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Abstract A Hermite reproducing kernel (HRK) Galerkin
meshfree formulation is presented for free vibration anal-
ysis of thin plates. In the HRK approximation the plate
deflection is approximated by the deflection as well as slope
nodal variables. The nth order reproducing conditions are
imposed simultaneously on both the deflectional and rota-
tional degrees of freedom. The resulting meshfree shape
function turns out to have a much smaller necessary support
size than its standard reproducing kernel counterpart. Obvi-
ously this reduction of minimum support size will acceler-
ate the computation of meshfree shape function. To meet the
bending exactness in the static sense and to remain the spatial
stability the domain integration for stiffness as well as mass
matrix is consistently carried out by using the sub-domain
stabilized conforming integration (SSCI). Subsequently the
proposed formulation is applied to study the free vibration
of various benchmark thin plate problems. Numerical results
uniformly reveal that the present method produces favor-
able solutions compared to those given by the high order
Gauss integration (GI)-based Galerkin meshfree formula-
tion. Moreover the effect of sub-domain refinement for the
domain integration is also investigated.
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1 Introduction

Free vibration analysis of thin plates in search for the natural
frequencies and vibration modes is of great importance and
practical interests for the structural dynamic analysis and
design. The C1 continuity requirement for trial and test func-
tions associated with the variational formulation of thin plates
in which the shear deformation is neglected often causes
severe difficulty for the conventional widely used finite ele-
ment method since the construction of C1 conforming finite
element approximation is not trivial. While on the other hand
in the category of meshfree methods [1–7] which have gained
significant research attention during the past twenty years the
approximation of field variable can be customized with arbi-
trary global smoothness in a very straightforward manner.
More detailed sate of art review and summary of meshfree
methods can be found in [8–12]. Among the versatile mesh-
free methods developed up to date the moving least-squares
(MLS) [1,13] and reproducing kernel (RK) approximations
[4,5] are widely used. It turns out that if monomial basis is
employed the MLS and RK approaches lead to an identi-
cal meshfree approximation. A desirable order of continuity
like C1 in the MLS/RK approximation can be easily achieved
under random particle distributions. Consequently meshfree
methods provide an ideal way for numerical analysis of thin
plate structures.

By taking the advantage of the smooth MLS/RK approx-
imation, Krysl and Belytschko first introduced the element
free Galerkin method to analyze thin plate and shell problems
[14,15]. Later this method has been applied to the vibration
analysis of thin plate and shell problems by Liu and Chen
[16] and Liu et al. [17]. Li et al. directly employed the three
dimensional reproducing kernel particle method for analysis
of large deformation thin shell structures [18]. This approach
has been further extended by Qian et al. [19] to study thin
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cylinder failure under the combining thermal and mechanical
loads. Zhou et al. [20] adopted the reproducing kernel parti-
cle method to investigate the free vibration of thin beams and
plates. Long and Atluri [21] also proposed a meshless local
Petrov Galerkin method for thin plate problems. Rabczuk
et al. [22] developed a meshfree thin shell formulation for
nonlinear dynamic fracture analysis. In a series of works
Liu, Li and their collaborators [23–27] systematically devel-
oped a novel reproducing kernel element method for thin
plate analysis, where the concept of Hermite-type interpo-
lations in the context of reproducing kernels was proposed.
The radial basis function method was applied as well to the
vibration analysis of thin plates by Chen et al. [28]. Liu et al.
[29] used a Hermite radial point interpolation method for thin
plate analysis. More recently the Hermite radial point inter-
polation method has been implemented by Cui et al. [30] in
the context of gradient smoothing method proposed by Chen
et al. [31] to model thin plates.

