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Abstract Simulation divergence due to backflow is a com-
mon, but not fully addressed, problem in three-dimensional
simulations of blood flow in the large vessels. Because back-
flow is a naturally occurring physiologic phenomenon, care-
ful treatment is necessary to realistically model backflow
without artificially altering the local flow dynamics. In this
study, we quantitatively compare three available methods for
treatment of outlets to prevent backflow divergence in finite
element Navier–Stokes solvers. The methods examined are
(1) adding a stabilization term to the boundary nodes formu-
lation, (2) constraining the velocity to be normal to the outlet,
and (3) using Lagrange multipliers to constrain the velocity

MOCHA Investigators: Edward Bove MD and Adam Dorfman MD
(University of Michigan, USA); Andrew Taylor MD, Alessandro
Giardini MD, Sachin Khambadkone MD, Marc de Leval MD, Silvia
Schievano PhD, and T-Y Hsia MD (Institute of Child Health, UK);
G. Hamilton Baker MD and Anthony Hlavacek (Medical University
of South Carolina, USA); Francesco Migliavacca PhD, Giancarlo
Pennati PhD, and Gabriele Dubini PhD (Politecnico di Milano, Italy);
Richard Figliola PhD and John McGregor PhD (Clemson University,
USA); Alison Marsden PhD (University of California, San Diego,
USA); Irene Vignon-Clementel (National Institute of Research in
Informatics and Automation, France).

M. Esmaily Moghadam · A. L. Marsden
Mechanical and Aerospace Engineering Department,
University of California, San Diego, USA

Y. Bazilevs (B)
Structural Engineering Department, University of California,
San Diego, USA
e-mail: jbazilevs@ucsd.edu

T.-Y. Hsia
Cardiac Unit, Institute of Child Health,
Great Ormond Street Hospital for Children, London, UK

I. E. Vignon-Clementel
INRIA Paris-Rocquencourt, Rocquencourt, France

profile at all or some of the outlets. A modification to the
stabilization method is also discussed. Three model prob-
lems, a short and long cylinder with an expansion, a right-
angle bend, and a patient-specific aorta model, are used to
evaluate and quantitatively compare these methods. Detailed
comparisons are made to evaluate robustness, stability char-
acteristics, impact on local and global flow physics, com-
putational cost, implementation effort, and ease-of-use. The
results show that the stabilization method offers a promising
alternative to previous methods, with reduced effect on both
local and global hemodynamics, improved stability, little-
to-no increase in computational cost, and elimination of the
need for tunable parameters.

Keywords Neumann boundary conditions · Outflow
stabilization · Lagrange multipliers · Normal velocity
constraint · Patient-specific blood flow · Flow reversal ·
Navier–Stokes FEM solver · Cardiovascular simulation

1 Introduction

The occurrence of backflow divergence is a well-known but
not sufficiently addressed problem in the field of cardiovas-
cular flow simulation. This problem usually arises in large
vessels that are exposed to backflow in 3D and 2D flow simu-
lations. There are three main situations that lead to numerical
divergence caused by backflow. First, backflow divergence
can result from bulk reversal of the flow through an outlet,
such that there is negative flow over the entire outlet face.
Second, there may be localized areas of flow reversal on an
outlet face with bulk outward positive flow. And third, the
use of multiscale modeling (e.g. using closed-loop lumped
parameter 0D models [1,2], or 1D models [3–6] coupled to
the 3D model) may necessitate the passing of pressure and
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flow information for which there is a lack of velocity pro-
file information, leading to numerical instabilities on either
the coupled inflow or outflow faces. All of these numeri-
cal instabilities emanate from the use of Neumann bound-
ary conditions on the outlet faces, for which velocity profile
information is not specified [7–10].

Bulk backflow (complete flow reversal at an outlet) is
a physiologic and commonly occurring phenomenon in the
cardiovascular system in both healthy and diseased states. It
often occurs in vessels during diastole and flow deceleration,
particularly in certain regions. Thus, accurately capturing
backflow phenomenon is essential for reproducing realis-
tic conditions in many cardiovascular problems. Examples
of physiologic flow reversal include flow in the descend-
ing abdominal aorta during diastole [11,5], flow reversal in
the brachiocephalic artery after the stage 1 repair for single-
ventricle heart patients (BT-shunt surgery) [12] and reversed
flow due to respiratory effects in Fontan patients [13].

Backflow divergence due to local flow separation or flow
recirculation is commonly caused by complex geometries
such as the presence of stenoses, anastomoses, or increased
cross sectional area, near the outlets of a model. These geo-
metric features often lead to either steady or unsteady separa-
tion regions close to the outflow faces of a model, particularly
at peak systolic flow. Similarly, geometric features can also
lead to vortex shedding, and convection of vortices through
the outflow faces, also leading to backflow divergence.

Multiscale modeling, in which a closed-loop lumped
parameter network of ODEs is coupled to the inflow and out-
flow faces, usually requires Neumann boundary conditions
on both inflows and outflows. In these situations, it is com-
mon that flow reversal is dictated by the pressure passed to the
3D model, causing a bulk inward flow without prescribing
velocity profile information. In these situations, instabilities
can occur, particularly in cases with rapidly changing dynam-
ics that may alternate between positive and negative flow
within a cardiac cycle. While we will not present results of
multiscale modeling in this work, the exploration of outflow
boundary treatments will set the stage for improved stability
in coupled systems in future work.

