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Abstract In this paper, a variationally consistent contact
formulation is considered and we provide an abstract frame-
work for the a priori error analysis in the special case of fric-
tionless contact and small deformations. Special emphasis is
put on quadratic mortar finite element methods. It is shown
that under quite weak assumptions on the Lagrange multi-
plier space O(ht−1), 2 < t < 5

2 , a priori results in the H1-
norm for the error in the displacement and in the H−1/2-norm
for the error in the surface traction can be established pro-
vided that the solution is regular enough. We discuss several
choices of Lagrange multipliers ranging from the standard
lowest order conforming finite elements to locally defined
biorthogonal basis functions. The crucial property for the
analysis is that the basis functions have a local positive mean
value. Numerical results are exemplarily presented for one
particular choice of biorthogonal (i.e. dual) basis functions
and also comprise the case of finite deformation contact.
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1 Introduction

In many engineering problems, contact between elastic bod-
ies plays a crucial role. Although early theoretical results go
back to Hertz [11], the numerical simulation is still challeng-
ing and many theoretical questions remain open. There are
several monographs on contact mechanics such as [5,16,17].
More recent existence and uniqueness results can be found
in [4,9] and numerical simulation techniques are discussed
in [18,32,33]. One of the main challenges relates to the fact
that the transition between contact and non-contact is a pri-
ori not known and is characterized by a change in the type
of the boundary condition possibly resulting in a solution of
reduced regularity. Although quadratic finite elements offer
several appealing features for contact analysis, such as an
improved approximation of curved surfaces, mortar meth-
ods for 3D contact have so far mainly been analyzed and
developed in the context of first-order interpolation. In con-
trast, the present contribution aims at establishing an abstract
framework for a priori estimates for 3D contact problems
with quadratic finite elements and at validating the obtained
theoretical results with meaningful numerical examples.

The rest of the paper is organized as follows: In Sect. 2,
we introduce the problem setting and its weak formula-
tion. The non-penetration condition and Coulomb’s fric-
tion law result in a variational inequality with a solution
dependent convex cone as solution space for the surface
traction. The discretization in terms of second order finite
elements for the displacement is considered in Sect. 3. In
Sect. 4, the main theoretical results can be found. We pro-
vide an abstract framework such that O(ht−1), 2 < t < 5

2 ,
a priori results in the H1-norm for the error in the dis-
placement and in the H−1/2-norm for the error in the sur-
face traction can be established provided that the solu-
tion is regular enough. To do so, easy to verify assump-
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tions on the Lagrange multiplier basis functions have to
be imposed. We recall in Sect. 5 some of the choices for
the Lagrange multipliers which can be found in the liter-
ature and show that all of them satisfy our assumptions.
Finally in Sect. 6, numerical results are presented showing
higher order accuracy of the quadratic approach compared
to the linear discretization and also illustrating the flexibility
of the presented scheme in the context of finite deforma-
tions.

2 Problem setting

For the sake of simplicity, we restrict the presentation to
the simple case of a contact problem with small deforma-
tions here. Due to this assumption, the infinitesimal strain
ε(u) := 1

2 (∇u+∇uT ) and the Cauchy stress σ (u) := Cε(u)

can be used in the weak variational formulation, and the ref-
erence configuration can be identified with the current con-
figuration. We refer to [7,23,24,26–28] for the more general
finite deformation case. Let the open sets Ωm,Ωs ⊂ R

3 rep-
resent two bodies in the reference configuration. The bound-
aries ∂Ω l , l ∈ {m, s}, are decomposed into three disjoint
boundary sets Γ l

D, Γ l
N and Γ l

c , where Γ l
D stands for the non-

trivial Dirichlet boundary part, Γ l
N is the Neumann boundary,

and Γ l
c represents the potential contact surface.

The boundary value problem on Ω l , l ∈ {m, s}, of quasi-
static small deformation elasticity reads as follows:

divσ l + bl = 0, in Ω l × (0, T ),

ul = ul
D, on Γ l

D × (0, T ),

σ lnl = tl , on Γ l
N × (0, T ), (1)

where t ∈ [0, T ] plays the role of a pseudo-time and nl is
the outer unit normal. The prescribed displacements on the
Dirichlet boundary are given by ul

D and without loss of gener-
ality we assume ul

D = 0. The Neumann data is denoted by tl ,
and bl stands for a body force. In order to obtain a well-posed
coupled system, the two bodies have to be in equilibrium,
and we have to specify the conditions for non-penetration
and friction. To do so, we use the linearized gap function
gn ∈ H1/2(Γ s

c ) and introduce the negative surface traction λ

on Γ s
c by λ := −σ sns. Then, the linearized non-penetration

condition in normal direction reads as

[un] ≤ gn , λn ≥ 0 , λn([un] − gn) = 0 , (2)

where λn := λns is the normal component of the surface
stress, and [un] := (us −um ◦χ)ns is the jump of the mapped
boundary displacements. Here χ(·) denotes a suitable map-
ping from Γ s

s onto Γ m
c . In addition to (2), we have to satisfy

Coulomb’s law in tangential direction:

‖λt‖ ≤ νλn, [u̇t ]λt − νλn‖[u̇t ]‖ = 0 , (3)

where the tangential components are defined by λt := λ −
λnns and [ut ] := [u] − [un]ns, [u] := us − um ◦ χ, ν ≥ 0
is the friction coefficient, and ‖ · ‖ stands for the Euclidean
norm.

For further details on contact kinematics and frictional
sliding the interested reader is referred to [17,18,32]. To start
the derivation of a weak formulation of (1), we define V :=
Vm × Vs, Vm := (V m)3, Vs := (V s)3 with

V l :=
{
vl ∈ H1(Ω l), | vl = 0 on Γ l

D

}
, l ∈ {m, s}.

