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Abstract This paper is an attempt to construct a
computationally effective curved triangular finite element
for geometrically nonlinear analysis of elastic shear deform-
able shells fabricated from functionally graded materials. The
focus is on the concise finite-element formulation under the
demand of accuracy-simplicity trade-off. To this end, a non-
conventional approach based on the invariants of the natural
strains of fibers parallel to the element edges is used. The
approach allows one to obtain algorithmic formulas for com-
puting the stiffness matrix, gradient, and Hessian of the total
strain energy of the finite element. Transverse shear deforma-
tion effects are taken into account using the first order shear
deformation theory with the shear correction factor depen-
dent on the material property distribution across the shell
thickness. The performance of the proposed finite element is
demonstrated using problems of functionally graded plates
and shells under mechanical and thermal loads.

Keywords Functionally graded material ·
Shear deformable shell · Geometrical nonlinearity ·
Strain invariants · Finite element

1 Introduction

An important issue arising in the design of a structure is
to determine the geometry and dimensions of the struc-
tural components to ensure that the structure withstands the
expected loads during service. In some engineering applica-
tions where strength and reliability requirements are com-
bined with stringent lightweight constraints, an optimum
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design can be developed by using composite materials with
special thermo-mechanical properties.

In the recent years, much attention has been given to func-
tionally graded materials (FGM) composed of two or more
constituents, usually metal and ceramics, mixed in such a
manner that the properties of the resulting material vary con-
tinuously and smoothly over the bulk of the solid. Histor-
ically, the concept of FGM was considered in the 1980s
by a group of material scientists in Japan [1] to withstand
severe temperature by combining high thermal resistance of
the outer surface of a structure with high fracture resistance
of its inner surface. Proposed initially as heat-shielding mate-
rials for space planes and fusion reactors, FGMs have now a
broad range of applications including automotive, biomedi-
cal, mechanical, and naval engineering.

Of much practical interest are plate- and shell-like
structures made of functionally graded materials whose prop-
erties vary continuously through the thickness only. In con-
trast to isotropic plates and shells, these structures exhibit
pronounced membrane-bending coupling effects. Owing to
variation of elastic properties across the thickness, the neutral
surface in which fibers do not change in length upon bend-
ing is no longer at the middle surface. This implies, in par-
ticular, that tension or compression causes the functionally
graded structure to bend. Behavior of functionally graded
(FG) plates and shells under static, dynamic, and thermal
loading conditions has been studied in the scientific litera-
ture using various deformation models of solid mechanics.

The simplest deformation model applied to analysis of
thin functionally graded structures is based on the classi-
cal plate theory and small-displacement approximation. Chi
and Chung [2,3] considered the linear problem of simply
supported rectangular plates subjected to transverse loads
and obtained double-series analytical solutions for various
laws of elastic property distribution across the thickness.
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Navazi et al. [4] performed the displacement and stress
analyses of rectangular FG plates in cylindrical bending and
showed that, under certain loading conditions, behavior of
FG plates cannot be modeled adequately using isotropic
model even in the small-deflection range. It follows that aver-
aging the elastic properties of the FG structure may lead to
erroneous results. Approximate nonlinear analysis of rect-
angular thin FG plates undergoing large deflections in the
von-Karman sense was performed by the energy method
by Ghannadpour and Alinia [5]. Buckling and postbuck-
ling of simply supported rectangular plates under mechan-
ical and thermal loads were investigated by Shariat et al.
[6,7] and Javaheri and Eslami [8,9] using double-series
method. Yang and Shen [10] applied semi-analytical proce-
dure to investigate nonlinear behavior of rectangular plates
under various loading and boundary conditions. Using the
von-Karman plate theory, Ma and Wang [11] studied axi-
symmetric nonlinear bending and postbuckling response of
circular plates subjected to mechanical and thermal loading
conditions by the shooting method. Najafizadeh and Eslami
[12] obtained exact analytical solutions for the buckling
problem of circular plates using Sander’s nonlinear strain–
displacement relations. Woo and Meguid [13] applied the
von-Karman theory to the large-deflection analysis of FG
plates and shallow shells under mechanical and thermal loads
and obtained solution by the Fourier series method. The buck-
ling and postbuckling behavior of cylindrical shells was stud-
ied by Huang and Han [14,15], Wu et al. [16], and Yang
et al. [17] using the equations of the Donnell shell theory.
Li and Batra [18] gave solution to the buckling problem of
a three-layer thin cylindrical FG shell based on the Flugge
shell equations.

A more accurate analysis of composite plates and shells
is based on theories which take into account transverse shear
deformation. Praveen and Reddy [19] performed a finite-
element analysis of ceramic–metal plates subjected to steady
temperature field using the first-order shear deformation the-
ory. Croce and Venini [20] proposed a locking-free family
of finite elements for linear analysis of Reissner–Mindlin
plates. Navazi and Haddadpour [21] obtained an exact ana-
lytical solution for cylindrical bending of shear deformable
plates governing large displacements under transverse and in-
plane loads. They found that nonlinear analyses based on the
classical plate theory and first-order deformation theory give
very close results for displacements, but different stress dis-
tributions near the boundaries of FG plates. Nonlinear behav-
ior, buckling, and postbuckling of moderately thick plates
under thermal and mechanical loads were studied by Wu [22],
Prakash et al. [23,24], Wu et al. [25], Shen [26,27], Park and
Kim [28], Audogdy [29], and Nosier and Fallah [30]. Santos
et al. [31] proposed a semi-analytical finite-element model
for linear analysis of cylindrical shells. Ganesan et al. [32,33]
studied linear buckling behavior and vibration of functionally

graded shells of revolution by the semi-analytical finite
element method. Zhao and Liew [34] proposed a mesh-free
method for nonlinear analysis of shallow shells based on a
modified version of Sander’s shell theory restricted to mod-
erate rotations. Motivated by the lack of nonlinear elements,
Reddy and Arciniega [35] developed a tensor-based finite
element for analysis of FG shells. To avoid locking, they
used high order polynomials to approximate the displace-
ment fields, which resulted in a large number of degrees of
freedom per element. It is worth noting that most of the stud-
ies based on the first-order shear deformation theory adopt
a value of 5/6 for the shear correction factor thus ignoring
the effect of inhomogeneous structure of the functionally
graded plates across the thickness. This issue was consid-
ered by Nguen et al. [36] who investigated the dependence
of the shear correction factor on the properties of FGMs and
obtained a series solution governing linear response of rect-
angular plates under static transverse mechanical loads.

