linear interpolation of the material parame-
ters

T =T*(V)h($) + TP (Vo) (1 — h(9)). (44)
The derivative of the potential P (¢, V¢, &) with respect to

the homogeneous variable & = (o, e,)T, yields the non
homogeneous variable
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oP(¢p, Vo, _
x0.79.6) = D T, Vs
= x"h(p) + x” (1 — h(¢)). (45)

The sign of the normal component of x changes due to
the reverse Legendre transformation. T is a new formula-
tion of the proportionality tensor between the homogeneous
variables & = (0,,€;)” and their dependent counterparts
X = (—€,, a,)T. The proportionality tensor is influenced
by the interface orientation V¢ and the order parameter ¢.
Using the segmentation in Eq. (23) yields

- (Tw T,
T — _n; _nt ’ (46)
T T

where the parts are

—(c%) ' h@) — (B (1~ h ().
()" can@) + (CL) ' ch — h(@)),
R R CANCANA IO

T _
+(Cﬁ—(c,‘?,) (k) ‘Cf,) (-h@). @)

T,
j:n

2.6 Incorporation of eigenstrains

The complexity of the proposed model increases, if we incor-
porate non-elastic strains € for the individual phase « into
the system. The non-elastic strains can either be a constant
eigenstrain €, a plastic strain ‘Zl’ an eigenstrain dependent
on the concentration 68‘ (c) or temperature 68‘ (T) or even the
sum of different non-elastic strain contributions

€ =€) +ey +eg(c)+e(T)+.... (48)

Using the Voigt notation and the transformation in Eq. (10),
the expression for the elastic energy Eq. (24) results in

(e} —€5). Cp (e — €3)) (49)

N =

fo(e€g) =

Transforming the calculations in Sect. 2.5, we determine the
components in n-direction by

on=Cyy (Gﬁ - 63) + Cy (et - E(tx)’ (50)

€ =C,,) (0, —C% (& — &) + €. (51)
Replacing the whole dependence of € in the elastic energy
formulation (49) by the Legendre transformation results in a
potential, which is only dependent on o, and €,

()

<(6n,€t —&). T ( ~a)> —{on. &).  (52)

€ — €,

|
o
P=3

Separating the eigenstrain contribution in the previous
expression reduces the potential to

N 1 Ty Tia\[on
p (Gn,et)=§ (00, €), r
TeT T J\ ¢
nt tt
( ) I A\ (€
—( (0, €),
"\o e )\e

(€, Tyey). (53)

With & = (0, et)T, the corresponding result for the total
elastic potential density is

P($, V. &) = p*Eh(@) + p’ (&)1 — h(9)). (54
2.7 Calculation of stresses in diffuse interface systems

The formulation of the mixed energy is done in the base B
given by the normal vector of the interface n and its tangen-
tial counterparts ¢ and s. Now we derive the expression for
stress depending on strain, which is given in the Cartesian
coordinate system.

We start from the total elastic potential density in Eq. (54).
The total strains in the normal direction €, are given by the
derivative of the elastic potential density

_ 0P, V9,
" 00,

= ~Tun0n — Tu€r + Xn» (55)
with ), as the eigenstrain contribution in the normal direction
%o = (& + T3 @) + (& + Th ) - 9). 6)
For the normal components of the stress a,,, we obtain
on=—T" (€n+Tui€r — X) - (57)

The tangential components of the stress tensor are given by
the derivative

_ 0P, V9.8

” =T 0, + Tier — % (58)
t

(o

with x, as the eigenstress contribution in the tangential direc-
tion

X o= TEEh@) + TP h(1 — ¢). (59)

Replacing the normal component of o by applying Eq. (57)
results in the following equation for the tangential stresses

o = —TTT_I (Gn + j;ltet - )N(n) + Ttth - )~(;- (60)

nt “nn
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Using the Egs. (57) and (60) leads to the stress components
in expressed in base coordinate system

(on)_ ~1,,' ~T, Tt (e)
o) \—777-1 T, TT7-177 ) \&

nt “nn nt “nn nt
=K (9)
-1 0\ /3
+ (_T”’_'_1 )(x) ©1)
7;1[ IZ;ln -1 Xi
=0p

ICB(¢) is the stiffness tensor and ¢ g (¢) contains the eigen-
stresses in the transition region. Consequently the effective
eigenstrains follow

