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Abstract Finite deformation contact of flexible solids
embedded in fluid flows occurs in a wide range of engineer-
ing scenarios. We propose a novel three-dimensional finite
element approach in order to tackle this problem class. The
proposed method consists of a dual mortar contact formula-
tion, which is algorithmically integrated into an eXtended
finite element method (XFEM) fluid—structure interaction
approach. The combined XFEM fluid—structure-contact
interaction method (FSCI) allows to compute contact of
arbitrarily moving and deforming structures embedded in
an arbitrary flow field. In this paper, the fluid is described
by instationary incompressible Navier—Stokes equations. An
exact fluid—structure interface representation permits to
capture flow patterns around contacting structures very
accurately as well as to simulate dry contact between struc-
tures. No restrictions arise for the structural and the contact
formulation. We derive a linearized monolithic system of
equations, which contains the fluid formulation, the structural
formulation, the contact formulation as well as the coupling
conditions at the fluid—structure interface. The linearized sys-
tem may be solved either by partitioned or by monolithic
fluid—structure coupling algorithms. Two numerical exam-
ples are presented to illustrate the capability of the proposed
fluid—structure-contact interaction approach.
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1 Introduction

A variety of problems in engineering and applied sciences
require the simulation of finite deformation contact inter-
actions of solids surrounded by fluid. Important fields of
application include machine parts, such as gaskets or sliding-
contact bearings, and biomechanical systems, such as heart
valves or capillary flow of red blood cells, to name only a
few.

From the method development point of view, fluid-
structure interaction (FSI) problems coupled with structural
contact require powerful simulation approaches for both
algorithmic ‘building blocks’: FSI and contact. Even though
many different FSI approaches and contact formulations
exist, most of them are hard or even impossible to combine
algorithmically with a reasonable programming effort. Arbi-
trary Lagrangian—Eulerian (ALE) methods are a very popular
category of FSI methods. For this type of FSI approaches, the
fluid mesh is connected to the solid mesh and deforms accord-
ing to the structural deformations. Problems occur in the case
of contact, since fluid elements between contact interfaces are
completely squeezed together. This feature complicates the
application of ALE methods for simulations of dry contact.
Fictitious Domain (FD) methods and Immersed Boundary
Methods (IMB) usually lack an exact fluid—structure inter-
face representation within a fixed background grid. Dry con-
tact is hard to be achieved under such restrictions.

A contact formulation is needed as second ‘building block’
for the proposed FSCI approach. Contact ought to be treated
efficiently and as general as possible, allowing for very large
structural deformations of the contacting elastic bodies. For
this purpose, both a suitable contact discretization and a suit-
able scheme for constraint enforcement have to be chosen.
Concerning discretization, several authors (see e.g.
[12,14,24,25,39]) have demonstrated over the last decade

@ Springer



54

Comput Mech (2010) 46:53-67

the superior robustness of mortar-based segment-to-segment
methods as compared with classical node-to-segment
schemes. Constraint enforcement is usually handled via
Lagrange multipliers or a penalty method.

First efforts in developing numerical approaches for FSI
including contact so far concentrate on tailored, often sim-
plified models for very specific problem scenarios. In [31],
a 2D fluid—structure interaction (FSI) method with a purely
node-based contact algorithm within a monolithic solution
scheme is proposed for the numerical simulation of heart
valve dynamics. Another approach dealing with the dynam-
ics of thin valves in fluid is presented in [4], where a par-
titioned FD based FSI scheme is combined with a specific
contact formulation for thin structures (modeled as 1D con-
tinua) and rigid walls. An interesting extension to fully 3D
aortic valve simulations including elastic contact has been
proposed recently [1]. Modeling of FSI problems including
contact is also considered in [27] and [30], where the authors
introduce a so-called surface-edge-node contact tracking
algorithm used in combination with the Deforming-Spatial-
Domain/Stabilized Space-Time (DSD/SST) formulation
[28,29]. When two bodies approach each other, penalty
forces are applied in such a way that the contacting sur-
faces are kept slightly apart in order to protect the fluid mesh
in between. Furthermore, current research focuses on the
detailed analysis of physical effects in the contact interface
such as lubrication or wet contact (see e.g. [38]). In this case,
the space between contacting solids is partially filled with
fluid, which constitutes a specific class of problems (based
on the Reynolds equation for the thin fluid film and a free
boundary).

The main scope of our paper is to bring together recent
developments in the fields of fluid—structure interaction and
computational contact mechanics in order to create a novel
and very general numerical approach: we propose a 3D finite
element formulation, which combines an eXtended finite
element method (XFEM) FSI method and a dual finite defor-
mation mortar contact formulation. Owing to its general-
ity, the resulting FSI-contact (FSCI) method is applicable
to a broad range of problems involving elastic contact of
solids embedded in an interacting flow field. We start the
derivation of our FSCI method by reviewing a two-field
XFEM FSImethod [7-10] and related other methods [32,34].
The fluid fields and the structural fields live on two dis-
tinct grids. An interface handling algorithm (see [17] and
[19]) allows to localize the fluid—structure interface of arbi-
trarily moving as well as deforming structures and provides
an exact representation of the discretized interface within
the fixed fluid background mesh. Continuity between non-
matching fluid and interface grids is weakly imposed by a
stress based Lagrange multiplier technique [9] that is numer-
ically stable without heuristic stabilization parameters and
does not generate a saddle point structure for the resulting
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FSI system. These features are mainly responsible for the
convenient integration of the contact formulation. In addi-
tion, they prevent that any limitations to the structural as
well as to the contact formulation occur. Flow patterns around
surfaces very close to contact can be resolved highly accu-
rately. An exactly represented interface also allows to sim-
ulate dry contact, since no fluid computation is performed
between structures in contact. Regarding the contact for-
mulation, we employ a recently developed mortar approach
[11,21,22] based on so-called dual Lagrange multipliers in
combination with a primal-dual active set strategy for con-
tact constraint enforcement. By interpreting the active set
search as semi-smooth Newton scheme and by performing
consistent linearization, all types of nonlinearities (i.e. geo-
metrical, material and contact) are efficiently resolved within
one single iterative scheme. The dual Lagrange multipliers
(seee.g. [36]) can be eliminated by condensation, thus avoid-
ing an undesirable increase in global system size. The final
structural system of equations including contact is positive
definite and contains only displacement degrees of freedom.
All described properties heavily facilitate the proposed inte-
gration into our FSI approach. A linearized coupled system
of equations is derived, which contains the fluid description,
the structural description, the contact formulation as well as
the FSI coupling conditions. Any partitioned or monolithic
fluid—structure coupling algorithm may be applied to solve
the system of equations.