Application of higher-order shear deformation theories
to stress, buckling, and vibration analysis of thick function-
ally graded plates can be found in Reddy [37], Najafizadeh
and Heydari [38]. An accurate stress analysis using three-
dimensional relations of the theory of elasticity was per-
formed by Li et al. [39,40] for circular plates under
axisymmetric transverse loads and Batra et al. [41,42] for
rectangular plates.

Review of the literature shows that mechanics of func-
tionally graded shell-like structures have been studied exten-
sively using the classical problems of plates and shells of
simple geometry. It should be noted, however, that most of
the studies addressing nonlinear behavior are based on the
simplified theories that describe nonlinear effects only in a
quadratic approximation. Little appears to have been done
in developing finite elements for nonlinear analysis of shells
made of functionally graded materials.

The aim of this paper is to develop a simple and
computationally effective curved triangular finite element for
nonlinear analysis of functionally graded elastic shells under-
going arbitrarily large displacements and rotations. The focus
is on the concise formulation of the finite element. To this end,
an invariant-based approach applied previously to develop
finite elements of isotropic and transversely isotropic shells
[43–45] is employed. As in the natural-mode method pro-
posed by Argyris [46–48], the strain energy of triangular
element is determined by three natural strains of fibers par-
allel to the triangle edges. A set of special invariants of the
natural strains is used to determine the stain energy of the tri-
angular element and compute the stiffness matrix, gradient,
and Hessian of the total strain energy of the finite element.
An obvious benefit of the natural strain invariants is that no
local coordinate systems associated with the finite element
are needed and, hence, computational work on the coordinate
transformation is eliminated.
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The kinematics of the element under arbitrarily large
rotations is described via the concept of kinematic group,
a geometrical object comprising nodal position vectors and
unit vectors (directors). The kinematic group is briefly
reviewed in Sect. 3.

Numerical examples are chosen to demonstrate perfor-
mance of the element and investigate the effect of material
property distribution on response of FG plates to applied
mechanical and thermal loads.

2 Basic assumptions

We consider a shell finite element cut by three planes normal
to the shell middle surface. The formulation of the curved
triangular finite element presented below is based on the fol-
lowing assumptions.

1. Shell material exhibits perfectly elastic behavior.
2. Strains are small compared to unity, but arbitrarily large

displacements and rotations are allowed.
3. Transverse shear deformation is taken into account using

the first-order shear deformation theory.
4. Physical and mechanical properties of the material are

distributed over the shell thickness according to power
law.

5. The edges of the finite element are planar nearly circular
arcs before and after deformation.

6. The membrane strains of the fibers parallel to the element
edges are constant.

7. The area of a curved triangular element is equal to the
area of a planar triangle whose side lengths are equal to
those of the curved triangle.

Assumptions 1–3 are commonly used in the geometrically
nonlinear analysis of plates and shells.

Assumption 4 refers to the approximation of the material
property variation over the bulk of the shell. We confine our
attention to functionally graded materials fabricated by mix-
ing two material phases with different properties. Usually
metal and ceramic phases are mixed in such a manner that
their volume fractions denoted by Vm and Vc, respectively,
grade in the thickness direction. It is common practice to
approximate continuous volume fraction distribution across
the shell thickness by the power law:

Vc = (0.5 + z/h)n, Vc + Vm = 1, n ≥ 0. (2.1)

Here n is the volume fraction index, z is the coordinate
reckoned from the shell middle surface, and h is the shell
thickness. To approximate variation of any material property
denoted by P , it is reasonable to assume that the same simple
rule of mixture holds:

P(z) = Pm Vm + PcVc. (2.2)

Relations (2.1) and (2.2) can be combined to give

P(z) = Pm + (Pc − Pm)(0.5 + z/h)n . (2.3)

Varying the exponent n in (2.3), one obtains various distribu-
tion profiles of properties across the thickness. According to
(2.3), the bottom surface of the shell (z = −h/2) is metal rich
and the top surface (z = h/2) is ceramic rich. Two limit cases
follow from approximation (2.3): isotropic ceramic shell for
n = 0 and isotropic metal shell as n → ∞. Other models for
evaluating the properties of FGMs can be found in [41,49].

Assumptions 5 and 6 are used to construct the triangular
shell element. Assumption 5 concerns the nature of deforma-
tion of reasonably small element and states that pure bending
is the principal part of its deformation. This makes it possible
to describe finite rotations within the elements and enhance
geometrically nonlinear capabilities of the element without
increasing the number of elemental degrees of freedom. The
validity of these assumptions were supported by extensive
numerical data reported in [43–45].

Finally, Assumption 7 is adopted to take into account the
shell metrics. It introduces a correction to the faceted element
approach where the side lengths and area of the element are
smaller compared to those of the real curved element.

3 Kinematics of the shell finite element

In the present approach, as in the natural-mode finite element
method proposed by Argyris (see e.g. [47,48]), a finite ele-
ment is looked upon as an individual mechanical object, not
just as a region of the shell body where differential relations
involved in the strain-energy functional are approximated
via shape functions. To describe kinematics of the finite ele-
ment in the presence of large displacements and rotations, a
certain geometrical object referred to as kinematic group is
used [50].

We consider three nodes i, j , and k lying on the shell
middle surface and denote their position vectors by ri , r j ,
and rk , respectively. At these nodes, we determine three unit
vectors ni ,n j , and nk normal to the middle surface of the
undeformed shell (Fig. 1).

Definition 1 A geometrical object comprising the nodal
points and adjoined vectors (directors) is called a kinematic
group (KG) of the shell.

Configuration of the KG is determined by the distances
between the nodes and relative position of the vectors
rm and nm . To describe the initial configuration of the group,
we introduce nine quantities calculated by the formulas

ei =
√
(rk − r j )2, ψ1 j =n j (rk −r j ), ψ2k =nk(rk −r j ).

(3.1)
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Fig. 1 Kinematic group and
shell element: a undeformed
state; b deformed state;
c isometric triangle

Here and below, the subscripts i, j , and k obey the rule of
cyclic permutation. It follows from (3.1) that the quantities
ei are the distances between the nodes and the two quantities
ψ1i and ψ2i can be used to determine the orientation of the
vector ni with respect to the plane passing through the nodes.