ép(9) = —[KCp()] 6 5(9). (62)

Transforming this expression back to the Cartesian coordi-
nate system using Egs. (20) and (21), yields the effective
stiffness and the effective eigenstrains in the transition region

K(p) = M Kp(p)M,, (63)
€' (¢) =M[eép(4). (64)

We recover the Hook’s Law for the region of overlapping
phases in the Voigt notation and Cartesian coordinate system

with ¥ as the stress and € the total strain in the Voigt nota-
tion, as defined in Eqgs. (16) and (17).

3 Simulation results

In order to validate the proposed model, representative sim-
ulations are performed. The stress, strain and energy fields,
which result from this, are compared to the analytical pre-
dictions and resulting fields using the Voigt/Tailor (VT) (1)
and Reuss/Sachs (RS) (2) local homogenisation schemes. All
simulations are performed using the release version 2.1 of the
Pace3D package.

3.1 Serial and parallel material chains under tension

First we discuss a one-dimensional serial material chain
shown on the left side in Fig. 1, with a diffuse transition
region from the phase « to f in the center of the chain.
Such a construction represents a two-phase sample with a
sharp transition in the center. As boundary condition, we
use constant stress in x-direction and zero stresses in other
directions. Consequently, the stress in x-direction, which
is the normal direction nn (see Eq. (9)) of the interface
Oxx = Opy, = 0y, is constant in mechanical equilibrium
over the whole material chain. The resulting normal strain

in the bulk is €%, = €%, = o09/E, for the phase « and

e,’,gn = efx = 00/ Eg for the phase . With E, = 0.1Eg as
the corresponding Young’s modulus, the normal component

o’ =IK(¢p) (e” — E”(qb)) , (65)  of strain €2, = 106,/?,1 follows with a jump at the position of
0 ) 1
I N N €0 4 PO
70 «| I > 00 | )%
h " . . ) [, . . . .10 2
(5}
0 length x 50 v v €0 v o=
182 Lo ’r _,_/_/7__._ — ___.______(5_ L o e e e 1,\.\_._.__‘\ ..................... Q.Z.s_ 182
[ L . J :
gm: --- €z RS 4 ---oyy RS Y \‘ gbi
L | L : |
? ..... Epp NEW ///’r ..... Oyy NEW ' .‘,‘\‘\. \i
w ; F ~ o 1S
---&ga Ol R 1— ——-oyy Sl R 1—

018 p T . ? R reoe 128 g
182 Lo 'r - _/;7._..___.-___.____55 o L e e e e e e "\'T.._.: - ‘\ ..................... qs J 182
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Fig. 1 Serial 1D material chain (/eff) and parallel 1D material chain (right). Constant stress oy is applied in x-direction for the serial material chain
and constant strain is applied in y-direction for the parallel chain. (Color figure online)
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the sharp interface. In the case of a sharp interface, marked
by superscript SI, the average normal strain of the sample
en = (e, + efn) /2 and the total mechanical energy result
in W3l = 1€2V09/2 = 11105 /(4Ep), with [ as the length
of the simulation domain. Consequently, a quantitative dif-
fuse interface model should reproduce the strain and energy
density jump in the center of the domain and the resulting
total energy should be equal to sz)i.- The left part of Fig. 1
shows the resulting strain €,,,, and mechanical energy density
profiles W of the serial material chain derived with VT, RS
and the proposed model. The strain and the energy density
profiles of the RS and the proposed model follow exactly the
corresponding volume fraction profile of the material, which
is given by the order parameter ¢. The position of strain and
energy density jump is in the center of the simulation domain.
The total energy, calculated by a line integral over the sim-
ulation domain, is WRS = w/e® = WS The strain and
energy density profile of VT does not match the ideal profile
and the corresponding total energy deviates from the analytic
value WYT ~ 0.9WS! .