The remainder of the paper is organized as follows: the
general problem setup is described in Sect. 2. We proceed
with a review of the XFEM fluid—structure interaction
approach in Sect. 3, where we focus on details regarding
the combination with the contact method. The important
aspects of the dual mortar contact formulation are explained
in Sect. 4. The linearized FSCI system, which may be solved
by partitioned or monolithic fluid—structure coupling schemes,
is derived in Sect. 5. Numerical examples demonstrate the
capability of the approach in Sect. 6.

2 General formulation of the fluid—structure-contact
interaction problem

To begin with, we introduce the general problem statement.
Figure 1 displays the coupled system and introduces the fluid
fields for velocity u and pressure p in the fluid domain Q7 as
well as the structural displacement field d* in the structural
domain °. Fluid quantities are denoted by a superscript
f if necessary for understanding; structural quantities are
always denoted by a superscript s if the entire structure is
addressed. To prepare the integration of a contact formula-
tion, the structural domain Q° already consists of two con-
tacting bodies distinguished by superscripts s, (1) and s, (2).
The fluid—structure interface is denoted by ['gsj.
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Fig. 1 Coupled system comprising fluid and structural fields

2.1 Fluid

The presented approach is not limited to a specific flow
description. For the derivation and our numerical examples
we describe the fluid part by instationary, incompressible
Navier—Stokes equations for Newtonian fluids. The stress
tensor ¢/ for Newtonian fluids

o/ = —pI +2ue(u) 1)

is composed of a hydrostatic term pI and a viscous term
2ue(u), where u denotes the dynamic viscosity. The strain
rate tensor € (#) may be written as

e(u) = % (Vu + (Vu)T) . )

The conservation of momentum in Eulerian formulation is

0
pa—l;:—pu~Vu+V-af+bf in Q7. 3)

The body force b’ is omitted in further derivations, but it
may be included without additional difficulties and it is also
integrated in the implementation.

Mass conservation for an incompressible flow field
requires the divergence of the velocity u to equal zero

V-u=0. “4)

Dirichlet and Neumann boundary conditions I" g and I’ ]C at
the fluid boundary may be stated as

w=i inT), 5)
n' .o’ :I_tf in I‘I{,. (6)

The weak form is obtained by testing Egs. (3) and (4) with
test functions for velocity v and pressure g

v, pa—u + (v, pu - Vu)gr + (Vv, af)
ot Jqr Qf

+(@. V-wgr — (v.h) =0, @
Ty
During the development of the XFEM FSI approach in
Sect. 3, we reformulate the weak form to include a moving
interface based on embedded Dirichlet conditions.

2.2 Structure

Before considering contact interactions and FSI of two
bodies, the continuum mechanics problem statement of one
single structure is briefly reviewed. As usual for most applica-
tions, the structural behavior is described based on a
Lagrangian description, where the motion from reference
configuration x{ to current configuration x* is given by the
displacement vector d* = x* — x{). The structural velocity

d* and the structural acceleration d* are defined as

ads B aZdS
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As can be seen in Fig. 1, the structural domain is represented
by the open set 2° in the current configuration and the bound-
ary d2° consists of Dirichlet boundary I'}, and Neumann
boundary I'},. For convenience and without loss of general-
ity, material nonlinearity is simply incorporated by assuming
compressible Neo-Hookean behavior
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where the second Piola—Kirchhoff stress tensor S, the hy-
perelastic strain energy function Wy g, the fourth order con-
stitutive tensor C and the Green—Lagrange strain tensor E
are introduced. The strain tensor can be written in terms of
the material deformation gradient Fas E = % (FTF—1I),and
the second Piola—Kirchhoff stress tensor S is obtained
from the Cauchy stress o as § = JF~' . ¢ - F~T. Here
J denotes the determinant of the material deformation gra-
dient F, which itself is defined as

ax?s

F = .
ax,

(10)
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The initial boundary value problem (IBVP) of finite defor-
mation elastodynamics stated in the current configuration is

V.o'+b° =p'd in Q°,
d=d onT3, (11)
o -n’=h on Ff\,,

where p* is the current structural density. Prescribed dis-
placements are represented by d’ and prescribed surface trac-
tions by ’, whereas b°* denotes a volumetric body force.
Initial conditions for structural displacements and structural
velocities can be formulated as d*(x,r = 0) = dj and
d(x,1 =0) = df) The weak form after integration by parts
(still without consideration of the fluid—structure coupling

and without consideration of contact) is

Od*, p*d*)gs + (V8d*, 0%) s — (8d°, b*) s
— (8d*, )y, = 0. (12)

This equation is discretized using any standard (often mixed/
hybrid) finite element technique in space and direct time inte-
gration schemes. Geometrical and material nonlinearities are
handled via a Newton—Raphson method. A brief overview of
spatial discretization and time integration will be given in
Sect. 3.5.