Now we consider a new, deformed state of the shell. Obvi-
ously, deformation of the shell brings the kinematic group to
new configuration described by the parameters

e∗
i =

√
(r∗

k − r∗
j )

2, ψ∗
1 j = n∗

j (r
∗
k − r∗

j ),

ψ∗
2k = n∗

k(r
∗
k − r∗

j ),
(3.2)

where the asterisk denotes the quantities that refer to the
deformed state. To measure changes in the configuration
of the KG, we determine the kinematic-group strains as
the differences between the corresponding quantities (3.2)
and (3.1). It was shown in [50] that the quantities (3.2)
retain their values upon rigid-body motion including arbi-
trarily large rotations, which implies that the kinematic-group
strains remain invariant under rigid body motion of the shell.
This important property is used in the derivation of the finite
element.

Definition 2 A finite element is associated with the
kinematic group if the strains at each point of the element
are continuous functions of the kinematic-group strains.

Once the strains within a finite element are interpolated
in terms of the kinematic-group strains taken as the nodal
parameters, this element automatically meets the necessary
convergence criterion. Indeed, the kinematic-group strains
and, hence, strains within the element do not occur under
rigid-body motion. The strains occur in the associated finite
element if and only if at least one kinematic-group strain is
nonzero. Thus, the KG can be thought of as a framework of
the finite element.

We consider the question of degrees of freedom of the
kinematic-group. As follows from (3.2), changes in the con-
figuration of the kinematic group are determined by varia-
tions in the nodal vectors r∗

m and n∗
m (m = 1, 2, 3). Each

nodal position vector r∗
m has three independent variations

δx∗
1m, δx∗

2m , and δx∗
3m , where x∗

nm is the nth coordinate
of the mth node. In accordance with the Reissner–Mindlin
assumptions, we require that the vectors n∗

m be inextensi-
ble, i.e. (n∗

m)
2 = 1, but not necessarily normal to the shell
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middle surface. Under this constraint, the vector n∗
m has only

two independent variations δω1m and δω2m having the mean-
ing of rotations. Thus, geometrical variability of the kine-
matic group is characterized by 5 independent variations per
node, a total of 15 variations referred to as degrees of free-
dom. These variations comprise six rigid-body motions and
nine purely straining modes represented by changes in the
quantities (3.2).

4 Invariants of strain tensors

In this section, we briefly review basic relations for the strain–
tensor invariants of the shear deformable shell considered in
[45] which are used below to formulate the finite-element
model of the functionally graded shell.

Independent of the reference frame chosen, invariants of
the strain and stress tensors are objective characteristics of the
stress–strain state at a point of a solid. They have theoretical
significance and appear in almost every book on the theo-
ries of elasticity and plasticity. To the authors’ knowledge,
however, the invariants have so far seen little use in develop-
ing numerical methods for analysis of deformable solids. An
example can be found in the paper of Zhao and Chen [51]
where the first strain invariant was used to derive a plate bend-
ing finite element. In previous works of the authors [43–45],
the strain invariants were employed to formulate triangular
finite elements of isotropic shells based on the Kirchhoff–
Love and Reissner–Mindlin assumptions.

We denote the side lengths of the curved triangular ele-
ment by lm (m = 1, 2, 3). By Assumption 7, we consider the
corresponding planar triangle having the same side lengths
which we call the isometric triangle (see Fig. 1c). For a
triangular domain, it is convenient to introduce three spe-
cial coordinates measured along three nonparallel directions
rather than two curvilinear coordinates. As these directions,
three directions determined by the triangle sides are natural
to use. Given three normal strains measured in three nonpar-
allel directions, one can always obtain all components of the
strain tensor. This well-known idea is implemented in strain
gage rosettes used in experimental investigation of the strains
in structures. It should be noted that the concept of natural
coordinates which are “in harmony” with triangles was first
introduced by Argyris and co-workers into the finite element
theory (e.g. [47]).

We consider the following invariants which describe a
strained state of a shell subject to the assumptions of the
first-order shear deformation theory [45] (summation over
m, n = 1, 2, 3):

Iε = 2(aamεm − 2a2
mεm), Iεε = (amεm)

2 − 2a2
mε

2
m,

Iκ = 2(aamκm − 2a2
mκm), Iκκ = (amκm)

2 − 2a2
mκ

2
m,

I� = 2(aam�m − 2a2
m�m),

Iεκ = (amεm)(anκn)− 2a2
m(εκ)m . (4.1)

Here am are the metric coefficients which are assumed to be
constant within the element, εm and κm are the strain and
curvature change of the mth edge of the triangle, γm is the
transverse shear strain in the mth direction,�m is the squared
shear strain determined as �m = γ 2

m , and (εκ)m = εmκm ,
where no summation is performed over m. It is worth noting
that the combined invariant introduced in [45] is written here
in a different form. Namely, a factor of 2 is omitted so that the
second invariants Iεε and Iκκ can be obtained as particular
cases from the expression for Iεκ .

With allowance for Assumption 7, the metric coefficients
are given by (summation over m = 1, 2, 3)

am = l2
m

4F
, a = lmlm

4F
, F = 1

4

[
(lmlm)

2 − 2l2
ml2

m

]1/2
,

(4.2)

where F is the area of the triangle which lies on the shell
middle surface. The invariant Iεκ in (4.1), which we call the
combined invariant, takes into account membrane-bending
coupling of the FG shell with nonsymmetric distribution of
mechanical properties about the shell middle surface.

The strain invariants (4.1) and, hence, the strain state of the
shell element are determined by the one-dimensional quan-
tities εm, κm , and �m having clear physical meaning of the
membrane strain, curvature change, and squared transverse
shear strain, respectively, determined for the mth direction.
These quantities can easily be approximated using one-
dimensional solutions of the beam bending problems (see
[45]). The next step is to relate one-dimensional strains
εm, κm , and �m to the nodal parameters of the kinematic
group described in Sect. 3.

