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Abstract In the context of the study of structures coupled
with internal liquids, we present in this article a theoretical
work to treat the coupling between the structure elasticity
and the surface tension phenomenon, which has not been
the object of specific studies before (according to the authors
knowledge). Considering an incompressible and inviscid lig-
uid in an elastic container, an energy approach is used to
obtain a variational formulation of the small amplitude vibra-
tions of the coupled problem around the nonlinear static
equilibrium position. The incompressibility of the liquid sup-
posed inviscid and the contact condition at the fluid-structure
interface are introduced by Lagrange multipliers. Gravita-
tional forces and surface tensions are both taken into account
considering their associated potential energies.

Keywords Variational formulation - Least action
principle - Fluid structure interaction - Hydroelasticity -
Wall contact condition - Incompressibility - Sloshing -
Surface tension

1 Introduction
The motion of liquids contained in satellites, probes or

space stations can influence the vibrational behavior of
the main structure, and disturb the stabilization procedures
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or the trajectory controller. This liquid sloshing phenom-
enon has been studied for many years [1,10,14,16], and
the estimation of the inner liquid eigenmodes and eigenfre-
quencies, right from the design phase, is still an important
topic.

In previous works, the effect of the gravity on the vibra-
tions of a coupled fluid-structure system [18] and the effect
of capillary forces on the liquid sloshing in a rigid container
[9] have been studied independently. The aim of this work
is to establish a unified formulation taking into account the
structure elasticity, the gravity effects and the capillary forces
considering an inviscid and incompressible liquid.

Since the coupled local equations of the problem are not
known a priori, we propose to use an energy method. This
approach also allows to take into account the fluid incom-
pressibility or the contact condition at the fluid-structure
interface with Lagrange multipliers [4]. A similar idea of
starting with an augmented Lagrangian approach to FSI, and
then formally (i.e., using variational arguments) eliminating
the Lagrange multipliers to obtain an appropriately coupled
FSI problem only in terms of the primal variables was pro-
posed in [2,3]. In [2] and [12] the resultant formulation was
applied to the simulation of wind turbine FSI using FEM
for aerodynamics and isogeometric analysis [13] for struc-
tural mechanics. It should here be emphasized that the primal
variable which is retained for the fluid will be only the dis-
placement field of the free surface. For the liquid domain, we
will use a potential displacement field.

Using the Hamilton’s principle of least action, the varia-
tional formulation of the non linear static problem is first
presented (Sect. 3). Then, the dynamic equations of the
system and its linearization using the fluid and structure dis-
placements are presented (Sect. 4). In Sect. 5, the fluid poten-
tial displacement is introduced to eliminate the Lagrange
multipliers (Sects. 6, 7). Finally, a discretization by the
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finite element method gives the matrix equation of the system
(Sect. 8).

2 Notations

We first use the fluid and structure displacements to describe
the system, three different states can be distinguished (see
Fig. 1):

The natural state which is a virtual configuration: no forces
are applied on the fluid-structure system. The free surface
is horizontal. Elements related to this configuration are
indexed by the sign °.

The equilibrium state is the reference state which is deter-
mined by the static study (Sect. 3) and the elements
related to this state are indexed by the sign *. By applying
forces associated to a potential energy, the system reaches
its equilibrium shape. The fluid and structure displace-
ments corresponding to this transformation are respec-
tively written U and U?. Due to surface tensions, the
free surface at the equilibrium state is curved (it forms a
meniscus).

The dynamical state is the state at all time #: a shaking
force f is applied on the structure (surface X f).1 For sake
of brevity, we suppose here that the applied force is in equi-
librium. The fluid and structure displacements are written
UF and US.

The volume of fluid §2F is delimited by the free surface I”
and the fluid-structure interface X'. Let y be the intersection
between I" and X, y is also called the triple line. The fluid
position is given by the vector field X with X = X° + UF
and XY is the position of the fluid at its natural state. The
solid domain is written §2g and the solid—gas interface is
Y. ny and np are the outward unit normals to the fluid
on X and I". On the triple line, we will use the basis illus-
trated by Fig. 2: ¢,, is tangent to y, vy and v are the unit
vectors tangent to X and I" such that £, = vy A ny and
ty=nr Avr.

3 Static study

Let £ be the Lagrangian of the system defined by: £ =
T —V + W,y, where 7 is the kinetic energy, V the potential
energy and W,,, is the work done by the external load f
on X ;. We first consider the static problem in which 7" and
W,y are null. The potential energy is composed of the gravi-
tational potential energy of the fluid E, the elastic potential
energy of the structure E,;,s and the surface energies written

' f is supposed to be a dead load.
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E,,.Let @ = (U, UY) be the displacement unknown of
the problem, 8¢ = (8uf, §u) a small variation of Q (kine-
matically admissible). From the principle of minimum total
potential energy, a mechanical system shall find an equilib-
rium position which minimizes its total potential energy. The
physically admissible solution Q* is such that the variation

of £ is null for any &q:

oL
a Q Q:Q*

In the rest, we will use the notation §g[ £ 1*(8q) to repre-
sent the derivative of £ with respect to @ in the direction dq
around the equilibrium state Q*. Moreover, the variation in
(1) will be done under constraints using Lagrange multipliers
added to the Lagrangian. The first constraint is the incom-
pressibility of the liquid introduced by the term Z. Similarly,
the coupling between the structure and the fluid will be taken
into account by the term C such that:

(8g) =0, Viq ey

L= _(Eelas + Eg + Eom,) +C+71 (2)

In sects. 3.1-3.5, we determine the first order variation of
those energies in order to express the variational formulation
of the static problem in Sect. 3.6.