2.3 Contact

We restrict the presentation to only two contacting structures
as depicted in Fig. 2, yet a generalization to an arbitrary
number of bodies is straightforward and mostly a matter of
efficient contact search strategies. The structural domain °
in the current configuration consists of two separate open
sets %) and Q%@ see also Fig. 1. As the two bodies may
potentially come into contact, their surfaces 9 Q2° D =1,2,
are divided into three boundary sets as
9 ® =r3QuryPurs®,
50 A s @) s A s g (1)
D N T'D c =Y

where I"‘Z.’(i) now represents the potential contact surface in
addition to the well-known Dirichlet and Neumann bound-
aries. Note that FSI is still not considered. We retain a com-
mon nomenclature in contact mechanics here and refer to
Fi’(l) as the slave surface and to Fi’(z) as the master surface,
although their traditional meaning will not be conveyed to
our mortar discretization approach. All definitions given in
Sect. 2.2 for one single structure, such as stress and strain
tensors, the IBVP and weak form, hold for two bodies in full
analogy.

Proximity and potential contact of the two bodies is mea-
sured by the gap function g(x) in the current configuration

g(x) = —n¢ (xs,(l)) . I:xs,(l) _ )"‘:51(2)] , (14)
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Fig. 2 Setup of the 3D finite deformation contact problem

where n¢ represents the current outward unit normal on the
slave surface Fg’(l) inx*® and £ @ denotes the projection
of x*'(1 onto the master surface Fi’(z) along n¢, see Fig. 2.
The definition of the contact normal n¢ within our finite
element discretization will be discussed briefly in Sect. 4.3.
Together with the two tangent vectors ¢ and 7, n¢ builds
an orthonormal basis in the slave surface point x* .

A Lagrange multiplier vector A is defined as negative con-
tact traction on the slave surface (A = —hi’(l)), providing the
basis for a mixed variational formulation later to be discret-
ized with a dual mortar finite element approach [21,22]. We
denote the normal and tangential components of the Lagrange
multiplier vector A as A,n¢, )»% 75 and Adgh respectively.

Two modifications of the structure problem statement have
to be taken into account when considering contact: an addi-
tional contact virtual work term entering the weak form (12)
and a set of contact constraints. First, contact virtual work is
readily expressed in terms of a slave side integral by exploit-
ing the balance of linear momentum across the contact inter-
face, yielding

o1 = (1, 8d™ ) — 50" @) (15)

Fg.(l) .

Contact constraints are addressed next. Frictionless contact
interaction is governed by the three classical Karush—
Kuhn-Tucker (KKT) conditions and frictionless tangential
sliding

gx)>0, 2, >0, X gx)=0, X =217=0. (16)

The interested reader is referred to [16,37] for details on
constitutive laws for contact including friction. Note that
the strong pointwise non-penetration condition g(x) > 0
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Fig. 3 Definition of normals in the coupled problem

is typically replaced by a weak integral condition along the
contact interface in the context of a mortar approach

(8, gD = 0, a7

where Lagrange multiplier test functions 1, serve as weight-
ing functions for the kinematic constraint. A suitable dis-
cretization of (15), (17) and the remaining constraints from
(16) using a dual mortar finite element method is derived in
Sect. 4 (see also [12,14,21,22]). There it will also be demon-
strated how the additional nonlinearity stemming from con-
tact (active set search) can be efficiently treated within an
iterative Newton—Raphson framework.

2.4 Fluid—structure interface conditions

Dynamic and kinematic coupling conditions have to be ful-
filled at the fluid—structure interface I'rsy, whose position
varies with time. The direction of the interface normals is
defined in Fig. 3. Note, that we focus on dry contact here:
Trst N5 = Ty N TE@ = @. Obviously parts of the
boundary change in time from being a fluid—structure inter-
face to a contact interface and vice versa. Since we assume
that no mass flow occurs across the interface, the normal
velocities at the interface have to match each other

nf . u=—-n'-d° on Tpg. (18)

Viscous fluids require additionally a matching condition for
tangential velocities, which completes the no slip-boundary
conditions at the interface

u=d’ on Igg. (19)

The force equilibrium requires the surface tractions to be
equal

nf .6/ =—n'.0° on k. (20)

The statement of the fluid—structure interface conditions
completes the general problem description. In the follow-
ing sections we derive a combined fluid—structure-contact
interaction (FSCI) approach based on the above problem
setup.

3 An XFEM based fluid-structure interaction
formulation enabling topological changes

We start the development of the fluid—structure-contact
method with a short review of the underlying XFEM FSI
approach. Emphasis is put on details, which are important to
understand the algorithmic combination with the contact for-
mulation described in the next section. The interested reader
is referred to [7-10,19,32,34] and references therein for fur-
ther information about the XFEM FSI approach.

Figure 4 illustrates the applied two-field technique as well
as the surface coupling between the fields. The fluid field
and the structural field live on two distinct meshes: a fixed
mesh for the fluid and moving Lagrangian meshes for the
structure. The structure may move or deform arbitrarily in
the background fluid mesh. Restrictions arise neither for the
structural formulation nor for the integrated contact formula-
tion. An exact fluid—structure interface representation allows
to capture flow patterns around the structures with high accu-
racy and it enables also a straightforward combination of the
FSI approach with the presented contact formulation.

3.1 Instationary Navier—Stokes equations including
embedded Dirichlet conditions

Since the structural mesh can move and deform arbitrarily
in a fixed background fluid mesh, the fluid—structure inter-
face does not generally match with the fluid mesh. We apply a
novel embedded Dirichlet formulation [9] to impose Dirichlet
boundary conditions weakly on non-fitting grids as depicted
in Figs. 4 and 5. The entire problem domain 2 is divided
into a physical domain Q, which is identical with the fluid
domain 7, and a completely fictitious domain Q~, which
overlaps with the structural domain 2°. Initial conditions for
velocity and pressure are tagged by a subscript zero in the
physical domain and equal to zero in the fictitious domain.
Since fluid field and structural field live on distinct meshes,
we obtain two identical fluid—structure interfaces: the inter-
face I'gg; belongs to the structural mesh and the interface

