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Abstract In this paper, sloshing phenomenon in a
rectangular tank under a sway excitation is studied numer-
ically and experimentally. Although considerable advances
have occurred in the development of numerical and exper-
imental techniques for studying liquid sloshing, discrepan-
cies exist between these techniques, particularly in predicting
time history of impact pressure. The aim of this paper is to
study the sloshing phenomenon experimentally and numer-
ically using the Smoothed Particle Hydrodynamics method.
The algorithm is enhanced for accurately calculating impact
load in sloshing flow. Experiments were conducted on a
1 : 30 scaled two-dimensional tank, undergoing translational
motion along its longitudinal axis. Two different sloshing
flows corresponding to the ratio of exciting frequency to nat-
ural frequency were studied. The numerical and experimental
results are compared for both global and local parameters and
show very good agreement.
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1 Introduction

The phenomenon of fluid motion in a partially filled tank due
to the tank motion is known as sloshing. The resonant condi-
tion in sloshing, which occurs when the the frequency of tank
motion is close to the natural frequency of the fluid inside it,
may cause large structural loads on the tank frame. This reso-
nance phenomenon may be connected with complex motions
of the filled liquid that can couple with structure motions and
can represent a danger for the tank structure and for the stabil-
ity of the structure. On the other hand, at certain filling ratios
it may also create high impact loads on the ceiling of the tank
causing significant structural damage. Therefore identifying
the behavior of the fluid flow during sloshing is crucial for
the design of the tanks [1,2].

The type of excitation, the ratio of frequency to natural
frequency and the amplitude, dictate the behavior of the free
surface motion of the liquid inside the tank. Several forms
of excitation can occur, such as impulsive, sinusoidal and
random. The tank motion can be sway, roll, pitch/yaw excited
or a combination of them. The resulting free surface profile
can be a composition of different wave modes such as hydrau-
lic jump and travelling waves in the mild sloshing or standing
and breaking waves in severe sloshing [3–5].

In the past five decades, sloshing motion has been investi-
gated by many researchers, using various techniques.
Initial studies were based on mechanical models of the phe-
nomenon by adjusting terms in the harmonic equation of
motion [6,7] when time-efficient and reasonably accurate
results were deemed sufficient [8]. Some other research-
ers solved the potential flow problem with very complicated
treatment of free-surface boundary conditions [9]. Although
the method is very accurate for specific applications, it cannot
handle breaking waves and tanks with baffles. Others solved
the non-linear shallow water equations [4] by means of either

123



66 Comput Mech (2011) 47:65–75

Glimm’s method [10] or gas analogy formulation [11], with
respect to the 2D rolling problem.

The most practical method of studying sloshing physics
is the experimental technique. Abramson [12] evaluated the
results from model tests with tanks of various shapes and the
effect of viscosity and tank shape and of various damping
devices is outlined. These studies were mainly related to liq-
uid fuel tanks on space vehicles. In the 1970s and early 1980s,
the sloshing problem became an important issue in the design
of the liquefied natural gas carriers. Several experimental
and analytical approaches were considered during this time.
A major set of experiments were performed by Bass et al.
[13] during 1980s on the various parameters effecting slosh-
ing. Results indicated that impact pressure is constant over
the range of Reynolds number investigated. Thus for large
amplitude sloshing, viscous forces are of secondary impor-
tance. Liquid compressibility did not have a significant effect
on the measured impact pressure. Experiments conducted
at reduced ambient pressure inside the tank (also known as
ullage pressure) showed significant increase in impact pres-
sures. It was concluded that ullage pressure has little effect
on impact pressures until rather low pressures are reached,
which were near to vapor pressure of the liquid medium.

Besides the aforementioned techniques, numerical simu-
lations are the most important and widely adopted technique
for dealing with highly non-linear problems. Frandsen [14]
used the Finite Difference method for solving the non-linear
potential flow in a 2D tank. Celebi and Akyildiz [15] used
the finite difference method along with Volume of Fluid tech-
nique (VoF) for tracking the free-surface. Sames et al. [16],
applied a commercial VoF technique to rectangular and cylin-
drical tanks.

