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Abstract Following the approach developed for rods in Part
1 of this paper (Pimenta et al. in Comput. Mech. 42:715-732,
2008), this work presents a fully conserving algorithm for
the integration of the equations of motion in nonlinear shell
dynamics. We begin with a re-parameterization of the rota-
tion field in terms of the so-called Rodrigues rotation vector,
allowing for an extremely simple update of the rotational
variables within the scheme. The weak form is constructed
via non-orthogonal projection, the time-collocation of which
ensures exact conservation of momentum and total energy
in the absence of external forces. Appealing is the fact that
general hyperelastic materials (and not only materials with
quadratic potentials) are permitted in a totally consistent way.
Spatial discretization is performed using the finite element
method and the robust performance of the scheme is demon-
strated by means of numerical examples.

Keywords Nonlinear dynamics - Shells - Time integration -
Energy conservation - Momentum conservation

1 Introduction

In this work we extend the dynamics formulation developed
for nonlinear rods in Part 1 [15] of this paper to the case
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of nonlinear shells. A fully conserving algorithm for inte-
gration of the resulting equations of motion is attained, with
the remarkable property of allowing for general hyperelastic
materials.

As a consequence of our notation, the expressions derived
are virtually identical to the corresponding ones of the
rod model. This feature illustrates the profound connection
between the two papers and leads to a straightforward imple-
mentation of the shell formulation within a finite element
code once the rod model has been implemented.

As in Part 1, our starting point is a re-parameteriza-
tion of the rotation field in terms of the so-called Rodri-
gues rotation vector (see [14]), with which update of the
rotational variables is made extremely simple within the
scheme. The geometrically-exact quasi-static shell model of
[5,12] is adopted as the basis for our developments. Ener-
getically conjugated cross-sectional stresses and strains are
defined based upon the first Piola—Kirchhoff stress tensor
and the deformation gradient. The equations of motion are
derived in an exact manner and the corresponding weak
form s constructed via non-orthogonal projection, equivalent
to the application of the virtual power theorem. Time-
collocation of the resulting expressions following an energy-
momentum approach ensures exact conservation of both
momentum and mechanical energy in the absence of exter-
nal forces. Spatial discretization is performed under the light
of the finite element method and the performance of the
scheme is assessed by means of several numerical simula-
tions.

We draw the attention of the reader to the fact that, up
to our knowledge, this is the first conserving scheme as to
permit general hyperelastic materials in the dynamics of non-
linear shells with rotational degrees-of-freedom. For a brief
overview and historical notes on the subject, we refer to the
introduction in Part 1 of this paper.
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Throughout the text, italic Greek or Latin lowercase
letters (a, b, ...,a, B,...) denote scalar quantities, bold
italic Greek or Latin lowercase letters (a, b, ..., a, 8,...)
denote vectors and bold italic Greek or Latin capital letters
(A, B, ...) denote second-order tensors in a three-dimen-
sional Euclidean space. Summation convention over repeated
indices is adopted, with Greek indices ranging from 1 to 2
and Latin indices from 1 to 3.

2 Parameterization of the rotation field

Following the parameterization developed for the rotation
field in [15], let @ be the classical Euler rotation vector rep-
resenting an arbitrary finite rotation on 3-D space, with 6 =
||@] as its magnitude and

sin @ 1 (sin6/2\* ,
=1 O+~ o 1
0=1+"" +2(9/2 ) ()

as the associated rotation tensor, in which @ = Skew(#).
We define the Rodrigues rotation vector & by means of

tan(0/2)
a=——"7-760,
0/2
and opt to describe the rotation field with « instead of 6. The

rotation tensor may be expressed in terms of « as follows
(see [14])

@)

0=1I+h(w) (A + %Az) , with h(a) = (3)

44 a2’

where o = ||| and A = Skew(a). In this case, the Cayley
transform

0= I+1A 1 1A _1— 1 1A B I+ 1A “)
U2 2 U 2 2
holds for @, and the following relations may be derived:

1 1 \!

1 \! 1 \!
and Q—I:A(I—EA) =(I—§A) A. 5)

The skew-symmetric spin tensor associated to the rotation Q
is defined by £2 = 007, with its axial vector @ = axial(2)
being called the spin vector or angular velocity vector. One
can show that

1
w=Ea, where E = h(x) (I+ EA) (6)

Tensor E therefore relates @ to the time derivative of & and
has the remarkable property Q7 £Q = Z, from which fol-
lows 27 = QTE = £QT. From these identities, the back-
rotated counterpart of  is given by

o =0"w=E5"q, )
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where the notation with a superscript “r”” was introduced to
define back-rotated quantities.

Let now ¢ be a generic vector and T a second-order tensor
such that T = Skew(#). The following result (useful subse-
quently in the text) may be obtained by differentiation

=T
=D _ Wi(a, 1),
do
where W(a, t) = %h(a)(T —ETt® o). (8)

Other useful properties are

det(Z) = h’(a), det B(ur Q)] = h(a),

E =det 1I 1I 7T—h 11 o

E=de [5( —i—Q)} [5( +Q)} = h(@) [5( +Q)}

and [%(I+Q)a:| X [%(I—f— Q)b:| = E(axb),
Va,beR3 (Nanson’s rule). O]

The parameterization with the Rodrigues rotation vector
leads to simpler expressions when compared to the Euler
representation, and allows for a very simple update scheme
of the rotation field as we shall see subsequently. It should be
mentioned, however, that due to definition (2) we must have
0 < 6 < m. This restriction does not affect the algorithm
since we will use an updated formulation. Hence, the rota-
tions may not exceed 7 only within a single time increment,
what may not be considered a practical limitation.