On the right side of Fig. 1, the results of the parallel mate-
rial chain are shown. The used boundary conditions are a
constant strain €¢ in y-direction, which is the tangential direc-
tion 7t of the interface, and zero stress in other directions.
The bulk tangential stresses are o;; = oy, = Eqé€p and af; =

oy%, = Egeo with a jump in the center of the material chain in
the sharp interface description. The average tangential stress
for the system is 02" = (o + 05)/2 = eo(Eq + Ep)/2.

S = legodV /2 = (11/4)l€].
The tangential stress and energy density profiles calculated
with VT and the proposed method follow the correspond-
ing volume fraction and the total energy is given by W,‘;Z =
whew — WSI The profiles calculated with RS do not match
the ideal line and consequently deviate the corresponding
total energy from theoretical value WRS ~ 0.9W3! .

These one-dimensional simulations show that the assump-
tion of constant strains in the diffuse interfacial region is only
valid for the tangential components and that the assumption
of constant stresses in the interface is only valid for the nor-
mal components.

The total energy results in W3/

3.2 Stress profiles of a plate with inclusion compared
with theory

The simulations presented in Sect. 3.1 show that the proposed
model describes the serial and parallel material chain exactly,
where only the normal or tangential components of stresses
and strains are acting, respectively. In order to validate the
presented model in a more realistic system, we model a two-
dimensional plate under plain strain conditions with a soft
cylindrical inclusion under hydrostatic tension and compare
the stress, strain and energy density fields, with theoretical
predictions [22]. The simulation setup is shown in Fig. 2
top left. We insert a circular inclusion with a radius of r =
100 cells (1 cell = 1 x 1pum) in a simulation domain of
1300 x 1300 cells. The used width of the transition region

- [ ' ' ' o5
L e -4 0
1 1 0N | et ] \S
« - > i <
S t—0.1C* r RS LA 1°
C O C 0',,474 _l'l:::.:.:.:..—.l:.:.:.z.'sr-brl'a . ¢)’L E 028
1
T Jo.07
| S -4 ©
T99 | \\\\' ] Q
00 « - 00 i, &
L s, i
SO T ST
fields are plotted T T T T T
along the line r T e 11.75
3 . TS 4 o
5
« - ---RS A 15
..... new ] g‘
+ + ¥ - - - theory ¢i 1o
o) - - - Durga . Y
5.8F" : S "] : "Jo.07
of DA R I 1 e
P e - X
=t e )/ 1 I~ 15
S L PRt ’ ] | ""-.::_~~ i Y
——————————— - et ,. =T
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Fig. 2 Stress and strain profiles calculated with VT, RS and a pro-
posed model of a plate with a soft cylindrical inclusion (C' = 0.1C*)
under hydrostatic tension conditions compared with theoretical predic-
tions [22]. The particular field profiles are plotted along the green line

pictured in the simulation setup on the top left side. For comparison
the energy density profile calculated according to Durga et al. [3] (see
Eq. (66)) is plotted. (Color figure online)
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between the phases is A &~ 2.5¢ &~ 12 cells. We choose
an isotropic stiffness tensor with Young’s modulus E; =
210 GPa for the plate, E; = 0.1E; for the soft inclusion
and an equal Poisson’s ratio for both phases vy = v; =
0.3. The hydrostatic tension is realized by a constant stress
oo = 100 MPa around the plate. In order to split the stress
and strain fields in the normal and tangential components,
we use the cylindrical coordinates for the underlying radial
symmetric system. Thereby we can write 0,,, = 0y, €4 =
€, 0gy = o0y and €gg = €;;. We evaluate the stress, strain
and energy profiles in the transition zone between the solid
and the inclusion. Therefore, we plot the corresponding field
profiles, calculated with Voigt/Taylor, Reuss/Sachs, and the
proposed model in comparison with theoretically predicted
profiles along the green highlighted line in Fig. 2 top left.