For simplicity of notation, we use the same symbol for vec-
torial as for scalar spaces and operators but use a bold font
for vectorial spaces, i.e., V denotes a scalar valued space
whereas V stands for the vectorial version. In addition to the
displacement u = (um, us), we use the negative surface trac-
tion λ on Γ s

c as additional unknown. Thus we have to specify
a suitable set for the Lagrange multiplier λ. Let M be the
dual space of the trace space W of Vs restricted to Γ s

c . Then
we define the non-empty closed convex cone M(λ) by

M(λ) := {μ ∈ M | 〈μ, v〉Γ s
c

≤ 〈νλn, ‖vt‖〉Γ s
c
,

for v ∈ W with − vn ∈ W +}, (4)

where 〈·, ·〉Γ s
c

stands for the scalar or vectorial valued duality
pairing between H−1/2 and H1/2 on Γ s

c . Moreover, W + is
a closed non-empty convex cone being defined by W + :=
{w ∈ W, w ≥ 0}, where W is the trace space of V s restricted
to Γ s

c . We note that the definition (4) of the solution cone
for the Lagrange multiplier satisfies the condition on λ of the
friction law weakly. In terms of these preliminary definitions,
the weak saddle-point formulation of a quasi-static Coulomb
friction problem between two linearly elastic bodies reads
as: Find (u,λ) ∈ V × M(λ) such that for all v ∈ V and
μ ∈ M(λ)

a(u, v) + bn(λ, v) + bt (λ, v) = f (v), (5a)

bn(μ − λ, u) + bt (μ − λ, u̇) ≤ g(μ − λ), (5b)

where the bilinear forms and the linear form are given for
v, w ∈ V and μ ∈ M by

a(w, v) :=
∑

i=m,s

∫

Ω i

σ (w) : ε(v),

bn(μ, w) := 〈μn, [wn]〉Γ s
c
, bt (μ, w) := 〈μt , [wt ]〉Γ s

c
,

f (w) :=
∑

i=m,s

∫

Ω i

bi w +
∫

Γ i
N

ti w,

g(μ) := 〈μn, gn〉Γ s
c
.

We note that (5a) corresponds to the equilibrium and that
(5b) reflects in a weak form the non-penetration condition
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(2) and the friction law (3). It is easy to see that bn(μ, w) +
bt (μ, w) = 〈μ, [w]〉Γ s

c
. Moreover, setting μ = λ ± λnns

yields the complementarity bn(λ, u) = g(λ) in normal direc-
tion.

3 Second order finite elements

The saddle point problem (5) in terms of the displacement
and the contact traction is the starting point for the dis-
crete formulation. For the displacement we use standard con-
forming finite elements of second order on each subdomain
Vh := Vm

h ×Vs
h with homogeneous Dirichlet boundary con-

ditions on the discrete approximation of the Dirichlet part,
i.e., continuous element-wise quadratic elements on simpli-
cials and 27-node or 20-node elements in 3D on hexahe-
drals. The regularity of the solution is assumed to be such
that u ∈ Ht (Ωm) × Ht (Ωs), 2 < t < 5

2 , and we note that
for 1 ≤ t ≤ 2 no qualitative gain from the use of quadratic
elements can be expected. We refer to [2,12,13] for an a pri-
ori analysis in the 2D setting of special Lagrange multiplier
choices. Here, we focus on an abstract formulation and to
the 3D situation. We also introduce W (1)

h , which stands for
the trace space of lowest order conforming finite elements on
the slave side restricted to the discrete contact boundary part.
Associated with W (1)

h are the nodal basis functions N (1)
l .

The regularity of the solution compared to a linear elas-
ticity problem with homogeneous Dirichlet boundary con-
ditions on a convex domain and smooth right hand side is
reduced due to the fact that the inequality constraint gen-
erates a free boundary which marks the separation between
Dirichlet and Neumann boundary type conditions. Due to the
sign condition in (2), the first singular term in a Signorini type
problem does not occur and the second expansion term gives

a regularity of H
5
2 −ε for all ε > 0, see [20]. These observa-

tions motivate our interest in quadratic finite elements and a
priori estimates of order t − 1 with 2 < t < 5

2 .
We do not require that the slave and the master subdomain

are exactly represented by the elements, i.e., the union of all
elements on the master side Ωm

h and on the slave side Ωs
h

approximate Ωm and Ωs, respectively. The scalar and vector
valued H1-product space on Ωh := Ωm

h ∪ Ωs
h is denoted by

H1(Ωh) := H1(Ωm
h )×H1(Ωs

h) and H1(Ωh) := H1(Ωm
h )×

H1(Ωs
h), respectively.

To obtain a well-defined primal-dual problem in the dis-
crete setting, we have to specify in addition Mh := (Mh)3

and the discrete cone Mh(λh). Let {Ψ j } j=1,...ms
h

be a basis of
Mh associated with some set of nodes {x j } j=1,...ms

h
on Γ s

c;h ,
and assume that each μ ∈ Mh can be uniquely written as

μ = ∑ms
h

i=1 β iΨi ,β i ∈ R
3, then we set

Mh(λh) := {μ ∈ Mh, βn
i ≥ 0, ‖βt

i‖ ≤ νβn
i ,∀i = 1}, (6)

where ni is an approximation of the outer unit normal at the
node xi and βn

i := β i ni ,β
t
i := β i − βn

i ni . We point out

that the choice of the basis {Ψ j }ms
h

j=1 plays an important role
for the definition of Mh(λh). Moreover, (6) does not sat-
isfy Coulomb’s law in a strong form but only in a discrete
sense.

