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Abstract The stabilized space–time fluid–structure inter-
action (SSTFSI) technique was applied to arterial FSI prob-
lems soon after its development by the Team for Advanced
Flow Simulation and Modeling. The SSTFSI technique is
based on the Deforming-Spatial-Domain/Stabilized Space–
Time (DSD/SST) formulation and is supplemented with a
number of special techniques developed for arterial FSI. The
special techniques developed in the recent past include a rec-
ipe for pre-FSI computations that improve the convergence of
the FSI computations, using an estimated zero-pressure arte-
rial geometry, Sequentially Coupled Arterial FSI technique,
using layers of refined fluid mechanics mesh near the arte-
rial walls, and a special mapping technique for specifying
the velocity profile at inflow boundaries with non-circular
shape. In this paper we introduce some additional special
techniques, related to the projection of fluid–structure inter-
face stresses, calculation of the wall shear stress (WSS), and
calculation of the oscillatory shear index. In the test com-
putations reported here, we focus on WSS calculations in
FSI modeling of a patient-specific middle cerebral artery
segment with aneurysm. Two different structural mechan-
ics meshes and three different fluid mechanics meshes are
tested to investigate the influence of mesh refinement on the
WSS calculations.
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1 Introduction

We have seen much emphasis in recent years on arterial
fluid–structure interaction (FSI) computations (see, for exam-
ple [1–18]). We have also often seen discussion of wall shear
stress (WSS) distribution on the arterial walls. Since WSS is
a rather sensitive quantity, deformation of the arterial walls,
which is taken into account in FSI modeling, plays an
important role in WSS calculations. This was pointed out
in a number of articles, including [1,3,12]. For examples of
method development for FSI modeling in general, see [19–
47]. The Deforming-Spatial-Domain/Stabilized Space–Time
(DSD/SST) formulation [48–51] was introduced as a gen-
eral-purpose interface-tracking (moving-mesh) technique for
flows with moving boundaries and interfaces, including FSI.
The stabilization components used are the Streamline-
Upwind/Petrov–Galerkin (SUPG) [52,53] and Pressure-
Stabilizing/Petrov–Galerkin (PSPG) [48,54] methods. An
earlier version of the pressure stabilization, for Stokes flows,
was introduced in [55]. The DSD/SST formulation, together
with the mesh update methods [56–58] developed in con-
junction with the DSD/SST formulation and block-iterative
coupling [59] (see [34,35,45] for the terminology), has been
the core technology used in the arterial FSI computations
reported by Torii et al. [1,3,4,6,8,11,14,18] for patient-
specific image-based geometries. The cases studied in these
articles by Torii et al. were almost all for middle cerebral
artery segments with aneurysm, and the geometries were
constructed from computed tomography images.

The stabilized space–time FSI (SSTFSI) technique was
introduced in [45]. It is based on the new-generation
DSD/SST formulations, which were also introduced in [45],
and was slightly modified in [16] for better incompress-
ibility constraint representation. The SSTFSI technique was
extended in [7,9,13,16,17] to arterial FSI, with emphasis
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on arteries with aneurysm. The arterial geometries used in
[7,9,13] were approximations to patient-specific image-
based geometries, mainly to one of the geometries reported
by Torii et al., which was also used in [16,17] without approx-
imation. A number of special techniques for arterial FSI com-
putations were developed in conjunction with the SSTFSI
technique. The special techniques developed in the recent
past include a recipe for pre-FSI computations that improve
the convergence of the FSI computations [7,9], using an
estimated zero-pressure arterial geometry [9,16,17,60],
Sequentially-Coupled Arterial FSI technique [9,13,17,61], a
special mapping technique for specifying the velocity
profile at inflow boundaries with non-circular shape [16,17],
and using layers of fluid mechanics mesh refined in the nor-
mal direction near the arterial walls [13,16,17]. With the
explicitly controlled mesh refinement in the normal direc-
tion near the arterial wall and on the wall, we can increase the
accuracy in computing the WSS. Computations with refine-
ment in the normal direction were reported in [16,17]. In this
paper we present computations with fluid mechanics meshes
refined also on the wall. In this paper, we also introduce
some additional special techniques, related to the projection
of fluid–structure interface stresses, calculation of the WSS,
and calculation of the oscillatory shear index (OSI). In the test
computations reported here, we use actual patient-specific
image-based data. Specifically, we focus on the bifurcating
middle cerebral artery segment of a 67 year-old female with
aneurysm, which was reported in [8,11,14]. The structural
modeling for the arteries is based on the continuum element
made of hyperelastic (Fung) material.