An alternative class of methods for numerical simula-
tions which has attracted much attention is the description
of both the fluid and the structure motion by a Lagrangian
formulation. This is partly due to the ease of implemen-
tation and also partly because of the independence of the
method from the grid information. In fact, the word mesh-
less means that in these methods there is no inherent reliance
on a particular mesh topology. The promising feature of using
Lagrangian techniques for both the solid and the fluid part
of the problem is that it permits one to follow the motion of
the fluid–solid interface and to simulate the free-surface of
the fluid without any specific treatment. The Smoothed Par-
ticle Hydrodynamics (SPH) method is a meshless technique
which was originally developed in 1977 by Lucy [17] and,
Monaghan and Gingold [18,19]. The method uses a purely
Lagrangian approach and has been successfully employed
in a wide range of problems, e.g. astrophysics [20–27], fluid
mechanics [28–31], solid mechanics [32–36], fluid–structure
interaction [37–39] and many more.

Recently, the Smoothed Particle Hydrodynamics (SPH)
method has been applied to the study of sloshing flow

[40–42]. The motivation of this work is to extend the ability
of the SPH method for accurately simulating the sloshing
flow and calculation of the impact pressure by using a more
accurate time-stepping integration and simpler treatment of
the boundary conditions.

2 The SPH method

In this paper, the SPH method is used for the numerical simu-
lation of sloshing phenomenon. Below, a brief description of
the method is presented and some important implementation
issues are elaborated. The reader is referred to [39] for more
elaborated description.

The SPH method is based on the interpolation theory. The
method allows any function to be expressed in terms of its
values at a set of disordered points representing particle posi-
tions using a kernel function. The kernel function refers to a
weighting function and specifies the contribution of a typical
field variable, A(r), at a certain position, r , in space. The
kernel estimate of A(r) is defined as [25,28]

A(r) =
∫

V

A(r′)W (r − r′, h)dr′ (1)

where V represents the solution space and the smoothing
length h represents the effective width of the kernel. The
properties of the kernel function should satisfy the following
for mass and energy conservation∫

V

W (r − r′, h)dr′ =1, lim
h→0

W (r − r′, h)=δ(r − r′).

(2)

If A(r′) is known only at a discrete set of N points r1, r2, . . . ,

rN , then we approximate A(r′) as,

A(r′) =
N∑

j=1

δ(r′ − r j )A(r j )(dV ) j (3)

where the index j denotes the particle label and particle j
carries a mass m j at position r j and density ρ j . (dV ) j is the
differential volume element around the point r j . By inserting
Eq. (3) into Eq. (1), we obtain,

A(r) =
N∑

j=1

∫
δ(r − r j )A(r j )(dV ) j W (r − r j , h) dr j (4)

and upon integrating, we have:

A(r) =
N∑

j=1

A(r j )W (r − r j , h)(dV ) j (5)

The final step is to express the differential volume element
(dV ) j as

m j
ρ(r j )

. Thus, the approximation for A(r) can be
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written as:

A(r) =
N∑

j=1

m j

ρ(r j )
A(r j )W (r − r j , h) (6)

The summation is over particles which lie within a circle
of radius h centered at r. The momentum equation can be
written in the SPH form as[

du
dt

]
i
= −

∑
m j

(
Pi

ρi
2 + Pj

ρ j
2 + �i j

)
∇i Wi j (7)

where P , m and ρ are pressure, mass and density, respec-
tively. In the Eq. 7, �i j is the viscous force between particle
i and j and calculated as [43]

�i j = − 8μ

ρiρ j

ui j · ri j

ri j
2 + 0.01h2 (8)

where μ is the dynamic viscosity of the fluid. Since the quasi-
incompressible form of SPH is adopted in this work, the
pressure is evaluated through the most common form of equa-
tion of state for water [28,44]

Pi = ρ0i ci
2

7

((
ρi

ρ0i

)7

− 1

)
(9)

To ensure incompressibility in the flow, the speed of sound
should be ci = 10V where V is the maximum velocity inside
the flow. This assumption ensures that the Mach number is
sufficiently small to approximate a constant density fluid.