Here we focus on the space discretization and thus for sim-
plicity of presentation, we replace from now on u̇ in (5) by
the increment Δu. For convenience of notation, we restrict
ourselves to the first incremental step with Δu being equal
to u. Then the weak formulation in its discrete version reads:
Find (uh,λh) ∈ Vh × Mh(λh) such that for vh ∈ Vh and
μh ∈ Mh(λh), we have

ah(uh, vh) + bh(λh, vh) = fh(vh), (7a)

bh(μh − λh, uh) ≤ gh(μh − λh), (7b)

where the bilinear forms and the linear forms are given for
v, w ∈ Vh and μ ∈ Mh by

ah(w, v) :=
∑

i=m,s

∫

Ω i
h

σ (w) : ε(v),

bh(μ, w) :=
∫

Γ s
c;h

μh[w]h,

fh(w) :=
∑

i=m,s

∫

Ω i
h

bi w +
∫

Γ i
N;h

ti w,

gh(μ) :=
∫

Γ s
c;h

μh;ngh, μh;n :=
ms

h∑
i=1

βn
i Ψi

where the discrete jump is defined as [w]h := w|Γ s
c;h −w|Γ m

c;h ◦
χ

m,s
h , and χ

m,s
h is a suitable mapping from Γ s

c;h onto Γ m
c;h ,

see also [6] for a rigorous analysis in 2D and [25,26] for the
element-wise construction of such a mapping. The resulting
solution algorithm employed here is based on a reformulation
of the contact constraints within nonlinear complementar-
ity (NCP) functions and a subsequent application of semi-
smooth Newton methods, as presented in detail in [1,8,15,
23]. It is well-known that Coulomb friction adds significant
theoretical complexity to the contact problem as compared
with the frictionless case. In certain situations, questions con-
cerning existence and uniqueness of frictional solutions are
still unanswered or yield unsatisfactory results, see e.g. [4]
for a comprehensive overview.

Thus, the following investigations on a priori error bounds
as well as the numerical results in Sect. 6 will focus exclu-
sively on the frictionless case. Nevertheless, it should be
pointed out that, albeit such difficulties, the algorithmic treat-
ment of Coulomb friction can readily be achieved within the
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same framework established for the contact constraints in
normal direction, see e.g. our recent contributions [7,14,31].

4 A priori error bounds

For the a priori analysis in the H1-norm for the error in the
displacement and in the H−1/2-norm for the error in the sur-
face traction, we restrict ourselves to the simplest case of
a contact problem with no friction and assume that Γc =
Γ s

c;h = Γ m
c;h with a constant normal, i.e., gn = 0 and n is

independent of the position on Γc. No friction can be regarded
as a special case of Coulomb’s law with ν = 0, and thus we
obtain from (3) that λt = 0 and that the bilinear form can be
expressed in the scalar valued normal component of the sur-
face traction and the displacement. Moreover we assume that
the actual contact zone and its discrete counterparts are com-
pact subsets of Γc and that the discrete bilinear forms are
equal to the continuous ones, and that no extra variational
crime due to domain approximations enters. We refer to [6]
for an analysis of a simple scalar valued linear mortar setting
in case of curvilinear interfaces. From now on, 0 < c, C <

∞ denote generic constants not depending on the mesh-
size h.

We start by considering M(λh) in more detail for the spe-
cial case of ν = 0. As in the continuous setting the solution
dependent set M(λh) reduces to a solution independent set
M+

h which is given by

M+
h :=

⎧⎨
⎩μh =

ms
h∑

j=1

β jΨ j n j , β j ≥ 0, j = 1, . . . , ms
h

⎫⎬
⎭ . (8)

We point out that the discrete cone M+
h is, in general, a non-

conforming approximation of the contact pressure space.
Even for the special case of a constant normal, the condi-
tion on β j does, in general, not yield that M+

h ⊂ M+ :=
{μ ∈ M, μt = 0, 〈μn, w〉Γc ≥ 0, w ∈ W +} which is equal
to M(λ) for ν = 0. Moreover for a non-constant normal, we
also do not find strongly that the tangential part μht is equal
to zero for a general μh ∈ M+

h .

Remark 1 Alternative choices to define M+
h are

M+
h;1 := Mh ∩ M+, (9a)

M+
h;2 :=

⎧⎪⎨
⎪⎩
μ ∈ Mh,βt

i = 0,

ms
h∑

j=1

∫

Γc

βn
j Ψ jΦi ≥ 0,∀i

⎫⎪⎬
⎪⎭

, (9b)

where {Φl}l=1,...,ms
h

is a set of suitable functions, e.g., stan-
dard nodal Lagrange elements. In the case of lowest order
finite elements, most often, standard nodal hat functions or
biorthogonal dual basis functions are taken as approxima-
tions. In the first case, we then have M+

h = M+
h;1 ⊂ M+

h;2

if Φl = Ψl = N (1)
l . For Φl = N (1)

l and biorthogonal basis
functions Ψl , we find that M+

h;1 ⊂ M+
h = M+

h;2. Here we do
focus on the choice (8) but similar results can be obtained for
(9a) and (9b).

We are interested in O(ht−1), 2 < t < 5
2 , a priori

estimates, and thus we work with standard second order
conforming finite elements for the displacement. For the
Lagrange multiplier space Mh , we consider different alter-
natives. At the moment we only require inf-sup stability and
low order approximation properties. In addition to the dis-
crete dual space Mh , we use the scalar valued trace space W s

h
of V s

h restricted to Γc.

Assumption 1 We assume that (Mh, W s
h) satisfies a uniform

inf-sup condition, that {Ψ j } j=1,...ms
h

forms a local partition
of unity in the sense that

ms
h∑

j=1

Ψ j = 1, supp Ψ j = ∪{F ∈ F s
h such that x j ∈ F},

that the number of nodes x j per face is bounded indepen-
dently of the mesh-size and that ‖Ψ j‖0;Γc = O(h). Here F s

h
stands for the set of all faces of the slave side on the contact
interface.

We note that (Mh, W s
h) cannot satisfy an inf-sup condi-

tion if ms
h > ns

h := dim W s
h . Thus if Assumption 1 holds, we

can find subspaces Wh of W s
h such that (Mh, Wh) satisfies a

uniform inf-sup condition and such that ms
h := dim Mh =

dim Wh ≤ dim W s
h . We recall that if no inf-sup condition

holds, the uniqueness of the Lagrange multiplier cannot be
guaranteed. In terms of Assumption 1, we get a best approx-
imation property of Mh , i.e., for μ ∈ Hs(Γc), 0 ≤ s ≤ 1, we
have

inf
μh∈Mh

(‖μ − μh‖− 1
2 ;Γc√

h
+ ‖μ−μh‖0;Γc

)
≤ Chs |μ|s;Γc .

(10)

We note that a uniform inf-sup condition is standard for a
saddle point analysis and many choices exist for Mh . Due
to the inequality constraints on the Lagrange multiplier, we
have to impose additional constraints on the basis functions
of Mh .