5 Expressions for strains

Below, we give strain relations for the side opposite to the
node i of the triangular element (see Fig. 1). For the other
sides, similar relations can be obtained by cyclic permutation
of indices i, j , and k. A detailed derivation of these relations
can be found in [44]. Using Assumptions 5 and 6, we obtain
the following expressions for the membrane strain εi , curva-
ture change κi , and transverse shear strain γi (see [45]):

εi = e∗
i

li
· sin−1(	χ∗

i )

	χ∗
i

− 1,

κi = 1

li
(ϑ2k − ϑ1 j )+ ηi1

li
(ϑ2k + ϑ1 j )(Lk − L j ), (5.1)

γi = ηi2(ϑ2k + ϑ1 j )

where
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	χ∗
i = χ∗

2k − χ∗
1 j

2
, χ∗

2k = ψ∗
2k

e∗
i
, χ∗

1 j = ψ∗
1 j

e∗
i
,

li = ei
sin−1(	χi )

	χi

(5.2)

ϑ2k = sin−1(χ∗
2k)− sin−1(χ2k),

ϑ1 j = sin−1(χ∗
1 j )− sin−1(χ1 j ),

(5.3)

ηi1 = 3

1 + ηi3
, ηi2 = 1

6
ηi1ηi3, ηi3 = 12D1

C�l2
i

. (5.4)

Here the asterisk denotes the quantities which refer to a
deformed state, ϑ1 j and ϑ2k are the pure deformation rota-
tions at the ends of the i th edge, Li are the area coordi-
nates (see e.g. [52]), and D1 and C� are the rigidity factors
given in Sect. 6. The expression for the curvature change
κi and transverse shear strain γi are given by the solu-
tion of the bending problem of the Timoshenko beam sub-
jected to end rotations ϑ1 j and ϑ2k . The first term in the
expression for κi represents the pure bending, which, by
Assumption 5, is the principal part of the beam deforma-
tion. The second term takes into account the transverse shear
force that occurs if the end rotations are “unbalanced”. It
should be noted that ηi1 → 3 as C� → ∞. It follows
that convergence to the Kirchhoff–Love shell solutions is
achieved and shear locking is eliminated completely. Rela-
tions (5.1) are valid for large ϑ1 j and ϑ2k provided the sum
of these quantities is small. In the case of pure bending
where ϑ1 j + ϑ2k = 0, one obtains εi = 0, γi = 0, and
κi = (ϑ2k − ϑ1 j )/ li .

Thus, the strains of the elemental edge εi , κi , and γi

(5.1) have been expressed in terms of the quantities which
determine a deformed configuration of the kinematic group
e∗

i , ψ
∗
1 j , and ψ∗

2k(3.2).
To formulate equations for determining equilibrium states

of the shell finite-element model, it is necessary to calculate
the variations in the strain energy. The variations in the strains
(5.1) are related to variations in e∗

i , ψ
∗
1 j , and ψ∗

2k which in
turn are expressed in terms of independent variations in the
vectors determining the kinematic group discussed in Sect. 3.
The direct derivation of the variations in the strains (5.1)
leads to intractable cumbersome expressions. In the context
of numerical computations, however, we are more interested
in an algorithmic procedure for calculating the coefficients of
variations rather than in the analytical expressions. To facili-
tate the calculations, we introduce three “variation levels” of
variable parameters represented by the vectors

u(1) = [ε1 ε2 ε3 ϑ23 ϑ12 ϑ21 ϑ13 ϑ22 ϑ11]T , (5.5)

u(2) = [e∗
1 e∗

2 e∗
3 ψ

∗
23 ψ

∗
12 ψ

∗
21 ψ

∗
13 ψ

∗
22 ψ

∗
11]T , (5.6)

u(3) = q = [qT
1 qT

2 qT
3 ]T ,

qT
m = [x∗

1m x∗
2m x∗

3m ω1m ω2m] (m = 1, 2, 3), (5.7)

where the parenthetic subscripts enumerate the variation
levels. Variations in the vector q referred to as the vector of
the generalized coordinates represent the degrees of freedom
of the element. Using the levels of variable quantities, we
obtain the desired coefficients of the variations recursively.

6 Strain energy of the finite element

In the presence of thermal effects, the strain energy of the
shell element is expressed in terms of the strain invariants
(4.1) as

 =
∫

F

[
1

2
(B1 I 2

ε − 2B2 Iεε)+ 1

2

(
D1 I 2

κ − 2D2 Iκκ
)

+G1 Iε Iκ − 2G2 Iεκ + 1

2
C� I� − BT Iε − DT Iκ

]
d F,

(6.1)

where

(B1,G1, D1) =
h
2∫

− h
2

(1, z, z2)
E

1 − ν2 dz,

(B2,G2, D2) =
h
2∫

− h
2

(1, z, z2)
E

1 + ν
dz,

(6.2)

C� = k

h
2∫

− h
2

G dz,

(BT , DT ) =
h
2∫

− h
2

(1, z)
E

1 − ν
α	T dz.

(6.3)

Here E is Young’s modulus, ν is Poisson’s ratio, G is the
transverse shear modulus, k is the shear correction factor, α
is the coefficient of thermal expansion, and 	T is the tem-
perature rise. The four first terms in (6.1) represent the mem-
brane and bending strain energies, the fifth and sixth terms
takes into account membrane-bending coupling due to non-
symmetrical distribution of mechanical properties about the
middle surface of the shell, the seventh term represents the
transverse shear strain energy, and the last two terms describe
the thermal effects.

According to the first-order shear deformation theory,
the shear correction factor appearing in the transverse shear
strain energy is introduced to take into account nonuniform
distribution of shear stresses through the shell thickness. We
calculate this factor by formulas given by Argyris et al. [48]
and Vlachoutsis [53]:
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k = R2

⎛
⎜⎜⎝

h
2∫

− h
2

G dz ·
h
2∫

− h
2

t2(z)

G
dz

⎞
⎟⎟⎠

−1

,

R =
h
2∫

− h
2

E

1 − ν2 (z − zN )
2 dz,

(6.4)

t (z) = −
z∫

− h
2

E

1 − ν2 (ξ − zN ) dξ,

zN = G1

B1
.

(6.5)

Here zN is the coordinate of the neutral surface. It is worth
noting that the shear correction factor depends on the dis-
tribution of the mechanical properties of the material in the
normal direction to the shell middle surface. For an isotropic
material, formulas (6.4) and (6.5) give zN = 0 and k = 5/6.