Simulation divergence due to the above causes, for either
total or partial flow reversal on an outlet face, requires careful
consideration of the outflow boundary conditions. Since it is
assumed that the inflow boundary condition is given, altering
the inlet flow wave form to prevent backflow is not consid-
ered to be a viable solution [14,15]. Use of a mixed boundary
condition [16,17], in which a Dirichlet boundary condition is
used for the normal component of the velocity (either on the
entire outlet or only in the region with backflow) along with
a Neumann boundary condition for tangential velocity com-
ponents, requires extra information about the velocity profile
and the flow rate magnitude, which is generally unknown for
the outlets.

The simplest solution to the backflow issue is to artificially
elongate the outlets by adding long straight sections, thereby
dissipating the vortices before they reach the outlet. While
this has been commonly used in simulations [18–20] this
method poses several major problems. First, it cannot be used
as a solution for the case of total flow reversal at the outlet
due to conservation of mass. Second, the addition of artificial
extensions to the outlets has potential to change local hemo-
dynamics, particularly in patient specific models or in multi-
scale modeling networks, where information as the boundary
faces are coupled. And third, there is a non-negligible addi-
tional computational cost incurred by the need to mesh and
simulate long outlet extensions. This added cost increases for
high Reynolds number flows, since longer extensions will be
needed to dissipate the vortices. Another option is to add
additional vessels to the model until the flow becomes uni-
directional and the Reynolds number at the outlet is reduced
[21]. While this method has proven to be effective in patient-
specific cases, it can only be used in a non-artificial way if
the image resolution is adequate enough to permit inclusion
of additional levels of branching. Additionally, this method
increases the model generation and computational costs sig-
nificantly. Due to these issues, we will not consider outlet
extensions or additional branches as viable methods in the
current work.

Apart from model extensions, there are three alternate
methods currently in use for solving the issue of backflow
divergence in finite element solvers.

1. Modifying the weak formulation by adding a backflow
stabilization term for the Neumann boundaries [22].

2. Confining the backflow velocity to a desired direction,
e.g. normal direction.

3. Using Lagrange multipliers for constraining the velocity
profile to an assumed form [23].

The issue of backflow divergence has been addressed in
previous work of Kim et al [23]. However, a thorough and
quantitative comparison of these three methods using a sin-
gle code has not been previously performed. In this paper we
present a detailed comparison of these methods and compare
their impact on the flow physics, computational cost, imple-
mentation effort, and robustness. The weak formulation is
presented and then the modified formulation is discussed for
each method. To produce an accurate comparison between
the three methods, identical solver numerics, meshes, fluid
properties, and inflow boundary conditions are used. The
three backflow treatment methods are illustrated using three
model problems which have relevance to blood flow simu-
lation, as well as other internal flow problems in computa-
tional fluid dynamics, such as combustion simulations and
duct flows.
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First, a classic cylindrical expansion is studied with two
exit lengths and two Reynolds numbers. This illustrates the
case of backflow due to a localized steady separation region.
Second, a 90-degree bend is studied with a physiologic
unsteady inlet flow wave-form. This illustrates the case of
backflow due to an asymmetric outlet velocity profile, as
well as diastolic bulk flow reversal. The last case is a patient-
specific model of an aorta, for which the untreated simulation
diverges due to flow reversal during diastole. For this case,
a non-ideal cut of an outlet is also considered to investigate
the robustness of the proposed methods.

2 Methods

In this section, we present the numerical formulations of the
three methods, based on previous work. The pros and cons
of the three methods are as follows.

Outlet stabilization has been proposed by Bazilevs et
al. [22] and used previously in cardiovascular applications.
Advantages of this method include accuracy, robustness, ease
of implementation, and little to no additional computational
cost. Cons of the method are the potential to alter the local
flow dynamics due to the addition of an artificial traction
component opposite to the direction of the flow. However,
as shown in the results section, these effects turn out to be
minimal.

Confining the velocity profile to the normal direction is
commonly used for stabilization in commercial flow solvers.
While it has been effectively used in previous work, it has
the obvious disadvantage of directly changing the local flow
field if the assumed flow direction is not aligned with the
flow. However, by choosing a proper direction, this method
can cause little to no artifact in the flow field. The main dis-
advantages of this method are a lack of stability, as compared
with the two other methods, which will be demonstrated in
the results section.

Recent progress on backflow stabilization was made
through the introduction of the Lagrange multiplier method
for constraining the velocity profile of outlets. In the work of
Kim et al. [23], this method was shown to have little effect
on the local flow field, and effectively stabilize simulations
that otherwise diverged. However, potential disadvantages of
this method include complexity of implementation, the need
for adjustable parameters, and significantly increased com-
putational cost. Our work aims to build on this recent work
by offering an alternative through the use of the stabilization
method.

2.1 Governing equations

In this work, we consider the flow of an incompressible
Newtonian fluid. Starting with the Navier–Stokes equations,

the momentum and continuity equations can be written in
index notation as,

ρu̇i + ρu j ui, j + p,i − Tji, j − fi = 0,

∀x ∈ ∂g� : ui = gi ,

∀x ∈ ∂h� : hi = −pni + Tji n j , (1)

ui,i = 0. (2)

where ρ, ui = ui (xi , t) , u̇i = u̇i (xi , t) , p = p (xi , t) ,

Ti j = Ti j (xi , t) and fi = fi (xi , t) are the density, velocity
vector, velocity time derivative taken with respect to a fixed
spatial location, pressure, viscous stress tensor, and body
forces vector, respectively. In Eq. (1), the Neumann and Di-
richlet boundaries are denoted by ∂h� and ∂g�, respectively.
Defining the following operator

( f, g)� ≡
∫

�

f · g d�, (3)

and denoting the velocity test function by wi , the weak form
of Eq. (1) is,

(wi , ρu̇i )� + (
wi , ρu j ui, j

)
�

+ (
wi , p,i

)
�

− (
wi , Tji, j

)
�

− (wi , fi )� = 0. (4)