FIJ:SI = I'" to the fluid mesh. The structural interface velocity

d* has to be imposed as an embedded Dirichlet condition on
the velocity field u™ at the fluid interface. Formulating the
Lagrange multiplier as traction or vector field living on the
interface appeared to be a very hard task for three-dimen-
sional problems. Instead, we introduce an additional stress
field o that lives in the fluid domain Q/ and from which the
surface traction is recovered by n/ - o. The corresponding
test function to o is y. The weak kinematic coupling along
the fluid—structure interface is therefore given as

(nf oy ut— dS)r+ . 1)
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Fig. 4 Fluid—structure-contact interaction with coupling conditions
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Fig. 5 Fluid domain with embedded Dirichlet boundary conditions on
an interface which intersects the fluid domain

Substituting the traction vector by an additional unknown
stress field o leads to three equations for six unknowns.
We formulate an additional strain rate balance €* = €“, to
close the set of equations. The strain rate balance is enforced
weakly only on elements, which are intersected by the inter-
face. Both strain rates €“ and €*

1 1
' = 5 (Vu + (Vu)T) and €' = ﬂ(a +pD), (22)

as well as the stress tensors % = 2ue€” and ¥ = —pI 4+ t“
depend only on the primary unknowns #, p and o.

Time-discretization of the strong form is derived here for
the one-step-6 method, to keep the presentation simple. If no
superscript is specified, the variable is computed at the new
time step n + 1, the superscript n refers to the old time step.
The time-discretized strong form of the momentum equation
results in

pu+ A0 [pu-Vu —V - (—pI +1")]
—pu" — At(1 = 0)pi” =0 in Q. (23)

The embedded Dirichlet condition at the interface is also
discretized

@ Springer

d—d" 1-0

ut — — + —
O At 0
to prepare for the coupling with the structural formulation.
Note that the time-discretization of the Dirichlet boundary
condition is not connected to the time-discretization of the
momentum equation as expressed by different parameters 6
and 0 (see also [5]). The structural displacements d° and d*"
are assumed to be prescribed for the time being, since only
the fluid formulation is considered. Section 3.5 explains, how
d’® and d*" are computed by coupling the structural formu-
lation with the fluid formulation. More information about
time integration in the context of this XFEM FSI approach
is given in [10]. The weak form is obtained by testing with
the velocity, pressure and stress test functions v, g and y.

u™ =0 on I't. (24)

(v, pu)q+ + At6 [(v, pu - Vu)o+ + (Vv, —pl + TM)Q+
1
+(q.V-ugq+ — ()', 5,0 +ph - 6”)

(), (o), ]

= (v, pu" + At(1 — 0)pit") oy

Qt

1 d*— 1 ds,n)
Ath Ath -

5
- 0 u+’") (25)
0 -

In the following, we assume 6 = 6 to simplify the sub-
sequent notation. One of the advantages of the proposed FSI
approach is that standard fluid stabilization methods for the
Navier—Stokes equation can be applied and that the stress
based Lagrange multiplier does not require additional stabil-
ization as demonstrated in [9]. We omit all fluid stabilization
terms in this paper for brevity; the interested reader is referred
to [10].

+A16 (v, ’_')r,fv' —At6 (nf-y,

+A16 (nf -y,
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3.2 Geometric interface handling and enrichment strategies

The solution of the above derived weak form including
embedded Dirichlet conditions requires an accurate local-
ization of the structural interface in the background fluid
mesh as well as an integrable surface representation of the
interface in each fluid element. A detailed description of the
interface handling algorithm is given in [17] and [19]. In
summary, the structural boundary is localized in each fluid
element and the resulting part of the interface is triangulated.
The fluid element including the triangulated interface part is
subtetrahedralized based on a Constrained Delaunay Tetra-
hedralization. The collection of tetrahedral volume cells in
the intersected fluid element allows for a numerically exact
integration of the fluid part of an intersected volume element.
The fluid—structure interface can be integrated numerically
by the triangulated interface representation. The algorithm
is applicable to hexahedral elements, tetrahedral elements,
wedges or any other element types also of different order
and it can handle several interfaces in a single fluid element.

The sharp interface description within an element is based
on the eXtended finite element method (XFEM) proposed to
model an arbitrary discontinuity or interface within a single
element by enriching the ansatz function space. It was ini-
tially developed for discontinuous solid mechanics problems
such as crack growths in [2] and [20].

The physical field is approximated by the sum of a continu-
ous term and a discontinuous term. The latter term introduces
additional degrees of freedom. The interpolation function in
the discontinuous term consists of a product of shape func-
tions and a discontinuous enrichment function. According to
the underlying physics that we have to model, we choose the
well-known Heaviside function as enrichment function, such
that it equals one in the fluid domain and zero in the fictitious
part occupied by the structure

+1 inQ*

Y@ =10 ing -

(26)
The following equation represents schematically the trial and
test functions for velocity u and v, pressure p and g, as well as
stress o and p. As explained above, each quantity is approx-
imated by a continuous term and a discontinuous term based
on the product of usual shape functions N and enrichment
function W. The continuous term is tagged by a superscript
¢ and the discontinuous term by dc.

O ) =D NI O + DN @)W ) () (0).
1 J

27)

We apply linear or quadratic equal order shape functions N,
which are continuous at element boundaries for velocity and
pressure discretization and discontinuous at element bound-
aries for stress discretization.

3.3 Discrete matrix formulation

The discrete matrix formulation is obtained by inserting trial
and test functions into the weak formulation (25).