3 Shell dynamics
3.1 Kinematics

Based on the geometrically-exact quasi-static shell model
of [5,12], a flat reference configuration is assumed for the
shell mid-surface at the outset. A local orthonormal sys-
tem {e], e}, €5} with corresponding coordinates {&1, &, ¢}
is defined at this configuration, with vectors e[, placed on the
shell mid-plane and e normal to it (see Fig. 1). Points in this
configuration are described by

E=¢+r, (10)

where ¢ = £ye, describes the position of points on the mid-
surface and r” = ¢ e’ is the reference director, with € H =
[—h®, k'] as the thickness coordinate and h = h' + h” as the
shell reference thickness.

Let now {ey, e, e3} be a local orthonormal system in the
current configuration as depicted in Fig. 1, with e3 aligned
with the current director and e, normal to it. We describe
the shell motion by a vector field x = x(&), so that in this
configuration the position of the material points is given by



Comput Mech (2011) 48:195-211 197
iy =0" (g +24x©) =0 Gty +ZyEq) and
. T - ~T
i =0"w,=ETa s+ E a,
=0"[Z¢ o + QW (e, o 0)d], (17)

Fig. 1 Shell description and basic kinematical quantities

X=z+r, (11)
where
z=¢+u (12)

describes the position of points in the mid-surface (with u as
the displacement vector) and

r=Qr (13)

is the current director at these points, with @ as the rotation
tensor given by Eq. (3). Notice that expression (13) embeds
our basic kinematical assumption, i.e. the director remains
undeformed during the shell motion (no thickness changes
occur) and may only rotate as a rigid body, with first-order
shear deformations being accounted for. Relation ¢; = Qe
holds for the local systems.

Time differentiation of expression (11) furnishes the
velocity and acceleration vectors of a material point:

X=u+owoxr and ¥X=d+oxr+wx(wxr). (14)
3.2 Strains

The deformation gradient F is computed by differentiation
of (11) with respect to &€, and after some algebra can be
expressed by

F =0+ (g, +k, x17) ®e], (15)
where
n, = QTz,a —e!, and
r— T ous T\ _ =T
K, =Q axial(Q , Q" ) =E oy (16)

may be regarded as the shell strain vectors [notation (-) o =
d(-)/0&, was introduced in (16)]. Time differentiation of the
above expressions provides the strain rate vectors as follows

with W(e, a o) as in (8). If we place 5}, and k[, within a
generalized strain vector €/, i.e.

el = ["‘rf], (18)

Ky

then the generalized strain rate &/, may be written as [with
the aid of (17)]

e =ATd, A, (19)
where
[o o [r o z,
A [0 0| *=lo1 0 |
1% o .
Ae=|0 11| and v—[”] (20)
o« 3§a - (0] :
o 1

In addition, if we define an operator Y, and a vector d such
that

) I 0 O
Ayv=Y,A,d, whereY,=|0 & QOW(x,xy)
0O 0 E
u
and d = [a} @)
then it is possible to rewrite (19) as
¢ =ATd,Y,Aud. (22)

3.3 Stresses

Let the first Piola—Kirchhoff stress tensor be expressed in
terms of its column-vectors by

P=1,®e¢€], (23)

where t; are nominal stress vectors acting on points of the
shell at the current configuration whose normal vectors at the
reference configuration are €] . Since ey, are the normal vec-
tors to the undeformed cross-sections, 7, correspond to the
cross-sectional stress vectors. Integration of T, over the shell
reference thickness furnishes the stress resultants as below

naz/radH and maz/rxradH, 24)
H H

which stand for the internal forces and internal moments act-
ing on the cross-sections, respectively, both per unit length
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of the reference configuration. Considering the back-rotated
stress vectors Tf = QTr,-, the back-rotated counterparts of
(24) may be written as

n =Q"n, :/12 dH and m!, =Q"m,

o

H

:/rr x Ty, dH.

H

(25)

For the sake of compactness in notation, we will place these
resultants into the vectors below

n n;
oo=| " | and o), =] % |.
my m,

Note that ¢/, = Ao, and 64 = Ao, with A given in
(20);.

(26)

3.4 External forces

Let 2 be the applied external forces and m the applied exter-
nal moments acting on the shell mid-surface both by unit
area of the reference configuration. Let 2/ be the external
distributed forces and m!" the external distributed moments
acting on the shell edges by unit length of the reference con-
figuration. The resulting external forces and moments on the
shell are then given by

f”“:/ﬁdﬂ+/ﬁrd1“ and

0 r
mext:/(ZXﬁ+ﬁ1)d9+/(zxﬁr—|—ﬁlp)d1—', (27)
0 r

in which £ C R? is the shell (open) domain and I" = 92
is its boundary (notice that the external moments are defined
with respect to the origin of the coordinates).

3.5 Linear and angular momentum
Let p be the specific mass of the shell at the reference config-

uration and assume for simplicity that the shell mid-surface
is the medium surface, i.e. H = [—h/2, h/2], such that

/,or’dH:/,ordH:o.
H

H

(28)

@ Springer

We then define the following inertia properties for the cross-
sections:

M:/de and
"

J=- / Skew?*(r)p dH, (29)
H

J=- / Skew? (" )pdH=0"JQ.
H

Let now V be the volume at the reference configuration.
The linear momentum of the shell [with the aid of (14);] is
given by

x:/pscdvz/idsz, where A = M, (30)
\%4 2

and the angular momentum [with the aid of (11) and (14);] by

w =/,ox x:'ch:/(zxX+ﬁ)dQ, where
v 2
B =Jo=0p and @ =J o (31)

Notice that the angular momentum g is defined here with
respect to the origin of the coordinates. Time differentiation
of A and u results in
A= /idsz, with A = Mii, and

2

ﬂ=/(ZXi+ﬁ)dQ, with ﬁ:]d)—l—w x]wzgﬁf
2

and W =J &+ xJ o

We remark that i’ = ()" # (o")", since i = QT ji and
=@+ xp.