Doing integration by parts for the pressure and viscous terms,
we obtain

(wi , ρu̇i )� + (
wi , ρu j ui, j

)
�

− (
wi,i , p

)
�

+ (
wi, j , Tji

)
�

− (wi , fi )� + (wi , pni )∂h� − (
wi , Tji n j

)
∂h�

= 0, (5)

where the Ti j = μ(ui, j + u j,i ) for Newtonian fluid. Con-
sidering q as the pressure test function, the continuity weak
form can be obtained from Eq. (2) as,(

q, ui,i
)
�

= 0. (6)

Finally the weak form is: Find ui ∈ {
ui |ui (xi , t) ∈ (H1)d ×

[0, T ], ui = gi on ∂g�
}

and p ∈ {
p|p(xi , t) ∈ L2 ×

[0, T ]}, such that for all wi ∈ {
wi |wi (xi , t) ∈ (H1)d × [0,

T ], wi = 0 on ∂g�
}

and q ∈ {
q|q(xi , t) ∈ L2 × [0, T ]},

B(wi , q; ui , p) = F(wi , q)

B(wi , q; ui , p) = (wi , ρu̇i )� + (
wi , ρu j ui, j

)
�

− (
wi,i , p

)
�

+ (
wi, j , μui, j

)
�

+ (
wi, j , μu j,i

)
�

− (
q,i , ui

)
�

+ (q, ui ni )∂� ,

F(wi , q) = (wi , fi )� + (wi , hi )∂h� . (7)

In the discrete setting, we make use of a stabilized
formulation (see, e.g., [24–29]), which allows equal-order
velocity and pressure interpolation, and addresses the con-
vective instability associated with Galerkin’s method applied
to Eq. (7). The weak form in Eq. (7) is discretized in space
with P1 finite elements, and in time using the Generalized-α
method [30].
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After discretization of Eq. (7) the residual vector can be
obtained. Using the generalized-α method for time integra-
tion and the Newton–Raphson method to form the stiffness
matrix we have,[

K G
D L

] [
�U̇
�P

]
=

[−Rm

−Rc

]
(8)

where Rm and Rc are the momentum and continuity resid-
ual vectors, respectively, and K , G, D, and L matrices are
defined by,

K = ∂ Rm

∂U̇
n+1 ,

G = ∂ Rm

∂ Pn+1 ,

D = ∂ Rc

∂U̇
n+1 ,

L = ∂ Rc

∂ Pn+1 ,

(9)

where U̇ and P are vectors discretized in space, contain-
ing the time derivative of velocity and pressure, respec-
tively. Superscript n denotes the time step and α f and γ are
generalized-α method parameters which are defined based on
the spectral radius of infinite time step (for details see [30,
21]). This system is solved with a combination of a conjugate
gradient method and a preconditioned Generalized Minimum
Residual (GMRES) method. For more details about the dis-
cretization, linearization, and linear solvers, see [23,31].

2.2 Methods for backflow treatment

2.2.1 Outlet stabilization

In this section, we follow the implementation of Bazilevs
et al. [22] for the addition of stabilization terms on the out-
flow boundaries. The weak form in Eq. (7) is vulnerable to
backflow divergence. To obtain a more stable weak form
in the regions with backflow, an additional convective trac-
tion is added. The parameter β presents a modification to the
method proposed in [22]. The original formulation, presented
in [22], is equivalent to the current formulation for β = 1. In
this work, we present a modification of this method in which
a fraction of this term is added, and a more stable method
is obtained. From our numerical experience, this coefficient
allows us to have a stable solution for larger time-step values
compared to the β = 1 case, when there is significant flow
reversal. The stabilization term can be defined as follows

B̃(wi , q; ui , p) = B(wi , q; ui , p)

−β
(
wi , ρ(u j n j )−ui

)
∂h�

, (10)

where β is a positive coefficient between 0.0 and 1.0. For
small values of β, this method is less intrusive and also stable

in numerical experiments over a larger range of time steps.
In Eq. (10), (ui ni )− is defined as,

(ui ni )− ≡ ui ni − |ui ni |
2

=
{

ui ni ui ni < 0
0 ui ni ≥ 0.

(11)

Considering the weak form of Eq. (10), since the−β(u j n j )

− (ui , ui ) term is always positive, the energy dissipation
added by this term is proportional to the degree of backflow
velocity. In physical terms, the added term in Eq. (10) is an
outward traction, opposite the direction of backflow, which
pushes the flow in the direction of the outward normal. In this
sense, this term provides the “missing” convective flow infor-
mation from outside of the computational domain during flow
reversal.

2.2.2 Normal velocity constraint

In this method, the velocity is constrained to be in a particular
direction, ei , which is usually set to the surface normal direc-
tion. Therefore, a zero Dirichlet velocity is imposed for the
tangential directions. Although the normal velocity bound-
ary condition formulation can be found in standard FEM text
books [32], we have included the formulation here for the
sake of completeness. The momentum equation of the outlet
nodes is modified such that the two tangential velocity com-
ponents are zero, but the momentum equation is unchanged
in the normal direction. Let us define a rotation matrix M by,

M =
⎡
⎣ e

t2

t3

⎤
⎦ , (12)

where t2 and t3 are the directions orthogonal to the vector e.
To confine the velocity in the normal direction, e, t2 and t3 in
Eq. (12) are simply replaced by n and its orthogonal vectors.
Multiplying Eq. (8) by M in the element level rotates it to the
normal and tangential coordinates. From Eq. (8), for node B
at the outlet surface we have

Mi j k
AB
jk Mt

kl Mlp�U̇ B
p + Mi j g

AB
j P B = −Mi jr

A
mj , (13)

where k and g are element stiffness matrices and rm is the
momentum element residual vector. To eliminate tangential
components of Mi j�U̇ B

j , the stiffness matrices and residual
vector are replaced by

k̃ AB
i j = Mîkk ÂB̂

kl Mt
l ĵ

δî ĵδ Â B̂,

g̃ AB
i = Mî j g

ÂB̂
j δî1δ Â B̂,

r̃ A
mi = Mî jr

A
mjδî1.