3.1 Gravitational potential energy of the fluid

By definition, the gravitational potential energy is given by:

Epes(UF) = ng/stzF =ng/ Z det(F) d2%
QF 29

3

where Z = X - i, and i, is the vertical unit vector ori-
ented upwards. pf is the mass density and g the gravity
constant.> As the incompressibility condition is enforced in
the Lagrangian via a constraint, the mass conservation will
be taken into account considering that p* is constant. F is
the deformation gradient and the Jacobian of this transforma-
tion is given by J = det(F'). The small variation of a volume
df2F is given by (see [7, Chap. 9]):

§[d2p18u’) = div(suF)de2p

Moreover, noting that § [ Z | (8uf) = u” - i_, the first var-
iation of the gravitational potential energy in direction du’
is given by:

Syr [Epes] (5u™) =,0Fg/div(Z suf)dep )
2F

2 ¢ can be assimilated to the gravity on earth or to the acceleration of
the system’s frame of reference.
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Natural State

Fig. 1 Representation of the different states

Using the Green formulae:

8[Epes|(Su’) = pF'g / Zsuf - nds 5)

rux

where n is the outward unit normal to the volume 2.

3.2 Elastic potential energy of the structure

The first variation of the elastic potential energy of the struc-
ture E,jq, in direction 8u? is classically given by:

8ys [Ectas] (5u5) = /Tr [O’(US) 8(5us)] a2s|  ©)

g

where ¢ is the linearized strain tensor, and O the Cauchy’s
strain tensor.

3.3 Surface energies

Let S be the interface between two media (one of them is
condensed), the surface energy associated to S is a potential
energy proportional to the area of S written Ag [20]:
Eg =o0s5As @)
where og is the capillary coefficient of S (supposed to be
constant in this article). For a displacement field U defined

on S, the first variation of the surface energy in direction du
can be written [7]:

Su [Es] (8u) = o / divs(Su)dS 8)

N

Us

Equilibrium State

Dynamic State

Writing su/ the part of $u tangent to S and du the normal
component of u, we have du = su/ + §ut and:

divg(du) = diVS(Su//) + (bu - n)divg(n) +n - Vg(éu - n)

n is the unit surface normal of § and V g the surface gradient
along S.? Vg being tangent to the surface S, the last term is
null. By definition, we will write divg(n) = 2H where H
is the local mean curvature of S. Finally, applying the Green
formula on (8):

S[Es] (du) = 057{814 -vdS + 0'5/21‘1 du -ndS 9)

aS S

where 95 is the boundary of S. Let ¢ be the tangent vector
of 8§, v is such that the basis (¢, v, n) is the Darboux frame
(see Fig. 2). Let Ex, Ex,; and E be the energies respec-
tively associated to the interfaces X', ¥g and I" with the
constant surface energy densities o7, oG and . The sum of
these energies is equal to the energy E,,,, in expression (2).
Considering the energies Er, Ex, Ex and (9), we chose to
associate the energy E - and the terms on the boundary of the
free surface y to the fluid displacement U . The terms cor-
responding to the normal displacement of the energies Ex
and Ex, are associated to the structure displacement U S,
We have:

8yF [Eoy Sufy =35 [cAr + 0L As + 06 As; ] (Suf)
8ys [Eow | u’) = 8 [06As; + orAs] (u®)

3 For a scalar field k, the surface gradient V g can be defined by V gk =
Vk — (Vk - n)n. The surface divergence divg can be expressed, for a
vector field v defined on S, by divs = V - v — n"[D(v)]n, where D(v)
is the tensor of partial derivatives of vector v.
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Fig. 2 Local basis (also called the Darboux frame) illustrated with the
triple line y

with:

5 1Er] (3u™) =U%8up-vrdy L
14
: J/ZHFSuF-nde

r
(10)
S[Ex]uf) :aL%SuF vy dy

Y
S[EEG](SuF) = —agj{ﬁup -vy dy
Y

8[Es;] (u’) = o6 / 2Hsx, 8u’ -ny, dZ¢

G (11)
S[Ex](u’) = aL/zH,g suS ny ds

)

3.4 Incompressibilty

For a displacement field UF defined on the fluid domain
.Q(f , the incompressibility can be expressed by the relation
J(UF) = 1. We deduce from this relation the incompress-
ibility term Z:

I(A,UF)=/A(J—1) de2l (12)
2F

where A is the Lagrange multiplier associated to the incom-
pressibility and we denote by §A its virtual fluctuation. Using
the expression of the variation of J given by (3.1) we have:

Syr[Z1(8u") = / Adiv(éuf) d2p (13)

F
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Integrating by part this expression we have:

S[Z1u’) = /AauF-nds—/VA-auFdQF

ruxy QF

(14)

The variation of Z with respect to A in direction §A is given
by:

SALZ]1(5)) = /SA(J —1) deY

F
‘QO

(15)

3.5 Wall contact condition
3.5.1 At the interface X

For virtual displacements Su¥ and §u’, we will consider that
the coupling term on the interface X' will be such that:

Sys yr [Cx 1(8u®, su’) =/M(5us—6up)~n2d2
X

(16)

where M is a Lagrange multiplier, homogeneous to a pres-
sure. The part involved in the fluid equation (taking §u$ = 0)
is the opposite of the one involved in the structure equation
(reciprocal action). One of the interests here is to uncouple
the fluid and structure displacements by relaxing the contact
condition through the operator Cs. U and U¥ are indepen-
dents on X' which simplifies the derivations.

3.5.2 On the triple line y

The first variation of the surface energy E,, , in Sect. 3.3
illustrates the different works done by the surface forces on
the interfaces I, X~ and X' and by the line forces on the triple
line y (see (10) and (11)). Taking v = cos(8)v x+sin(f)n 5
(cf. Fig. 2), the projection of those line forces on vy gives
the Young’s relation oG — o = o cos(f) where 6 is the
contact angle. Then, by projecting on n 5, we notice that the
liquid applies on the solid a force per unit length f g /5 whose
magnitude is o sin(#), pulling on y in direction n 5 :

fy/s =—0 sin(@) ny (17)

In [6], the authors show, by using a microscopic scale model
showing the molecular attraction between the liquid and the
solid on the triple line “layer”, that the normal force exerted
by the solid on the liquid can be represented at a macroscopic
scale by a force per unit length fg’/F = o sin(f) ny. This



Comput Mech (2012) 50:729-741

733

force compensates the effect of f 1}’ /5- We notice the singu-
larity coming from the classic theory of elastic solids in three
dimensions: a line force would be accompanied by infinite
deformations. The explicit expression for the local micro-
scopic deformation of the substrate is given in [21]. In the
resolution of the static problem, the elastic deformation due
to f 1}’ /s would be negligible due to the high Young’s modulus
of the container. To take into account the contact condition
(16) at the triple line we introduce another coupling term C,,
suchthat C =Cx +C,:

s[c,] 6ud, su”) = fMy(auS— sufy - npdy| (18
14

Here, the Lagrange multiplier M,, is homogeneous to a force
per unit length.

3.6 Variational formulation

L is a function of the variables (UF, US, A, M, M,). Let
C?]F X C?]s and Cp;r x Cyys be the spaces of admissible func-
tions (UF, US) respectively defined on .Q% U .{22 and 2r U
§2s. The Lagrangian is given by (2) and the static problem
writes:

UL, UL, A M* M3) € C)p x CY g x R,

V(Sul', susS, sx, 81, 81y) € ch X cgs x R3
Syr [ LTF@uf) =0

Sys [LTF (Su’) =0 (19)

SALLT" (M) =0

Sl LT (6p) =0

Sm, [L]"Bpy) =0

The first two equations correspond to the fluid and structure
equation, the last three corresponding to the constraints taken
into account. The variational formulation (20) of the static
problem is non linear (U and U? can take large values). It
is possible to solve the complete problem, however, we will
neglect in the rest of the article the deformation of the struc-
ture due to gravity effects and the pre-stress stiffness will be
defined on X° considering that X* and X are superimposed
o f = 0). Thus, the static study meet the one presented in
[8] which is solved using the iterative method of Newton—
Raphson to find the free surface shape I"*. We do not present
this method here and we consider that the free surface at the
equilibrium state and U are known.

From the fluid equation it is possible to express the
Lagrange multipliers A*, M*, and M. The first variation
of the energies we consider in direction u* around the state
2F is given by (5), (10), (11), (14), (16) and (18). Taking
UfF =vu f in these expressions, we deduce the variation of
L around the static equilibrium £27. and the first relation of
(19) gives:

—/VA*-auF def

ef

—i—/(A*—,oFg Z*—UZHI’E)n}i-SuFdF

[‘*

—i—/(A*—,oFgZ*—M*)n*E-SuFdZJ
2*

+f (—a sin(9) — M;) nk - suf dy =0 (20)
y*

With test functions null on the boundary of the fluid domain
32f we obtain:

VA* =0 = A*constant on 2} (21)

Then, using (21) in (20) and taking respectively test functions
Suf null on X* and y*, I'* and y* we have:

A* = plg 7* 4+ 62H} onT* (22a)
M* = A* — pFgz* on X* (22b)
M; = —osin(f) on y* (22¢)

Considering the relation on the free surface I'*, the expres-
sion pf'g Z* + o 2H[. is constant, which corresponds to the
Laplace—Young equation that is generally written:

P — Pz =02H} onTl* (23)

where P is the pressure in the fluid at the free surface and
PG the external gas pressure. Then we have A* — pf'g Z* =
P — Pg on I'* and we deduce the following expressions:

A*=P._og—Pg onTl*
M*=P—P; onX*

(24a)
(24b)

The Lagrange multiplier M* can be interpreted as the hydro-
static pressure on X*,

4 Dynamic analysis

4.1 Nonlinear formulation

Let S be the action of the system:
5]
S= / Ldt (25)
141

where ¢ and #, are fixed instants. The generalization of (20)
in dynamics is given by the Hamilton’s principle of least
action: a mechanical system shall follow the trajectory which
minimizes its total action. The real path Q taken by the sys-
tem between times #; and #, is determined by a variational
approach. S is a function of @ and the velocity unknown
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Q. The physically admissible path of motion is such that the
variation of S is null for any perturbation:
3[S(Q, 0)1(3q.3¢) =0 VY (3¢, 3q) (26)
with 8¢ (1) = dq(t2) = 0. Similarly to the static study, we
include the constitutive law of the fluid and the contact con-

dition at the fluid structure interface in £. We consider in this
part the kinetic energies of the fluid £ g and the structure E g

and we have: £ = (EE + E8) = (Epes + Ea, ) +T+C+
Wex:. Thus, the principle of least action yields:

S[S1Guf, sufy=0 (a)
S[S1@uS, 6u8) =0  (b)
S[ST1GAM) =0 (©
S[STBu) =0 (d)
S[S]1(6uy) =0 (e)

27)

4.2 Linearization

As we only consider small vibrations around the equilib-
rium state, we linearize system (27) by writing variables
UE,US, A, M, M,)) as:

WUFUS, A, M, M) = (U, U3, A*, M*, M) + - --
e (qu usv )\7 M, H‘}/)

(28)

where (uF Jus, I, 14y ) represent small perturbations. The
linearization of relation (26) is given by its expansion around
the static state:

5[S1(8q,89) =5[S1" (8q,8q) +---
——
A

I LI T (C27) WP CI T (T2

0 70 (@) (29)
Considering the problem (19), the Eq. (29) can be simplified
since A is null. In Sect. 4.2 we determine the linearization of
the kinetic energies and of the energies presented in Sect. 3
in order to express the dynamical Eq. (27).

We introduce in the rest of this article the normal varia-
tion vector 7 defined for any displacement u. Considering a
surface element d.S and its normal vector n, we have®:

T(u)dS =6 [ndS] (u) (30)

4 By definition we have: 7(x) = (V - u)n —'D(u)n.
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4.2.1 Kinetic energy
By definition, the kinetic energy of the fluid E' g is given by:

1 .
E{ = E/WUF)Z dQ2r (31)
2F

Only the variation of this energy with respect to the velocity

UF appears in (29). This gives the classical expression of the
kinetic energy linearized around a fixed position £27.:

F N . .
a[(S[EC 1(51! )] (uF) — / pFuF ~8uFdQF
aUF

(32)
2F

The expression of the kinetic energy of the structure is iden-

tical, with ,oS the solid density we have:

oL EE ]G]
oUS

) = / oSuS - suSdQsg
825

(33)

4.2.2 Gravity potential energy

The non linear expression (5) depends on U¥ and its linear-
ization is given by:

38 [Epes | (5uT)]"
"BUF @ =s|pfg

*
/ zsu¥ ~ndS:| @f)
rus
= K5 @f su™)+ K. ¥, su”)
(34)
where Kﬁ”-(uF, Suf) and ng (u®, su”) are respectively
defined on I"* and X* such that:

KS.uF, u”) = /ng(uF-iZ)éuF - dl
1"*
+/,0FgZ*6uF~r”j~(uF)dF

F*

K. ¥, suf) = /,oFg(uF-iZ)é‘uF n%dx
2*

—i—/,oFgZ*SuF . r’)‘;(uF)dE
Z‘*

(35a)

(35b)

4.2.3 Elastic potential energy

The linearization of the first variation of the elastic potential
energy introduced in Sect. 3.2 is given by:

8 [Eetas] (SuS)]"
aUs

where K £ is the classically used elastic stiffness of the struc-
ture and K ¢ is the geometric stiffness linked to the prestress

@S)=(Kg + Kg) @S, $u’)

(36)
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applied on the structure by the fluid. These stiffnesses are
given by:

K @S, 5u5) :/Tr [c 8(u5)8(5u5)] 402 37)
25

Ko’ su’) = /Tr [D(us) O’O(D(Sus))T]dQS
Q5
(38)

where oy is the stress tensor at initial state (the domain .Q;‘
is superposed to .Q(S)), C is the fourth order tensor that char-
acterizes the elasticity of the structure.’