The matrix K, denotes the sum of the standard opera-
tors for mass, convection and viscous stresses K ,,;,, = M, +
Ny + V,, with

M,, :+ (v, pu)g+, (28)
Ny : +At0 (v, pu - Vu) g+, (29)
Viu : 016 (Vo, 7). . (30)
Gradient and divergence matrices are obtained as

K,y : —At0 (Vv, pI)g+, (31)
Kp, : +At0 (g, V -u)g+ . (32)

Stabilization leads to the matrix K. The following domain
and boundary integrals result form the introduced stress field
o and the test function y . Matrices related to domain integrals
are denoted by

Kou:+A16 (y.€")g . (33)
1
Ky,:—Atb |y, —pl , 34
op (}’ 21)p )Q+ (34)
1
K., : —AtO (y, —a) . (35)
2U Q+

Matrices corresponding to boundary integrals are written as
G, : —AtO (v, n' . a) , (36)
r+

37)

40

Gy, . —At0 (nf -y, u)r
Gow - —At(1 —6) (nf : y,u")w, (38)
Gogs : — (nf Y, ds)F+ ,

Go-ds,n 4+ (nf -V, dx’n)

39

o (40)

The right-hand side vectors f"”* and f""*:% are related to

frhs 4 (v, pu” + Ar(1 — 9),0'14”)Q+

+ A0 (v, ), (41)
frhs,a . + (nf -y, ds,n)l_‘Jr
—At(1—6) (nf ~y,u”)r+. (42)

The discrete matrix formulation with a prescribed inter-
face velocity may be written as

K K,, Gu u frhs
Kpu Kp 0 ||p|= 0
KUU+GO‘M Kap KO‘(T o Go_dsds_;r_frhs,o'

(43)
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To prepare for coupling with the structural formulation,
we extract the displacements d° and include it in the solution
vector. The resulting matrix formulation

K., K, Gy 0 u frhs
Kpu Kpp 0 0 p _ 0
Koy +Goy Kap Koo —Goyus o frhs,a
O O O O d’ O
(44)

contains the entire fluid description including matrices result-
ing from the additional stress field o, which can be condensed
on the element level as demonstrated in Sect. 5. The missing
structural equation as well as the coupling matrix that results
from imposing fluid stresses onto the structure is derived in
Sect. 3.5. In the meanwhile, we tag the missing vector and
matrices by boxes [] in system (44).

3.4 Linearization

In this subsection, we derive the linearized coupled system
for fluid flows interacting with a structural interface based on
embedded Dirichlet conditions. We restrict the derivation to
a very schematic representation of the individual derivatives
and assume 6 = 1.0 for simplicity.

The residual R*(u, p, o) of the first equation in the dis-
crete system (44) may be written as

Ru(u’ p. (T) — frhx o
—Vuu—K;pyp—Gyoo =0. 45)

1
A_Z‘Mm‘u — Nuyu(u)u

The residual of the second equation denoted by R? (u, p) is
RP(u, p)y=—Kpuu—Kp,p=0. (46)

Theresidual R? (u, p, o, d*) due to the additional stress field
o results in

R (u, p,o,d*) = f" + Gyud® — (Koy + Gou)ut
—Kgpp—Kwazﬂ. an

The structural momentum equation is not yet included, but
will be considered in the next subsection.

Each residual is developed in a Taylor series in u, p, o
and d° up to first order as usual.

The resulting directional derivatives

, R

(43)

determine the individual subblocks of the system matrix for
the linearized coupled system of equations including the fluid
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description and embedded Dirichlet conditions

L,, Lup L,, 0 Au —RH
Ly Ly 0 0 [ ap|_[-Rr| o
Ly, Lap L;; Lyg Ao R |

O O O O Ad* O

The right-hand side contains the residuals.

3.5 Structural discretization

Discretization of the weak form (12) is based on standard
(often mixed/hybrid) finite element discretization that is
abundantly discussed in literature and thus will not be detailed
here. We begin with a reformulation of the structural weak
form by including Neumann type boundary conditions aris-
ing from fluid stresses. The Neumann boundary is split into
a usual Neumann boundary I'}, and the fluid—structure inter-
face of Neumann type I'jg;. The traction force I_zf:SI arises
from the fluid stresses, expressed by the additional stress
field o/ at the fluid—structure interface TR

Note that we tag the additional fluid stress field with a super-
script f here to avoid confusion. The resulting weak form
may be written as

6d*, p'd")gs + (V8d®*, 0" )gs — (8d°, b )
—(8d’, 1)y, — (8d°, hgsprs, = 0. (51)

FSI

For presentation, a -Newmark scheme with integration
parameters 8 and y is applied as implicit time integration
scheme. Note that this scheme is not stable in the nonlinear
case. The actual implementation is based on generalized-«
time integration shifting evaluation of the discretized equa-
tions of motion to generalized mid-points [3]. Displacement
time derivatives are discretized as follows

asnt! — 1 (ds,n+l _ ds,n) _ 1 d5n— 1-28 P
BAL? BA? 28
(52)
A = @5y Ad T (L — ) Ard (53)

Defining a mass matrix M and inserting (52) and (53) into
the usual semi-discrete equations of motion yields the fully
discretized expression

Mds,nJrl + fint (ds,n+1)

BAL?
= filly + Frsi@”"™h
1

1
M (o yd™”
+ ( + 5a

w12
e T P d”), (54)

n+1
fdyn



Comput Mech (2010) 46:53-67

61

where d*"! now represents the discrete vector of structural
nodal displacements. The force term f g (o /") depend-
ing on the fluid stress o/*"*! will introduce the missing
linearized coupling matrix L .

Consistent linearization within a Newton—Raphson frame-
work leads to the following linear system of equations to be
solved in the ith iteration step

Ldo’|l"l+1 AO’;f’n-H _’_de|:"l+l Ad;,l’l-‘rl
=R’ a%|t". (55)

The iteration index i will be dropped further on for brevity.
The effective force residual R¢ (o, d* may be written as

Rd(()'f,ds) — Mds,n+1 + fint(ds,n-l-l)

BAL?
- fZ;,]N — frsi(@?"h) — nyT- (56)
The effective tangent stiffness matrix Ly and the coupling
matrix Lg, are derived as

1 - afint
de = (WM + KT) with KT = adx9n+1 s
9 frst
LdO' = _ao‘f*”"'l' (57)

The final monolithic fluid—structure interaction system can
then be written as

Lu Ly Li 0 7][Au
Lo Ly 0 0 || Ap| =RV
Loy Lap Lo Lsa Ao

0 0 L, Lgg Ad®

In the upcoming paragraph, when considering a dual mortar
discretization for structural contact, the fourth line of (58)
will be extended. Discrete contact forces enter the effective
force residual R<, and the tangent stiffness Ly is modified
by taking into account contact stiffness terms. It is impor-
tant to point out that this makes the consideration of con-
tact almost fully self-contained, meaning that no algorithmic
changes to the general FSI setup become necessary.