For the governing equations and the SSTFSI technique, we
refer the reader to [7,9,16,17,45]. Projection of fluid–struc-
ture interface stresses, calculation of the WSS, and calcula-
tion of the oscillatory shear index are described in Sect. 2.
General conditions for the test computations are given in
Sect. 3, and the test results are presented in Sect. 4. The con-
cluding remarks are given in Sect. 5.

2 Special techniques

2.1 Stress projection

In the SSTFSI technique proposed in [45], the fluid stresses
are projected to the fluid–structure interface by using the
following equation:

∫
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Here, u, p, μ and ε(u) are the velocity, pressure, viscosity
and strain-rate tensor, where ε(u) = (

(∇u) + (∇u)T
)
/2.

The symbol Qn represents the slice of the space–time domain
between the time levels tn and tn+1 (the space–time volume
between the spatial domains �n and �n+1), Pn is the lateral
boundary of Qn , and n is the unit outward normal vector at
the boundary � of the domain �. The subscripts “1” and “I”
represent the fluid and the interface, hh

1I is the fluid stress at
the interface, and wh is the finite element test function. The
notations (·)−n and (·)+n denote the function values at tn as
approached from below and above.

The SSTFSI technique has two more projection equa-
tions at the fluid–structure interface—one from the struc-
tural displacement rate to the fluid velocity (uh

1I)
−
n+1, and

the other from the fluid stresses to the structural stresses.
Although this detail was not described in [45], these two
projection equations are solved by “numerical substitution”,
which essentially consists of sub-level GMRES [62]
iterations. If the fluid and structure meshes at the interface
are compatible, the two projections simplify to copying
operations.

In the “Separated Stress Projection (SSP)” option pro-
posed in [63], the pressure and viscous parts of hh

1I are pro-
jected to the structure interface separately, pressure as a scalar
and viscous stress as a vector. They are then combined as
−ph

2In + (
hh

v

)
2I while integrating the interface stresses in

the structural mechanics equations. Here the subscript “2”
refers to the structure, n is the unit normal vector at the inte-
gration point, and ph

2I and
(
hh

v

)
2I are the interpolated values

at the integration point.
The pressure projection equation can also be solved by

numerical substitution and would simplify to a copying oper-
ation if the fluid and structure meshes at the interface are
compatible. The viscous part of the fluid interface stress,
(hh

v)1I, is calculated as follows:∫
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We propose to lump the “mass” matrix associated with the
first term in Eq. (2), and this becomes equivalent to a “direct
substitution”, which makes the computations more efficient.
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Remark 1 We observe a smoother stress distribution with a
lumped mass matrix than with a consistent mass matrix.

Remark 2 For the computations reported in this paper, we
reconstruct the fluid interface stress vector from its pressure
and viscous parts before projecting it to the structure. In that
sense, the approach we use here does not have all the ingre-
dients of the SSP technique, but the SSP ingredients we have
are still helpful in increasing our accuracy and efficiency.