Substituting strain–displacement relations (5.1) and
expressions for the strain invariants (4.1) into (6.1) and using
Assumptions 4 and 5 listed in Sect. 2, we write the strain
energy of the finite element in matrix notation as

 = 1

2
uT
(1)Ku(1) − uT

(1)P, (6.6)

where u(1) is the vector given by (5.5), K is the 9 × 9 sym-
metric natural stiffness matrix, and P is the nine-component
loading vector. The quantities K and P are calculated by the
formulas

K =
[

Kε Kεκ
KεκT Kκ + K�

]
, P =

{
Pε
Pκ

}
,

Kε = F[B1ττ T − 2B2(μμT − ρ)],
(6.7)

Kεκ = F[G1ττ T − 2G2(μμT − ρ)]Z,
Kκ =

∫

F

CT [D1ττ T − 2D2(μμT − ρ)]C d F, (6.8)

K� = WT MW, Pε = F BT τ , Pκ = DT ZT τ , (6.9)

τ T = 2[aa1 − 2a2
1 aa2 − 2a2

2 aa3 − 2a2
3],

μT = [a1 a2 a3],
(6.10)

ρ =2

⎡
⎣

a2
1 0 0

0 a2
2 0

0 0 a2
3

⎤
⎦ , M= FC�

⎡
⎣
τ1 0 0
0 τ2 0
0 0 τ3

⎤
⎦ . (6.11)

Here W,Z, and C are 3 × 6 matrices whose nonzero entries
are given by

W11 = W12 = η12, W23 = W24 = η22, W35 = W36 =η32,

(6.12)

Z11 = 1

l1
, Z12 =− 1

l1
, Z23 = 1

l2
, Z24 =− 1

l2
, Z35 = 1

l3
,

Z36 = − 1

l3
, (6.13)

C11 = 1

l1
[1 + η11(L3 − L2)],

C12 = − 1

l1
[1 + η11(L2 − L3)] ,

C23 = 1

l2
[1 + η21(L1 − L3)],

C24 = − 1

l2
[1 + η21(L3 − L1)],

C35 = 1

l3
[1 + η31(L2 − L1)],

C36 = − 1

l3
[1 + η31(L1 − L2)].

(6.14)

It follows from (6.14) that the components of the 6×6 matrix
Kκ are quadratic functions of the area coordinates and, hence,
the integral over the triangle area in (6.8) can be evaluated
exactly by numerical integration using only three Gauss inte-
gration points (e.g. [52]).

7 Variations of the strain energy

The total potential energy of the shell element is written as
U = − A, where A is the work of the external forces. We
write the first and second variations of the strain energy of
the shell finite element in terms of variations of the vectors
(5.5), (5.6), and (5.7):

δU = δuT
(m)g(m), δ2U = δuT

(m)H(m)δu(m), (7.1)

where g(m) and H(m) are the gradient and the Hessian corre-
sponding to the mth variation level, respectively. The values
of g = g(3) and H = H(3) required for formulating the
equations of equilibrium are computed by the recursive for-
mulas (summation over s):

g(m+1)=u′
(m)g(m), H(m+1)=u′

(m)H(m)u′T
(m)+g(m)su′′

(m)S

(m = 1, 2; s = 1, . . ., 9). (7.2)

Here g(m)s is the sth component of the vector g(m) and u′
(m)

and u′′
(m)s are the matrices composed of the first and second

partial derivatives of the components of the mth level with
respect to the components of the (m + 1)th variation level,
respectively. Formulas for calculating the matrices u′

(m) and
u′′
(m)s are given in [44]. The computation process (7.2) begins

for the initial values

g(1) = Ku(1) − P, H(1) = K. (7.3)

The calculation procedure for the element can be summarized
as follows:

1. Input the nodal values of the coordinates and normal unit
vectors to the shell middle surface.
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2. Calculate the initial geometry parameters lm, F, a, and
am by formulas (4.2), material properties by formulas
(2.1) and matrix K by formulas (6.7)–(6.11).

3. Calculate u(1), g(1), and H(1) by formulas (5.1) and (7.3).
4. Calculate u(2),u′

(1), and u′
(1)s(s = 1, . . . , 9) by the for-

mulas given in [44].
5. Calculate u(3),u′

(2), and u′′
(2)s(s = 1, . . . , 9) by the for-

mulas given in [44].

Once the gradient g = g(3) and the Hessian H = H(3) have
been obtained for an individual element, they are assembled
into global vectors and matrices of the finite-element assem-
blage using a standard technique (see, e.g. [52]). In accor-
dance with the Newton–Raphson method, we determine the
equilibrium states of the shell by solving iteratively the fol-
lowing system of equations for the variations of the general-
ized coordinates δq:

Hp−1δqp + gp−1 = 0, (7.4)

where H and q are the Hessian and gradient of the total
strain energy of the finite-element assemblage, respectively,
δq is the vector of variations in generalized coordinates, and
the superscript denotes the iteration number. The formulas
for updating values of the nodal coordinates and direction
cosines of the normal vectors can be found in [43,44]. It is
worth noting that the first iteration yields the linear solution
of the problem.

8 Numerical examples

In this section, the performance of the finite element is numer-
ically verified on some standard test problems. The solutions
obtained are compared with those from other finite elements
available in literature.

8.1 Brief study of shear locking free behavior

To study locking-free behavior of the proposed element, we
consider the linear problem of a functionally graded plate
with a span a subjected to uniformly distributed transverse
load q. To make transverse shear effects more pronounced,

we consider clamped boundary conditions. Young’s moduli
and Poisson’s ratio of the metal and ceramic constituents are
as follows: Em = 7×1010 N/m2, Ec = 38×1010 N/m2, and
νm = νc = 0.3. Variation of Young’s modulus E across the
beam thickness is described by the power law (2.3) in which
P is replaced by E . Owing to symmetry of the problem, a
quarter of the plate was modeled using mesh types shown
in Fig. 2. Dimensionless values of the central deflection of
the plate obtained for various span-to-thickness ratios are
summarized in Tables 1 and 2 for the power-law exponent
n = 0 and n = 5, respectively. Recall, the case of n = 0
corresponds to isotropic ceramic plate. The deflections of
isotropic ceramic plates listed in Table 1 agree well with the
reference solution of Soh et al. [54]. For n = 5, the calcula-
tion results are compared to the reference solution obtained
by the quadrilateral layered element SHELL181 available
in the ANSYS finite element package. For the SHELL181
element, the variation of the elastic properties were approx-
imated by a piecewise constant function using 64 layers and
32 × 32 mesh for the quarter of the plate. One can see from
Tables 1 and 2 that as the span-to-ratio increases to 1011, the
effect of the transverse shear strains becomes negligible and
the solution approaches a thin-plate limit, which shows that
the finite element is shear locking free.