4 Dual mortar contact discretization
4.1 Discretization of contact virtual work

Spatial discretization of contact virtual work (15) and contact
constraints (16) and (17) requires a discretization of slave and
master surface, which is simply obtained based on their trace
space relationship with the underlying structural discretiza-
tion. We consider 3D first-order Lagrangian finite elements
here and shape functions for the contact surface discretization
follow directly from the shape functions on ©2° Dk i — 1,2,
Thus, contact surfaces may consist of 3-node triangular and
4-node quadrilateral elements. Accordingly, the following
general form of slave and master displacement interpolation

(and in full analogy for geometry interpolation owing to the
isoparametric concept) holds

sl

d O =D NP ED) ap, (59)
k=1
Nm

d O on =D NP E?)d)?, (60)

=1

with the total number of slave and master nodes, ng; and n,,,
respectively. Nodal displacements are given by dz’(l), df’(z)

and shape functions N (1), N 1(2)

are defined with respect to
a suitable finite element parameter space E(i) = (€D »W),
Lagrange multiplier interpolation on the slave surface is

based on so-called dual shape functions @ ; [35] as

ngl
M ="Mz, (61)

j=1

with discrete nodal Lagrange multipliers z ;. The polynomial
degree of these dual shape functions is chosen identical to
the polynomial degree of the surface geometry interpolation.
Moreover, they are constructed such that a biorthogonality
condition as introduced in [14,35,36] holds (for brevity, the
discretized slave surface is denoted as I'# in the following)

[ NO € ay =o [ NOE 0. o

re re

where § i is the Kronecker delta. As can be demonstrated
easily, this choice is very advantageous for the presented
approach, as it allows for static condensation of the discrete
multipliers z ;. It is worth mentioning that an a priori defini-
tion of dual shape functions in the context of finite deforma-
tions is in general not possible, as the biorthogonality relation
(62) is deformation-dependent. For an overview and exem-
plary local calculations of element-specific dual shape func-
tions in 3D contact analysis we refer to [12] and [22]. When
substituting displacement and Lagrange multiplier interpo-
lation into contact virtual work expression (15), the nodal
blocks of two mortar integral matrices D € R¥s/*3s! and
M e R30%3mm emerge as

Dlj, jl=Dj I = / N{Vdy Is, ©3)
I

M[j.11=Mj I :/cpjzv;z)dy I, (64)
rh

with j = 1,...,ngq,l = 1,...,n, and with the identity

I3 € R¥*3, Biorthogonality relation (62) has allowed for the
beneficial simplification of D to become a diagonal matrix
here. Finally, an algebraic notation of the discretized contact
virtual work
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sT1" = (5dfv<‘>)T Dz— (ad&@))T M7z (65)

is obtained, where all discrete nodal values of Lagrange mul-
tipliers and nodal test function values are assembled into
global vectors z, 8d*V and 8d*®, respectively. To make
algebraic representations clearer, all finite element nodes in
the two domains %" and Q% ®" are split into three sub-
sets: a subset S containing all ng; potential slave side contact
nodes, a subset M of all n,, potential master side contact
nodes and the set of all remaining nodes . The global nodal
displacement vector can be sorted accordingly, yielding d* =
(dj\/, i\/l’ fS)T. Then, the vector of discrete contact forces
is
fo=0 —-M D"z (66)
As described earlier, the contact forces extend the fully dis-
cretized force residual R¢ defined in (55) leading to the fol-
lowing modified residual including contact

Rdc — Rd + fc(ds,ﬂ-l—l). (67)

4.2 Discretization of contact constraints

A discrete version of the weak non-penetration condition is
obtained by inserting the Lagrange multiplier interpolation
(61) into (17)

ngl
/ SAngdy%Z((Szn)j/CngdyzO. (68)
Fo ) =t
Here, ¢ is the discrete version of the gap function defined in
(14). Introducing for each slave node j € S adiscrete normal
weighted gap g; yields

§j=/¢j§d720~ (69)
Ik
The discrete nodal values z; € R3, Jj =1,...,n4q of the

Lagrange multipliers are split into normal and tangential
components (z,) jn; and (zf) jri., (z?)jr?, respectively.
Here n¢, 7% and 7" are the unit normal and tangent vec-
tors at slave node j. Summarizing the discrete formulation
of the KKT conditions yields

gj =0,

(zn); =0, (z2);8; =0. (70)

The frictionless sliding conditions are discretized as

%), =@Eh; =0. (71)
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4.3 Evaluation of mortar integrals and weighted gaps

In order to evaluate the discrete mortar integral terms (63),
(64) and discrete weighted gaps (69), one has to set up so-
called contact segments suitable for numerical integration.
As the main focus of this paper is on the integration of the
presented contact formulation into a 3D XFEM FSI frame-
work, the numerical integration of contact expressions is not
discussed here, but only outlined schematically.

A prerequisite for any mortar coupling and interface seg-
mentation method is the definition of a suitable contact nor-
mal n¢. While not unique, the continuous field of slave
normals based on nodal averaging first suggested in [39] has
proven to provide the desired robustness for mortar contact
methods [21,22]. For details on the numerical integration
algorithms in both 2D and 3D the interested reader is referred
to the original work by Puso et al. [23-25] and to the authors’
recent work on dual mortar contact [21,22].

4.4 Semi-smooth Newton approach

The discrete contact constraints (70) are still stated as inequal-
ities and thus require a suitable active set strategy as solution
technique. The idea of any active set strategy is to find the
correct subset of all slave nodes which are currently in contact
with the master surface. The set A C S is called the active set
and definition of the inactive set Z = S\ A is straightforward.