We observe the same results as for the one-dimensional
simulations in (Sect. 3.1). There is a deviation from the theo-
retically calculated profiles of the non homogenous variables
oy and €, that are calculated using VT or RS methods
respectively. The two-dimensional simulations show an addi-
tional deviation in the bulk phases for the homogenous
variables 0,,, and ¢;,. These deviations in stresses and strains
cause a deviation in the elastic potential energy W in the
transition region, as well as in the bulk. The bulk energy
deviation depends on the curvature « and on the interface
width A. For the underlying simulation with kA & 0.12, we
have a deviation of 7.3 % for VT and a deviation of 7.4 %
for RV results. For a larger « and A product, e.g. kA = 0.8,
the deviation is raised to 29 % for VT and 27 % for RS. The
profiles of the homogenous and non homogenous variables,
calculated with the proposed model, match very well with the
theoretical predictions. Hence the deviation of bulk energy
densities for kA ~ 0.12 is negligibly small (=~ 0.2 %). For
kA = 0.8, which is an extreme value for a proper description
of a curved interface, we get a deviation of ~ 6 %.

As mentioned in the introduction, Durga et al. [3] pre-
sented amodel where the stress and strain fields are calculated
separately with VT and RS which then combine the cor-
responding strain and stress components for the energy
calculation. Using this model, the energy density for the
underlying radial symmetric system results in

rr rr

1 o/ v
WDurga — 5 (O’RSES + O,Z_St G[YT) h(¢)
1 ./ ./
+5 (arfﬁse;, +ol e,ZT) (1 — ¢). (66)

Thereby, the non homogeneous variables are defined as [3]

X vT s s RS
' Chner +CruShrr0

s rrrr®rr
= - S ) (67)
— YrreeCrrit
s RS s s VT
es’ _ Srrrrarr + Srrttcltttett (68)
rr T 1-0C5.,.88
rrit~rritt
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and the corresponding components for the inclusion. As
shown in Fig. 2 energy density W " 8¢ provides the expected
energy profile in the transition region. However, the profile
does not match the theoretical value within the inclusion.
This deviation is caused by the deviation of o%5 and €7,
which serve as the basis for the calculation of WP#84 (see

Eq. (66)).
3.3 Validation of the driving force

For solidification processes, Kim et al. [16], Plapp [17]
Choudhury and Nestler [ 18] pointed out, that using a potential
which only uses homogenous variables avoid the interfacial
excess energy. Durga et al. [3] have shown, that also in the
case of elasticity, there is an excess energy in the interface
and they have demonstrated their impact [3]. In order to
demonstrate that the proposed model does not produce an
energy excess in the interface, we generate one-dimensional
equilibrium states for the serial and parallel material chain.
The simulation setups are the same as the ones we used in
Sect. 3.1. In addition, we calculate the evolution of the order
parameter given by Eq. (4) with the elastic contribution to
the driving force given by Eq. (36).

For the case of serial material chains, the equilibrium
conditions are o, = a,‘?,, and p%(&) = pP(&). The first
condition is fulfilled by the chosen boundary conditions
o = of, = o0. Due to the underlying one-dimensional
problem, the particular energy density given by Eq. (53)
decreases to

1 -1 ~
pr &) = 5 (Gnn[_ca],mnnann) — Onnény,

1
= 50’0 (—Sa

nnnn

o0 — 2E,) . (69)

Assuming that the eigenstrain in the softer phase is zero é,fn =
0, the eigenstrain in the « phase for serial material chain
follows from the second equilibrium condition reading

P (Oun) = pﬁ (onn)

1 N 1
EGO (_Sgnnnao — 26:;[") = —ansfnnnao
- 1
- Egn = E (annn - Sgnnn) 00- (70)

Figure 3 pictures the strain and ¢ equilibrium profiles in the
left diagrams. The order parameter profile calculated with
RS and proposed model follow the initial ¢ profile. The
resulting interface width A is equal to the theoretical value
A = e /4 ~ 2.5¢. The solution calculated with VT model
shows a deviation in €,, and ¢ from the ideal profile.