For the aforementioned Galerkin type of meshfree meth-
ods it is inevitable to evaluate the stiffness using numerical
approaches such as the Gauss quadrature. Due to the rational
nature of MLS/RK shape functions, higher order quadra-
ture with demanding CPU cost is often necessary to prop-
erly integrate the stiffness. This is more prominent for thin
plate problems since the 2nd order derivatives of the test
and trial functions are involved in the weak form and thus
even much higher order qurdature is required to facilitate
the meshfree solution. Therefore computational efficiency
has been a major concern related to the Galerkin meshfree
method. As a result many efforts have been spent on the
development of efficient Galerkin meshfree methods with the
necessary property of stability [32–35]. In [32], Beissel and
Belytschko proposed a nodal integration meshfree method
by adding the residual square of the equilibrium equation to
the potential energy functional. Through a gradient smooth-
ing technique Chen et al. [34,35] developed a method of
stabilized conforming nodal integration (SCNI) for Galerkin
meshfree formulations. This method does not involve any
artificial stability parameters and satisfies the linear exact-
ness condition. Later the SCNI method has been system-
atically developed for shear deformable beams, plates, and
shells where the bending exactness was emphasized [36–42].
However subsequently it was observed that the SCNI method
designed for the 2nd order differential equations such as elas-
ticity and shear deformable plates and shells does not give
satisfactory solutions for thin plate problems where the gov-
erning equation is 4th order [43,44].

For thin plate problems, in [43,44] a Hermite reproducing
kernel (HRK) approximation and a sub-domain stabilized
conforming integration (SSCI) method were developed.
In this method the plate rotational and deflectional nodal
degrees of freedom are combined together to construct the
HRK approximation for the primary field variable of plate

deflection. The HRK approximation shows better kernel
stability with a smaller minimum normalized support size
compared with that of the standard RK approximation. Mean-
while better accuracy was observed in the HRK approxima-
tion over the standard RK approximation accordingly. To
maintain the stability more representative sub-domains were
considered in the integration of stiffness matrix. It was shown
that the proposed method performed very well for bench-
mark static plate problems. In this paper this approach is
further introduced into the vibration analysis of thin plates.
Both stiffness and consistent mass matrices are consistently
constructed by using the SSCI method. Detailed study is per-
formed to verify the effectiveness of the proposed meshfree
procedure. Moreover the effect associated with the number of
sub-domains used as numerical quadrature is also discussed.

Following this introduction the basic equations for thin
plate vibration and the HRK meshfree approximation are pre-
sented in Sect. 2. In Sect. 3 the SSCI method is introduced for
vibration analysis. The proposed method is demonstrated by
benchmark numerical examples in Sect. 4. Section 5 presents
a refined study on the solution accuracy of SSCI with increas-
ing number of integration sub-domains. Finally the conclu-
sions are drawn in Sect. 6.

2 Basic equations

2.1 Kinematics of thin plate

Consider a thin plate which occupies a domain B = � ×
(−t/2, t/2), where � ∈ R

2 denotes the plate mid-plane
enclosed by a boundary � and t is the plate thickness,
respectively. According to the classical Kirchhoff hypoth-
esis for thin plate, all the strain and stress measures can be
expressed by the transverse deflection of the middle surface:
w(x), x = {x, y} ∈ �. The sign conventions of deflec-
tion and rotations used in this paper are shown in Fig. 1.
Accordingly, the rotation θ(x) and the curvature κ(x) can be
expressed by the primary dependent variable, the deflection
w(x), as:

θ(x) =
{

θx (x)

θy(x)

}
=

{
w,x (x)

w,y(x)

}
(1)

κ(x) =
⎧⎨
⎩

κxx (x)

κyy(x)

2κxy(x)

⎫⎬
⎭ =

⎧⎨
⎩

w,xx (x)

w,yy(x)

2w,xy(x)

⎫⎬
⎭ (2)

Based on the isotropic linear constitutive law, the moment
vector of stress resultants, m, is related to the curvature κ(x)

via:

m =
⎧⎨
⎩

mxx

myy

mxy

⎫⎬
⎭ = −Dκ (3)
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Fig. 1 Sign conventions for thin plate

where D is plate constitutive matrix given as follows:

D = Et3

12(1 − υ2)

⎡
⎣ 1 υ 0

υ 1 0
0 0 (1 − υ)/2

⎤
⎦ (4)

with E and υ being the Young’s modulus and Poisson ratio,
respectively.

The weak form that governs the dynamics of a thin plate
can be stated as follows:∫
�

δwρtẅd� +
∫
�

δκT DκT d� − δW ext = 0 (5)

where ρ is the material density, the superposed double dots
over w denote the twice time differentiation. δW ext is associ-
ated with the applied external loads and in the free vibration
analysis one has δW ext = 0.