2.1 Numerical treatment of wall boundaries

In the SPH context there are several methods for modelling
boundary conditions [28,45]. In this work, the boundaries are
represented by fixed particles placed with the same spacing
of fluid particles. The thickness of boundary in this technique
should be at least equal to the compact support of the kernel
used. These particles behave entirely similar to the fluid par-
ticles and contribute to the solution procedure like others. So,
the pressure equation is also solved for these wall particles to
calculate the increasing pressure due to the approaching fluid
particles. Furthermore, this increased pressure prevents the
fluid particles from penetrating the solid boundaries. Veloc-
ities of these particles are set to the velocity of the boundary
at the end of each time-step.

2.2 Calculation of impact load on the wall

The free-surface shape and total forces exerted by the flow
on the tank frame can be evaluated with good accuracy even
with relative low resolution [42,46]. However the pressure
field presents large numerical oscillations in the SPH method
and therefore calculation of the impact pressure is a challeng-
ing problem. In SPH context techniques based on different

Fig. 1 The configuration of particles in 2D simulations

approaches of dealing with boundary conditions were intro-
duced for measuring pressure on the solid walls [40,47].

In this paper, a new method to measure the pressure on
the solid wall, based on the boundary conditions described
earlier, is presented. In this technique, one layer of fluid par-
ticles is placed on the inner layer of tank frame (Fig. 1).
The fluid particles, boundary particles and particles for mea-
suring pressure (we refer to them as pressure particles) are
colored by red, blue and green, respectively. The equations
of motion of the fluid are solved for these pressure parti-
cles like the fluid particles but in the SPH summation of the
momentum equation 7, the sum over all neighboring parti-
cles is replaced by a sum over the only neighboring fluid
particles, i.e., only the contribution of the fluid particles is
considered. Therefore the force exerted to these pressure par-
ticles is only due to the momentum of fluid particles. The
force is then averaged over the length that represents a typ-
ical pressure sensor diameter and eventually the pressure is
calculated as:

P = F · n
Dsensor

(10)

where F · n is the total force on the direction perpendicular
to the wall and Dsensor is the diameter of the pressure sen-
sor. At the end of each time-step these pressure particles are
advected with the velocity of the tank frame. In three dimen-
sional (3D) simulations, the same concept is used, except
that Dsensor is replaced by the sensor cross-sectional area.
Figure 2 shows the configuration of the particles in 3D sim-
ulation.
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Fig. 2 The configuration of the particles in 3D simulation

3 Solution procedure

Any stable time integrating algorithm for ordinary differen-
tial equations can be used in SPH [43]. However, recently
symplectic time integrators were proposed for solving the
sets of ordinary equations in SPH formulation [43,48]. In this
work a modified Verlet scheme which is second order accu-
rate in time is used to integrate the set of equations describing
the change of velocity u, coordinates x and density ρ.

[
du
dt

]
i
= Fi

[
dx
dt

]
i
= ui . (11)

[
dρ

dt

]
i
= Di

We denote the values at the beginning of a time-step by
superscript n, at the mid-point by n + 1/2 and eventually at
the end of each time-step by n + 1. Initially, all the variable

shifted to the mid-point as follows⎧⎪⎨
⎪⎩

ui
n+ 1

2 = ui
n + �t

2 Fi
n

xi
n+ 1

2 = xi
n + �t

2 ui
n

ρi
n+ 1

2 = ρi
n + �t

2 Di
n

(12)

Then the forces Fi are evaluated at the mid-point and the
velocity and positions of particles are updated for the end of
time-step by⎧⎪⎨
⎪⎩

ui
n+1 = ui

n + �tFi
n+ 1

2

⇓
xi

n+1 = xi
n+ 1

2 + �t
2 ui

n+1

(13)

Knowing the final values of velocity and position, one
needs to calculate the rate of change of density and conse-
quently the density of each particle at the end of the time-step.