(14)

where δi j is the Kronecker’s delta, equal to one for i = j and
zero for i �= j . There is no summation over the indices with
the hat notation, e.g. î .
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Substituting Eq. (14) into (13) and multiplying by M t to
rotate back to original coordinates, we have

Mt
i j k̃

AB
jk Mkp�U̇ B

p + Mt
i j g̃

AB
j P B = −Mt

i j r̃
A
mj , (15)

which can be rewritten as

k̄ AB
ji �U̇ B

i + ḡ AB
j P B = −r̄ A

mj : B ∈ ∂h�, (16)

so that the modified stiffness matrices, k̄, ḡ, and residual vec-
tor, r̄m , are defined by

k̄ AB
i j = Mt

ik k̃ AB
kl Ml j ,

ḡ AB
i = Mt

i j g̃
AB
j ,

r̄ A
mi = Mt

i j r̃
A
mj .

(17)

By using Eqs. 12–14 and 17, the modified element stiff-
ness matrices and residuals are found from k, g and rm and
can be assembled into the global matrices and vector. One
might add another requirement of U B

i nB
i < 0 to Eq. (16), in

order to only effect the nodes with inward velocity (i.e. defin-
ing this equation only on ∂h−�). But for this study, we restrict
all the nodes on the outlet surface to obtain a more stable and
general form. It should be noted that while commercial solv-
ers often have an option for normal velocity constraints, it is
impossible to guarantee identical implementation since this
information is typically proprietary.

2.2.3 Constraining the velocity profile

The concept of this method is to assume a particular veloc-
ity profile, e.g. parabolic, for the outlet and then constrain
the solution to converge to this assumption. This is achieved
by adding penalties to the residual vector for deviation from
this assumption. To this end, the following constraints are
enforced using the augmented Lagrange multiplier method
as in the work of Kim et al. [23].

c1 = α (ui ni − φ, ui ni − φ)∂h� = 0,

c2 = α (ui t2i , ui t2i )∂h� = 0,

c3 = α (ui t3i , ui t3i )∂h� = 0,

(18)

where t2i and t3i are tangential surface vectors and φ(xi , t)
is the velocity profile to be imposed,

φ = (ui , ni )∂h�

(1, 1)∂h�

n + 2

n

(
1 −

( r

R

)n)
, (19)

where n is the velocity profile polynomial order defined by
the user, r(xi ) is the distance from the center of the face, and
R is the surface radius defined by the user. Also, α which is
used to nondimensionalize Eq. (18) is,

α = (1, 1)∂h�

Q̄2
, (20)

where Q̄ is a user-defined estimate of the average flow rate
through the surface. Note that the definition of Eq. (19)

implies the requirement of circular outlet cross sections,
although this is not strictly required for use in all problems.

Having ci from Eq. (18), a weak form obtained from the
following equation is included in the formulation for all the
constrained surfaces (see [23]),

− λi ci + 1

2
κi c

2
i + σiλ

2
i = 0, (21)

where λ, κ , and σ are Lagrange multipliers (part of the solu-
tion vector), user-defined penalty numbers, and regulariza-
tion parameters, respectively. The regularization parameters,
which are chosen to be small, are used to prevent an ill-con-
ditioned stiffness matrix.

2.3 Model construction and simulation methods

To create the geometric models, a customized in-house ver-
sion of the open source Simvascular package was used [33].
Models for the first two cases were analytically defined
and constructed by lofting together circles. For the patient-
specific model in case three, starting from the X-ray com-
puted tomography (CT scan), the geometry of each artery
is identified and segmented [34]. By lofting these segments
through the centerline of the vessels, the solid model is
created. Then, the model is meshed with tetrahedral ele-
ments using the MeshSim c© software package. A custom-
ized version of the finite element code, Phasta [33] (open
sourced at simtk.org), is used for simulations. All simula-
tions are done with rigid walls, incompressible, and Newto-
nian fluid assumptions. Blood density and viscosity are set
to be 1,060 Kg/m3 and 0.004 Pa · s. The spectral radius of
infinite time step, so called ρ∞, is set to 0.2 for all simula-
tions. At the inlet, a Dirichlet velocity condition is imposed.
At the outlet, when a zero traction Neumann boundary con-
dition is imposed, all components of the traction are set to
zero, i.e. hi = 0 in Eq. (7). An implicit method (the cou-
pled multi-domain method) is adopted for RCR outlet bound-
ary conditions, in which the derivative of the imposed pres-
sure at each time step is considered in the stiffness matrix
[5,35]. The same number of non-linear iterations are used
for all methods. All three methods for outflow treatment
were implemented in the same code with identical numer-
ics and meshing, allowing for an “apples-to-apples” com-
parison of the three methods. The implementation of the
Lagrange method used in this work was done by Kim et al.,
and included in the open source release of the Simvascular
package.