(32)

3.6 Shell equations of motion

The global equations of motion describing the shell dynamics
may be stated by means of the Euler’s laws, i.e.

fext — X and mc = IL (33)
Substituting (27) and (32) into these two expressions renders
/(ﬁ—i)d9+/ﬁfdr=o and

Q r

/(zxﬁ+ﬁz—zxi—,i)d:2
2

+/(zxﬁf+ﬁzf)dr=o. (34)
r
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On the other hand, from application of the divergence the-
orem on the cross-sectional resultants n, and m,, we may
write

/”a,adQ Z/nrdr, /ma,adg =/mrd1" and
2 r 2 r

/}zxn@ﬂszz/k;axna+zxnmwd9

=/(z xnlydr, (35)
r
where
r
n° =vun, and
- oafta (36)
m' =v,mg

may be regarded as the internal forces and internal moments
at the boundaries of the shell, with v, as the components of
the unit normal v = vye], of I". Introducing these results into
(34), we get

/("a,a—f-ﬁ—i)dﬂ—i-/(ﬁr—nF)dF:0 and

/ [z x (not,a +n — i)"‘(ma,a +2Z.0 X Ry +ﬁl—[_l,)] ds?

+ [lex @ —al) 4 @l = mdr o, @7
r
from which it is possible to state
na,a+ﬁ—i=0 in 2 ]
n'=n" onr =2
Mgy +Z2o XNg+Mm— =0 in 2 mt = ji.
m"=m" onrI
(38)

The first and the third expressions above represent the local
equations of motion for this shell model. The second and
the fourth expressions constitute the natural boundary con-
ditions.

3.7 Weak form of the equations of motion

One possible strong form for the local equations of motion
(38) is

/(na,a+ﬁ—i)-auds2+/(ﬁf—nf)-aadr
+/(ma,a + 2o XNy +7;l—[i)'(3(z)d.9

+/(mf —m') - $wdl' =0, Véu,dw, (39)

where 8u and w are adopted as weighting functions. On the
other hand, from the divergence theorem on the cross-sec-
tional resultants n, and m,, it follows

/nw-sum:—/na Sit d.Q—i—/ ('’ - si)dI and
2

2
/m Swdﬁ——/ma 8@ d.Q—i—/(mF Sw)drl,
2 2

(40)

with n/” and m’" as in (36). Introducing (40) into (39) leads
to the following weak form, which corresponds to the Virtual
Power Theorem:

P =/[na-(5il,a +2Za x8w)+()i—ﬁ)~8it]d9
—/(ﬁr~8i¢)dF

+/[ma'8w,a+(l»;€—ﬁl)-5w]d9
2

—/(ﬁzf Sw)dl =0, Véu,dw. (41)

Expression (41) may be written in a more compact manner
as follows

SP:/(O'a'¢aAa8U+§'8U—6’-5v)d.Q

_/(6F -8v)dI" =0, Vév, (42)

where 0, @, and A, are given by expressions (26) and (20)
and

C[ea] - (x| - _[n A"
Bv—|:8w], g—|:ﬁ:|, a—[’hj| and o —['hr].
(43)

As in [15] for rods, we remark that due to the use of dz and
do as weighting functions the static part of Eq. (42) does not
constitute the variation of a functional. For this reason, a sym-
metric tangent of the weak form is not to be expected. How-
ever, this does not represent a drawback, since the presence
of rotational degrees-of-freedom leads anyway to a nonsym-
metrical dynamical problem. Another possible weak form for
the equations of motion may be constructed via the Virtual
Work Theorem, but demonstration of energy conservation
within the time integration scheme becomes extremely com-
plicated—if not impossible. We adopt (42) as the basis in the
development of our algorithm and associated finite element
approximation.
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3.8 Shell energy and constitutive equation

We assume that the shell is made of a hyperelastic material
and is under a plane-stress state, with v = (e, &}) as its
specific strain energy function per unit volume of the ref-
erence configuration. The shell internal energy is then writ-
ten as

Uintz//w(eq,eg)dﬂdg=/1}(s{,eg)d9, (44)
2 H 2

where

Vel eh) = / Ve, eh)dH (45)

may be regarded as the strain energy of the cross-sections.
The kinetic energy, in its turn, reads as

//,ox xdHd2 = - /ng, with

_ 1
T=§Mu u+—Jw w_EMu u+—Jw @, (46)

The stress resultants o/, and the matrices of material tangent

moduli D;ﬂ may be derived from 1 as follows:
Y do’, 3y

0y =-— and Dyg= 7= v . 47)
de dey  deydey

Some possible choices for v (or, equivalently, for 1) are
discussed next.

Linear elastic material

A linear elastic material may be defined by setting a quadratic
potential

. 1
V(e ey =3 3 &y - Dygel, (43)

taking D(’xﬂ as constant so that from definition (47) follows
=D, 8 & B (49)

Recalling that we assume that the shell mid-surface is the
medium surface, matrices D’ up are given in the shell’s local
system by the standard relations

@ Springer

"ER 0 0 0 0 0
0 wh 0 0 0 0
, 96y 10 0 wuh O 0 0
=9, — |0 0 0 {uk 0 0l
0 0 0 0 HER 0
(0 0 0 0 0 0
(50)
0 Evh 0 0 0 0
ph 0 00 0 0
pr._091 _|0 0 00 0 0
27 %, |0 0 00 —5uh® 0
0 0 0 —5HEwh 0 0
[0 0 00 0 0
=D}, and (51)
uh 0 0 0 0 0
0 ErR O O 0 0
, 005 |0 0 uh O 0 0
2795 |0 0 0 HER O 0l
0 0 0 0 Suhd 0
[0 0 0 0 0 0
(52)

in which E is the effective elasticity modulus, u is the trans-
verse shear modulus and v the Poisson’s coefficient. One
should remind that E = E/(1— vz) and u = E/2(1 +v),
with E as the standard elasticity modulus. Small strains must
be assumed for this constitutive relation to be valid.