ρi
n+1 = ρi

n+ 1
2 + �t

2
Di

n+1 (14)

To speed up the calculations it is possible to use the values
of F at previous midpoint in the predictor step. It is shown that
the error introduced by this is small and of order of O(dt3)

[28]. The time-step is governed by the following CFL con-
dition

�t ≤ 0.5
h

c
(15)

where h is the smoothing length and c represents the speed
of sound in the simulation.

4 Experimental setup

The sloshing experiments are carried out in a rectangular tank
partially filled with water at atmospheric pressure and room
temperature. The tank dimensions are 1.3 m×0.9 m×0.1 m,
corresponding to the length, height and width of the tank.
Three of the walls are made of transparent plexiglass for
optical access, while the top and one side wall are made of
aluminum and host the holes for mounting the pressure sen-
sors. On the side wall the holes are spaced 15 mm in vertical
position and 25 mm in horizontal position, there are 59 ver-
tical positions available in the central column and 31 on each
of the side columns. On the top of the tank there are 3 lines
of 22 holes each spaced of 15 mm and the lines are 25 mm
apart (Fig. 3).

The tank is mounted on top of a motion system manu-
factured by MOOG. This device is capable of performing
motions with six degrees of freedom.

The pressure transducers used are Kulite model XCL-8M-
100-3.5BARA. They are absolute transducers, thus capable
of measuring the total pressure, with a range of 3.5 bar and a
diameter of the head of 2.7 mm. They use a metal diaphragm
as a force collector with a piezoresistive sensor as its sensing
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Fig. 3 The tank installed on top of the motion platform

element. The trasducers are fed with voltage of 1.25 v and
the signal is amplified by a factor of 100. There is an anti-
aliasing hardware filter built in the signal conditioner cards
set at a cutoff frequency of 10 KHz.

The signals are acquired via Agilent U2300A data acqui-
sition system and digitized with a resolution of 12 bit.

The position of the tank in time is measured by means of an
ultrasonic position transducer, or proximity sensor, SU1−B1
capable of measuring distances between 0.1 and 0.6 m with
a precision of ±2mm.

A fast acquisition camera Phantom v5.2 is installed to have
a view of the impact zone, the objective is a 50 mm fixed focal
Nikkor lens with a maximum focal aperture of f/1.4. This
camera has the capability of acquiring up to 1000 fps (frames
per second) at the maximum resolution of 1152 × 896. An
additional illumination of the scene has been provided in
order to keep the duration of the frame as low as possible.

The setup has been designed so to synchronize the acqui-
sition of the frames by the camera with respect of the position
of tank. Sets of images of impact have been acquired during
each run. These images are synchronized with the position of
the tank. Based on the signal of the position sensor, a trigger is
issued and a train of pulses is generated to acquire the images.
The fast camera was set up so to acquire 150 images every
time the trigger pulse is issued. The time interval between
images was set to 0.01 s and the duration of each frame is
400 µs. The pulses that trigger the acquisition of each frame
are also collected by the acquisition system making it possi-
ble to correlate each image to exact instant when it has been
acquired and with the correspondent measured pressures and
position of the tank. After every acquisition the memory

of the camera is downloaded to the hard disk of the host
computer.

5 Experimental results

The present tests have been performed for a filling level
equivalent to 20% of the height of the tank, i.e. 0.18 m.