4.2.4 Surface energies

The energy E only depends on U ¥, then from (10) we have:

a[a [Er]((suF)i| *
7 wf)y=s J/diVS(SuF)dy )
r
ZU%SMF'S[V['(],J/]*(”F)—F--'
y*
. G/SMF-S[ZHpnp dry* @®y = K@, su®)
1"*
(39)

The energies Ex; and Ex depend on U F and US (see
Sect. 3.3). We will write:

A8 [Es,] Guf)]"

wf) = —a(;?{auF S[vsdy]” @)
V*

aur
F k
M(MF) — O'L%auF -5 [pz dy]* (uF)
U
V*
I8 [Ess] (uD]"
205 @®)
=og / $ub - §[2Hs, nx, d¥g]|" @) (40a)
e
S IE=] 6u)]”
T("S)
— o / suS - 8 [2Hs ny dZT @) (40b)
Z‘*

5 Let us remark that in case of a non linear initial deformation, an addi-
tional stiffness term must be inserted [19].

4.2.5 Incompressibility

The incompressibility Z is a function of A and U¥ . The first
variation according to each variable is given in (14) and (15).
Using the relation V A* = 0 obtained in the static study and
the fact that §[A](X) = A we have:

als1Z16uM]" A[s1Z1u™H"
BITIGOT ), 0 I
U 9A
= / A*suf  oi@fyds + - -
r*ux*
/ xauF-nzdS—/w-auFdQF 41)
' *ux* _Q;
We introduce K 14 and K g such that:
K&l suf) = /A* suf .o @fydr (42)
1"*
KL @b, sul) = /A* suf -4 whdx (43)
2*

Moreover, the linearization of § [ Z ] (6A) writes:

[srz16M]"

SUT (uF)z/s)\div(uF)dQ (44)

2k

As only 7 depends on A, (44) corresponds to the linearized
relation (c) of (27).

4.2.6 Wall contact condition
At the interface X

We consider at first the fluid equation (§u® = 0), the energy
introducing the coupling writes:

S[Cg](éup)z—/MSuF-ngdZ‘ (45)
)

The linearization of this energy is done considering small dis-
placement of the fluid around the interface X* (the interface
follows fluid particles, see Fig. 3):

srCx 1@uD)]
Ut

wf) = —/M* suf .o @hdx
E*
(46)

Cx also depends on M, writing ;. the small pressure fluc-
tuations corresponding to a fluid displacement we have:

srCx 1@6uD)]
Y; (n

F) = —/w suf .nidx (47)
Z‘*
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Fig. 3 Interfaces X* and X, point P; and its repre§entation after a fluid
displacement (P) and a structure displacement (P )

In the structure equation we write pg the pressure fluctu-
ation corresponding to small displacement of the structure
around X*. The linearization of the coupling term is then
given by:

srCs16u)]" o 9[s[Cs 1))
ous O oM

:/M* 8us-t’§:(us)d2+/us sus . nidx  (48)
X* X*

(us)

In Fig. 3 the surfaces X and X* are represented. Let P be a
point that belongs to X and displacements uf and S are such
that P;P = u® and P;P" = u®. The Lagrange multiplier
M* represents the static pressure, w g the pressure difference
between P; and P/, and ur the pressure difference between
P; and P. The relation between those two pressures is given
by the expansion of the pressure around P [17]:

ps = ur +VM*- @S —uf) (49)

wr and pg can be interpreted as the Lagrangian pres-
sure fluctuation following the liquid or the solid. Finally,
the linearization of §[Cx](6u) is obtained considering
relations (47) and (48) written for displacements uf, u®,

and Su:

srCs16w]" 5o B[sICzI6W]
T T B
z/aﬂ (S — u) - npdz (50)
Z‘*

Since only Cx depends on M, then (50) corresponds to the
linearized relation (d) of (27).

@ Springer

On the triple line y

The same approach is used to linearize terms associated to
Cy:
Y

as[c, ] @u)]*
aUF

wf) = —%M;‘ suf .5 [n;dyTk @)
y*
a[s1C, 1 6ub]
oM,

() == §uf uF mpdy 5D
y*

For the structure equation:

o[s [Cy ] ud]”

UR) =7§M; sut - §[nsdy]" @®)

aus
14
as[c, | @ud]"
bl 51&14 ] (ui)zjéui 6u® - ndy (52)
4 e
with
wy =g + VM- @S —ub) (53)

As M; is constant we have /L)S, = /1,5 . The linearization of

1) [Cy] (844y ), which corresponds to the linearized relation
(d) of (27), is obtained considering (51) and (52) written for
displacements uf u’, and Spny:

3[8[61/](5%/)]* 3[5[01/](5/%/)]*
aUF aUS
. / Sy (uS — uF) - miady (54)

y*

@) + uS)

We now write the fluid and structure equations (relations
(a) and (b) of (27)). The new variables of this problem are
(uF , us, A, [, [y ). We consider the fluid equation to express
the Lagrange multipliers (A, i, 1, ) as a function of the fluid
and structure displacements. Using the relations (24) and the
linearized energies, we directly write:

5}

/ /(—pFu"F—w) suFdor

no| 2%

+/ (—,oFg(uF-iz)—US[ZHp]* (uF)+/\)3uF nhdl
F*

+/(—ng(uF-iz)+)»—up)8uF-n*2d2
E*

+J<z§p,§3uF ndy [dr=0 (55)

y*
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where the kinetic energy has been modified using an integra-
tion by part:

/,oFu‘F -&;Fd.QF = —/pFlt‘}V~6uFd[2F
2F 2k
5]
+ /pFuFoSuF

0Q*
F f

=0

As suf (1)) = suf (1;) = 0, the last term is null. Consider-
ing test functions null on the boundary of the fluid domain
32F we have:

Vi =—pfuf on 2} (56)

Taking the curl of this expression, we notice that the
linearized liquid displacements u¥ are irrotational since
curl@f) = 0.6 Using (56) in (55) and considering test func-
tions null on I"* and y* we have:

nwrp=x—prg@h i) onx* (57)

Similarly, the free surface equation is obtained considering
test function null on X* and y*:

r=pFg@f i))y+os2H " @) onr* (58)

Finally, from (58), (57) and (56) we deduce that uf = 0.
Indeed, we supposed that the contact angle is constant, oth-
erwise, the lineic force magnitude would depend on the fluid
displacement and /,L)f = §[o sin6] F).

5 Elimination of the Lagrange multipliers

The irrotational displacement of the fluid will be described
by a potential displacement ¢ such that uf = V¢ on Q%.
¢ is defined up to an additional constant. Introducing this
new variable instead of u¥, it is now possible to eliminate
the Lagrange multipliers. However, as we will see later, it
is convenient to keep the unknown uf on the fluid domain
boundary (X, I', y). From (56) we then deduce an expression
of A:

r=—pf ¢ +n@® (59)

where 7 (u¥) is a scalar and a linear function of . Consid-
ering expression (59), this Lagrange multiplier can be assim-
ilated to the eulerian pressure fluctuation [17]. The unicity of
7 is ensured by an unicity condition written /(¢) = 0 where
! is a linear form such that /(1) # 0.

6 From (56), Curl(u.F) = 0 and with appropriate zero initial condition
we will consider that curl(@¥) = 0.

A and pp are functions of uf and uS and we now want
to eliminate those Lagrange multipliers writing a reduced
Lagrangian £ that only depends on (U¥, US). This change
of variable yields a formulation in terms of @f, us, ©, ).
Suppressing the Lagrange multipliers, we suppress equations
(c), (d) and (e) of (27). This new problem is equivalent if we
consider the incompressibility condition div(uf) = 0in Q7
and the boundary condition u” - n%. = u5 - n%, on ¥*. Then
the new linearized problem writes:

F
M( Fy—0 véuF eCyr (a)
s
W( $Y =0 veuSecCys ()| (60)
div®) =0 on 2; ©
uf iy =ud.-n, =0 onx* (d)

Now we need to reformulate the incompressibility and cou-
pling terms Z and C that depend on the Lagrange multipliers.
From (14), the first variation of 7 is given by:

S[Z](dul) = /A div(suf)d2p
QF
+/8[A] Sufy (- 1) d2¥ (61)

0
QF
Then its linearization writes:

A[81Z16uD]" oo B[sIZ1@uD)]*
-+
U auS
=/(8[A]*(uF u®))div(su™)d2p
25

@)

+ /A* suf
r*ux*

+/8[A]* Suf) divw®der
25

~Ti)ds

S[AT uf ,us) corresponds to the linearization of A
around the reference state and is equal to ruf, uS). In
comparison with (41), this new expression has an addi-
tional term that contains the constitutive law of the fluid
div(uf) and corresponds to its weak form. This additional
term yields the equation of the fluid in §¢. Using (59) and
S[ AT (duf) = —pF8§ we have:
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s1Z16ul)])" Lo d[s[ZT16ul)]"
T s )
=2/pFV¢-V(S‘£pd9F+ / A* suf - o5 @)ds
% r*yxx*

+ / (—pF g+m)dut - n*ds
r=uz+
—/pFa‘go ulf . ntdr —/pF(s'g‘o uS . nhdr  (62)
I* o*
The coupling term C corresponding to the boundary con-
dition is obtained for the fluid equation simply replacing
relations (57) and (24) in (46) and (47). For the structure
equation, the coupling term appears in the form given by
(48). Considering the relation (49), M* is given by (24) and
noting that VM* = —pf g i, we have:
ns=—p"¢+m—pfg@® iy (63)
Finally, the kinetic energy of the fluid (32) is defined on £27.,
and can be written using the potential displacement as:
s EE ] @uD)]*
Ut

wf) = / V¢ - Vpds2s
2F

6 Linearized fluid dynamic formulation

Relation (a) of the problem (60) gives two formulations
corresponding to the two variables used to describe the
fluid movement (u¥ , ¢). Introducing C,, the admissible
space of functions 8¢, ¢ is in Cj defined by C; =
{p €Cy/1(p) =0, I(1) # 0} and, for all 8¢ in Cy:

/Vgo.v&'pd:zp—/u'”-n>;3'¢dr—---

fod r+

B®, 5p)

F(p,5¢)

. /uS~ ns Spdx =0 (64)
Z‘*

Cw®, 8p)