Neo-Hookean elastic material

If we assume that the material is isotropic, the specific strain
energy function v/ (€', €5) may be rewritten in terms of strain
invariants /1 and . By adopting I; = F : F and I, =
detF = J, a neo-Hookean hyperelastic material may be
defined by (see e.g. [8])

1. T1 1
v, J)= 5,\ [5(12—1)—111 J]+§u(11 —3-21InJ),
(53)

where A and p are elastic parameters or generalized Lamé
constants.

In order to enforce the plane-stress condition in a consis-
tent manner, let us rewrite expression (15) for the deformation
gradient as

F =0+ O, +kl, xr)®e, + ye; ®es]
=Ql +y,Qe, +y;®e], (54)

in which yi, = ), + k|, x r" enclose the shell strain vec-
tors and y% = y33e; is the vector of thickness straining
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corresponding to the plane-stress state (scalar y33 is here
introduced to allow for this thickness deformation). Defining

fi=e +vi. (55)
expression (54) can be further rewritten as

F=0(; ®e), (56)
and in this case the strain invariants turn out to be
Li=fi-fi =fo-fo+ 1 +y3)° and

J=f5-(f1 xf5) =1 +y33)J, with

J=e5-(f1 xf3). (57)

It is not difficult to show that the derivatives of ¥ (I, J) with
respect to f; furnish the first Piola—Kirchhoff stresses 7/ as
below

oy 9y al; oy aJ
‘[;‘ = - = — = —_— 7 (58)
of; onL of;  dJ of;
and after some algebra one has
oy oy
T, = ZE w ﬁ(l + )/33)(805,3f/’S x €5) and
Yy Y -
=15 =2(1 — 4+, 59
733 = T3 -e3 = 2( +y33)811+81 (59)

with g4 = € - e, x e; as a permutation symbol. Now the
plane-stress assumption

33=715-€5=0 (60)

may be invoked for Eq. (59);, and with the aid of (53) it
renders

[ 2 +2u
e _——1, 61
V33 o (61)

i.e. y33 may be eliminated. Introducing this result into (59)1,
and taking (53) again into account, the following expression
is obtained for the first Piola—Kirchhoff stress vectors:

T, = go(f)ea,gfz x €5 + ufl,. (62)
where

_ 1 1 A+2
o(J) = [zwz - u] L on

" (63
Y, (©3)

The stress resultants o, may be then computed via integra-
tion of (62) across the thickness. Alternatively, one may use
expression (47) together with (45), (57) and (61) to get o7,.

For computation of the matrices of material tangent mod-
uli, from (47); one has

on;,  dny,

do’ an’, K,
LI SR (64)

e’ omy  onmy

B Iy

Defining the tangent tensors
otl
Cp=—2 (65)
/S ’
ad y%
the derivatives in (64) may be written as

an(’;l — r dH, anzl — C}’ Rr dH,
an’. af Py ap
"ﬁ H B H

T r amg W ald r
= [ R C,gdH and o = R'C 4R dH,
B

om),
-
811/3

(66)

with R" = Skew(r”). Substitution of (62) into (65) yields
C(’X/S as follows

e =¢ (J) (sapf s X €35) ® (epafs x €5)
—(])eapSkew(eh) + udapl, 67)
where 8,4 is the Kronecker symbol and

EY) (A +20)(BAT% +21)

-
J = —= = = =
)= TR G o)
- 3AJr+2u
= — J?. 68
o( ))»J3+2,1LJ (68)

Substitution of (66) and (67) into (64) furnishes the matrices
of material tangent moduli D/, g for this neo-Hookean mate-
rial. It is interesting to observe that, up to first order in the
deformations, this material is entirely equivalent to the lin-
ear elastic material, as the above expressions for o', and D/, 8
collapse to the corresponding ones from the previous item.

Remark Fully three-dimensional hyperelastic materials (i.e.
without the plane-stress enforcement) can be considered
in the lines of [13]. Nevertheless, additional degrees-of-
freedom pertaining to the cross-sections are necessary in
order to account for the thickness straining.

4 Time increment

In this section we recast for the case of shells our time-
increment notation introduced in [15] for rods. Additionally,
some crucial results needed within the scheme are derived.
We recall that an updated description will be applied, and for
this reason the concepts of incremental displacements and
incremental rotations will be fully exploited.

Consider an arbitrary time increment (;, t;+1), for which
we adopt the notation (-)(#;) = (-); and (\)(ti+1) = ()it1-
Assume that all quantities at time #; are known from the solu-
tion at the previous increment and consider the following
notation

1
A =iy = (i and Oz = 510 + il (69)
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Properties

1 1
(12 + EA(') = (Ji+1 and ()12 — EA(-) = ()i (70)
hold and will be useful later on. If * is a generic product

and A and B are generic quantities, then one can show the
following general result

AA%B) = Ajp% AB+ AAx By, (71)

4.1 Incremental displacements and rotations
Letu and Q 4 be the incremental displacement vector and

the incremental rotation tensor, respectively, defined such
that

up=Au and Q;, | =0,0;. (72)

Let a4 be the Rodrigues rotation vector associated to the

rotation tensor Q 4, with magnitude ax = |la ||, and let us
write
AA = Skew(ocA). (73)

If up and a4 are known, update of the displacement field
may be performed by means of (72) and (69)1, i.e

Uil =U; +UA, (74)

and update of the rotation field may be performed by using the
Rodrigues expression for superposed rotations (see [1,17]):

1
o] = (OtA +o; + F%ax Oli) . (75)

4—0(A~0Li

As previously stated in Part 1 of this work, we remark that
expression (75) is valid only when the Rodrigues param-
eterization is adopted for the rotation field. For any other
type of parameterization, update is a much more compli-
cated task and requires many additional operations, some-
times with several singularities involved.