2.2 Wall shear stress calculation

We also propose a new technique for calculating the WSS.
For that, we first decompose the spatial version of (wh

1I)
−
n+1

into its two components:

wh
1I = (wh

1I)
W + (wh

1I)
R, (3)

where (wh
1I)

R is the part associated with the rim nodes at the
lumen ends, and (wh

1I)
W is the part associated with the rest

of the fluid mechanics nodes at the arterial wall. We then
calculate (hh

v)1I as follows:∫

�h

(wh
1I)

W · (hh
v)1I d� =

∫

�

2με((wh
1I)

W) : ε(u) d�

+
∫

�

(wh
1I)

W · ∇ · (2με(u)) d�,

(4)

∫

�h

(wh
1I)

R ·
((

n × eR
)

· ∇
)

(hh
v)1I d� = 0, (5)

where eR is the unit vector along the rim.

2.3 Oscillatory shear index

The OSI is a measure of the degree to which WSS oscillates
during a heart beat cycle. It is defined (see [64]) as follows:

OSI = 1
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where “NM” and “MN” stand for “norm of the mean” and
“mean of the norm”, and
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Here T is the period of the cardiac cycle. Higher OSI indicates
larger flow direction variation in a cardiac cycle. Calculating

the OSI based on a fixed reference frame is not the best way,
because, for example, if an artery segment undergoes rigid-
body rotation, that should not influence the OSI. Therefore
we want to exclude rigid-body rotation from the calculation.
We propose two methods for the OSI calculation.

Method 1

(hh
v)

�
1I = JF−1(hh

v)1I, (9)

where F is the deformation gradient tensor associated with
the deformation of the fluid–structure interface (not the vol-
umetric deformation gradient of the fluid-domain motion),
and J = detF.

Method 2

(hh
v)

�
1I = RT (hh

v)1I, (10)

where R is the rotation tensor coming from the decomposi-
tion of F as

F = RU, (11)

and U is the right stretch tensor.
For both methods, we calculate (hh

v)
�
1I as follows:
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where R = JF−1 or R = RT , and (�1I )REF is a reference
configuration of the fluid–structure interface. With this, in
Eqs. (7) and (8), we replace (hh

v)1I with the (hh
v)

�
1I.

Remark 3 A similar concept can be found in [65] as the
corotated Cauchy stress, RT σR, where σ is the Cauchy stress
tensor.

Remark 4 We used Eq. (9) for the WSS calculations reported
in this paper.

Remark 5 A reference configuration is not necessarily the
unstressed configuration of the fluid–structure interface. For
the calculations reported in this paper, it is the configuration
corresponding to the instant when the pressure is at its time-
averaged value (on the way up, i.e. at the ascending part of
the pressure curve).

3 General conditions for the test computations

For integration of the incompressibility-constraint term over
each space–time slab, we use only one integration point in
time, shifted to the upper time level of the slab (see [16]).
At inflow boundaries with non-circular shape, we use a spe-
cial mapping technique [16] for specifying the velocity
profile, which is obtained by mapping from a preferred inflow
profile given over a circular cross-section. All computations
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were carried out in a parallel computing environment
and were completed without any remeshing. The fully-
discretized, coupled fluid and structural mechanics and
mesh-moving equations are solved with the quasi-direct
coupling technique (see Section 5.2 in [45]). In solving the
linear equation systems involved at every nonlinear iteration,
the GMRES search technique [62] is used with a diagonal
preconditioner. The S → F → S → FSI sequence is used
in the computations (see Section 6.2 in [9] for the termi-
nology). This is slightly different from the S → F → FSI
sequence described in [9] in that it includes an extra structural
mechanics step which incorporates traction obtained from the
fluid computation. This helps match the structure mesh to
the fluid solution and provides a better starting point for FSI
computations.