2.2 HRK approximation

The HRK [44] approximation is a generalization of the stan-
dard RK [4–7] approximation via including the first order
derivatives through the reproducing or consistency condi-
tions into the approximation of the primary field variable,
say, the plate deflection w(x) in this work. In HRK approx-
imation, the mid-plane domain � is discretized by a set of
meshfree particles xI , I = 1, 2, . . . , N P, the nodal vector
dI associated with particle I carries three unknown variables,
i.e., dI = {wI , θx I , θy I }T , and the HRK approximation of
the deflection w(x), denoted by wh(x), can be expressed as:

wh(x) =
N P∑
I=1

[
	w

I (x)wI + 	θx
I (x)θx I + 	

θy
I (x)θy I

]

=
N P∑
I=1

� I (x)dI (6)

where � I (x) = {	w
I (x),	θx

I (x),	
θy
I (x)}, 	w

I (x),	θx
I (x)

and 	
θy
I (x) are the deflectional and rotational shape func-

tions of node I, which take the following form:

	w
I (x) = pT (xI − x)b(x)φa(xI − x) (7)

	θx
I (x) = pT

x (xI − x)b(x)φa(xI − x) (8)

	
θy
I (x) = pT

y (xI − x)b(x)φa(xI − x) (9)

where b(x) is the unknown position dependent coefficient
vector to be solved. φa(xI − x) is the kernel function center-
ing at node I which has a compact support measured by ‘a’.
In this work the cubic B-spline kernel function is employed
[7]. The nth order monomial basis vectors p, px , and py are
defined as:

p(x) =
{

1, x, y, x2, xy, y2, . . . , xn, . . . , yn
}T

(10)

px (x) = ∂p(x)

∂x
=

{
0, 1, 0, 2x, y, 0, . . . , nxn−1, . . . , 0

}T

(11)

py(x) = ∂p(x)

∂y
=

{
0, 0, 1, 0, x, 2y, . . . , 0, . . . , nyn−1

}T

(12)

The coefficient vector b(x) is solved by imposing the follow-
ing nth order reproducing conditions:

N P∑
I=1

[
	w

I (x)p(xI − x) + 	θx
I (x)px (xI − x)

+	
θy
I (x)py(xI − x)

]
= p(0) (13)

Substituting Eqns. (7)–(9) into Eq. (13) yields:

M(x)b(x) = p(0) (14)

where M(x) is the HRK moment matrix given by:

M(x) =
N P∑
I=1

[
p(xI − x)pT (xI − x) + px (xI − x)pT

x (xI − x)

+py(xI − x)pT
y (xI − x)

]

×φa(xI − x)

= M0(x) + M1(x) (15)

with M0 and M1 being defined as:

M0(x) =
N P∑
I=1

p(xI − x)pT (xI − x)φa(xI − x) (16)

M1(x) =
N P∑
I=1

[
px (xI − x)pT

x (xI − x)

+ py(xI − x)pT
y (xI − x)

]
φa(xI − x) (17)

Therefore from Eq. (14) one has b(x) = M−1(x)p(0) and
the HRK shape functions finally become:

	w
I (x) = pT (0)M−1(x)p(xI − x)φa(xI − x) (18)

	θx
I (x) = pT (0)M−1(x)px (xI − x)φa(xI − x) (19)

	
θy
I (x) = pT (0)M−1(x)py(xI − x)φa(xI − x) (20)

123



706 Comput Mech (2010) 46:703–719

From Eqs. (15) to (17), it is clear that M0(x) is exactly
the moment matrix of the standard RK approximation
[4–7], and M1(x) is an additional term associated with the
HRK approximation. It turns out this additional terms leads
to better kernel stability for the HRK approximation. In the
standard RK approximation it is known that to ensure the
invertibility of the moment matrix M, any position x must
be covered by at least m independent kernel functions and
m is the dimension of basic vector p. Thus for a quadratic
basis function the normalized support size a is at least to be
2. However it can be shown that for the HRK approximation
this requirement is significantly relaxed. This is illustrated
next by a typical example.

Consider a 2D problem domain discretized by a set of uni-
formly spaced particles {xI}N P

I=1 with nodal distance h, thus
the normalized support size an can be defined as an = a/h.