8.2 The effect of elastic property distribution on the shear
correction factor

In the analysis of functionally graded plates and shells based
on the first order shear deformation theory, it is common
approach to take the shear correction factor equal to 5/6,
which corresponds to a homogeneous material. We esti-
mate the effect of the shear correction factor dependent
on the material properties on the response of FG struc-
tures. To this end, we consider a clamped square plate and
a spherical panel with square planform subjected to uni-
formly distributed transverse load q. The plate and panel
have the span a = 0.2 m and the radius of the spheri-
cal shell is taken to be R = 2a. We confine our analysis
to small deflections. The mechanical characteristics of the
plate are Em = 7 × 1010 N/m2, Ec = 38 × 1010 N/m2, and

Fig. 2 Square plate and mesh
types
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Table 1 Mesh convergence for
central deflection of a clamped
ceramic plate under uniformly
distributed load (n = 0)

a/h Mesh type 100wEch3/[12(1 − ν2
c )qa4] Soh et al. [54]

2 × 2 4 × 4 8 × 8 16 × 16

5 A 0.2301 0.2200 0.2179 0.2174 0.2167

B 0.2274 0.2190 0.2175 0.2173

C 0.2231 0.2192 0.2177 0.2173

10 A 0.1675 0.1550 0.1516 0.1507 0.1499

B 0.1713 0.1551 0.1514 0.1507

C 0.1611 0.1541 0.1514 0.1507

100 A 0.1463 0.1331 0.1284 0.1272 0.1265

B 0.1566 0.1349 0.1288 0.1270

C 0.1406 0.1317 0.1281 0.1271

1011 A 0.1461 0.1330 0.1282 0.1270 0.1265

B 0.1565 0.1348 0.1286 0.1270

C 0.1404 0.1315 0.1280 0.1269

Table 2 Mesh convergence for
central deflection of a clamped
FG plate under uniformly
distributed load (n = 5)

a/h Mesh type 100wEch3/[12(1 − ν2
c )qa4] Ref. solution

2 × 2 4 × 4 8 × 8 16 × 16

5 A 0.7370 0.7304 0.7298 0.7297 0.7298

B 0.7229 0.7268 0.7287 0.7294

C 0.7166 0.7278 0.7292 0.7296

10 A 0.4917 0.4811 0.4773 0.4762 0.4759

B 0.4987 0.4807 0.4765 0.4759

C 0.4761 0.4788 0.4768 0.4761

100 A 0.4015 0.3935 0.3877 0.3862 0.3858

B 0.4327 0.3981 0.3886 0.3863

C 0.3928 0.3894 0.3868 0.3860

1011 A 0.4006 0.3927 0.3868 0.3852 n/a

B 0.4322 0.3975 0.3879 0.3855

C 0.3920 0.3885 0.3858 0.3850

νm = νc = 0.3. Table 3 lists the coordinate of the neutral
surface zN , shear correction factors k, and central deflec-
tions w for various elastic property profiles governed by the
volume fraction exponent n which enters Eq. (2.3). For com-
parison, the deflections are given for two values of k, one of
which was set equal to 5/6 and the other was computed by
formulas (6.4) taking into account variation of Young’s mod-
ulus across the thickness according to Eq. (2.3). The results
were obtained for a fine 32 × 32 mesh of type B (see Fig. 2).
The percentage errors in determining the central deflection
using k = 5/6 are given in parentheses. One can see that the
error is noticeable for the fraction exponent n ranging from
approximately 5 to 10. For thinner plates, the error decreases
since the contribution of the transverse shear flexibility to
the total flexibility of the plate becomes negligibly small.
For the spherical panel, the effect of the shear correction fac-

tor on the central deflection is less pronounced. The problem
considered shows that, without introducing much error in the
deflections of moderately thick FG structures, one can set the
shear correction factor equal to 5/6.

8.3 Finite pure bending of a functionally graded beam

We study large displacements of a cantilevered beam of
length L , width b, and height h loaded by tip bending moment
M . Under these loading conditions, the beam is known to roll
up into a perfect circular arc. This problem is commonly used
to test nonlinear capabilities of beam, plate, and shells finite
elements to simulate arbitrarily large rotations. For a func-
tionally gradient material, the bending moment and the strain
energy stored in the beam are written as
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Table 3 The effect of the shear
correction factor on response of
the clamped plate and spherical
shell under uniform transverse
load

n zN /h k 100wEch3/[12(1 − ν2
c )qa4]

Plate Spherical panel (R/a = 2)

a/h = 5 a/h = 10 a/h = 5 a/h = 10

0.1 0.019 5/6 0.2385 (0.3%) 0.1664 (0.1%) 0.2066 (0.2%) 0.1115 (0%)

0.839 0.2378 0.1662 0.2061 0.1115

0.5 0.075 5/6 0.3203 (0.5%) 0.2282 (0.2%) 0.2788 (0.4%) 0.1500 (0.1%)

0.846 0.3186 0.2278 0.2776 0.1498

1 0.115 5/6 0.4081 (−0.1%) 0.2945 (−0.1%) 0.3565(−0.1%) 0.1909 (−0.1%)

0.830 0.4086 0.2947 0.3568 0.1910

2 0.149 5/6 0.5254 (−3.0%) 0.3781 (−1.1%) 0.4633 (−2.1%) 0.2481 (−0.4%)

0.769 0.5410 0.3823 0.4734 0.2490

5 0.152 5/6 0.6676 (−8.5%) 0.4594 (−3.6%) 0.5988 (−6.3%) 0.3189 (−1.8%)

0.678 0.7296 0.4759 0.6393 0.3246

10 0.120 5/6 0.7712 (−8.3%) 0.5146 (−3.5%) 0.6931 (−6.8%) 0.3678 (−1.9%)

0.690 0.8407 0.5329 0.7399 0.3748

20 0.079 5/6 0.8819 (−5.2%) 0.5849 (−2.1%) 0.7870 (−4.0%) 0.4182 (−1.1%)