As demonstrated recently in [21] and [22] for both 2D
and 3D, the idea of an active set strategy can be successfully
merged with the idea of a semi-smooth Newton method in
the context of finite deformations. The main advantage of
this approach is the fact that all sources of nonlinearities, i.e.
finite deformations, nonlinear material behavior and contact
itself, can be treated within one single iterative scheme. There
is no need for a nested approach with the outer loop solving
for the correct active set as e.g. in [12].

We start with a reformulation of the discrete KKT-
conditions (70) within one single complementarity function
C; for each slave node j € S as

Cj(zj.d*)=(zn)j—max (0, (z4)j—cngj) =0, ¢, >0.
(72)

It can be easily shown that (72) is equivalent to the set of
KKT-conditions and that this equivalence holds for arbitrary
positive values of the complementarity parameter c,. While
C; is a continuous function, it is non-smooth and has no
uniquely defined derivative at positions (z,); — ¢,&; = 0.
Yet, it is well-known from mathematical literature on con-
strained optimization [13,26] that the max-function is semi-
smooth and therefore a Newton method can still be applied.
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4.5 Consistent linearization

Defining as generalized derivative of the max-function

0 ifx<a
f(x) =max(a,x) — Af(x) = ) , (73)
1 ifx>a
one can perform a semi-smooth Newton step at the current
iterate i to be solved for the primal-dual pair of discrete vari-
ables (df_H, Zi+1), with

9()
od*
Strictly speaking, full linearization A(-) also comprises direc-
tional derivatives with respect to the discrete Lagrange
multipliers z. However, apart from the active set decision
contained in (72) and linearized in (73), all contact terms are
at most linear in z and thus can be directly expressed in terms
of z;11. Consistent linearization of the involved quantities,
such as the discrete contact forces f., the mortar matrices
D and M and the discrete weighted gaps g; has been pre-
sented in great detail in [21] for 2D and in [22] for 3D. Here
we just summarize the resulting semi-smooth Newton algo-
rithm to be solved within one time increment t* — "1, As
in Sect. 3.5, simple B-Newmark time integration is assumed
for presentation. As all quantities are evaluated at "+, the
superscript n + 1 is omitted.

AQ) = Ad*. (74)

Algorithm 1

1. Seti = 0 and initialize the solution (d3, z¢)
2. Initialization: Ay UZgp =S and AgNZop=9
3. Find the primal-dual pair (Ady, z;41) by solving

ARY|; = =R¥Y;, (75)

Zjliv1 =0 Vj e, (76)

Agjli = —gjli Vj €A, (77)

ATS il + 75 zjlip =0 Vi€ A, (78)
AT)-zjli+ 7] 25l =0 V) € A (79)

4. Update dj | = dj + Ad;}
5. Set Aj+1 and Z; 41 to

Aig1 :=1{j €S| Gn)jli+1 — cugjli+1 > 0}, (50)
Tiv1 :={j € S1@n)jli+1 — cn&jli+1 < 0}.

6. If A1 = Ai, Ziy1 = Z; and |R'"|| < €, then stop,
else seti :=i 4 1 and go to step (3).

The variable €, denotes an absolute Newton convergence
tolerance for the £2-norm of the total residual vector R'%’,
which comprises the force residual R and the residual

of the contact constraints (76)—(79). All types of nonlin-
earities including the search for the correct active set are
resolved within one Newton iteration, with the sets Z; and A;
being updated after each semi-smooth Newton step. Numer-
ical tests reveal that even for large step sizes and fine con-
tacting meshes the correct active set is found after a few
Newton steps. Once the sets remain constant, quadratic con-
vergence is obtained due to the underlying fully consistent
linearization. An algebraic representation of the linear sys-
tem (75)—(79) to be solved in each semi-smooth Newton step
has been presented in [21,22]. Owing to the dual shape func-
tions introduced for the Lagrange multipliers in Sect. 4.1,
the matrix D becomes diagonal making its inversion trivial.
The discrete multiplier values can be eliminated by conden-
sation and the resulting linear system of equations thus con-
tains only displacement degrees of freedom and is positive
definite. An undesirable increase in global system size due
to the Lagrange multiplier degrees of freedom is avoided.
Here, we restrict the presentation to a schematic algebraic
form

41 ¥ n+1 5
Lioli™ Al 4 Laalf*! ady™ ! = —R&IH 81

which is an extension of (55) with a modified force resid-
ual vector R4 emanating from the condensation of the dis-
crete Lagrange multipliers and including contact forces (see
R in (67)). Similarly, the modified effective tangent matrix
i,dd results from including contact stiffness terms, i.e. lin-
earization of RY¢, and again from performing condensation
of the discrete Lagrange multipliers (see [21,22] for details).
Another advantage of the presented contact formulation is
the fact that neither a regularization (usually introduced via
an unphysical and problem-specific penalty parameter) nor
a costly augmentation scheme (usually based on an Uzawa-
type algorithm) is necessary. The dual Lagrange multipliers
allow for the contact constraints to be enforced exactly. Still,
the method is very efficient due to the consistently linearized
semi-smooth Newton approach for the active set search. All
types of nonlinearities are resolved within one single iter-
ative scheme. An extension to frictional sliding is possible
without conceptual changes and has recently been presented
for the 2D case [11].