Let us now define the back-rotated incremental rotation
tensor by

0, =0!.,0,0:,, = 00,0, (76)

with «’; as its Rodrigues rotation vector, and let us write
A’, = Skew(a’y). From (76) and (72),, it follows

T T
oy =0 jop=0;0a and ap = |layl| = leall. (77)
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Using (4) and (5), the following identities can be derived
1 . 1,\!
Q1= EQi (I+Q%)=0; I_EAA

1\
=04 (I+§AA)

1 1 -1
E(I‘FQA)QI‘ = (I - EAA) 0,

—1
= (I + %AA) Qi1 and
A0=0,1 -0, =0,Q,—D
! _
= Q; (1 - 5142) Ay =0 pA,

1 ,\! 1 ,\!
=0 (1-545) =ouigle (1-341)
— 4401, (78)

and here one should notice that tensor @, is not a rota-

tion tensor, but verifies both equations o’y = Q]T/zoe 2 and
o = Q) ra’y. These relations can be obtained with the aid
of (77);. Other important expressions involving @ ,, may be
derived by using (9):

det(Q)p) = hl@a), Q1 =det(@1)E,"Q;,

O}, = det(@ 5O Y and  det(Q,2)Q1/ = E 40,
(79)

where
. 1
Ep=E(xp) =h(an) (I+ EAA) . (80)

The following Nanson’s rule may also be written:

(Q120) X (Q15b) = det(@ )@} 5 (@ x b)
= EAQ;(axb), Va,becR.  (81)

4.2 Incremental strains

Starting from expression (16) for 5/, and «/,, and using (71),
(72) and (78), one can readily show that

Any = AQ"zu —€)

= QlT/zuA,a - QlT/zAAzl/Z,a

=07 ,Wau +21/20 X 0a) (82)
and
Aky =Ky — Ko

=0/ axial(Q 41,40/ ) — k4 =0 Eheaa

= det(Q12)Q) h% a0 (83)
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With these expressions, the incremental strain vectors Aeg, From (89),, one derives
may be written in a compact manner as
A" =T A0 = Q@ hAR — s x (J @) )»), (90)
Ae‘g = A£¢a1/2AadA, (84) / !
in which which, with the aid of (79), yields
A —| Q1 o AR -y =0 pAR -0y =01 HAR - Qf paa
0  det(Q,2)0 ), =AL-a,. 91)
o | T O Zi)
2= 1o o Increments of kinetic and strain energy, on its turn, are com-
” puted by using (46) and (44) respectively:
and dy = [a } (85)
A

Consistent linearization of (82) and (83) leads to

SAN, =8l = O [6una +Ziy1,aE adxa] and

$AKkL, =8kl =0 [ELsaso+W(aa, asq)daal

= Q! |[Eadong+0QaW(aa, anq)dasl,  (86)
so that
SAel, = 8el | = AL | ®oit1YonAudd s, with
I 0 0
Yoan=|0 Ex QaW(aa,anq) 87
0 0 E 4

Expression (87) will be useful for the derivation of the tan-
gent of the weak form in Sect. 5.5. It can be regarded as the
time-discrete version of (22).

4.3 Increments of momentum, kinetic and strain energy

From expressions (30) and (31), and after some algebraic
manipulations in the same lines as in Part 1 of this work,
increments of linear and angular momentum may be written
as

Ak:/AXd.Q and
2

A[L:/(zl/z X MAil—i-uA X Mill/z—i-Aﬂ,)d.Q, (88)
2

where

AX = Ma, and
At = AQR") = Q1 p AR + AQRY )
= 0 2(AR" + AL 1Y )

=01l Ae” + oy x (J & ))]. (89)

AT:/ATd.Q, where AT = AX -it1)2 + AR - @ 5,
2
and AUi“tz/At/_/d.Q.
2

92)

5 Time integration algorithm
5.1 Time collocation of the equations of motion

First, we write the global equations of motion (33) at some
time instant #,, in the midst of the increment:

’;t:/xmd:z and mf’,ftz/(zl/zxxm+ﬁm)d9-
2

Q
93)
Then, we assume from (27) that
o =/ﬁmdQ +/ﬁ,1;dr and
2 r
mi" = / (172 X My +myy,) dS2
Q
%94)

+/(zl/2 xal +mbydr,
r

where n,,,, m,,, ﬁ,’,: and rizg are mean values of the external
loads within the time step that will be defined later. We also
assume [starting from (32)] that

im = Mil'l/z and
oy = Ql/zftfm with f1], =jr‘;)q/2 + Wy X jrwq/zv
95)
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so that, by a similar ansatz as in (41), the weak form associ-
ated with (93) is given by

5Py = / Ut - (B 212,00 50)+ oy — i) - 8] d 2
2

—/(ﬁg -8i)dI"
r

+/ [Mam - 8o + (i — ) - S0] dS2
2

—/(m,g Sw)dl = 0. (96)
r

Here, n,,, and m,,, are mean values of the cross-sectional
resultants within the time step, which will also be defined
later. We can rewrite (96) as

8P, =/(aam~¢a1/2Aa8v + 8, 8V — G, - 80)dS2
2

—/(&,ﬂ .8v)dI' =0, Vév, 97)
r
where @1, is given in (85) and (similarly to (43))
P =T
_ | Pam - _ | Pm I _ | Ry
i R R ]
and 4, =| 2" |. (98)
K

Notice that from (97) the algorithmic equations of motion
(93) follows, by using (94) and (95).