3.1 Fluid and structure properties

As it was done for the computations reported in [1,3,4,6,8],
the blood is assumed to behave like a Newtonian fluid (see
Section 2.1 in [9]). The density and kinematic viscosity are
set to 1,000 kg/m3 and 4.0 × 10−6 m2/s. The material den-
sity of the arterial wall is known to be close to that of the
blood and therefore set to 1,000 kg/m3. The arterial wall
is modeled with the continuum element made of hyperelas-
tic (Fung) material. The Fung material constants D1 and D2

(from [66]) are 2.6447×103 N/m2 and 8.365, and the penalty
Poisson’s ratio is 0.45. Cerebral arteries are surrounded by
cerebrospinal fluid, and we expect that to have a damping
effect on the structural dynamics of the arteries. Therefore
we add a mass-proportional damping, which also helps in
removing the high-frequency modes of the structural defor-
mation. The damping coefficient η is chosen in such a way
that the structural mechanics computations remain stable at
the time-step size used. The value of η used in the test com-
putations reported in this paper will be given in the section
where we describe those test computations.

3.2 Boundary conditions

At the inflow boundary we specify the velocity profile as
a function of time, by using the special mapping technique
mentioned above, and based on a velocity waveform which
represents the cross-sectional maximum velocity as a func-
tion of time. For details, see [16]. Figure 1 shows the volumet-
ric flow rate. At the outflow boundaries, we specify the same
traction boundary condition. The traction condition is based
on a pressure profile, which, as a function of time, is deter-
mined based on the flow rate using the Windkessel model
[67]. The pressure profile range is from 80 to 120 mm Hg
(normal blood pressure range). For details, see [16]. Figure 2
shows the pressure profile as a function of time. On the arte-
rial walls, we specify no-slip boundary conditions for the
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Fig. 2 Outflow pressure profile

flow. In the structural mechanics part, as a boundary condition
at the ends of the arteries, we set the normal component of
the displacement to zero, and for one of those nodes we also
set to zero the tangential displacement component that needs
to be specified to preclude rigid-body motion.

3.3 Preconditioning technique

In computations with hyperelastic materials, we do not com-
pute the diagonal of the tangent stiffness matrix. Therefore, as
proposed in [13], we use a diagonal preconditioner based on
the assembly of only the element-level lumped mass matri-
ces me

LUMP, but after being multiplied by a factor that, to some
extent, takes into account the material stiffness. The expres-
sion for that multiplication factor can be found in [13]. We use
the “Selective Scaling” technique (see Remark 14 in [45]) to
dynamically shift the emphasis between the fluid and struc-
ture parts.
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4 Test computations

4.1 Geometry and arterial wall

The geometry of the arterial lumen is from [8,11,14], which
was extracted from the computed tomography model of a
bifurcating segment of the middle cerebral artery of a
67-year-old female with aneurysm. The diameter of the arte-
rial lumen is 2.39 mm at the inflow, and 1.53 and 1.73 mm
at the two outflow ends. The Womersley parameter (defined
in [16]) and the period of the cardiac cycle are 1.5 and 1.0 s,
respectively. We use the “estimated zero-pressure arterial
geometry”, as described in [9,60]. In estimating that geome-
try, the time-averaged value of the blood pressure, obtained
by averaging over a cardiac cycle, is 92.2 mm Hg. As the
zero-pressure shape, we use a scaled down version of the
geometry used in [8,11,14]. We try different wall-thickness
ratios with the zero-pressure shape until we obtain, approx-
imately, a 10% wall-thickness ratio (relative to the diameter
of the arterial lumen) at the inflow. At each iteration, the trial
wall-thickness ratio is globally uniform, but the base length
scales for the four “patches” are defined individually, with
a smooth transition between the patches. The length scales
for the inflow and two outflow patches are the lumen diam-
eters at those ends. The length scale for the aneurysm patch
is 0.67× (lumen diameter at the inflow). The details of this
technique can be found in [16]. A simple, general technique
for wall-thickness prescription, based on the solution of the
Laplace’s equation, was developed in [68].