In the case of parallel material chain, the equilibrium con-
ditions change to €/, = eg = ¢ and p®(&§) = pP(&). With
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Fig. 3 Equilibrium profiles of ¢ and ¢,, correspondingly oy, for the
serial (left) and parallel (right) material chain calculated with VT, RS
and the proposed new model. The chosen nondimensionalized initial

the assumption Efn = 0 and the equality of bulk energy den-
sities, the following set of equations hold

P (er) = pP (e

I, - 1 2 L,
Eeocgtt — Cli€0€r + ECﬁne;‘i = Eeoctﬂm
Chun

— 'éz = €0 1 — m
Clllt

(71)

The resulting oy, and ¢ equilibrium profiles are pictured in
Fig. 3 on the right. While the equilibrium ¢ profiles calculated
with VT and the proposed model are equal to the initial ¢
profile, the equilibrium ¢ profile calculated with RS model
becomes broader.

The reason for the change of equilibrium interface widths
Aeq 1s the elastic interfacial excess energy. Kim et al. [16]
and Cha et al. [23] pointed out the role of interfacial excess
energy and calculated the equilibrium interface width A and
surface energy y for solidification in binary systems. For the
presented model we obtain

1 do
,\z/ ’
0 \/%¢(1_¢)+%AP(¢,V¢,§)

(72)

116
V=2)/0/ \/—2¢<1—¢)+iAP<¢,V¢,s>d¢, (73)
0 T Y0

with AP(¢, V$. &) = P(p, Vg, &) — p*(&) — pP(&) as
the elastic energy density difference between values at the
interface and that of the bulk phases. Durga et al. [3] cal-
culated and illustrated the elastic contribution to interfacial
excess energy for different interface widths. For the proposed
model the elastic contribution of interfacial energy excess of
a one-dimensional two phase domain is defined as

surface energy yo = 5 x 1073 for the serial and yp = 4 x 107 for the
parallel material chain. (Color figure online)

3= [ P0.Ve.0 - p®) - e

=/°° AP(b. V. E)dx. (74)

—00

Applying Egs. (72), (73) and (74) to other models, the energy
density P(¢, V¢, &) has to be replaced correspondingly.
For an odd profile P(¢, V¢, &), which is antisymmetric at
¢ = 0.5, the elastic interfacial energy excess W;;* vanishes
and we retrieve the expected values for A = 72¢/4 and
y = 0. Each deviation from this profile leads to an excess
energy contribution W;;* # 0, which distorts the equilibrium
¢ and which in turn modifies the resulting interface width A
and surface energy y, according to Egs. (72), (73). Figure 4
images this context. An elastic energy density profile which is
antisymmetric at the ¢ = 0.5 point changes the equilibrium
interface width and surface energy. The energy profile of the
serial chain calculated with VT model or the energy profile
of parallel chain calculated with RS model (see Fig. 1), are
elastic energy densities with non antisymmetric profiles at
the ¢ = 0.5 isoline. We find a change of both, the interface
width as well as the surface energy. Using an energy den-
sity, which depends only on homogenous variables, avoids
an energy excess in the interface and the expected values for A
and y follow. This context is shown and applied to solidifica-
tion processes by Choudhury and Nestler [18]. The proposed
model uses the homogenous variable & = (o, e,)T in the
formulation of P(¢, V¢, §), see Eq. (43). All discontinuities
are incorporated in the material parameter 7 (¢, V¢). The
excess energy W/’ vanishes and the equilibrium ¢ profile
does not distort in a stationary solution of Eq. (4), as pictured
in Fig. 3 for parallel and serial material chain. Consequently,
the elastic contribution to the driving force does not modify
the equilibrium values of A and y, as shown in Fig. 3 for a
mount of W% /yy ratios.
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Fig. 4 Equilibrium interface widths A and corresponding surface energies y for the serial (leff) and parallel (right) material chains with variating

initial surface energy yy. (Color figure online)

3.4 2D equilibrium through Gibbs-Thomson effect

In two dimensions, an interfacial equilibrium condition can
be reached using the Gibbs—Thomson effect. For a circu-
lar inclusion of radius r;, embedded in a matrix material,
an equilibrium is reached, if the surface energy is equal to
the potential energy. Such a condition satisfies the following
local condition [4,24,25]

o —o = (e - eh) oh) =241, (75)

where w*, @' are the grand canonical energy densities of the
solid and the inclusion respectively. k = 1/r; is the mean
curvature and [7; is the excess grand canonical energy den-
sity at the transition surface. €5 — €/ = [e,] is the jump
of strains and o, the corresponding stress component in the
normal direction of the transition surface. The present inves-
tigation concentrates on the mechanical contribution, thus
the jump of grand canonical energy densities reduces to the
jump of elastic energy density ® — ' = [w] = [W,] at the
sharp interface transition surface. For purely elastic systems,
the Gibbs—Thomson Eq. (75) reduces to