As shown in Fig. 2, let x = x1 = {0, 0}T be a corner node
and the normalized support size be an ∈ (1, 2), then the cor-
responding moment matrices of the standard RK and HRK
approximation with a quadratic basis can be expressed as
follows:

M0(x1) =
4∑

I=1

M0
I (x1)

=

⎡
⎢⎢⎢⎢⎢⎢⎣

φs
1234 φs

23h φs
34h φs

23h2 φ3h2 φs
34h2

φs
23h2 φ3h2 φs

23h3 φ3h3 φ3h3

φs
34h2 φ3h3 φ3h3 φs

34h3

φs
23h4 φ3h4 φ3h4

sym. φ3h4 φ3h4

φs
34h4

⎤
⎥⎥⎥⎥⎥⎥⎦

(21)

M(x1) =
4∑

I=1

[M0
I (x1) + M1

I (x1)]

=

⎡
⎢⎢⎢⎢⎢⎢⎣

φs
1234 φs

23h φs
34h h2φs

23 h2φ3 h2φs
34

φs
23h2 + φs

1234 φ3h2 (h3 + 2h)φs
23 (h3 + h)φ3 + hφ4 h3φ3

φs
34h2 + φs

1234 h3φ3 (h3+h)φ3+hφ2 (h3 + 2h)φs
34

(h4 + 4h2)φs
23 (h4 + 2h2)φ3 h4φ3

sym. (h4 + 2h2)φ3 + h2φs
24 h4φ3 + 2h2φ3

(h4 + 4h2)φs
34

⎤
⎥⎥⎥⎥⎥⎥⎦

(22)

where for brevity φI denotes the value of the kernel function
of I th node evaluated at the location x1, φ

s
I J � φI +φJ , and

φs
1234 � φ1+φ2+φ3+φ4, respectively. Obviously, M0(x1)

defined by Eq. (21) is singular by virtue of the fact that the
2nd and 4th rows are linearly dependent. On the other hand
it can be shown that the HRK moment matrix M(x1) shown
in Eq. (22) can be reduced to the following standard sim-
plest form through the elementary matrix row and column
transform operations:

Fig. 2 Nodal support domain for x = x1 with an ∈ (1, 2)

M(x1) ∼

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(23)

Therefore M(x1) is non-singular and the HRK shoe func-
tions are well defined for an ∈ (1, 2). This shows that for the
quadratic basis the minimum normalized support size of the
HRK approximation is 1 while it is 2 for the conventional
RK approximation. It demonstrates that the HRK approxi-
mation has the property of better kernel stability. Fig. 3 lists
the quadratic HRK shape functions of Eqs. (18)–(20) with
an = 1. The exact reproducing properties of quadratic basis
functions are also shown in Fig. 4.
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Fig. 3 HRK shape functions
with an = 1.0

Fig. 4 Reproducing properties of HRK shape functions with an = 1.0

3 SSCI thin plate formulation

To maintain the spatial stability the SSCI thin plate formula-
tion is fulfilled by the sub-domain integration methodology
where the nodal representative domain is further divided into
several sub-domains for domain integration and the curvature
smoothing is performed in each sub-domain. In this case the
integration constraint for bending exactness [43,44] is still
exactly satisfied.

3.1 Sub-domain curvature smoothing

As shown in Fig. 5, �L is the nodal representative domain
for the particle xL , which is enclosed by the boundary �L . In
SSCI �L is sub-divided into L S non-overlapping and con-
forming sub-domains, i.e.,

⋃L S
Lm=1 �Lm = �L . The voro-

noi diagram can be used to produce the nodal representative
domain �L as indicated in Fig. 5. Thereafter the sub-domain
can be further obtained by subdividing the nodal representa-
tive domain through connecting the node and the edge middle
points of voronoi diagram. It is noted the only requirement for
the sub-domains is to construct conforming cells for domain

integration and thus other choices for sub-domains are also
possible. The smoothed curvature κ̃ in �Lm is defined as:

κ̃i j (xLm ) = 1

ALm

∫
�Lm

κi j (x)d�

= 1

2ALm

∫
�Lm

(w,i j + w, j i )d�,

{i, j} = {1, 2} = {x, y} (24)

where ALm denotes the area of �Lm . To meet the integra-
tion constraint for bending exactness, by using divergence
theorem Eq. (24) becomes:

κ̃i j (xLm ) = 1

2ALm

∫
�Lm

(w,i n j + w, j ni )d� (25)

with �Lm being the boundary of the sub-domain �Lm and
n = {ni } being the outward normal of �Lm .
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Fig. 5 Nodal representative sub-domains for curvature smoothing and
integration

Fig. 6 Comparison of the fundamental frequency for clamped-free
beam

Substituting the HRK approximation of Eq. (6) into
Eq. (25) gives:

κ̃h
i j (xLm )=

N P∑
I=1

1

2ALm

[
∇̃ j� I,i (xLm )dI +∇̃i� I, j (xLm )dI

]

(26)

with

∇̃ j� I,i (xLm ) = 1

ALm

∫
�Lm

[
	w

I,i , 	
θx
I,i , 	

θy
I,i

]
n j d� (27)

Fig. 7 Comparison of the fundamental frequency for clamped-
clamped beam

Fig. 8 Comparison of the fundamental frequency for clamped-simply
supported beam

Fig. 9 Irregular meshfree dicretizations for beam problems

In matrix form Eq. (26) can be rearranged as:

κ̃h(xLm ) =
N P∑
I=1

B̃I (xLm )dI (28)
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Fig. 10 Comparison of the fundamental frequency for clamped-free
beam using irregular meshfree dicretizations

Fig. 11 Comparison of the fundamental frequency for clamped-
clamped beam using irregular meshfree dicretizations

where B̃I (xLm ) is the smoothed gradient matrix given by:

B̃I (xLm )=
⎡
⎢⎣

∇̃x	
w
I,x (xLm ) ∇̃x	

θx
I,x (xLm ) ∇̃x	

θy
I,x (xLm )

∇̃x	
w
I,y(xLm ) ∇̃x	

θx
I,y(xLm ) ∇̃x	

θy
I,y(xLm )

2∇̃y	
w
I,x (xLm ) 2∇̃y	

θx
I,x (xLm ) 2∇̃y	

θy
I,x (xLm )

⎤
⎥⎦
(29)

3.2 Discrete equations

The aforementioned method of SSCI is developed for stiff-
ness matrix integration in order to meet the bending exact-
ness condition and stability requirement. In this study the
integration of mass matrix is also carried out by sampling the
centroid values of material density over the sub-domains and
then multiplying the corresponding sub-domain areas. This
provides a consistent and efficient computer implementation

Fig. 12 Comparison of the fundamental frequency for clamped-simply
supported beam using irregular meshfree dicretizations

Fig. 13 A simply supported square thin plate

Table 1 List of λs for simply supported square plate

Mode Analytical [46] GI2 GI6 SSCI

1 4.443 4.438 4.446 4.442

2 7.025 7.020 7.037 7.025

3 7.025 7.020 7.037 7.025

4 8.886 8.863 8.908 8.877

5 9.935 9.941 9.972 9.946

6 9.935 9.942 9.972 9.946

7 11.327 11.297 11.376 11.316

8 11.327 11.297 11.376 11.317

of the proposed SSCI formulation for vibration problems. By
invoking the proposed numerical quadrature rule, the weak
form of Eq. (5) for free vibration analysis becomes:

N P∑
L=1

L S∑
Lm=1

[
δwhT

(xc
Lm

)ρtwh(xc
Lm

)
]

ALm

+
N P∑
L=1

L S∑
Lm=1

[
δκ̃hT

(xLm )Dκ̃h(xLm )
]

ALm = 0 (30)

where the virtual work related to the applied forces are absent
since here only the free vibration is considered, xc

Lm
is the

centroid of the sub-domain �Lm as shown in Fig. 5.
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Fig. 14 Meshfree discretizations for square plate

Fig. 15 Comparison of the fundamental frequency for simply sup-
ported square plate

Consequently the matrix equation corresponding to
Eq. (30) is:

Md̈ + Kd = 0 (31)

where M and d are the mass and stiffness matrices, respec-
tively:

M = N P
A

I,J=1
MI J ; K = N P

A
I,J=1

KI J (32)

Fig. 16 Comparison of the second frequency for simply supported
square plate

with A denoting an assembly operation and sub-matrices of
MI J and KI J are given by:

MI J =
N P∑
L=1

L S∑
Lm=1

[
�T

I (xc
Lm

)ρt� J (xc
Lm

)
]

ALm (33)

KI J =
N P∑
L=1

L S∑
Lm=1

[
B̃

T
I (xLm )DB̃J (xLm )

]
ALm (34)

Fig. 17 Mode shapes for
simply supported square plate
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Fig. 18 Irregular discretizations for simply supported square plate

Thus the generalized eigenvalue problem corresponding to
Eq. (31) is:

(K − ω2M)� = 0 (35)

where ω is the natural frequency and � is the associated
vibration mode. The boundary conditions during the vibra-
tion analysis are efficiently enforced by using the mixed
transformation method developed by Chen and Wang [45].
This approach relates the generalized coordinates of deflec-
tion and rotations to their corresponding physical coordinates
[44] for the boundary constrained particles only.

4 Numerical examples

In this section, several typical thin plate as well as thin beam
examples are presented to study the performance of the pres-
ent method. The thin beam problem is considered here since
it is a one dimensional degeneration of thin plate and thus
is very helpful to comprehensively illustrate the proposed
method. For comparison the Gauss integration (GI)-based
HRK formulations are also included in the following exam-
ples, where the notation “GIm” denotes the mth order Gauss
integration in each dimension. Unless specified in the fol-
lowing examples SSCI implies the integration using 2 sub-
domains in each dimension.

4.1 Thin beam

Consider a thin beam with length L = 10, cross-section
width b = 0.05, height t = 0.02, density ρ = 2500,

Young’s modulus is E = 2 × 109. In the analysis a uni-
form particle distribution is employed in the HRK approx-
imation with a quadratic basis vector. The cubic B-spline
function is used as the kernel function with the normal-
ized supported size being 1.3. The convergence compari-
son of the fundamental frequency using uniform meshfree
discretizations is shown in Figs. 6, 7 and 8, where vari-

ous boundary conditions such as clamped-free, clamped-
clamped, and clamped-simply supported, are analyzed. As
just stated GI2 and GI6 denote the Gauss integration
with 2-point and 6-point quadrature rules in each nodal
representative domain and SSCI represents the proposed
method with 2 sub-domains. The results clearly show that
SSCI gives the most favorable solutions compared to those
obtained by GI2 and GI6. Moreover the robustness of
the present method is further demonstrated by using the
irregular discretizations as shown in Fig. 9 and the

Fig. 19 Comparison of the second frequency for simply supported
square plate using irregular discretizations

Fig. 20 A clamped square thin plate
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Fig. 21 Comparison of the fundamental frequency for clamped square
plate

Fig. 22 Comparison of the second frequency for clamped square plate

corresponding results in Figs. 10, 11 and 12 once again con-
firm that the SSCI method performs superiorly compared to
GI2 and GI6.

4.2 Simply supported square plate

Consider a simply supported square plate as shown in Fig. 13.
The geometry and material properties are: length a = 10,

thickness t = 0.05, density ρ = 8000, Young’s modulus
E = 2 × 1011, and Poisson ratio υ = 0.3. Three meshfree
discretizations used in the analysis are shown in Fig. 14. The
quadratic basis and the cubic B-spline kernel function with
a normalized support size of 1.3 are employed in the HRK
approximation. Figures 15 and 16 show the comparisons of
the fundamental and second frequencies obtained by using
different methods. Moreover the circular frequencies for
modes 1–8 as shown in Fig. 17 using the third discretization
are presented in Table 1. Here for convenience of presenta-
tion a dimensionless natural frequency λ = (ωa2√ρt/D)1/2

with D being flexural rigidity D = Et3/[12(1 − υ2)],
is introduced. Similar meaning holds for λ the following
examples. It is observed that the results using SSCI agree
well with the analytical solutions and compared favorably
with GI2 and GI6. Meanwhile, Fig. 19 shows the results
corresponding to the random non-uniform discretizations
as listed in Fig. 18. It can be clearly seen that in case
of irregular dicsretizations the present method still yields
the most favorable solution accuracy compared to GI2 and
GI6.