To obtain optimal a priori estimates, we require the fol-
lowing assumptions to hold true. The non-conformity term in
uh can only be bounded if a sign condition on Ψ j is imposed.

Assumption 2 Let {Ψ j } j=1,...,ms
h

be the basis of Mh defin-

ing M+
h by (8). Then we assume that each basis has a pos-

itive mean value on the faces of its support, i.e., for all
j = 1, . . . , ms

h , we have∫

F

Ψ j > 0, F ∈ Fh and F ⊂ supp Ψ j . (11)
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For the non-conformity term inλh , we have to test the basis
functions Ψi , i = 1, . . . , ms

h , with the nodal basis functions

N (1)
l of W (1)

h . Here W (1)
h stands for the lowest order conform-

ing finite element space associated with the slave mesh on
Γc.

Assumption 3 Let {Ψ j } j=1,...,ms
h

be the basis of Mh defin-

ing M+
h by (8). Then we assume that each basis tested with

N (1)
l has a non-negative integral value, i.e.,

∫

Γc

Ψ j N (1)
l ≥ 0, j = 1, . . . , ms

h, l = 1, . . . , ns;(1)
h , (12)

where ns;(1)
h is the dimension of W (1)

h .

These conditions on the basis functions of Mh can be eas-
ily verified and as we will see in Sect. 5 several choices exist.
We note however that for ms

h = ns
h and standard nodal basis

functions for 20-node elements in 3D on hexahedrals (11) is
not satisfied. In that case, the restriction to the faces yields
8-node elements on quadrilaterals, and on the reference
square the basis function associated with the vertices have
a negative mean value. We point out that if (12) is satisfied
then we do automatically have

∫
Γc

Ψ j ≥ 0 since N (1)
l form

a partition of unity.
In addition to the assumptions on the Lagrange multiplier

basis functions, we do need a regularity assumption on the
shape of the actual contact zone Γa ⊂ Γc with Γ a := {x ∈
Γc, [un] = 0}.
Assumption 4 Let nh := {x ∈ Γc, dist (x, ∂Γa) ≤
nh}, n = 2, 3 and we assume that for v ∈ H

t− 1
2

0 (Γc \ Γa) it
holds

‖v‖0;nh ≤ Cht− 1
2 |v|t− 1

2 ;Γc
. (13)

We note that (13) is naturally satisfied if the boundary
of Γa is smooth enough, see e.g. [19], and that [un] is in

H
t− 1

2
0 (Γc \ Γa) if u ∈ Ht (Ωm) × Ht (Ωs).
Introducing the error Eh := (u−uh,λ−λh) and its associ-

ated norm E2
h := E2

u + E2
λ := ‖u−uh‖2

1;Ω +‖λ−λh‖2
− 1

2 ;Γc
,

the standard saddle-point theory and the complementarity
conditions provide a first upper bound for the error. The start-
ing point for the a priori analysis is the following lemma,
which has been introduced in [12] for standard Lagrange
multipliers and no friction. We refer to [31] for an extension
to friction.

Lemma 1 Let (u,λ) be the weak solution of the simplified
contact problem (5) and let (uh,λh) be the solution of the
discrete formulation (7) with ν = 0. If Assumption 1 holds,
we then have

cE2
h ≤ inf

vh∈Vh
‖u − vh‖2

1;Ω + inf
μh∈Mh

‖λ − μh‖2
− 1

2 ;Γc

+ bn(λh − λ, u − uh).

Proof For convenience, we recall the basic steps. Due to the
special case, the equilibrium only involves the normal part of
the Lagrange multiplier and bt (λ, v) = 0 and bt (λh, vh) = 0.
Firstly the uniform inf-sup stability of the discrete spaces and
the continuity of a(·, ·) and bn(·, ·) in combination with (5a)
and (7a) yield

cEλ ≤ inf
μh∈Mh

‖λ − μh‖− 1
2 ;Γc

+ ‖u − uh‖1;Ω.

Secondly, the coercivity of the bilinear form a(·, ·) and the
continuity of a(·, ·) and bn(·, ·) in combination with (5a) and
(7a) gives

cE2
u ≤ bn(λ − λh, uh − u) + Eh inf

vh∈Vh
‖u − vh‖1;Ω.

Now in terms of Young’s inequality the a priori result is
obtained. ��

We note that (5b) and (7b) did not enter into the proof
and that the upper bound is independent of the definition of
the convex cone M+

h . The first two terms in the upper bound
of Lemma 1 are the best approximation errors and are stan-
dard for a saddle-point problem. They reflect the quality of
the approximation property of the spaces Vh and Mh and
yield, due to Assumption 1, see also (10), order ht−1 bounds
if u ∈ Ht (Ωm) × Ht (Ωs), 2 < t < 5

2 . The third term is
a consistency error related to the inequality. We recall that
for standard linear saddle point equality problems, a Galer-
kin orthogonality is satisfied, and thus this third term can
be bounded by the first two terms. Unfortunately this does
not hold for contact problems. Using the complementarity
conditions bn(λ, u) = 0 = bn(λh, uh), it is trivial to see that

bn(λh − λ, u − uh) = bn(λh, u) + bn(λ, uh).

The term max(bn(λ, uh), 0) is equal to zero if the discrete
displacement satisfies the non-penetration condition point-
wise, and thus this term can be regarded as a measure for the
penetration of the discrete displacement. We recall that M+

h
is not necessarily a subspace of M+. As a consequence the
term max(bn(λh, u), 0) can be greater than zero, and thus
this term measures the non-conformity of λhn with respect
to the physical requirement of a positive contact pressure. In
our special case of a constant normal, we find that the tangen-
tial component of λh is strongly zero and thus no extra term
occurs. However in a more general case, the approximation
of the normal and tangential components also has to be taken
into account.