4.2 Structural mechanics meshes

Two structural mechanics meshes are used. The coarse
structure mesh consists of 8,067 nodes and 5,316 eight-node
hexahedral elements, with 2,689 nodes and 2,658 four-node
quadrilateral elements on the fluid–structure interface. Mean-
while, the fine structure mesh consists of 30,732 nodes and
20,366 eight-node hexahedral elements, with 10,244 nodes
and 10,183 four-node quadrilateral elements on the fluid–
structure interface. Figure 3 shows the structural mechanics
meshes. For both structural mechanics meshes we have two
layers of elements across the arterial wall, which we believe
to be sufficient based on our earlier numerical tests involving
the inflation of a thick-walled cylinder slice. Those tests were
carried out with 3D elements, under plane-strain conditions,
and with material properties and length and force scales simi-
lar to those we are using for the arterial wall. The results were
accurate even with a single element across the arterial wall.
In addition, we reported in [16] tests we carried out with the
actual arterial geometry and with 1, 2 and 4 elements across
the arterial wall. The tests showed that the results for all hexa-
hedral meshes were geometrically almost identical during the
cardiac cycle. A quantitative comparison based on the lumen

Fig. 3 A bifurcating middle cerebral artery segment with aneurysm.
Coarse (top) and fine (bottom) structural mechanics meshes when the
outflow pressure is maximum

volumes also showed that the results obtained with different
numbers of elements across the arterial wall were very close.
Figure 3 also serves the purpose of comparing, when the out-
flow pressure is maximum, the deformations obtained with
the coarse and fine structural mechanics meshes (with the
fine fluid mechanics mesh described in the next subsection).
The main discrepancy between the results is the position of
the outlets. The refined structural mechanics mesh is used in
generating a fine fluid interface mesh, which in turn is used
in generating the “fine” fluid mechanics volume mesh (see
next subsection).

4.3 Fluid mechanics meshes

We use three different fluid mechanics meshes: a “coarse”
mesh with 15,850 nodes and 88,573 four-node tetrahedral
elements, a “medium” mesh with 22,775 nodes and 128,813
four-node tetrahedral elements, and a “fine” mesh with
138,713 nodes and 823,756 four-node tetrahedral elements.
The medium and fine meshes have four boundary layer
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Fig. 4 A bifurcating middle cerebral artery segment with aneurysm.
Inflow plane for the coarse fluid mechanics mesh

Fig. 5 A bifurcating middle cerebral artery segment with aneurysm.
Inflow plane for the medium fluid mechanics mesh

elements. The thickness of the first layer for both meshes
is approximately 0.02 mm. The coarse mesh has one layer of
elements with a uniform thickness of approximately 0.2 mm.
Figures 4, 5 and 6 show the inflow plane for the coarse,
medium and fine meshes. The coarse and medium meshes
have the same number of nodes and elements at the fluid–
structure interface: 3,057 nodes and 6,052 three-node
triangular elements, and that is shown in Fig. 7. The fluid–
structure interface mesh for the fine mesh has 11,713 nodes
and 23,304 three-node triangular elements and is shown in
Fig. 8.

4.4 Other computational parameters and conditions

The computations are carried out with the SSTFSI-TIP1
technique (see Remarks 4 and 7 in [9]) and the SUPG test

Fig. 6 A bifurcating middle cerebral artery segment with aneurysm.
Inflow plane for the fine fluid mechanics mesh

Fig. 7 A bifurcating middle cerebral artery segment with aneurysm.
Fluid–structure interface for the coarse and medium fluid mechanics
meshes
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Fig. 8 A bifurcating middle cerebral artery segment with aneurysm.
Fluid–structure interface for the fine fluid mechanics mesh

function option WTSA (see Remark 1 in [9]). The stabiliza-
tion parameters used are those given by Eqs. (12)–(18) in [9].
The damping coefficient η is set to 1.5 × 104 s−1. The time-
step size for coarse and medium meshes is 3.333 × 10−3 s
and for fine mesh is 1.667×10−3 s. In the coarse and medium
mesh computations, the number of nonlinear iterations per
time step is 6, and the number of GMRES iterations per non-
linear iteration is 300 for the fluid and structural mechanics
parts, and 30 for the mesh moving part. For all six nonlinear
iterations the fluid scale is set to 1.0 and the structure scale
to 50. In the fine mesh computations the number of GMRES
iterations per nonlinear iteration is 600.