Table 2 List of λs for clamped square plate

Mode Analytical [46] GI2 GI6 SSCI

1 5.999 6.016 6.007 5.997

2 8.567 8.618 8.587 8.567

3 8.567 8.618 8.587 8.567

4 10.402 10.454 10.435 10.390

5 11.486 11.598 11.515 11.478

6 11.486 11.625 11.541 11.506

7 12.845 12.943 12.903 12.827

8 12.845 12.943 12.903 12.829

Fig. 23 Mode shapes for
clamped square plate
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Fig. 24 Irregular discretizations for clamped square plate

Fig. 25 Comparison of the second frequency for clamped square plate
using irregular discretizations

4.3 Clamped square plate

A clamped square plate is shown in Fig. 20. The geometry
and material parameters are the same as those of the previous
simply supported square plate, and the meshfree discretiza-
tions are also listed in Fig 14. Also the quadratic basis with
normalized support size of 1.3 for the B-spline kernel func-

Fig. 26 A clamped circular thin plate

tion is employed. The results of the fundamental and second
frequencies using different methods are shown in Figs. 21 and
22. The vibration shapes of modes 1–8 are listed in Fig. 23
and for more details the dimensionless natural circular fre-
quencies using various integration schemes are tabulated in
Table 2 as well. The results again uniformly confirmed that
the SSCI solutions have good agreement with the analytical
solutions and they compares superiorly with those obtained
by GI2 and GI6. The non-uniform dicretizations as shown in
Fig. 24 is also used to further verify the proposed method-
ology. The numerical results are plotted in Fig. 25 and they
evince that compared to GI2 and GI6, the present method
gives the lowest solution errors and is robust for the irregular
discretizations.

Fig. 27 Meshfree discretizations for circular plate
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Fig. 28 Comparison of the fundamental frequency for clamped circu-
lar plate

4.4 Clamped circular plate

As shown in Fig. 26, a clamped circular plate is considered.
The material and geometry parameters are density ρ = 8000,

Young’s modulus E = 2 × 1011, Poisson ratio υ = 0.3,

plate radius r = 5, and thickness t = 0.05. Figure 27 shows
the progressive refinement of meshfree discretizations. The
HRK approximation with quadratic bases and cubic B-spline
kernel function with normalized support size of 1.3 are used.
The convergence behavior of the fundamental frequency is
shown in Fig. 28 and the results of the first eight dimension-
less natural circular frequencies corresponding to the modes
1–8 listed in Fig. 29 using the third meshfree discretization
are summarized in Table 3. The results also show that the
present SSCI approach performs superiorly compared to GI2
and GI6. Moreover the wiggle convergence behavior of GI2
as shown in Fig. 28 indicates that the GI2 solutions are not
stable in this case.

4.5 Clamped rhombic plate

The clamped rhombic thin plate as shown in Fig. 30 is a
benchmark problem to test the robustness of numerical meth-

Table 3 List of λs for clamped circular plate

Mode Analytical [28] GI2 GI6 SSCI

1 3.196 3.188 3.197 3.196

2 4.611 4.600 4.614 4.609

3 4.611 4.600 4.614 4.609

4 5.906 5.877 5.912 5.901

5 5.906 5.908 5.913 5.901

6 6.306 6.304 6.311 6.303

7 7.144 7.127 7.157 7.134

8 7.144 7.127 7.157 7.135

Fig. 30 A clamped rhombic thin plate

ods. The material and geometry properties for this rhom-
bic plate are: density ρ = 8000, Young’s modulus E =
2 × 1011, Poisson ratio υ = 0.3, plate length a = 10, width
b = 20, and thickness t = 0.05. The meshfree discretiza-
tions are shown in Fig. 31. The normalized support size of
1.5 is employed in the cubic B-spline kernel function with
quadratic HRK approximation. The comparison of the funda-
mental frequency using various integration methods is shown

Fig. 29 Mode shapes for
clamped circular plate
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Fig. 31 Meshfree discretization for clamped rhombic plate

Fig. 32 Comparison of the fundamental frequency for clamped rhom-
bic plate

in Fig. 32 and Fig. 33 shows the shapes of modes 1–8. The
dimensionless natural frequencies of modes 1–7 for clamped
rhombic plate are listed in Table 4. All the results demonstrate
that the best solution accuracy is observed for the proposed
SSCI method.