So far, no properties of M+
h did enter and the only con-

straint on the pairing Vh and Mh is the inf-sup stability.
Assumptions 2 and 3 provide sufficient conditions on M+

h
such that bn(λh − λ, u − uh) is of order ht−1. In contrast to
earlier work on quadratic finite elements for contact [12,13],
we may also adapt the basis for nodes on the slave side of
the contact part, and we do consider also the case ms

h < ns
h ,

see [10,13,24,28] for numerical results.
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Before we bound bn(λ − λh, u − uh), we provide some
preliminary results. For the normal components of the nega-
tive surface stress and the displacement, we use the notation
λn := λn, λn

h := λhn and un := un, un
h := uhn. Of crucial

importance for the proof is the following observation:
∫

Γc

[un
h]Ψ j ≤ 0, j = 1, . . . , ms

h (14)

which results from the definition of M+
h and (7b). We exploit

this sign property to define an L2-stable operator which maps
[un

h] onto a pointwise non-positive function. As a preliminary
step, we introduce locally on each contact face on the slave
side a biorthogonal set of linearly independent functions with
respect to {Ψi }i=1,...,ms

h
. The scaling is done such that both Ψi

and the biorthogonal function have the same positive mean
value. From these face-wise defined local functions we build
a global basis denoted by {Θi }i=1,...,ms

h
in the same way as

{Ψi }i=1,...,ms
h

is obtained from its local contributions. This
gluing step is standard for classical finite element basis func-
tions. We point out that by Assumption 1 the local Ψi form
a face-wise partition of unity, and thus the local Θi also do.
Since the gluing step is the same for both, the global Θi also
form a partition of unity. Moreover, Θi is in general not con-
tinuous but, by construction, has the same support as Ψi and
satisfies a global biorthogonality, i.e.,
∫

Γc

ΨiΘ j = δi j

∫

Γc

Ψi = δi j

∫

Γc

Θ j . (15)

In terms of {Θi }i=1,...,ms
h

we define two linear and L2-stable
operators Qh and Q∗

h . Both operators can be locally evaluated

Qhw := ∑ms
h

j=1 α jΘ j ∈ M∗
h := span {Θ j , j = 1, . . . , ms

h}
and Q∗

hμ := ∑ms
h

j=1 β jΨ j ∈ Mh with α j and β j defined by

α j :=
∫
Γc

wΨ j∫
Γc

Ψ j
, β j :=

∫
Γc

μΘ j∫
Γc

Θ j
, j = 1, . . . , ms

h .

The operators have the following two important properties.
Due to (15), we have the following orthogonality
∫

Γc

Q∗
hμ(w − Qhw) = 0. (16)

Stability and the fact that both basis sets {Θi }i=1,...,ms
h

and
{Ψi }i=1,...,ms

h
form a partition of unity guarantees a reproduc-

tion property of lowest order

‖w − Qhw‖0;Γc ≤ Chs |w|s;Γc , w ∈ Hs(Γc), 0 ≤ s ≤ 1,

(17a)

‖μ − Q∗
hμ‖0;Γc ≤ Chs |w|s;Γc , w ∈ Hs(Γc), 0 ≤ s ≤ 1.

(17b)

We note that higher order reproduction properties can be true
for special cases of {Ψi }i=1,...,ms

h
but then additional assump-

tions have to be imposed.

Remark 2 If the sets {Φi }i=1,...,ms
h

and {Ψi }i=1,...,ms
h

satisfy
the biorthogonality relation
∫

F

Φ jΨi = δi j

∫

F

Φ j , i, j = 1, . . . , ms
h, F ∈ Fh,

then we have Φi = Θi and thus M∗
h = Wh . Moreover due to

the diagonal structure of the mass matrix, we obtain that Qh

is the mortar projection operator and Q∗
h its dual. Then (17a)

also holds for 0 ≤ s ≤ 2. However in the general setting,
this does not hold true.

Remark 3 We point out that, in general, we cannot guarantee
that Θi ≥ 0. Moreover, due to the biorthogonality (15), Θi

and Ψi cannot be both non-negative for all indices. Of spe-
cial interest are situations where one set of basis functions is
non-negative but this is not a necessary condition and only
simplifies the proof.

We note that the following lemma is an abstract version of
a result in [12], see [13] for similar techniques and alternative
spaces.

Lemma 2 Under the regularity assumption of the solution
u ∈ Ht (Ωm) × Ht (Ωs), 2 < t < 5

2 , and Assumption 2, we
obtain for the consistency term in the displacement

bn(λ, uh) ≤ C
(

h2(t−1)|u|2t;Ω + ht−1|u|t;Ω‖u − uh‖1;Ω
)

provided that the actual contact region Γa ⊂ Γc satisfies (13)
(Assumption 4).

Proof We start with the construction of an operator Ph

which maps [un
h] onto a point-wise non-positive function.

By Assumption 2 and by construction of Θ j , we have that
aF

j := ∫
F Θ j = ∫

F Ψ j > 0 for F ⊂ supp Θ j = supp Ψ j .
Now there are two possibilities: In the case that Θ j ≥ 0, we
set Ph := Qh otherwise we do use a sub-partitioning of Γc

into non-overlapping simply connected shape regular boxes
B j such that the 2-dimensional area of B j ∩ F is equal to aF

j
and such that the node x j is in B j . We recall that

ms
h∑

j=1

aF
j = |F |,

ms
h∑

j=1

∑
F∈Fh

aF
j = |Γc|,

and thus such a partition can be easily found. Associated
with each box B j is now the characteristic function χ j . Let

Qhw = ∑ms
h

j=1 α jΘ j , then we define Phw := ∑ms
h

j=1 α jχ j ,
and due to (14), we get Ph[un

h] ≤ 0 strongly. Observing
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∫
F χ j = ∫

F Θ j , we find in terms of (16)

bn(λ, uh) = 〈λn, [un
h] − Qh[un

h] + Qh[un
h]〉Γc

= 〈λn − Q∗
hλn, [un

h] − Qh[un
h]〉Γc

+ 〈λn, Qh[un
h]−Ph[un

h]〉Γc +〈λn, Ph[un
h]〉Γc

≤ 〈λn − Q∗
hλn, [un

h] − Qh[un
h]〉Γc

+ 〈λn, Qh[un
h] − Ph[un

h]〉Γc

= 〈λn − Q∗
hλn, [un

h] − Qh[un
h]〉Γc

+ 〈λn − Π0λ
n, Qh[un

h] − Ph[un
h]〉Γc ,

where Π0 is the L2-projection onto face-wise constants. The
approximation properties (17) of Q∗

h and Qh now allow us
to bound the first term on the right. Using s = 1

2 in (17a) and
0 < s = t − 3

2 < 1 in (17b) and inserting ±[un],±Qh[un],
we get as bound

C
√

hht− 3
2 |u|t;Ω Eu + 〈λn − Q∗

hλn, [un] − Qh[un]〉Γc .