F is the operator associated to the kinetic energy and B repre-
sents the coupling between ¢ and u on the free surface I'*.
C is the fluid structure coupling operator at the interface X*.
We notice that only the second derivative of the test function
8¢ appears in (64), it is then possible to replace 8¢ by 8¢,
this operation corresponds to a double time-integration with
zero initial conditions. Then considering the terms in duf
we write the second variational equation of the fluid using
the operators previously introduced and introducing the two
following operators:

@ Springer

K", su") = G}I{SuF Svrdy]" @™ (65)
y*

Ry (8u®) =/8uF -n}-dIr
1—‘*

where K ?/ ¥, 8uf) is a stiffness contact angle defined on

*

the triple line. For all test functions du ¥ in CZ r Where C UF =

(uf e Cyr Ju’ -nY = uf -n’. on X*}:
(K% + KT — K$) @”, su’)
— K@, su")+ B(p, su") —nRp@Gu’) =0 (66)

7 Linearized structure dynamic formulation

The structure equation is given by the relation (b) of (60) and
can be written using (33), (36), (40) and (48) (M*, M;,* and
/,LS are given by (24) and (63)). For all test functions su’ in
Cl*]s where C;‘/s ={use Cys JuS - nh =uf - n%on T¥):

M@, 5u’)
+(Ke+Ko+KE+KY +KS — KE+K0) @, 6u)
+C($, 8u’) — 7Rz (8u®) = f,.,(6uS) (67)

where f,, is the external work of the force f for a displace-
ment §uS and we have:

S o (8uS) = /f SuSdx (63)
z

M(S, 5u’) =/u"5.5u5d95 (69)
25

KwS, su’) = /ng 7 86uS - 75dz
E*
—i—/,oFg @S - i)éus -ndx
2*
K4 @S, su) = /A*Sus ThdE
Z‘*

R;;(Sus):/ ous -npdx
2*
K @S, 8u) = GL/8u5~8[2H2ngdZ‘]* @)
2*

+or j{ sus .5 [vz dy]* (uS)
y*
K‘;?G(us,aus) =o0g / $us - §[2Hs,ny dI']" @)

%G
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—og 7{ sus. s [vs dy]” uS)
y*

A function ¢ in C, can be uniquely written as ¢ = ¢* + ¢
where ¢* isinCj and c isaconstantdefined by ¢ = I(¢)/I(1).
Then we have: Cy, = C:; @ R and from the formulation (64) it
is possible to write two separated equations considering test
functions ¢ in Cj;:

F(p.8¢) — Bw" 8¢) — Cw® 8p) =0 Vép €C}; (70)
and in R (writing them §7):
3n(Rp(5uF) + R);(Sus)) —0 Vsm eR (71)

Let K r and K g be the stiffnesses associated to the fluid and
the structure, we have K p = KS}: + K‘Ii — Kjl — K;‘: and
Ks=Kp+Kc+K¥+ KT +K§ —K§+Kf.
Finally, the system to solve is given by (66), (67), (70) and
(71):

IwF, uS, ¢, 7)€ CZF X C;}S X C; x R,
Y(8g, suf , sus, sm) € CipxCrgxCoxR
F(p.8¢) — Bw® 5¢9) — CwS, 6p) = 0
Kp@® su®)+ B ou") —aRput) =0 (72)
KS(uS,SuS)+M5(us,8us)+-~-
< C(@,8uS) — TRz (8uS) = f
Sﬂ(Rr(BuF)-i-Rz(SuS)) —0

From (69), it is obvious that M s is symmetric. To show the
symmetry of Kt and K3 let us first consider the generic
bilinear operator Alg(v, w) defined on a surface S and for
any scalar function k:

Ak v, w)=/(v-Vk)w-ndS+/kw-rs(v) ds (73)
S S

where v and w are two vectors defined on S. Let 0§ be the
boundary of S, we will use the Darboux frame (n, vg, ts)
introduced by Fig. 2 where £ is tangent to 95 and oriented
with the right hand rule. It can be shown that [9]:

Ak v, w)—A]g(w,v):j{k(w/\v)-tg ds (74)

14

The operator Ky is given for vector fields duf and uf
defined on I'* by K p(uf, $uf) = (K‘f- + K$ — K4 —
Kf,)(uF,SuF). Operators K., K% and Kjl are given by

(35a), (39;\(42) and (65). We introduce the operator I/(T}
such that K§.(u¥, suf) = (K¢ — K9) ", su”):

K7, suf) = U/Su -S[2Hrnr dI'T* (u) (75)

r*

K%, K% and K14, and thus K r, can be written using

o2H}

FZ* — %
AL K8 = A7.%% KT =K. "and K& = AL

Then:

S=r

Kr" suf) = | @ sufy  (76)

k=pFgZ+o2Hr—A

and from (74) we have:
Kr@®, su®) — Kp@®, su®)

:j{ (ngZ* + 02H} — A*) (SuF A up) -t,dy
" (77)

Using relation (24), expression (77) is null which shows that
K r is symmetric. We notice in [9], that the authors give an
expression of K. which is symmetric, this operator is pro-
portional to the second variation of the surface I".