5 Effect of sub-domain refinement

In the previous typical thin plate examples it was shown that
2 by 2 sub-domains are capable of yielding accurate numeri-
cal solutions, where a quadrilateral is used as a sub-domain.
In this section the influence of sub-domain refinement on the
solution accuracy is further studied. The sub-division of the
quadrature sub-domain �Lm is shown in Fig. 34, in which
�Lm is further divided into two triangles, i.e., �Lm1 and
�Lm2 . Consequently there are eight triangular sub-domains
in each nodal representative domain for the SSCI integra-
tion, as is termed as SSCI-T8 and for comparison SSCI-Q4
is used to denote the 2 by 2 sub-domain integration employed
in the previous examples. The sub-domain integration refine-
ment and numerical solutions using the refined sub-domain
integration method for the simply supported square plate,
the clamped square plate, the clamped circular plate, and the
clamped rhombic plate, are systematically shown in Figs. 35,
36, 37, 38, 39, 40 and 41. The material and geometry proper-
ties are the same as the examples in the previous section. The
numerical results reveal that the SSCI-T8 solutions exhibit
the lowest errors and the sub-domain refinement has the capa-
bility of further improving the solution accuracy. It is noted
that even for SSCI-T8 there still only has eight sampling
points which is much smaller than the number of integra-
tion points of GI6, i.e., 36 sampling points. Moreover the

Table 4 List of λs for clamped rhombic plate

Mode Analytical [47] GI2 GI6 SSCI

1 8.004 8.054 8.032 7.998

2 13.640 13.781 13.712 13.627

3 18.679 18.922 18.814 18.685

4 19.534 19.780 19.692 19.501

5 26.539 26.927 26.821 26.467

6 28.415 28.993 28.701 28.431

7 32.818 33.395 33.186 32.799

Fig. 33 Mode shapes for
clamped rhombic plate
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Fig. 34 Schematic illustration of refinement of sub-domain integration

condition of integration constraint associated with bending
exactness is also exactly met regardless of the number of
integration sub-domains.

6 Conclusions

A Hermite reproducing kernel (HRK) Galerkin meshfree for-
mulation was proposed for the free vibration analysis of thin
plate structures. The present approach is featured by the HRK
approximation and sub-domain stabilized conforming inte-
gration (SSCI). In the HRK approximation both the deflec-
tional and rotational degrees of freedom at a generic field
point are considered to construct the approximation of the
primary deflection variable by simultaneously imposing the
reproducing or consistency conditions on the deflection and
rotations. Through a typical 2D example it was shown that
the HRK approximation has a smaller necessary support size
for the kernel function from the point of view of moment
matrix invertibility. Moreover it was demonstrated that with

Fig. 36 Comparison of the fundamental frequency for simply sup-
ported square plate with sub-domain refinement

Fig. 37 Comparison of the fundamental frequency for clamped square
plate with sub-domain refinement

the reduced support size of kernel function the resulting HRK
shape functions still exactly satisfies the consistency condi-
tions.

Fig. 35 Refinement of sub-domains for square plate
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Fig. 38 Refinement of sub-domains for circular plate

Fig. 39 Comparison of the fundamental frequency for clamped circu-
lar plate with sub-domain refinement

Fig. 40 Refinement of sub-domains for rhombic plate

Meanwhile the domain integration for both the mass and
stiffness matrices was consistently carried out by using the
method of SSCI. For the stiffness the SSCI was implemented

Fig. 41 Comparison of the fundamental frequency for clamped rhom-
bic plate with sub-domain refinement

through the sub-domain curvature smoothing, while the
integration for the mass matrix was performed by sam-
pling the centroid density values over the sub-domains and
then multiplying the corresponding sub-domain areas. In
the static sense this approach exactly meets the integration
constraint for bending exactness regardless of the number
of sub-domains used for numerical quadrature. Numerical
solutions for the presented benchmark vibration examples
uniformly demonstrated that the proposed method performs
superiorly compared to the approach based higher order
Gauss integration. Moreover the effect of sub-domain refine-
ment on the solution accuracy was also investigated and
it was found from typical numerical examples that this
integration refinement yields an enhancement of solution
accuracy.
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