For all the case studies, the β value in Eq. (10) is equal to
0.2. The profile order, i.e. n in Eq. (19), is equal to 2 for all
Lagrange cases, corresponding to a parabolic profile, unless
stated otherwise. The penalty numbers, κ , are also set to 106,
unless stated otherwise. Also, ei is set to the surface normal
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vector, ni , in Eq. (12). A Dirichlet boundary condition is
imposed at the inlet with a parabolic velocity profile in all
cases.

3 Results

3.1 First case study

The first case study is a cylinder with an expansion, as shown
in Fig. 1. The inlet and outlet diameters are 5 and 10 mm,
respectively. The lengths of the inlet and expansion sections
are 10 and 5 mm, respectively. Two lengths, 15 and 30 mm,
are used for the outlet sections in the short and extended
models, respectively. The short and extended models are
meshed with 215, 910 and 320, 157 tetrahedral linear ele-
ments, respectively. The results are presented based on the
inlet Reynolds number with a steady inflow rate. A zero trac-
tion boundary condition is imposed for the outlet. As shown
in Fig. 2, the expansion in cross section produces a recir-
culation region which causes backflow at the outlet at high
Reynolds numbers.

3.1.1 Extended model

This simulation is done with the extended model and an inlet
Reynolds number of 1,000. At this Reynolds number and

Fig. 1 Short solid model for first case study with 15 mm outlet section

Fig. 2 Velocity contours and stream lines at Re = 1,000 for first case
study illustrating stable vortices at the outflow face

model length there is a very small amount of backflow, and
the simulation is stable with no boundary treatment. A com-
parison of simulation results is shown in Fig. 3 for the no
boundary treatment case and the three treatment methods.
The pressure and velocity at the centerline and the outlet are
plotted in this figure.

Fig. 3 Velocity and pressures
for the extended model at the
centerline and outlet section at
Re = 1,000
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Fig. 4 Velocity profiles at
x = 15, 35, 40 and 45 mm in the
extended model at Re = 1,000
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We observe that the stabilization and normal constraint
method results are very close to the no-treatment case. How-
ever, the Lagrange method failed to match to the no-treatment
case results. Although this method does not change the veloc-
ity in the region far from the outlet (see Fig. 4), the velocity
profile is changed significantly at the outlet, as expected. The
changes in the velocity profile at the outlet are responsible
for changes in the outlet pressure as well. The reduction of
velocity at the center and its increase in the peripheral region
requires higher and lower pressure in those areas, respec-
tively, to satisfy the momentum equations. This change in
pressure is propagated throughout the model.

From Fig. 3 it is clear that the Lagrange method has a
significant effect on the flow physics. To magnify the dif-
ference between the normal constraint and the stabilization
method, deviation of these methods from the no-treatment
case is shown in Fig. 5 as the percent error. This figure sug-
gests that in this case the stabilization method has a larger
impact on the flow than the normal constraint method. This
may be a result of the added traction from the stabilization
term, which opposes the inward flow.

To obtain a more global picture of the effect of these
methods on the flow, the outlet and inlet energy fluxes and
average pressures are tabulated (Table 1). Wall time is the
parallel simulation time with 8 processors under the same cir-
cumstances for all cases. This table also confirms the results
shown in Figs. 3 and 5. Comparing the stabilization and nor-
mal constraint methods, the normal constraint is slightly less
intrusive, but more costly. The Lagrange method has the high-
est impact on the flow with highest computational cost. Use
of a higher profile order in the Lagrange method slightly
reduces the effect on the flow physics. The same is also true
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Fig. 5 Differences in velocity for the normal constraint and stabiliza-
tion methods compared to no-treatment case at the outlet of the extended
model at Re = 1,000

for lower penalty numbers, but this will also decrease the
robustness of the method.

3.1.2 Short model

The short model with no treatment at a Reynolds number of
1,000 is not stable. The results shown in Fig. 6 are analogous
to Fig. 3. The zero traction boundary condition is not satis-
fied for the Lagrange method. As expected, the outlet velocity
profile for this method is closer to a parabolic profile.

Table 1 Comparison of the average pressure and energy fluxes for all methods with the extended model at Re = 1,000

Methods Wall time (s) P̄in (Pa) P̄out (Pa) Ėin (mW) Ėout (mW) −Ėout/Ėin (%)

No-treatment 379 1.90 –0.029 –10.89 8.70 79.9

Stabilization 394 0.26 –0.32 –10.87 8.70 79.9

Normal 399 1.72 –0.284 –10.89 8.69 79.8

Lagrange 537 –160 –63.3 –8.36 5.48 65.6

Lagrange (n = 5) 532 –128 –30.4 –8.85 6.01 69.4

Lagrange (κ = 105) 523 –57.1 –26.6 –9.97 7.66 76.8
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Fig. 6 Velocity and pressures
for the short model at Re = 1,000
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3.1.3 Higher Reynolds number

Figure 7 shows the results for the short model at a Reynolds
number of 5,000. In this figure, the Lagrange method velocity
results are closer to the other two. However, the pressure at
the centerline is lower at the inlet and rapidly increases at the
outlet. This suggests lower pressure energy dissipation in this
method as compared with the others. To obtain stable results,
the time-step size is reduced to 10−3 from 10−2 for the lower
Reynolds number case. When increasing the Reynolds num-
ber further to 2 × 104, the Lagrange (keeping the penalty
numbers and profile order unchanged) and normal constraint
methods are no longer stable, where the stabilization method
remains stable. For the stabilization method, we found that
for lower β values, the solution was stable for higher time-
step values.

Considering the centerline velocity at Re = 1,000 and
5,000 in Figs. 6 and 7, the impact of the both the stabiliza-
tion and normal constraint methods on the centerline velocity
increases with the Reynolds number. This can be inferred by
the sharp reduction of the centerline velocity at the outlet
at Re = 5,000. Also, the centerline pressure of these two
methods does not match as well at Re = 5,000 as it does at
Re = 1,000.