[Werl = (€] o}) = riiy;q, (76)

with yy; as the surface energy density. The left part of the
previous expression is nothing else then the difference of
particular Eshelby Tensors (see Eq. (37)) in nn direction. As
already mentioned in Sect. 2.4 jump of the Ehselby Tensors
in nn direction (r, [b]n)is equal to the jump of bulk densities
[p(on, €)]. It comes as no surprise, that in a sharp interface
limit, the elastic contribution of the Gibbs—Thomson Eq. (76)

@ Springer

is exactly equal to the elastic driving force contribution of the
proposed model d P(¢p, Vo, 0, €:)/0¢.

We choose the simulation setup of Sect. 3.2. Furthermore
we use the theoretically predicted stress fields of Mai and
Singh [22] and calculate the equilibrium surface energy den-
sity y;! according to Eq. (76)

vt = 5 (losheolefhr) = ot eolletteol) . (7D

eg’é (r;) and 00’2‘ (r;) are the theoretical values at the transition
surface. The theoretical description of Mai and Singh [22]
for the underlying problem requires a load o, which acts in
infinity. In order to fit this value we compare the outer energy
of the simulation with the energy of theoretical description at
appropriate distance. Thereby we have ensured, that the outer
energies of the simulation and the theoretical description are
equal. This condition is satisfied for oo = 1.0097120¢ and
a chosen value of og = 100 MPa in the simulation.

Figure 5 (left) shows the energy field near the equilibrium
condition calculated with the proposed model. The growth
or shrinkage plot of the inclusion for different surface energy
densities y;; is shown on the right. This plot demonstrates the
quantity of the proposed driving force including 2D struc-
tures and curved surfaces. The elastic driving force of our
model is consistent with the theoretically predicted ones,
described by Eq. (77).

4 Conclusion

In this paper, we present a quantitative elasticity phase-filed
model for solid—solid systems. Despite the diffuse interface,
which is indispensable for the phase-field models, the method
satisfies the mechanical jump conditions. Comparing the
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Fig. 5 2D validation of the proposed model over the Gibbs—Thomson
effect. The computed energy field is shown on the left. The energy
profiles on fop right refer to simulations, which satisfy the condition

simulated stress profiles in a plate with a round inclusion
under hydrostatic tension with theoretically predicted stress
fields, we show the quantitative characteristics of the resulted
fields. The presented one dimensional equilibrium simula-
tions demonstrate the quantity of the elastic driving force
contribution and show the limits of VT and RS model. Both
the interface width as well as the surface energy remain stable
at equilibrium applying the proposed model regardless of the
elastic driving force contribution. The two-dimensional equi-
librium simulations, according to the Gibbs—Thomson effect,
demonstrate the quantity of the proposed elastic driving force
contribution on curved surfaces. We show a connection of
the formulated bulk potentials with the Eshelby Tensor and
demonstrate, that the proposed elastic driving force con-
tribution is exactly equal to the elastic contribution of the
Gibbs—Thomson equation.

Additionally we offer the possibility to calculate the
stresses for the particular phase 6% = (0, 6;")T in the tran-
sition region. The normal component is equal for both phases
and the tangential component is given by

o apa(ansel)

= 78
oy de, (78)

with p“(a,, €;) as described in Eq. (53). The quantitative
stresses of the particular phase is important to solve the yield
criterion in order to calculate plastic strain. For example the
Prandtl-Reuss model [26] with von Mises yield criterion and
linear isotropic hardening approximation can be used. The

Vsi/ ys‘f (r;) = 1 and which are plotted along the green marked line. The
growth or shrinkage of the inclusion for different surface energy densi-
ties yy; are shown in the bottom right diagram. (Color figure online)

coupling of the resulted phase dependent plastic strain e‘;l
with the proposed model is straightforward using Eq. (48).
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Appendix
Transformation of stresses and strains in Voigt notation