For vector fields u and u defined on £25 U .Q; the oper-

ator Ky is given by Kgs(u, du) = (KE + Kg + K}L +

K5 + K% — K4+ Kf,)(u, du). We first notice that con-
sidering (37) and (38), K g and K g have symmetrical forms.
Moreover, K ;L and K ‘;GG are proportional to the second var-
iation of surfaces ¥ and X and are symmetric. We now
need to show the symmetry of the operator K; given by
K; = K% — Kg + K‘; for vector fields du and u defined
on £27. U 25. Then we have:

K (u, Su) = (ng — K4 -K7+K7+ K" )(u, su)
1
K, K?
K % is equal to K¢ and is symmetric. Considering X* its
boundary y* oriented along —¢,, we have:
K;(u,du)— K;(0u,u)
= 7{ (_ngz* — 02H} + A*) (SuAu)-t,dy =0
y*

The operator K; is symmetric, and because in (67), Kg
(u, 8u) is defined on £25 we take du = Sus and u = uS.

Ks@f, su®)is symmetric as a sum of symmetric operators.

8 Numerical resolution

To numerically solve this variational problem we first con-
sider the discretization of each operators by the classical
Finite Element Method, uS, uf and @ being the nodal
unknowns of #S, u¥ and ¢. The same notations is used for
the matrices associated to these operators. The matrix equa-
tion associated with (72) writes:

@ Springer



740

Comput Mech (2012) 50:729-741

Ks 0 0-Rs|/uS Ms 0 C 07 /uS
0 Krg 0—-R/|[ufF 0 0BO|fuF|__
-C" -B"F 0 3 ooooll | ¢
—-Rz"-R;/"0 0 T 0000\ 5

(78)

Where Fg = (f;xt’ 0,0, O)T. Because ¢ and 8¢ are in C*, we
now need to impose a linear arbitrary relation between the
elements of @. We chose to suppress the first degree of free-
dom and we write @,, C,, F»; and B, the truncated vector
and matrices [17]. Introducing Kg, Mg, Cg, Rg. u€ and @

defined by:
_[Ks 0 [Mso I8,
KG_[O KF} MG__() 0} CG_[CJ
_|Rs c _[uS G _ | fext
am ] e =[] e [

the problem (78) writes

Kg 0 —Rg]/uG\ [MgCg0 uG G
—CiFn 0 S|+ 0 00 |fdy =0
R, 0 0 J\x/ [0 0o\ 0
(79)
The condition u - n%. = uS - n%, on y* still needs to be

taken into account (the field ¥ doesn’t appear on X*). This
operation constraints the degrees of freedom of uC. Itis then
possible to build a matrix Q such that u® = Qu,, and u, is
the vector of unknowns taking into account that constraint.
The problem (79) writes:

K. 0 R, /u, M, C, 07 /U, f,
—CIFy 0 S|+ 0 00| D=0
RT 0 o w 0 00|\ 0

with K, = Q"KgQ, M, = Q"MgQ,C, = Q"Cg, R, =
Q'Rg and f, = Q"¢ Finally, the particular choice of the
unicity condition allows us to eliminate the variable @, as
F2, is inversible: @, = F,,'C,Tu,. This operation leads to
the final system to solve:

Ko —R.](u.), M, 4+ C.F, C.T 0] i\ (f.
-RT 0 \= 0 o\#)"\o

K, and M, are associated to symmetric operators and because
F»; is symmetric and inversible, F2_21 is symmetric. Then, we
can easily deduce from this expression the eigenvalue prob-
lem that gives the real eigenmodes and eigenvalues of the
coupled system.

9 Conclusion
An energy approach has been used to establish the non lin-

ear variational formulation for an elastic structure contain-
ing an incompressible and inviscid liquid. The originality

@ Springer

of the present work is to take into account the surface ten-
sion phenomenon and its effect on the structure deformations
and on the fluid sloshing. The linearization of this formula-
tion, around the (nonlinear) equilibrium position of the sys-
tem, is presented. We notice that this formulation is coherent
with the ones presented in [18] and [9], respectively when
the surface tensions and the structure deformations are not
taken into account. A numerical resolution strategy using a
finite element discretization yields the symmetrical matrix
equation of the linearized coupled problem. Applications to
satellite tanks and bladder tanks are in progress and will be
presented in future papers. Following the initiated works to
introduce the viscous dissipation in our conservative mod-
els [15], this new formulation is a promising framework to
take into account the damping sources involving both the
viscosity and the capillarity at the liquid free surface [11].
A non constant dynamic contact angle between the liquid
free surface and the tank wall can be naturally represented
by considering the dynamic evolution ,uf of the Lagrange
multiplier M, : ,uf = S[sin0](uF), where 6 is a function
of uf that can be sometimes highly nonlinear [5]. Moreover,
the presence of the lineic capillary force on the structure wall
creates a singularity in the structure equations. Its modeliza-
tion in the case of a three dimensional structure model is an
open problem that will be the subject of future investigations.
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