5 Fluid-structure-(contact) coupling

In the previous two sections, we derived a linearized mono-
lithic system of equations, which contains the fluid formu-
lation, the structural formulation, the contact formulation as
well as the coupling conditions at the fluid—structure interface
in terms of an additional stress field o
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Ly, Ly, Ly 0 Au —R*
Ly Ly 0 0 |l ap| | —RV| o
Ly, Lop Loo Loy Ao =R |-

0 0 Lys I:dd Ad? —Rde

The unknown stress field o can be condensed on the element
level

Ao=L,} (-R°—LoyAu — LoyAp—LoqAd®).  (83)

By introducing the notation L}, = L,,L;! and L} =

oo

Ld(,L;;, the entries of the condensed linear system matrix
result in

Ay, =Ly, — L Loy, (84)
Ay =L,y —L,, Lsp, (85)
Ayo = —L}, Lo, (86)
Apy = Ly, (87)
App = Lpp, (88)
Ay = —Lj, Loy, (89)
Agp = =L}y Lop, (90)
Ada = Laa — L, Loa. 1)

The condensed coupled system

Ay Ay Au Au —R*+L;,R°
Apy App 0 Ap | = —RP
Agu  Agp Aqa Ad* —R4e 4 L;U'RH

92)

may be solved by any state-of-the-art fluid—structure cou-
pling scheme. The integrated dual mortar contact formula-
tion does not restrict the application of coupling algorithms
in any way. There exist mainly two classes of coupling algo-
rithms: monolithic and partitioned schemes. In the case of
monolithic schemes, the system may be solved directly e.g.
by a truly monolithic algebraic multigrid solver tailored for
fluid—structure interaction problems [6]. In the latter case,
the monolithic system is partitioned and solved iteratively
by different strong coupling schemes [15].

6 Numerical examples

We present one 2D and one 3D numerical example to illus-
trate the capabilities of our approach. All simulations are
based on a parallel implementation of the algorithms
described above in our research code BACI [33]. Since our
implementation is 3D, the 2D example is modelled as a 3D
problem with just one layer of elements in the third direction.

@ Springer

6.1 Contact of a 2D elastic structure with a stiff wall

In the first example, the capability of our proposed approach
to deal with large structural deformations and contact is dem-
onstrated. A hollow quadrangular structure (£ = 2000, Pois-
son ratio v = 0.4) with rounded corners is positioned in a
2D channel flow, see Fig. 6. A parabolic inflow profile as
Dirichlet boundary is applied at the top and a zero traction
Neumann boundary is assumed at the bottom left and right.
All remaining channel boundaries are stiff walls with con-
tact occurring between the hollow structure and the bottom
wall. 20-node hexahedral elements are used for the fluid mesh
and 8-node hexahedral elements for the structural discretiza-
tion. There is only one element layer in thickness direction
and plane strain conditions are enforced by constraining any
movement orthogonal to the paper-plane.

Flow field and structural deformation including contact
are illustrated in Fig. 6, giving an impression of the highly
dynamic fluid—structure-contact interaction (FSCI) process.
Owing to its high flexibility the structure exhibits large defor-
mations: At first, they are primarily induced by fluid stresses
resulting from the increasing fluid pressure between the hol-
low structure and the bottom wall. At later stages the struc-
tural deformation is dominated by dry contact interaction. In
Fig. 7, the contact forces acting in the contact zone are visu-
alized for the stage of maximum structural deformation. Due
to the very coarse structure mesh a small geometrical asym-
metry is introduced, which explains why the contact forces
are slightly asymmetric as well.

6.2 Contact of a 3D elastic torus with a stiff wall

The second test case illustrates a three-dimensional fluid—
structure-contact interaction example. An elastic torus (E =
4000, Poisson ratio v = 0.4) turned around the y-axis by an
angle of 65 degrees is placed in a 3D channel as depicted in
Fig. 8. Similar to the settings in the example above, a par-
abolic inflow profile is imposed at the top boundary of the
channel and zero traction Neumann boundaries allow outflow
on the left and right side near the bottom. All other channel
boundaries are no-slip boundaries. Both the fluid and the
structural mesh consist of 8-node hexahedral elements. The
velocity field around the moving torus is depicted in Fig. 8.
Stream lines illustrate the 3D fluid flow through the inner
hole of the torus before contacting with the wall. At first, the
torus is moving towards the wall due to the interaction with
the fluid stresses. The exact interface representation allows
to resolve flow patterns around the torus very close to con-
tact and to simulate dry contact. After some time, the torus
touches the wall and its further movement and deformation
is influenced by the fluid at the fluid—structure interface and
by contact forces at the contact interface.
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0.926 1.23
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Fig. 6 Flexible structure contacting a stiff wall: a finite element mesh, b—e fluid velocity and structural deformation are visualized for several time

steps of the dynamic fluid—structure-contact interaction process

contact forces
' 59.2

a4.4

[
I]d,B

0.00

Fig. 7 2D structure contacting a stiff wall—contact forces

7 Conclusions

We propose a three-dimensional finite element approach to
finite deformation contact of structures embedded in fluid
flows. The possibility to simulate finite deformation con-
tact of solids in fluid flows allows to investigate a wide
range of engineering problems, which so far could hardly
be solved. The presented fluid—structure-contact interaction

(FSCI) method combines algorithmically a dual mortar con-
tact formulation with an XFEM FSI method. The FSI
approach as well as its combination with the contact for-
mulation does not introduce any restrictions to the structural
formulation. The resulting linearized coupled system com-
prising the fluid formulation, the structural formulation as
well as the contact formulation may be solved by either parti-
tioned or monolithic state-of-the-art fluid—structure coupling
schemes. An exact interface representation allows for highly
accurate flow computations around the interface of structures
in contact and for the simulation of dry contact.

One possibility to extend the approach is to include wet
contact e.g. based on a lubrication model as an intermedi-
ate layer between dry contact and a full FSI computation.
Current work also considers the integration of the reviewed
macroscopic contact formulation within a mesoscopic FSI
approach [18] for biophysical problems. On the mesoscopic
scale, structures are interacting through intermolecular inter-
action phenomena. Under certain circumstances, intermole-
cular interaction of structures very close to contact can be
extended or approximated by a macroscopic contact formu-
lation.
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00 010 021 031
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0.42
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=

Fig. 8 3D torus contacting a stiff wall: a finite element mesh, b stream lines through the inner hole of the torus before contact, c—e fluid velocity
and structural movement are visualized for several time steps of the dynamic fluid—structure-contact interaction process
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