0.741 0.9299 0.5976 0.8201 0.4231

40 0.046 5/6 0.9845 (−2.3%) 0.6594 (−0.9%) 0.8700 (%) 0.4647 (−0.5%)

0.790 1.0080 0.6657 0.8860 0.4670

M = bD1

R

(
1 − G2

1

B1 D1

)
,  = M2L

bD1

(
1 − G2

1

B1 D1

)−1

,

(8.1)

where R−1 is the curvature of the center line of the beam and
the quantities B1,G1, and D1 are given by (6.2). The paren-
thetic terms in (8.1) account for the fact that the neutral line
does not pass through the cross-sectional centroid because
of variation of the mechanical properties across the beam
thickness. Bearing in mind that the length of the neutral line
remains unchanged in pure bending, we obtain the following
expressions for the axial and transverse tip displacements:

u = L

(
1− R

L
sin

L

R−zN

)
, w= R

(
1−cos

L

R−zN

)
,

(8.2)

where zN is given by (6.5).
To demonstrate nonlinear capabilities of the finite ele-

ment, we consider the functionally graded beam represented
by only two elements and set L = 1 m, b = 1 m, h =
0.001 m, Em = 0.7 × 1011 N/m2, Ec = 1.51 × 1011 N/m2,
and νm = νc = 0. Figure 3 shows the strain energy and tip
displacements versus the bending moment for the volume
fraction exponent n = 5 which enters (2.3). The two-element
model with ten degrees of freedom describes very well the
finite bending of the beam and fails to converge only when
the bending moment attains approximately 12.9 Nm, which

Fig. 3 Strain energy and tip displacements versus bending moment for
the functionally graded plate (n = 5)

corresponds to the rotation of the beam tip through an angle
of approximately 100◦.

Now we study the effect of material property distribution
on finite bending using an example of a cantilevered func-
tionally graded beam with L = 12 m, b = 1 m, and h =
0.1 m, Em = 0.7 × 1011 N/m2, Ec = 1.51 × 1011 N/m2, and
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Fig. 4 Beam in pure bending: regular mesh and distorted mesh

Fig. 5 Moment versus transverse tip displacement of the FG beam in
pure bending

νm = νc = 0. To obtain the moment–displacement curves,
we use mesh patterns shown in Fig. 4. The bending moment
versus the tip transverse deflection is shown in Fig. 5 for var-
ious values of the fraction exponents n. One can see that the
numerical results are in excellent agreement with the theo-
retical solution given by formulas (8.1) and (8.2). The curves
obtained for the distorted mesh shown in Fig. 4 deviate only
slightly from the theoretical solution in the region of very
large curvature changes where the beam is rolled up into a
full circle.

8.4 Square plate under transverse load

A simply supported square plate is subjected to transverse
uniformly distributed load q. The lower surface of the plate
is purely metal (aluminum) and the upper surface is purely
ceramic (alumina). Boundary conditions are such that deflec-
tion and rotation along the boundary vanish (hard support, see
e.g. [52]) and in-plane displacements are allowed (movable

Fig. 6 Load versus central deflection of simply supported square FG
plates under uniform load

support). Geometrical and mechanical characteristics of the
plate are as follows: span a = 0.2 m, thickness h = 0.01 m,
Poisson’s ratios νm = νc = 0.3, and Young’s moduli Em =
7 × 1010 N/m2 and Ec = 38 × 1010 N/m2.

To study nonlinear behavior of the functionally graded
plate, we use an 8 × 8 Union-Jack mesh (see Fig. 2a).
Figure 6 shows the dimensionless load Q = qa4/(Emh4)

versus the dimensionless central deflection wC/h for vari-
ous values of the volume fraction exponent n. The calculation
results are compared with the solution of [13] based on the
von Karman strain–displacement relations. One can see that
the results agree well for moderately large deflections. The
difference between the solutions becomes pronounced when
the central deflection exceeds the plate thickness by approx-
imately a factor of 3. This can be attributed to the fact that
large transverse deflections accompanied by considerable in-
plane displacements are beyond the range of applicability of
the von Karman relations.

8.5 Axisymmetric buckling of circular plates

A circular ceramic–metal plate of radius R is compressed
by uniform radial load q. We determine the buckling load
under the clamped boundary conditions. The buckling prob-
lem is solved in fully geometrically nonlinear formula-
tion with allowance for the prebuckling deformation of the
plate. The critical loads are determined using the condi-
tion that the determinant of the Hessian in Eq. (7.4) van-
ishes. The constituents of the materials are aluminum and
alumina with Young’s moduli Em = 0.7 × 1011N/m2, and
Ec = 3.8 × 1011N/m2, respectively. For both constituents,
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Fig. 7 Circular plate under uniform compression and mesh pattern

Poisson’s ratio is assumed to be constant and equal to 0.3.
The thickness-to-radius ratio h/R is equal to 0.1, where
h = 0.1 m. The finite-element results were obtained for a
quarter of the plate using the mesh pattern where each side
of the quarter is divided into m segments (see Fig. 7). For
the clamped plate, the bifurcation-type buckling behavior is
observed. The reason is that the bending moments generated
by the in-plane compressive load are neutralized by the sup-
port reacting moments such that the plate remains flat in the
prebuckling state. Table 4 lists the critical load qcr for various
values of the volume fraction index n. The present solution
exhibits monotonic mesh convergence and agrees well with
the data of [38,55].

8.6 Buckling of cylindrical shells under compressive load

We consider the buckling problem of a simply supported
functionally graded cylindrical shell subjected to axial com-
pressive load q (Fig. 8). The parameters of the shell are as fol-
lows: R = 0.1 m, L = 0.1 m, h = 0.001 m, Em = 2.0104×
1011 N/m2, νm = 0.3262, Ec = 3.4843 × 1011 N/m2, and
νc = 0.24. We evaluate the critical load qcr assuming that
buckling modes are symmetrical about the xz plane. It should
be noted that prebuckling deformation is taken into account.
The half of the shell is modeled by a uniform Union-Jack
mesh with 20 elements in the axial direction and 64 elements