One crucial aspect in our algorithm is now introduced: we
define the cross-sectional resultants o ,, of (97) by

Oam = Amar (99)

am’

with A,, as in (85) and ¢/, given by

ar :[IHT&de ]

am = | [ x 1, dH (100)

which is based on definitions (26) and (25). Here, we may
regard t/,, as mean values of the back-rotated first Piola—
Kirchhoff stress vectors within the time increment, whose
expressions will be defined later. Additionally, note from

(99), (85)1, (79)4 and (81) that

Com = |:fH Q1pTom) dH ]
am fH [(Q1/2rr) X (Q1/2TZm)]dH

_ f[-[ TamdH

B |:fH (rij2 X Tam)dH |’ (101)
in which
Tom = Ql/zf(};{m. (102)
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The above expression is a remarkable consequence of our

collocation scheme: even though tensor @/, is not a rota-

tion, it operates as a rotation tensor over the algorithmic
r

stresses T, -

5.2 Time approximations and algorithmic weak form

We adopt the following mid-step approximations for the
time-dependent variables:

1

Ujp=—uas,
12 = oA
.. L. 2 ( Aties)
Uyp=——up=——uas— Atu;),
At At (103)

W), =—ad,

12 = 2%

1 2

N — ro__ _— ro_ 7
@iy = Aw = Atz(aA Atw;).

Introduction of these assumptions into (95) yields

. 2 - )

Am = FM(uA — Atu;) and

i = 01 i, with (104)

. 2 T- 1 _
w, = Vel |:Jr(oc’A — Atw)) + Eoc’A X JrocrA:| .

By introducing (104) into (97), and by taking (99) into
account, one arrives at the algorithmic weak form

§Py =/ (00, - (Al ®412Au80)+ (8, — G ) - S0]1dR2
2

—/(&f; .8v)dI" =0, Vév, (105)
r
where
_i M(uA — At;)
En= AR [ 01 p0 (@) — Ate]) + day x T o)) |
(106)

Expression (105) is crucial for the demonstration of energy
conservation, as we will see next. However, as previously
observed, a symmetric tangent of the weak form is not to be
expected.

5.3 Conservation of linear and angular momentum

By inserting the time approximations (103) into the expres-
sions of momentum increments, i.e. into (89), one arrives at

AL = At(Mui'/z), and

A= AtQ) I &+ 5 x T @] ). (107)



Comput Mech (2011) 48:195-211

205

With the aid of (93) and (95), after some algebra it follows
that

1 - 1
ext _ —/Axdsz L Ax and
At At
2

me = ﬁ/A(z XA+ i)dR = %Au, (108)
2

which means that if the body is isolated (i.e. if f5' =

mSX =0) both momenta are exactly conserved. More detailed

steps in the obtaining of (108) can be found in Part 1 of this

work. Expression (108) can be regarded as the algorithmic

form of the Euler laws of motion.

5.4 Conservation of energy

By introducing (103) into (92), and by using (91), after some
manipulations

- 1 - .
AT:E(Ax-uA+AiL-aA)=§m-dA (109)

follows. On the other hand, for isolated bodies the weak form
(105) turns out to be

§P, =/[a;m (Al @41 2A48V)+8,, - SV]d2=0, Vv,
2

(110)

so that if 5v = d 4 is set, and if (84) and (109) are taken into
account, one has

/[a;m-Ae;+AT]dQ=0. (111)
2

This way, if a7, is such that

AY = al, - Ael, (112)

with ¢ as the cross-sectional specific strain energy defined in
(45), then the increment of mechanical energy (from (111))
vanishes, i.e. the total energy is exactly conserved in a dis-
crete sense. In order to fulfill condition (112), o, is here
defined by setting

oy

r AV T r r r
Ooum = o'ot(elm’ €2m) = (elm’ €2m)’

113
del (113)

where the collocation points &, are given by a convex com-
bination of &, within the increment:

sgm ngtﬁ = (1 - 19)6‘&,- +19€£”'+1 2321' +19A€;,

(114)

with ¢ as a local scalar variable yet to be determined. As we
have previously mentioned in [15], this idea is similar to that
proposed for solids by Simo and coworkers in [20], although
in a different framework. Simo, however, did not consider
the coupling between ¢ and the deformations (see discussion

in reference [11]), leading to an incorrect tangent operator.
For this reason, only material laws with quadratic potentials
could be handled in his approach, since for &+ = 1/2 the
strain coupling automatically disappears. Here, more gen-
eral hyperelastic materials can be considered and ¥ is found
by solving the energy conservation constraint equation

g®) =0, - Ael, — Ay =0 (115)
by the Newton method as follows

_ 1
V1=t —[g @01 g, k=1,2,..., Do=7,
where g'(%) = [Ds (el s, €59) Agg] - Ay, (116)

with D(’xﬂ as in (47),.

As a consequence of assumption (114) and constraint
(115), computation of the tangent of the weak form becomes
much more elaborated. If we regard Eq. (115) as driven by
the strain vectors &/, , only, the following useful result may
be obtained:

ag ag v -
3€£”<+1 ﬁ 3€gi+1 =O0um — Oqi+l

+9Dy;5 (e, €hy) Aes + g (D)

+

=0,

(117)
L
from where

Y 1

Vet &)

[62i+1 —O'Zm - ﬁDga (E’iﬂ s EEﬂ)Aeg].
(118)
With this expression, one may write

r r r
alg 8aam _ aaam 8€8m
aff T -

ety

= Dyg(ehy. €59) |:191—|— Agl ® S Ae”

v
Bi+1

= ﬁDgﬂ(sqﬁ’ &5y)
1
+MD£5 (&', €59) Ac

® [cr/g,-+1 — agm — 19Dgy(eqﬁ, egﬁ)Ae;]_ (119)

Notice that, if v is quadratic, one deduces ¥ = 1/2 as an
analytical solution to (115), and then

r — Al r — r — r r r r
Eam =€u1/20 Tam=041/2=Dop(€11/2: €31/2)€p1/2:

n r alg 1
Remark As we have mentioned in [15], and based on [20],
one can argue that definition (113) would allow only for
first-order accuracy within a time-stepping scheme, and that
second-order accuracy would be attained by setting

r

1, ~
Oom = 5[02(6‘19, &h9) + 0, (e] 1y, €5 1-p)], (121
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with e(,, asin (114) and e}, | _, = Ve, + (1 —D)e,; | =
el - v Ael,. In this case, the solution of constraint

Eq. (115) requires

1
g' W)= 3WDap €1y €29) D05 1_p. €3 1_y)]Ae) - Aeg,
(122)

and a corresponding Dzlg arises. Algorithmic definition (121)
increases computational effort substantially since every func-
tion must be evaluated twice at each integration point. Once
second-order accuracy is an asymptotic concept, whether this
additional effort is compensated by increased accuracy for
finite time steps remains a matter of future research.