The second term on the right has a similar structure and can
be bounded by

C
√

hht− 3
2 |u|t;Ω Eu + 〈λn − Π0λ

n, Qh[un] − Ph[un]〉Γc .

Here, we have also used the approximation property of Π0

and of Ph . Adding these two bounds and using (16) and the
definition of Ph , we get

bn(λ, uh) ≤ Cht−1|u|t;Ω Eu + 〈λn, [un] − Ph[un]〉Γc .

In the last step, we exploit the complementarity and find in
terms of the local L2-stability of Ph and Qh and Assump-
tion 4

〈λn, [un] − Ph[un]〉Γc = −〈λn, Ph[un]〉Γc ≤ ht− 3
2 |u|1;Ω

C
(‖[un] − Ph[un]‖0;2h + ‖[un] − Qh[un]‖0;2h

)

≤ Cht− 3
2 |u|1;Ω‖[un]‖0;3h ≤ Cht− 3

2 ht− 1
2 |u|21;Ω.

��
We point out that if Ph = Qh and if W (1)

h ⊂ Wh = M∗
h ,

the Assumption 4 is not required and we can directly use the
bound

‖[un] − Qh[un]‖0;Γc ≤ Cht− 1
2 |[un]|t− 1

2 ;Γc
.

Lemma 3 Under Assumption 3 and the regularity assump-
tion u ∈ Ht (Ωm) × Ht (Ωs), 2 < t < 5

2 , we obtain for the
consistency term in the contact pressure

bn(λh, u) ≤ Cht−1|u|t;Ω‖λ − λh‖− 1
2 ;Γc

provided that the actual contact region Γa ⊂ Γc satisfies (13)
(Assumption 4).

Proof Let S̃h be a locally defined Clément type operator onto
W (1)

h being L2-stable and of approximation order ht−1 with
respect to the H1/2-norm. Moreover S̃hw ≤ 0 for w ≤ 0. The
existence of such an operator is guaranteed, see e.g. [3,21].
It can be easily locally constructed. Each element in W (1)

h
is uniquely defined by its values at the vertices p j . Setting
S̃hw(p j ) for all interior vertices on Γc as mean value of w

on a ball K j with center p j and radius O(h) such that K j ⊂
supp N (1)

j , we get S̃hw(p j ) ≤ 0 for w ≤ 0 and S̃hw(p j ) =
w(p j ) is w is affine on K j . Having S̃h[un] = ∑ns,(1)

h
j=1 β̃ j N (1)

j ,

we then define Sh[un] := ∑ns,(1)
h

j=1 β j N (1)
j with β j := β̃ j if

supp N (1)
j ⊂ supp [un] and β j := 0 otherwise. The defini-

tion of the coefficient gives that supp Sh[un] ⊂ supp [un]
and thus that 〈λn, Sh[un]〉Γc = 0. The triangle inequality,
an inverse estimate and the stability guarantee that ‖[un] −
Sh[un]‖ 1

2 ;Γc
can be bounded by

‖[un] − S̃h[un]‖ 1
2 ;Γc

+ c√
h

‖[un]‖0;h .

Finally Assumption 4 and the approximation properties of
S̃h yield

‖[un] − Sh[un]‖ 1
2 ;Γc

≤ Cht−1|[un]|t− 1
2 ;Γc

.

We observe that by construction β j ≤ 0 and λn
h =∑ms

h
j=1 γ jΨ j with γ j ≥ 0 and thus by Assumption 3,

〈λn
h, Sh[un]〉Γc = ∑ms

h
j=1

∑ns,(1)
h

i=1 γ jβi
∫
Γc

Ψ j N (1)
i ≤ 0.

Then in terms of the complementarity, we get

bn(λh, u) = 〈λn
h − λn, [un]〉Γc

= 〈λn
h − λn, [un] − Sh[un]〉Γc + 〈λn

h, Sh[un]〉Γc

≤ 〈λn
h − λn, [un] − Sh[un]〉Γc

≤ ‖λn − λn
h‖− 1

2 ;Γc
‖[un] − Sh[un]‖ 1

2 ;Γc

≤ Cht−1|u|t;Ω‖λ − λh‖− 1
2 ;Γc

.

��

5 Examples for the Lagrange multiplier basis

In this section, we present four choices of Lagrange multi-
plier basis functions such that Assumptions 1–3 are satisfied.
The first two cases use nodal Lagrange basis functions of zero
and first order and can be found in [10] and [28], respectively.
The third and fourth choices are based on biorthogonality and
are discussed in detail from the implementational and numer-
ical point of view in [24]. We note that although Assumption
4 formally enters into Lemma 2 and into Lemma 3, it can be
removed in special situations. But all our choices require in
Lemma 2 or in Lemma 3 this assumption.
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5.1 Zero order nodal Lagrange elements

The most natural possibility to define a Lagrange multiplier
space is to set Ψ j := χFj , where χFj is the characteristic
function of the face Fj ∈ Fh . If this choice is used in combi-
nation with lowest order finite elements, no uniform inf-sup
condition can be established and then as done in [10] a bub-
ble enrichment stabilization is required. However, this choice
in combination with 27-node hexahedral elements satisfies
a uniform inf-sup condition and no further stabilization is
required. Moreover, Assumptions 1–3 trivially hold. We note
that this choice can only be applied for 27-node hexahedral
elements, all other quadratic approaches require an additional
stabilization.