3.2 Second case study: right angle bend

The second example illustrates pulsatile flow through a
right-angle bend. The radius of the bend centerline is 10 mm
and its diameter is 5 mm. This is a common shape in the
arterial system, e.g. in a child’s descending aorta. This sim-
ulation is done with a time-step equal to 10−4 over 1 s with
three nonlinear iterations per time-step. The inflow wave-
form is physiological, with a cardiac cycle time of 0.5 s [36].
This wave form (Q1) and the model are shown in Fig. 8. The
average flow rate was scaled to produce an average Re =
2,500. This high Reynolds number is chosen to challenge the
robustness of these methods, and is above the normal phys-
iologic range. However, high Reynolds number such as this
can occur in the other applications, such as flow simulation
through pipes and ducts. Analogous to the previous case, a
zero traction boundary condition is set for the outlet. Both the
normal constraint and the no-treatment cases were unstable.

From Table 2, the Lagrange method results show large
differences in the inlet and outlet pressures compared to the
stabilization method results. Similar to the previous cases,
the zero traction boundary condition at the outlet is not sat-
isfied for the Lagrange method. This is due to the added
normal traction at the outlet, which increases the pressure

123



Comput Mech (2011) 48:277–291 285

Fig. 7 Velocity and pressures
for the short model at Re = 5,000
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Fig. 8 Second case study geometric model and inflow waveforms

at the outlet nodes, for the Lagrange method. This pressure
propagates through the model, causing higher pressure at the
inlet as well.

The inflow wave form was changed to a more critical case
of π2 DνRe sin (2π t/T ) /8, where the T, D, ν, and Re are
one cycle period, inlet diameter, fluid kinematic viscosity,
and average Reynolds number, respectively. This inflow wave
form has more backflow, as shown by Q2 in Fig. 8. The
Reynolds number is set to 2,000. At this Reynolds number the
normal constraint simulation diverged. The Lagrange con-
straint case remained stable, but the result was physically
unrealistic, with a high pressure oscillation through the car-
diac cycle. The stabilization method result, on the other hand,
was stable and the solution residual was low.

Figure 9 illustrates the larger differences in the outlet
velocity vector found using the Lagrange and stabilization
methods. The vectors in Fig. 9b which are colored by pres-
sure, clearly show the low artificial pressure at the center of
the outlet which tends to increase the velocity at the center

Table 2 Comparison between
the average pressure and energy
fluxes of the curved model at
average Re = 2,500 for case
study two

Method P̄in (Pa) P̄out (Pa) Ėin (W) Ėout (W) −Ėout/Ėin (%)

Stabilization 1,192 –24.1 –1.585 1.372 86.5

Normal – – – − −
Lagrange 1,781 433.7 –1.584 1.323 83.5
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Fig. 9 Second case study,
outlet velocity vectors at peak
flow (point A in Fig. 8) colored
by pressure (Pa) using a
stabilization method and b
Lagrange method; and velocity
vectors after deceleration (point
B in Fig. 8) colored by
tangential velocity for c
stabilization method and d
Lagrange method

to achieve the desired parabolic profile. This is also true for
the region of the outlet with high velocity close to the wall,
which has a higher artificial pressure. The residual value is
low for the stabilization method over the entire cycle, but the
residual increases in diastole for the Lagrange method. This
is the reason that after deceleration (i.e. point B in Fig. 8) the
velocity vectors shown in (d) are inconsistent with part (c)
of Fig. 9.

3.3 Third case study: a patient-specific aorta model

The final case study is an aortic arch model constructed from
CT data of a healthy, 62-year old male patient, which is shown
in Fig. 10. In addition to the aorta, three branches of the
brachiocephalic artery, the left common carotid artery, and
the left subclavian artery are included in the model. Physi-
ologic RCR boundary conditions are imposed at all outlets
[35,37]. The sum of proximal and distal resistances for each
branch is tuned based on the flow rate in the branches, which
assumed to be proportional to the outlet surface areas. The
proximal resistances are assumed to be 10% of their corre-
sponding distal resistances. The total resistance is tuned to
obtain an average pressure of 100 mmHg for the ascending
aorta, a typical physiologic value. The capacitances are tuned
to obtain a pressure amplitude between 80–120 mmHg at the
outlets. To achieve mesh independence, the mesh is adapted
twice based on element residual values [38]. The final
mesh contains approximately 2 million tetrahedral elements.
A Dirichlet boundary condition is imposed at the inlet, i.e.

ascending aorta, with the flow waveform shown in Fig. 10
[37]. All the outlets are constrained for the Lagrange method
with a profile order of 5. Also, Q̄ in Eq. (20) was tuned to the
exact values obtained from the stabilization methods results,
giving the Lagrange method an exact initial guess for the flow
rates at each outlet.

The flow rate is negative for a significant portion of the
cycle for the three upper branches (flow rate plots in Fig. 10),
but not for the descending aorta. This backflow results in an
unstable solution for the no-treatment case, and the normal
constraints case also diverged after 25% of the cardiac cycle.

Since there is no significant flow reversal in the descending
aorta, the stabilization method does not have any effect on this
outlet. This is also true at flow peak for the other branches,
when there is no backflow at these outlets. Comparing the
flow traces of the Lagrange and stabilization methods shows
no significant difference between the results. Assuming the
stabilization method results are close to the supposed no
treatment case results, it can be concluded that the Lagrange
method does not change the flow split values in this case.
This is mainly due to the fact that the flow split is deter-
mined by the boundary conditions, rather than the 3D model
hemodynamics. This can be simply deduced by comparing
the pressure loss through the model to the pressure loss at the
boundaries (see Fig. 11).