5.5 Tangent of the weak form

The Gateaux derivative of the algorithmic weak form (105)
furnishes, after some lengthy algebra, the tangent of the weak
form as given below

8(8P,,,):/Aa8v . (¢§1/2A,n1)§‘§/1f+1¢ﬂ,-+1YﬂAAﬂadA)dQ
2
+ / [Aud - (Go Agdd,) + 60 - (H5d 1)
2
—8v - (L8dp)1d$2

—/5v~(iF8dA)dF,
r

(123)

where DZ%’ is given in (119), G is given by

0 0 —1Skew(Q; in},)E A
Go= 0 0 W@, Qi mh,,)
3Skew(Q1 jottly,) O 3Zy 2 oSkew(Q; 411, E A
(124)
and
g H, O _ 3G, _r oel
H=-2"—| , L=—", and =_—m
3d 4 [0 Ha] ad, od 4
(125)
with

2 _
Hu = FMI and
Hoy= 0|7 + 24,7 — Lskew@ oy | 0F
* T a2 yhal T OReW ®A) | %
1 - 1 -
_PSkeW [Qi+1 |:Jr(a’A—Atwf)+Ea’A erocrAi“ EL.

(126)
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6 Finite element implementation and numerical
examples

The six-node triangular element of [5] is adopted as the basis
for our finite element implementations. The element is purely
displacement-based and is equipped with quadratic interpo-
lations for the incremental displacements u 5 and linear inter-
polations for the incremental rotations « 4, these latter being
placed on the mid-side nodes only.

Let p, and 5pa be the element vectors that collect these
nodal degrees-of-freedom and their variations, and let N be
the matrix of element shape functions. With these definitions,
finite element approximations of Galerkin type are written as

dy=Np,y, 8da=Népp and v =Ndpa. (127)

Introducing (127) into (105), we obtain the element residual
force vector as follows

P= [ (AN 0L, 4000, +Nh, NG, 140
2
—/NT6,1,: dr, (128)
I

and from (127) into (123) we obtain the element stiffness
matrix

k:/[(AD,N)Td)gl/ZAmDZIﬂgA,-THd)ﬂ,-HYﬁA(A,gN)]d.Q+
2
+ / [(AN)T Gy (ALN) + NTHN — NTLN1d 2
2
—/NTI_,FNdF. (129)
r

Within a Newton solution procedure, we must compute, at
every iteration, the following quantities at #;41, from their
values at #; and from the current values of u and a 4:

wip1=om0a—0, (F0i+@i),

. 4 4 . .
i) = JpUA — 700 — U, ki = kg + Ak’

. 2 .
Uit = z;Us—U;,
2 4
Wit = 5708 — QA0;, Qitl = g, a;
(aA +o; + %(xA X oc,-)‘
(130)

After convergence, the following updates must be performed
at every node

u<u+up and up =ap =o, (131)
whereas at each integration point we must set

Ui < tjt], © < @41,

Uj < Ujy1, Ky < Ki |, (132)
W < Wiy, O < 0j4].



Comput Mech (2011) 48:195-211

207

In the following sections, we assess the performance of
the developed formulation by means of several numerical
examples. Full numerical integration using 3 Gauss points
is performed for computation of the elements matrices and
vectors, together with 3 Gauss points for integration across
the thickness. No special techniques such as ANS or EAS are
employed since the element does not suffer from any locking
misbehavior in the thin-shell limit (see [5]). Computation of
the scalar parameter ¢ is performed locally at the integration
points, hence ¥ is always eliminated at the element level.

Remark As we work with the three components of the rota-
tion vector, there is no need for special connection schemes
on shell intersections and on connections with rod elements,
stiffeners and rigid bodies. However, a fictitious stiffness
needs to be added to the drilling rotation or, equivalently, a
fictitious inertia component must be introduced into J . We
adopt here the value of Eh3 for the fictitious stiffness (E =
elasticity modulus; # = shell thickness), based on the work
of [6] and also on the very good results we have experienced
in [5,13,14,16] for static problems. Differently from statics,
however, we found that this degree of freedom deserves a
little more attention in dynamics. Depending on the physical
nature of a problem—whether being dominated by elastic
or inertia forces—the fictitious value added to the FEM tan-
gent matrix may (slightly) affect the results. For instance, we
found that by varying the stiffness value from 1072Eh3 to
10* Eh3, the energy level of a system can be (even though to a
small degree) affected if the problem is dominated by elastic

Fig. 2 Free vibration of P(t)
hemispherical shell. Problem
data

P@)

forces. Analogously, by adopting a fictitious inertia compo-
nentonJ' instead of using the fictitious stiffness, there may
also happen some consequences in the energy level if the
system is dominated by inertia forces. This aspect deserves
a thorough investigation on a comprehensive set of exam-
ples, and this is currently being carried out (conclusions will
be drawn on a future paper). Approaches that use only two
rotational degrees-of-freedom or that circumvent the use of
rotational variables within the context of conserving dynam-
ics are also possible (see e.g. [4] and references therein), but
this is not the aim of our work.