5.2 First order nodal Lagrange elements

Another alternative is to set set Ψ j := N (1)
j , and thus we have

ms
h = ns;(1)

h < ns
h . Since Ψ j is strictly positive in the interior

of its support Assumptions 2 and 3 trivially hold. Assump-
tion 1 is also satisfied since (Mh, W (1)

h ) is uniformly inf-sup

stable and W (1)
h ⊂ W s

h . We point out that for ms
h < ns

h we
obtain a rectangular coupling matrix. However a non-singu-
lar square matrix can be extracted. For this choice, we obtain
M+

h ⊂ Mh and thus Lemma 3 trivially holds, and moreover
without any additional assumption we find bn(λh, u) ≤ 0.
The only drawback of this choice is that this square matrix
is a typical mass matrix and has a dense inverse.

5.3 First order biorthogonal Lagrange elements

To obtain a more local coupling between surface traction
and displacement, we also propose dual Lagrange multiplier
spaces resulting in a diagonal square matrix, after a possible
basis transformation [24]. Here, we consider two choices.
Firstly, we do take the biorthogonal basis functions well
established in the lowest order case. Then the basis functions
Ψ j satisfy
∫

F

Ψ j N (1)
l = δl j

∫

F

N (1)
l , j, l = 1, . . . , ns;(1)

h , F ∈ Fh,

and thus Assumptions 1–3 hold.

5.4 Second order biorthogonal Lagrange elements

Secondly, we consider the situation ms
h = ns

h . As already
pointed out a local biorthogonalization step of the nodal
quadratic basis function results in basis function which do
satisfy Assumption 1 but possibly violate Assumptions 2
and 3. Thus in a pre-process we transfer for simplicials and
20-node elements on hexahedrals the nodal basis functions
of the displacements such that the newly defined basis func-

tions Φ j form face-wise a partition of unity and have a pos-
itive mean value. Let Φ̃p and Φ̃m be the standard nodal sec-
ond order basis functions associated with the vertices and
midpoints of the edges, respectively. Then we set Φp :=
Φ̃p + 1

5

∑
m∈Mp

Φ̃m and Φm := 3
5 Φ̃m . Here Mp is the

set of all edge midpoints such that m and p are on a same
edge. In the case of 27-node hexahedral elements, we use the
standard nodal basis. Although the newly defined Φ j are not
strictly positive in the interior of the support, we observe that
the mean values are positive. Moreover Φ j form a partition
of unity. Then we perform a local biorthogonalization step
followed by an edge or vertex based gluing step to obtain the
basis functions of Mh . By construction the resulting mass
matrix is diagonal and of size ns

h × ns
h . Moreover due to the

biorthogonality condition, the Ψ j form face-wise a partition
of unity and have a positive mean value on each face which
is part of the support [24]. Thus Assumptions 1 and 2 are
guaranteed. We point out that just like the Φ j , the Ψ j are
not strictly positive. To see that Assumption 3 is satisfied, it
is sufficient to observe that N (1)

p can be written as a linear
combination of the newly defined basis functions with non-
negative coefficients. For this choice, the proof of Lemma 2
simplifies significantly. Noting Ph = Qh and that Qh is the
mortar projection, we get the bound

bn(λ, uh) ≤ 〈λn − Q∗
hλn, [un

h] − Qh[un
h]〉Γc

≤ ‖λn − Q∗
hλn‖− 1

2 ;Γc
‖[un

h] − Qh[un
h]‖ 1

2 ;Γc

≤ Cht−1|u|t;Ω
(

ht−1|u|t;Ω + ‖u − uh‖1;Ω
)

.

Here standard properties of the mortar projection such as
H1/2-stability and best approximation properties in combi-
nation with W (1)

h ⊂ M∗
h have been used.

6 Numerical results

Two numerical examples are presented to demonstrate the
validity of the derived a priori estimates and the robustness
of the resulting mortar approach for quadratic finite elements.
For the sake of simplicity, we restrict our investigations to
the last of the four cases considered in Sect. 5, i.e. locally
quadratic biorthogonal Lagrange multiplier basis functions,
and 20-node hexahedral finite elements. However, similar
numerical studies focusing on the other three choices are
readily found in the literature, see e.g. [10,28,24]. All given
simulations are based on a parallel implementation of the
proposed contact algorithms in our in-house multiphysics
research code BACI [30].

Spatial convergence is analyzed for a Hertzian type con-
tact problem with relatively small deformations in Sect. 6.1,
whereas the more general framework of finite deformation
contact and nonlinear material behavior is addressed with a
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Fig. 1 Hertzian type contact—problem setup and exemplary finite element mesh (left), one quarter of deformed geometry and schematic normal
contact traction solution (right)

Fig. 2 Hertzian type contact—convergence of error in the energy norm
with uniform mesh refinement for 8-node and 20-node hexahedral
meshes using dual Lagrange multipliers

torus impact example in Sect. 6.2. Further results for qua-
dratic finite elements, e.g. considering Coulomb friction and
27-node hexahedral elements, can also be found in [24].
We point out that our actual implementation is always fully
nonlinear (i.e. based on a nonlinear measure of strain) and
thus takes into account the effect of geometrical nonlinearity.
Important algorithmic aspects in this regard are a consistent
linearization of all contact terms and the introduction of an
efficient semi-smooth Newton type active set strategy. For
all details concerning these two topics, the interested reader
in referred to our previous work [15,22,23,31].

6.1 Small deformations: Hertzian type contact

As a first validation step, we analyze a 3D Hertzian type con-
tact problem which consists of an elastic half-ellipsoid (R1 =
12, R2 = R3 = 8, St. Venant–Kirchhoff material model with
Young’s modulus E = 200, Poisson’s ratio ν = 0.3) and a
rigid planar surface. Contact interaction is assumed to be fric-
tionless and a constant pressure p = 0.2 is applied to the top
surface of the elastic body. The problem setup, an exemplary

Fig. 3 Hertzian type contact—vertical closeup view of the active con-
tact zone and visualization of the normal contact traction solution for
different mesh sizes h using 8-node hexahedral elements (left) and
20-node hexahedral elements (right)
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finite element mesh and an exemplary numerical solution for
the normal contact traction are visualized in Fig. 1.