The motion base was programmed to execute a regular
sinusoidal motion along the direction of the long side of
the tank. The amplitude of the motion was 0.2 m peak to
peak and two different frequencies have been tested, namely
fres = 0.496 Hz, that corresponds to the resonance frequency
at this filling level and a lower frequency flow = 0.298 Hz
(= 0.6 × fres). The signals are acquired at a sampling

Fig. 4 Position of the pressure sensors

Table 1 Position of the pressure transducers

Sensor Number pos Z (mm) pos Y (mm)

p139 1 50 15

p106 2 50 90

p100 3 50 105

p119 4 50 120

p133 5 50 135

p180 6 50 165

p084 7 50 180

p078 8 75 180

p186 9 25 180

p136 10 50 195
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Fig. 5 The snapshots of the
sloshing at the different times
for f = 0.298 Hz (first row) and
f = 0.496 Hz (second row)

Fig. 6 The snapshots of the
SPH results for sloshing flow
at the different times for
f = 0.298 Hz

Fig. 7 The snapshots of the 2D
SPH results (first row), 3D SPH
(second row) and experiment
(third row), for sloshing flow at
the different times for
f = 0.496 Hz

frequency of 60 KHz. And low pass filtered at 10 KHz through
the hardware filter of the acquisition cards. Every run has the
duration of 5 min.

A total number of 10 pressure transducers were used in
these runs. Their positions on the side wall of the tank are
shown in Fig. 4 and expressed in tank coordinates in Table 1.
One of the transducers was installed in the bottom most

location (number 1 in the figure and table) so to have a ref-
erence head pressure. Five transducers (numbers 6–10) have
been installed around the undisturbed water level (UWL) in
a cross shape arrangement in order to survey the pressure
variations in the vertical direction, and in the horizontal one,
so to investigate the occurrence of three dimensional effects.
The remaining four transducers (numbers 2–5) have been
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Fig. 8 Time history of pressure
impact for f = 0.496 Hz
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Table 2 Comparison of maximum of impact pressure for all sensors

p139 p106 p100 p119 p133 p180 p078 p136

Experimental pressure (kPa) 7.24 14.738 24.258 44.094 28.827 18.799 22.177 18.507

SPH pressure (kPa) 16.994 18.795 22.2097 27.363 26.032 26.2435 25.2014 24.486

mounted to cover an intermediate position between the bot-
tom and the UWL, where the numerical simulations expected
the maximum pressure to happen for a frequency of around
0.50 Hz, so close to the resonance frequency that it has been
considered important.

At the resonance frequency the breaking wave impacts
on the the wall. The low frequency run generates a stand-
ing wave with no breaking, so only the hydrostatic pressure
is expected with no impact. Figure 5 shows different snap
shots of impact for the two cases at different random times
during impact.

The size and the motion of the tank was chosen to have a
two dimensional sloshing flow, although three dimensional
effects of a real flow cannot be excluded. In order to ensure
that this condition is preserved up to an acceptable level, three
transducers have been positioned at the same horizontal line,
namely at the UWL, see Fig. 4. It is observed that however
the three dimensionality effects in the sloshing flow cannot
truly be excluded and it is particulary significant after the
first wave breaking occurs.

6 Comparison between numerical and experimental
results

SPH simulations were run in 2D and 3D to compare both
global and local features of the sloshing phenomenon with
experimental data. For 2D SPH calculations, the particles
were placed on a grid of square with initial spacing of l0 =
5 × 10−3m. Whereas for 3D simulation the particles were
placed on a cubic grid with initial spacing of l0 = 6×10−3m.
The smoothing length was set to h = 1.5l0 for both 2D and
3D simulations. The maximum speed inside the flow is con-
sidered to be the maximum of following two velocities
{

V1 = √
gH

V2 =
√

gL
2π

tanh 2π H
L

(16)

where V1 is the dispersion velocity in shallow water and V2

is phase speed of the surface wave also called celerity. H is
the depth of water in the tank and the gravitational acceler-
ation is g = 9.81. For numerical stability, the simulations
were run at the Reynolds number of Re = 1000, where
Re = (2g)1/2 H3/2/ν.