Itis also important to draw a few comments on the objectivity
issue within our formulation. The shell theory presented in
Sect. 3 entirely fulfills objectivity requirements in the sense of
[2,3,9,10,18,22]. The strain and stress measures are defined
as material (back-rotated) quantities and thus render invariant
under superposed rigid body motions. However, discretiza-
tions of finite element type such as (127) are usually claimed
to destroy the objectivity of the strains at interior points of the
elements. In this sense, we would like to recall that we make
use of an updated formulation (i.e. the incremental rotations
are interpolated and not the total rotations), and that the rota-
tion vector «; and the curvature strains «{,; from the last con-
verged step are stored at the integration points: they do not
need to be computed from the nodal rotations. For this reason,
rigid body rotations can be easily superposed to the deformed
shell at any time instant by applying € o = @& = constant

P(1)

P(1)

200 |-eeeeeae

R=10.0

h=04 ‘ >
0.001  0.002 1s)

E = 68250

v=0.3125 Ar = 1x10%s, 2x107%s, 1x10%s, 5x10™%s

p=1x10"

(ST units)

t=0.001s

t=0.004s
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directly at every node. We refer to our remark on this question
on Sect. 6 of Part 1.

6.1 Free vibration of a hemispherical shell

In this first example we want to validate our algorithm for
the case of linear-elastic materials by comparing our results
with a reference solution. For this purpose, let us consider the
hemispherical shell of Fig. 2, which was analyzedin [19]. The
geometric and material properties are as shown in the figure.
Two pairs of concentrated forces are applied until # = 2.0 ms,
after which they are removed and the structure undergoes a
free vibration motion. We discretize the problem by using
four element divisions per quadrant on both radial and cir-
cumferential directions, with no consideration of symmetry
conditions. The results obtained for the displacements under
the load points with Ar = 107> s are depicted in Fig. 3,
together with the energy (internal plus kinetic) graph where
exact conservation can be found. Deformed shapes are shown
at the bottom of Fig. 2; no amplification factor is adopted.
We remark that our displacement solution shows a vibration
motion with constant amplitude in time, what is not observed
in the results reported by [19] using the same time increment.
We also remark that, by using time steps as large as two orders
of magnitude higher, the same smooth and stable solution is
attained, with the very same amplitude of displacements and
energy conservation properties. We found this to be an out-
standing performance of the algorithm.

6.2 Dynamics of a tumbling cylinder

Let us consider now the example proposed in [21] that deals
with the dynamics of a linear-elastic cylindrical shell, with
material properties and initial geometry as shown in Fig. 4.
Here we present a different version of the problem and
assume that the cylinder is made of a neo-Hookean hyper-
elastic material of the type defined in Eq. (53). Starting at rest,
the cylinder is subjected to four sets of nodal loadings applied
at positions 90° apart from each other, whose time-history is
shown in Fig. 4. The loads vanish at r = 1.0 s, leading the
structure to a complex free motion in which the total energy
and both momenta must be exactly conserved. In each of the
loading positions, the loads are applied as nodal loads on
all nodes along height H (values indicated in Fig. 4 stand
for the resultant force acting on that direction at each posi-
tion). Figure 5 shows the time histories of energy (internal
plus kinetic) and angular momentum obtained using all time
steps adopted. The motion of the cylinder is also illustrated by
a sequence of deformed shapes with no magnification factor.
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Fig. 3 Free vibration of hemispherical shell. Analysis results

6.3 Dynamics of a satellite-like structure

This interesting problem was first proposed in [21] and deals
with the dynamics of a satellite-like structure made up of
three intersecting plates, as shown in Fig. 6. The structure
is at rest in the beginning of the motion and is subjected to
a system of uniformly distributed loads at the free edges,
whose pattern follows a hat function in time. The loads are
removed at ¢+ = 1.0 s and then a free motion with vibra-
tion takes place, in which both momenta and energy must be
preserved. The distributed loadings are applied here as nodal
loads at all nodes laying on the free edges (values indicated in
Fig. 6 correspond to the resultant force acting on each direc-
tion of the edges). Differently from [21], where the material
is assumed to be linear elastic, we adopt here a neo-Hook-
ean material of the type defined in (53). Figure 7 depicts
time-histories of energy (internal plus kinetic) and angular
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Fig. 4 Dynamics of a tumbling
cylinder. Problem data
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Fig. 7 Dynamics of a satellite-like structure. Analysis results

momentum, together with a plot of selected deformed con-
figurations. Analysis of the problem using a linear-elastic
material leads to the same results reported in [21].

It is worth mentioning that a careful investigation of this
example has been performed recently in [7], where a differ-
ent value for the system energy after + = 1.0s is attained.
The source of this discrepancy is reported to be in the way
that the loads are interpreted, once the description of this
loading is problematic in the literature: there is no consent
as to whether the values shown in [21] are for a uniformly
distributed loading or for nodal point forces. In reference [7],
the authors assume that the loads shown are per unit length
of the edges. Similar interpretation was made in [4]. In our
work, we follow the load assumptions from these two works
and obtain the same energy response as in [21]. Namely, the
energy level remains at the value of nearly 70 after the loads
are removed. We should report, however, that by increasing
the value of the fictitious drilling stiffness in the analyses, the
energy level approaches the one obtained in [7] (which is at
about 60).

7 Conclusions

A fully conserving algorithm was derived in this paper
for the integration of the equations of motion in nonlinear
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shell dynamics. The resulting expressions are nearly iden-
tical to the ones of the rod model of Part 1 of this work,
allowing for a straightforward implementation of the shell
dynamics within a finite element code once the rod model
has been implemented. The Rodrigues rotation vector was
adopted to describe the rotation field; as a consequence,
update of the rotational variables became extremely sim-
ple. Following an energy-momentum approach, a special
time-collocation scheme was devised for the weak form,
and conservation of both momentum and total energy in
the absence of external forces was attained within the algo-
rithm. It is worth noting that the special choice of the
weighting functions in the construction of the algorithmic
weak form led to a very simple expression for the enforce-
ment of energy conservation. Appealing is the fact that
general hyperelastic materials were permitted in a totally
consistent way, and we believe this is our major contribu-
tion in the context of nonlinear dynamics of shells with
rotational degrees-of-freedom. Validity and robustness of
the formulation were shown by means of three numerical
simulations.
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