As seen in this figure, the pressure loss in the model is on
the order of 1 mmHg, while the mean pressure imposed by
the boundary conditions is approximately 90 mmHg. Since
the intrusion of the Lagrange method on the pressure field
is of the same order as pressure loss in the model, the
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Fig. 10 Flow rates (mL/s
versus time) of the outlets
obtained from the stabilization
and Lagrange methods results.
The volumetric contours of
time-averaged velocity
magnitude are shown for the
stabilization and the Lagrange
methods
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Fig. 11 Pressure plots (mmHg
versus time) at the outlets
obtained from the Lagrange and
stabilization methods. The
time-averaged pressure contours
at the surface are shown for the
stabilization and the Lagrange
methods
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variation in the pressure field is too small to significantly
affect the flow split. Hence, the flow split between the
branches is roughly inversely proportional to the sum of distal
and proximal resistances.

However, if the Lagrange parameters are not tuned prop-
erly, the Lagrange results can be drastically different from the
stabilization results. The importance of tuning the Lagrange
parameters is deducible from Table 3. The results in this table
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Table 3 The effect of tuning Lagrange parameters on the solution

Method Q̄aoa Q̄aod Q̄ba Q̄lsa Q̄lcca P̄aoa P̄aod P̄ba P̄lsa P̄lcca

No-Treatment −50.0 38.69 7.627 1.411 2.268 14.53 0.0135 0.349 0.331 0.548

Lagrange (I) −50.0 40.23 7.109 1.788 0.870 15.50 0.7954 2.539 4.390 6.041

Lagrange (II) −50.0 43.57 5.226 0.860 0.342 13.79 −0.0168 7.147 8.713 9.372

Lagrange (III) −50.0 46.01 3.191 0.434 0.356 15.21 0.6099 11.54 12.38 10.26

The flow rates are in (mL/s) and pressures are in (Pa). The Lagrange (I) simulation is performed with tuned Q̄ obtained from the no-treatment case,
and n = 2. The Lagrange (II) simulation is performed with tuned Q̄ obtained from the no-treatment case, and n = 5. The Lagrange (III) is with
untuned Q̄, and n = 2. In this case, Q̄ is estimated based on the outlet surface area and aoa flow rate. Note that the stabilization results are identical
to the no-treatment case, since there is no backflow at the outlets. aoa ascending aorta, aod descending aorta, ba brachiocephalic artery, lsa left
subclavian artery, lcca left common carotid artery

no−treatment
 or 

Stabilization

Lagrange

Fig. 12 The wall shear stress contours obtained from the no-treatment
and the Lagrange methods results. These results correspond to a steady
state, zero traction boundary condition simulation. The Q̄ is untuned for
the Lagrange method with n = 2 (the Lagrange (III) case in Table 3).
The Lagrange method predicts lower WSS in the upper branches due
to the lower flow rates in these branches. However, the wall shear stress
is nearly unaffected for the aortic arch

are obtained from steady state simulations with zero traction
boundary conditions for the outlets. In the cases shown, the
Lagrange method produces significantly different flow splits
compared to the no treatment case, and the difference is made
worse if the Lagrange method parameters are not tuned prop-
erly (see Table 3).

The contours of wall shear stress magnitude for the steady
state case with zero traction boundary conditions are shown
in Fig. 12. The Lagrange contours are obtained from the case
(III) simulation in Table 3. The changes in the velocity field
have caused large changes in the wall shear stress in the upper
branches. In these branches the Lagrange method predicts a
lower flow rate, and hence a lower wall shear stress. How-
ever, in the ascending aorta the wall shear stress predictions
are very close, due to the identical flow rates at the inlet.

To illustrate issues with robustness of the proposed meth-
ods, we present a case in which we alter the cross sectional

Fig. 13 The brachiocephalic artery with normal and angled cut

cut of one of the model outlets. This represents a situation
in which the outlet section cannot be cut perpendicular to
the flow direction for reasons related to model construc-
tion or lack of image data. Also, due to unsteady flow phe-
nomenon, the primary flow direction at a given outlet can
change over the cardiac cycle. Thus, there may be no unique
direction for the outlet normal that remains aligned with
the flow direction during the entire cycle. The situation is
even more challenging when fluid-structure interaction mod-
eling is employed for cardiovascular simulation (see, e.g.,
[39–42]).

To investigate the robustness of the methods under these
non-ideal circumstances, the brachiocephalic outlet is inten-
tionally cut in an off-normal direction to the vessel centerline
(see Fig. 13). Therefore, the normal constraint direction is not
aligned with the flow direction. Also, the outlet cross section
is elliptical, which differs from the assumed circular cross
section in Eq. (19). This leads to divergence of the normal
constraint simulation after 15% of the cardiac cycle. Com-
pared to the previous case, this demonstrates the sensitivity
of the normal constraint method to the outlet cut angle. With-
out tuning the Lagrange method parameters, the simulation
diverges. This is likely a result of inconsistency between the
outlet cross section and the assumed cross section in Eq. (19).
The stabilization method remains stable for this case, and the
time-averaged wall shear stress and pressure contours are
smooth, matching well with the previous results. This result
indicates improved robustness of the stabilization method in
non-ideal circumstances compared to the other two methods.
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4 Discussion

The overall performance of the three treatment methods can
be compared in terms of robustness, impact on the flow phys-
ics, computational cost, implementation effort and ease-of-
use aspects.