4.5 Results

We achieve good mass balance in all computations. This is
verified by comparing the rate of change for the artery vol-
ume and the difference between the volumetric inflow and
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Fig. 9 A bifurcating middle cerebral artery segment with aneurysm.
Verification of mass balance for the coarse (top), medium (middle) and
fine (bottom) meshes. Volumetric inflow rate, difference between the
volumetric inflow and outflow rates, and rate of change for the artery
volume

outflow rates. Figure 9 shows the mass balance for the coarse,
medium and fine meshes. Figure 10 shows the WSS for the
three meshes when the volumetric flow rate is maximum.
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Fig. 10 A bifurcating middle cerebral artery segment with aneurysm.
WSS for the coarse (top), medium (middle) and fine (bottom) meshes
when the volumetric flow rate is maximum

Figure 11 shows the time-averaged WSS for the three meshes.
Table 1 shows maximum, mean and minimum values of WSS
for the three meshes.

Remark 6 Numbers shown in Table 1 are slightly different
than the results reported in [16], and this is because we are
calculating the WSS in a slightly different way.

Figure 12 shows the OSI for the three meshes. The higher
OSI region indicates flow direction changes over the cardiac
cycle. The medium and fine mesh results are in good agree-
ment. Figure 13 shows typical streamlines around the higher
OSI region. When the flow accelerates, a vortex forms, which

Fig. 11 A bifurcating middle cerebral artery segment with aneurysm.
Time-averaged WSS for the coarse (top), medium (middle) and fine
(bottom) meshes

Table 1 A bifurcating middle cerebral artery segment with aneurysm

Mesh Peak systole Time average

Max Mean Max Mean Min

Coarse 102 37 32 12.53 0.16

Medium 237 54 60 16.76 0.32

Fine 263 53 68 16.53 0.24

WSS (dyn/cm2) for the coarse, medium and fine meshes. Spatial max-
imum and mean at peak systole, and spatial maximum, mean and
minimum of time-averaged values
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Fig. 12 A bifurcating middle cerebral artery segment with aneurysm.
OSI for the coarse (top), medium (middle) and fine (bottom) meshes

results in a downward WSS. Conversely, when the flow decel-
erates, the vortex dissipates and the flow creates an upward
WSS. One of the reasons behind this change in flow char-
acteristics is the motion of the aneurysm. We observe an
aneurysm movement towards the left in Fig. 13 when the
flow accelerates.

5 Concluding remarks

We introduced special arterial FSI techniques for the projec-
tion of fluid–structure interface stresses, calculation of the
wall shear stress (WSS), and calculation of the oscillatory
shear index (OSI). The new stress projection technique makes

Fig. 13 A bifurcating middle cerebral artery segment with aneurysm.
Streamlines computed with the fine mesh at the instants shown in Fig. 1:
t = 0.268 s (top) and t = 0.448 s (bottom). The streamlines illustrate
the WSS direction changes

the computations more efficient and the new way of calculat-
ing the WSS yields better results near the arterial ends. The
OSI calculation technique we propose filters out the rigid-
body rotation component that might otherwise enter into
such calculations. We tested two different structural mechan-
ics meshes and three different fluid mechanics meshes to
investigate the influence of mesh refinement on the WSS
calculations. Both structural mechanics meshes have the two
layers of elements across the arterial wall, but different refine-
ments along the wall. The fluid mechanics mesh refinements
are both in the normal direction near the wall and on the wall.
The test computations show that FSI plays an important role
in WSS values and the fluid mechanics mesh with “medium”
refinement provides reasonably good results.
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