As expected and mentioned in previous works [40,49],
the free-surface motion representative of the global behavior

of the flow, is well reproduced by SPH method. Figures 6,
7 show the free-surface profile for the different frequencies.
The agreement is good even for highly non-linear phenome-
non such as impact on the wall.

In order to check the accuracy of the proposed technique
in evaluating the local phenomenon, the impact pressure at
the position of pressure sensors in the experiment were mea-
sured and compared against experimental data for the reso-
nant condition, Frequency of f = 0.496 Hz. Figure 8 shows
the time history of the impact pressure. It can be seen that
the maximum pressure obtained by SPH method is larger
than experimental data. This maybe due to the fact that the
simulations are mono-phase while in the experiments, the
presence of the gas (air) phase smoothes the impact pres-
sures. Another reason to this discrepancies can be associated
to the three-dimensionality nature of the sloshing flow, while
the simulations were run in two-dimensions. It can be seen
from the results that the secondary impact at each cycle is
very well reproduced by SPH method. This can be improved
by adding the second phase in SPH simulations. However,
the global shape of the pressure history is very well repro-
duced by the proposed SPH method and is in a very good
agreement with the experimental data. However, it should be
noted that the impact pressure in the sloshing flow is sto-
chastic and varies from cycle to cycle and therefore a very
close agreement between numerical and experimental results
is not possible. In order to have a better comparison between
2D SPH simulations and experimental data of time variation
of impact pressure, the maximum of impact pressure for all
sensors during 100 s of tank motion are compared in Table 2.

To further investigate the 3D effects in the numerical sim-
ulation of sloshing, the time history of the impact pressure is
also plotted for the 3D simulations. Figure 9 shows the com-
parison of the variation of impact pressure between experi-
mental data, 2D and 3D SPH simulations. It is observed that
the impact pressure is over estimated in 2D simulation and
the 3D results are in better agreement with experiment.

In the sloshing context, the variation of kinetic energy is
of significant interest in tuned liquid dampers. However in
this work the time history of the kinetic energy is also studied
to understand how the kinetic energy transfers from liquid to
the tank frame. Since the energy is given into the fluid from
the motion plat form continuously, a very precise conclusion
on the variation of kinetic energy is not possible. However
a slight decay in the amplitude of the kinetic energy can be
observed in the Figs. 10 and 11. This is associated with the
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Fig. 9 Comparison of variation
of impact pressure between
experimental, 2D and 3D
simulations for f = 0.496 Hz
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Fig. 10 Variation of kinetic energy in 2D simulation for f = 0.496 Hz

Fig. 11 Variation of kinetic energy in 3D simulation for f = 0.496 Hz

energy dissipation due to shearing of the fluid and hence
the velocity gradient in the flow [50]. The primary reason
that produces velocity gradient for the f = 0.496 Hz is the
so-called wave-wave interaction. Therefore small percent-
age of energy is dissipated due to wave–wave interaction and
hence causes the amplitude of kinetic energy to be reduced
through the simulation time.

7 Conclusion and future works

In this paper, a set of experiments along with numerical
simulations were carried out for studying the sloshing

phenomenon in a rectangular tank. It was observed that the
SPH technique along with the proposed approach of impact
pressure evaluation can very well reproduce the global and
local features of the flow. It is notable that the present results
of impact pressure time history show significantly less spikes
compared to the other available SPH results in the literature.
The simulations were carried out for both 2D and 3D and
the results compared with experimental data. It is observed
that the 2D simulation tends to over estimate the impact pres-
sure and 3D simulations predict more accurate results. The
results are generally in a very good agreement with experi-
ments, however small discrepancies in the results are caused
by neglecting the air phase in the numerical simulations. The
accuracy of the numerical simulation can be increased by
performing two-phase simulations. Therefore, a further study
need to be carried out for investigation of two-phase simula-
tions on the global and local dynamics of the sloshing flow.
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