Mortar finite element discretization is based on first-order
(hex8) and second-order (hex20) hexahedral elements in
combination with dual Lagrange multipliers, see Sect. 5.4.
The convergence study carried out in the following analyzes
the discretization error u − uh in the energy norm, which is
defined as

‖u − uh‖energy =
√√√√

∫

Ω

(ε − εh) : C : (ε − εh) dΩ. (18)

While an analytical solution for the contact tractions is read-
ily available for Hertzian type problems [29], no such solu-
tions exist for the displacements in the contacting bodies.
Therefore, to evaluate the discretization error, we compute
a reference solution ure f corresponding to a very fine hex20
mesh. The results of our convergence study are summarized
in Fig. 2. It can be seen very clearly that both the linear
case and the quadratic case are in perfect accordance with
what can be expected from the a priori error estimates. Espe-
cially the O(h3/2) result for the hex20 discretization with
dual Lagrange multipliers demonstrates the appeal of qua-
dratic mortar finite elements for contact problems. Provided
that the solution is regular enough, a considerable qualitative
gain in accuracy as compared with first-order interpolation
can be achieved.

Numerical results for the active contact zone and for
the normal contact traction distribution are illustrated in
Fig. 3 for first-order interpolation and second-order inter-
polation with different mesh sizes h, respectively. Both
the elliptical shape of the contact zone and the para-
bolic traction profile are resolved more and more with
mesh refinement. While Fig. 3, in contrast to the conver-
gence study presented above, does not allow for a real
quantification of results, it at least visually confirms the
high accuracy obtainable with mortar finite elements in
general and with the proposed quadratic version in partic-
ular.

Fig. 5 Torus impact—finite element mesh and characteristic stages of
deformation

Fig. 4 Hertzian type contact—exemplary convergence behavior of the
semi-smooth Newton method in terms of the relative L2-norm of the
residual (left) and in terms of the active contact set (right) for a mesh

size of h = 0.075. The shaded regions indicate that the active contact
set is already fully converged within these iteration steps
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Fig. 6 Torus impact—top view of the torus structure with visualization of the active contact set (left, 1=active) and of the normal contact traction
solution (right)

It is worth mentioning that only relatively small defor-
mations occur in the given example and thus a numerical
procedure based on linearized kinematics as introduced in
Sect. 2 would already yield quite accurate solutions. Nev-
ertheless, as mentioned before, our actual implementation
here is fully nonlinear. The results concerning numeri-
cal efficiency of the employed semi-smooth Newton type
active set strategy [15,22,23] are given in Fig. 4. For an
exemplary finite element mesh, we monitor the relative
L2-norm of the total residual and the number of active
nodes over all nonlinear iteration steps of the single load
step needed to solve the presented Hertzian type contact
example. Regardless of the interpolation order, the semi-
smooth Newton approach locates the correct active set (which
consists of up to 1669 nodes here) within only a few
iteration steps. With the active set being fixed, the nonlin-
ear iteration scheme reduces to a standard (smooth) New-
ton method, and thus we obtain quadratic convergence in
the limit owing to the underlying consistent linearization
[22,23].

6.2 Finite deformations: Torus impact

The second example illustrates the robustness of the dual qua-
dratic mortar finite elements proposed in [24] and reviewed
in Sect. 5.4 in the more general case of finite deformation
contact with siginificant active set changes. The considered

test setup consists of a hollow half-torus (Neo–Hookean
material model with Young’s modulus E = 100, Poisson’s
ratio ν = 0.3) and a rigid planar surface. The major and
minor radii of the half-torus are 76 and 24, respectively, and
the wall thickness is 4.5. The bottom surfaces of the half-
torus are completely fixed, and an impact situation is gen-
erated by moving the rigid wall towards the elastic body
with a prescribed displacement u = 50 accumulated over
50 quasi-static load steps. Figure 5 shows the employed
finite element mesh consisting of 20-node hexahedral ele-
ments (with 50,720 nodes in total) as well as some char-
acteristic stages of deformation. Shortly after the final step
shown here, self contact occurs on the inside of the hollow
torus, which is beyond the scope of the present contribu-
tion.

The evolution of active contact zone and contact traction
distribution can be tracked in Fig. 6. Particularly interest-
ing here is the fact that, while the actual load transfer is
mainly restricted to a narrow region close to the bound-
ary of the contact zone, the inner part of the contact zone
nevertheless remains almost entirely active. Considering the
typical structure of the non-penetration conditions in (2),
where either the normal gap or the normal contact traction
is forced to zero, the given situation can be considered
extremely challenging for the employed active set strategy.
However, as Table 1 exemplarily confirms for one repre-
sentative load step, our semi-smooth Newton type active
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Table 1 Torus impact—convergence behavior of the semi-smooth
Newton method in terms of the relative L2-norm of the total residual
for a representative load step

Step Relative L2-norm of residual

1 7.31e+01a

2 6.67e+01a

3 3.54e+01a

4 8.16e+00a

5 4.76e−01

6 8.34e−05

7 9.66e−09

a Change in active contact set

set strategy [22,23] does not have any problems with the
described situation, but resolves all nonlinearities (includ-
ing the search for the correct active set) within only a
few Newton steps. Again, owing to the underlying consis-
tent linearization, quadratic convergence is obtained in the
limit.

7 Conclusions

In this paper, a variationally consistent contact formula-
tion in terms of quadratic mortar finite element meth-
ods has been considered and a novel abstract framework
for the a priori error analysis has been established. As
the main theoretical result, it has been shown that under
quite weak assumptions on the discrete Lagrange multi-
plier space O(ht−1), 2 < t < 5

2 , a priori estimates can
be obtained. Numerical investigations for one particularly
promising type of Lagrange multiplier interpolation (sec-
ond-order biorthogonal basis functions) fully confirm the
theoretical results. Besides the optimal spatial convergence
properties of the resulting second-order mortar approach, its
robustness in the context of finite deformations using a semi-
smooth Newton type active set strategy has also been dem-
onstrated.

Both the theoretical and the numerical results presented
in this contribution certify that quadratic mortar finite ele-
ments may offer a considerable qualitative gain for contact
problems as compared with first-order interpolation provided
that the solution is regular enough. Future work should aim
at exploiting this advantage to the full extent wherever appro-
priate.
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