Comparing the robustness of the three methods used for
backflow treatment, the stabilization method performed the
best. Robustness was tested by varying the Reynolds number
and length of geometry in case study 1, by adding flow pulsa-
tility with backflow in case study 2, and by varying the outlet
cut plane in case study 3. For all these cases, the stabilization
method produced a numerically stable solution without the
need for parameter adjustment. In examining the residuals
of the numerical solution, we find that the Lagrange method
was stable while the normal constraint method failed for the
second and third case studies. However, the residual was still
high for the Lagrange method compared to the stabilization
method in the second case study, and the obtained solution
deviated substantially from the stabilization method results.
Both the normal constraint method and the Lagrange method,
depending on the formulation, can place additional require-
ments on the model geometry compared to the stabilization
method. The normal constraint method failed faster in case
study 3 when the outlet section was not cut properly. Since a
circular cross section at the outlets was assumed, the untuned
Lagrange method also failed.

Perhaps the most important measure of performance is
the impact of the outlet treatment on the flow physics. In this
case, the stabilization method outperformed the Lagrange
and normal constraint methods. Although the stabilization
method can change the pressure slightly due to the added
traction, this effect does not appear to be significant, espe-
cially when examining the velocity vectors. The stabilization
method has absolutely no impact on the flow when there is
no backflow. This is also true for the normal constraint if the
normal constraint equation is considered only for ∂h−�, i.e.
where U A

i n A
i < 0.

For all cases examined in this work, the Lagrange method
had a significant impact on the velocity profile at the con-
strained outlet. While the effect on the velocity profile shape
was restricted to a local region near the outlet, there were
important effects on other quantities including pressure and
energy loss that propagated globally. Our results showing
only local changes in the velocity profile agreed with the
previous work of Kim et al. [23]. However, to satisfy the
momentum equations, the Lagrange method also resulted in
large changes to the pressure at the boundary, which affected
the pressure globally throughout the model in case studies
1 and 2. This causes an error in the predicted pressure field
in regions far from the constrained boundaries.

Our results suggest that the effect of the Lagrange method
on the flow field depends on the type of boundary conditions

used. Specifically, the Lagrange results were more accu-
rate when physiologic non-zero traction boundary conditions
are used, as compared to the zero traction boundary condi-
tions. When using RCR boundary conditions in case study
3, the pressure changes due to the Lagrange constraint were
small compared to the overall mean pressures imposed by the
boundary conditions, and therefore, the resulting changes in
both flow rate and pressure were not significant. However,
the excellent agreement obtained with the Lagrange method
for this case required tuning the Q̄ values using the stabil-
ization results, and the results were highly variable without
tuning. These results also suggest that the Lagrange method
may be less suited to problems with lower overall mean pres-
sure, such as venous flow simulations. Decreasing the penalty
numbers can decrease the impact of the Lagrange method on
the flow physics, but it will also decrease the robustness of
this method.

Comparing the results for computational cost, the normal
constraint and stabilization methods do not add any signifi-
cant additional cost, whereas, the Lagrange method can add
up to 50% to the computational cost, depending on the prob-
lem. This increased cost is due to the additional elements
inside the solution vector, i.e. Lagrange multipliers, as well
as added blocks inside the stiffness matrix.

The implementation effort required for the normal con-
straint and stabilization methods are both minimal, because
the structure of the stiffness matrix and the linear solver need
not be modified for either method. The implementation of
the normal constraint method requires somewhat more effort
because the rotation matrix must be formed for each element,
and also specific blocks of the element stiffness matrix and
residual vector should be modified. Due to the new entries
in the solution vectors and the changes in the structure of the
tangent matrix, the Lagrange method requires the highest
implementation effort.

Considering the ease-of-use aspect, the normal constraint
and stabilization methods are fairly simple to use. However,
the Lagrange method requires the use of several user-defined
parameters. For example, the quantity Q̄ in Eq. (20) must
be estimated and specified by the user prior to the running
the simulation, while this parameter should be a simulation
result. In practice, this may required a time-intensive itera-
tive procedure. It should be noted that drastic changes in these
parameters can have profound effect on the final simulation
results, even with RCR boundary conditions.

5 Conclusions

In this work, we have performed a quantitative comparison
of three outlet treatment methods used to address the prob-
lem of numerical divergence due to backflow. Using identical
numerics, models, and meshes, we compared the methods of
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outlet stabilization, normal velocity constraint, and Lagrange
profile constraints. We have shown that the normal constraint
can be safely used in the case of slight flow reversal, pro-
ducing a stable result with little impact on the flow physics.
However, this requires the constrained direction vector to be
close to the direction of reversed flow and that only the part
of the outlet with flow reversal be constrained.

Our results showed that the Lagrange method, while often
successful in stabilizing the solution, suffered from high
impact on the pressure field solution, high computational
cost, and increased difficulty in both implementation and
ease-of-use. While results with highly tuned outlet flows
matched very well with the stabilized method results, a lack
of tuning can produce drastically different results that are not
confined to the vicinity of the outlet.

The stabilization method was shown to have the highest
robustness, and the least impact on the flow field, with no
extra computational cost, and high ease of implementation
and use. In addition, the stability of this method is improved to
include a wider range of time steps by adding only a fraction
of the convection term in our formulation. This implementa-
tion also reduced the impact of this method on the pressure
field.

To summarize, the addition of an outlet stabilization term
provides an accurate, robust, and easy-to-use method that
reliably prevents backflow divergence in numerical simula-
tions of blood flow. Future work will explore the use of these
methods for fully coupled multiscale modeling simulations,
which require frequent exchange of information between 0D
and 3D solutions.
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