in the circumferential direction. Two cases are studied: (1)
case C where the outer surface of the shell is ceramic rich
and the inner surface is metal rich and (2) case M where the
outer surface of the shell is metal rich and the inner surface
is ceramic rich. Table 5 lists the dimensionless coordinate
zN/h of the neutral surface, critical load qcr , and critical
end shortening uz for various values of the exponent n in
the power law (2.3). Setting n = 0, we obtain two limiting
cases of purely ceramic shell for case C and purely metal
shell for case M . For linear variation of the material proper-
ties across the shell thickness (n = 1), Figs. 9 and 10 show
the buckling modes for cases C and M , respectively. The
modes are characterized by nine waves in the circumferen-
tial direction and three halfwaves in the axial direction. One
can see that the wave amplitudes decay from the loaded end
in axial direction. The reason is that the loaded section z = 0
is allowed to warp and distort, whereas the section z = L
is assumed to remain planar, circular, and inextensible. For
case M , the decay is very much pronounced and the critical
load is slightly higher compared to case C . An increase in
the critical load for case M can be attributed to the fact that
the neutral surface is shifted toward the inner ceramic rich
surface. Hence, the end load applied with eccentricity to the
neutral surface tends to diminish the prebuckling axisymmet-
ric expansion which occurs under axial compression of the
shell due to Poisson’s effect.

8.7 Thermal buckling and postbuckling of functionally
graded plates

In this section, thermal buckling and postbuckling behavior
of fully clamped square Al2O3–Ni plates subjected to uni-
form temperature rise is analyzed. For simplicity, we assume
that the thermal load is uniform through the plate thickness
and the properties of the FG plates do not depend on tempera-
ture. The span-to-thickness ratio and wall thickness are taken
to be a/h = 50 and h = 0.02 m, respectively. The mate-
rial properties of the constituents are as follows [56]: Ec =
3.93 × 1011 N/m2, νc = 0.25, and αc = 0.88 × 10−5 ◦C−1

for Al2O3 and Em = 1.995 × 1011 N/m2, νm = 0.3, and
αm = 1.33 × 10−5 ◦C−1 for Ni. For this problem, a quarter

Table 4 Buckling compressive
loads qcr for clamped FG
circular plates for R/h = 10

Mesh parameter, m Number of elements qcr × 10−8(N/m)

n = 0 n = 0.5 n = 2

4 16 4.4987 2.9542 1.8124

8 64 4.8332 3.1531 1.8998

16 256 4.9199 3.2043 1.9219

32 1,024 4.9414 3.2170 1.9275

Najafizadeh and Heydari [38] 4.97467361 3.23407504 1.94235302

Hong et al. [55] 4.93352 − −
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Fig. 8 Simply supported cylindrical shell under compressive load

of the plate was modeled using the mesh type shown in
Fig. 2a. Table 6 lists the data on mesh convergence of the
critical temperature rise as a function of the volume frac-
tion exponent n. In this case, the bifurcation-type buckling
behavior is observed, which supports the findings of [21].
The results on the critical temperature rise are compared with
the data obtained using a quadrilateral layered finite element
SHELL181 available in the package ANSYS. In this case, a
40 × 40 mesh for a quarter of the plate was used and con-
tinuous variation of the thermomechanical properties of the
functionally graded material was approximated by piecewise
constant variation using 32 layers.

Figure 11 shows the postbuckling behavior of the
Al2O3–Ni square plate under uniform temperature rise for
a/h = 100. The present finite-element solution found by
using the 8 × 8 Union-Jack mesh for a quarter of the plate
(see Fig. 2a) is compared with the curves of [56] obtained by
a solid finite element with 18 degrees of freedom. According
to the present solution, the plates exhibit softer response. For
the isotropic plates, the results compared differ by approx-
imately 10%. For verification, additional calculations were
performed by the finite element SHELL43 of ANSYS using
20 ×20 mesh. The resulting load–deflection curve in Fig. 11
is in excellent agreement with the present solution.

Fig. 9 First buckling mode of the compressed simply supported cylin-
drical shell with ceramic outer surface and metal inner surface (n = 1)

Fig. 10 First buckling mode of the compressed simply supported
cylindrical shell with metal outer surface and ceramic inner surface
(n = 1)

9 Conclusions

A nonconventional approach based on the natural-strain
invariants and the concept of kinematic group has been
applied to develop a curved triangular finite element for geo-
metrically nonlinear analysis of shear deformable function-
ally graded shells. A computational benefit offered by the
invariant-based approach is that no operations on coordinate
transformation are required since no local coordinates are
introduced for the elements. The main results presented in
the paper can be summarized as follows.

Table 5 Critical loads and end
shortenings for the simply
supported cylindrical shell
under compression

n zN /h qcr × 10−6, (N/m) uz,cr × 103(m)

Case C Case M Case C Case M Case C Case M

0 0 0 1.979 1.142 0.568 0.568

0.5 0.0328 −0.0393 1.535 1.299 0.517 0.524

1 0.0447 −0.0447 1.386 1.393 0.511 0.513

2 0.0491 −0.0410 1.276 1.504 0.518 0.508

5 0.0389 −0.0271 1.199 1.663 0.537 0.516

123



512 Comput Mech (2011) 48:499–513

Table 6 Critical temperature
rise for the clamped FG square
plate for a/h = 50

Mesh 	T (◦C)

n = 0 n = 0.5 n = 1 n = 2 n → ∞
2 × 2 142.00 116.85 110.16 106.94 88.72

4 × 4 151.85 124.92 117.48 114.10 96.17

8 × 8 156.10 128.43 120.87 117.43 99.12

16 × 16 157.19 129.84 122.89 119.84 99.93

32 × 32 157.20 129.85 122.90 119.85 99.93

ANSYS 157.73 129.74 121.70 117.94 100.30

Fig. 11 Temperature rise versus postbuckling deflection of the
clamped square plate

1. Simple expressions for the natural-strain invariants have
been obtained to determine the strain energy of a trian-
gular finite element of a functionally graded shell.

2. Compact and easily programmable formulas have been
given to compute the gradient and Hessian of the finite
element of a shear deformable functionally graded shell.

3. The effect of the material properties on the shear cor-
rection factor and response of the functionally graded
plates has been studied; the effect was found to show
up for moderately thick plates when the exponent n in
the power law distribution ranges from approximately
5 to 10.

The finite element proposed has excellent nonlinear bend-
ing characteristics, but its shortcoming is that membrane and
transverse shear strains are constant. The finite element is
shear locking free and can be used in the analysis of thin and

moderately thick functionally graded shells undergoing large
elastic displacements and rotations.

Acknowledgments The authors acknowledge the use of ANSYS v.11
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