In the Voigt notation, the strains and stresses can be written
as

(79
(80)

v T
o = (011, 022, 033, 023, 013, 012) ",

T
€' = (€11, €22, €33, 2€23, 2€13, 2€12)

Then, the transformation (10) becomes o, = M{o", with
the transformation matrix

niny] nyny n3ng 2non3 2n1n3 2n1ny
tty hty Bty 2ty 21113 2t
M — S1S] 8§28 $383 285083 25153 25152
o 1S sy 1383 lhs3+13sy  t1s3+13s1  f1S2+1hs)
n1sy n2s2 n3s3 n2s3+n3sy nis3+nzsy nisa+n2sy
nity naly n3ty nat3+n3ty nitz+nsty nit+nat
(81)
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An analogue transformation for the strain can be written
as €, = M/€", with the transformation matrix

niny npn N3n3 nan3 nin3 niny
nn nhty Bty L3 nt nn
My =| S1s1 s282 83853 283 5183 51852

€ 21181 25y 21353 tsz+t3sy  t1s3+13s) t1s2+128)

2n1sy 2npsy 2n3s3 nps3+n3sy nis3+nis; nisy+nasg

2nity 2npty 2n3t3 not3+nsty nitz+nsty nit+not;
(82)

We reorder the components of the strain and stress vectors
and define

T
6% = (Enn’ €nss €nt» €1ty €ss5 €ts ) = (€, ft)Tv (83)
€ €
T
0% = (Unna Ons, Ont, Ott, Ogs, Ots ) = (oa, at)T~ 84
o, o,

Due to this reformulation, we permute the rows of the previ-
ous matrices M and MY, but the named properties remain

niny npny nini 2non3 2n1nj3 2niny
nity npty n3tz3 natz+nsty nit3+nzty nih+n2h
ni1s1 n2s2 N3$3 N2s3+n3sy nisz+nzs; nisz+nosg
Hty bt Bt3 2hhH 213 2t1ty
S1S1 $2852  $383 285283 25183 25182
11s1 sy 13§z sy + 1352 1183+ 1381 1182+ sy
(85)

niny npnp nN3N3 Non3 ninj niny

2n1ty 2n3ty 2n3t3 nat3+nztr nitz+nstp nit+nah

2n1s) 2n3sy 2n3s3 nps3+n3sy nis3+n3s; nisy+nas|

1 iy 1313 nt3 1t 1t

5151 5282 8383 85283 5183 51852

2t181 28y 21353 sz 4135y 1153+ 1381 1152 + DSy
(86)

M.

This follow the transformations of stresses and strains as
used in Eqgs. (20) and (21).

5 Driving force contributions of VT and RS model

The main assumption of the VT scheme [1] is that the strains
of overlapping phases are equal. In a two phase system with
¢« and ¢g, the corresponding volume fractions follow Eq. (1)
for the stress 0 V'7. The energy density results accordingly
to [9-11]

LT (b, €) = S Oh@) + fhe)(1 — h(¢))
1
=3 ((e — &%, C%(e — €))h(¢)

+le—&.CPe— N -h@). @)
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Using Eq. (4), the corresponding contribution of the driving
force for the VT model is given by

AT @0 = 5 (1~ & cle— &)

oh
— ey @) (88)

—(e — €%, C%(e 20

The assumption of the RS model is that the stresses are
equal for the two overlapping phases. The system variables
are now changed from strains to stresses. The corresponding
elastic potential of phase « for such a system can be derived
by changing the system variable in Eq. (87) with the Legendre
transformation to the form

RS @) = YT (. e) — et ai"’ © (89)

This results in

1
145 = 5 ("5 (87 (1 = h(@) — Sh(9)) o)
S A IO IEIONE (90)

with ¢ ®S given in Eq. (2). The corresponding contribution
of the driving force for the RS model can be expresses as

Afelfs(¢, o) = (% <GRS’ (Sa _ Sﬂ) 0R5>

+(o"S, & — &) He)

30 oD
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