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Abstract In this work we discuss the finite element
model using the embedded discontinuity of the strain
and displacement field, for dealing with a problem of
localized failure in heterogeneous materials by using
a structured finite element mesh. On the chosen 1D
model problem we develop all the pertinent details of
such a finite element approximation. We demonstrate
the presented model capabilities for representing not
only failure states typical of a slender structure, with
crack-induced failure in an elastic structure, but also
the failure state of a massive structure, with combined
diffuse (process zone) and localized cracking. A robust
operator split solution procedure is developed for the
present model taking into account the subtle difference
between the types of discontinuities, where the strain
discontinuity iteration is handled within global loop for
computing the nodal displacement, while the displace-
ment discontinuity iteration is carried out within a lo-
cal, element-wise computation, carried out in parallel
with the Gauss-point computations of the plastic strains
and hardening variables. The robust performance of the
proposed solution procedure is illustrated by a couple
of numerical examples. Concluding remarks are stated
regarding the class of problems where embedded dis-
continuity finite element method (ED-FEM) can be
used as a favorite choice with respect to extended FEM
(X-FEM).
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1 Introduction

The computation of limit load analysis of a complex
structure, which is required in order to grasp any pos-
sible weakness of proposed design, often imposes the
need to deal with a problem of localized failure. The lat-
ter is represented with the elastic-post-peak-softening
constitutive model where, once passed the peak resis-
tance, the stress will decrease with increasing strains (e.g.
see [1,2]). An even more general failure pattern must
be represented for massive structures with a structural
crack accompanied by large process zone (e.g. see [3]),
which requires that both hardening and softening phe-
nomena be combined in representing two active mech-
anisms of inelastic behavior.

The main motivation for this work stems from the
need to further extend the applicability of the proposed
model for localized failure to heterogeneous materials
(under heterogeneous stress field). A convient use of
a structured mesh for such a case will imply that the
elements are crossed by phase-interfaces (see [4]), lead-
ing to discontinuous material properties within the same
element and a strain profile which does not remain the
same on both sides of the discontinuity (see [5]). We
show in Sect. 2 that both displacement and strain dis-
continuities ought to be introduced in order to properly
accommodate the resulting strain field. An illustration
for such a strain field approximation is presented in
Sect. 3 for a simple 1D model of a 2-node truss-bar ele-
ment with discontinuous displacement and strain fields.
Between two different possibilities for constructing the
discrete approximation of this kind, either by extended
finite element method (X-FEM) (see [6–8]) or by an
element with embedded discontinuity FEM (ED-FEM)
(e.g. see [1–3]), we prefer the latter since it leads to a very
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robust solution scheme. Namely, as shown in Sect. 4, the
choice of ED-FEM allows us to exploit the operator split
methodology when treating each discontinuity parame-
ter computation accordingly, either within a global loop
for strain discontinuities or within a local loop for dis-
placement discontinuities. A couple of numerical exam-
ples in Sect. 5 further illustrate the robust performance
of the proposed solution scheme.

2 Model problem of localized failure

We consider a 1D model problem of a bar built-in on the
left end and loaded by a traction force on the right end
(see Fig. 1). The bar is built of two materials, the first
occupying the sub-domain�e

1 and the second�e
2, which

are connected at the interface placed at x, such that

�e=�e
1 ∪�e

2; �e=[0, le]; �e
1=[0, x]; �e

2=[x, le]. (1)

We consider herein a general case of heterogeneous
material of this kind where each sub-domain can have
different inelastic behavior (an equivalent problem oc-
curs for the same inelastic material with different strain
field on each side of the interface). Moreover, we con-
sider the possibility of localized failure at the interface
with the softening behavior driving the stress to zero.
In particular we choose the plasticity constitutive model
in order to describe the different phenomena, with the
yield criteria in two sub-domains

φ1(σ , q1) = |σ| − (σy1 − q1), ∀x ∈ �e
1, (2)

φ2(σ , q2) = |σ| − (σy2 − q2), ∀x ∈ �e
2, (3)

where σy1 and σy2 are, respectively, yield stress values
in both sub-domains, whereas q1 and q2 are harden-
ing variables. We describe the cohesive behavior at the
interface by also using the plasticity criterion

φ(t, q) = |t| − (σu − q), x = x, (4)

where σu is the ultimate stress value where the localized
failure is initiated, q(ξ) is the softening variable which
drives the current yield stress to zero, and t is the traction
force at the interface. In thermodynamics interpretation
of this failure process one admits the additive decompo-
sition of the strain energy density accounting for both
sub-domains and the discontinuity

ψ(εe
1, εe

2, ξ1, ξ2, ξ)=ψ1(ε
e
1, ξ1)+ψ2(ε

e
2, ξ2)+δxψ(ξ), (5)

δx =
{
∞, x = x,

0, otherwise,
(6)

where ε is the total strain field. In the case of local-
ized failure, the latter ought to be split into a regular

Fig. 1 Heterogeneous two-phase material for a truss-bar, with
phase-interface placed at x

(smooth) part, containing both elastic and plastic strain
εi = εe

i + εp
i , and irregular part concentrated upon the

discontinuity, which is written as

ε(x, t) =
[

d
dx
χ(x)+ δx(x)

]
α(t); ∀x ∈ �̃, (7)

where χ(x) is the chosen function which should limit the
influence of the discontinuity to a given domain �̃.

With such model ingredients on hand, we can write
the dissipation in the region of influence of the discon-
tinuity according to

0 ≤ D�̃ :=
∫
�̃

[
σ · ε̇ − d

dt
ψ1(ε

e, ξ1)−
d
dt
ψ2(ε

e, ξ2)

−δx
d
dt
ψ(ξ)

]
dx

=
∫
�̃1

[
σ − ∂ψ1

∂εe
1

]
· ε̇e

1dx+
∫
�̃2

[
σ − ∂ψ2

∂εe
2

]
· ε̇e

2dx

+
[∫
�̃1

σ · dχ
dx

dx+
∫
�̃2

σ · dχ
dx

dx+ tx

]
α̇

+
∫
�̃1

σ · ε̇p
1dx+

∫
�̃2

σ · ε̇p
2dx+

∫
�̃1

q1 · ξ̇1dx

+
∫
�̃2

q2 · ξ̇2dx+ q · ξ̇ . (8)

In the case of an elastic process we obtain from (8) above
the constitutive equation for the stress on each side of
discontinuity

σi = ∂ψi

∂εe
i

; ∀x ∈ �̃i; i = 1, 2. (9)

By assuming that these equations remain valid for the
case of an inelastic process, as well as imposing the stress
orthogonality condition∫
�̃1

σ1 · dχ
dx

dx+
∫
�̃2

σ2 · dχ
dx

dx+ tx = 0, (10)

we obtain an additive decomposition of the total inelas-
tic dissipation into the regular and discontinuity related
part
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0 ≤ Dp
�̃
=

∫
�̃1

[
σ1 · ε̇p

1 + q1 · ξ̇1

]
dx

+
∫
�̃2

[
σ2 · ε̇p

2 + q2 · ξ̇2

]
dx+ q · ξ̇ . (11)

The principle of maximum plastic dissipation is then the
only ingredient which is needed in order to obtain evo-
lution equations for internal variables

ε̇
p
i = γ̇ i

∂φi

∂σ
; ξ̇

p
i = γ̇ i

∂φi

∂qi
; ∀x ∈ �̃i, (12)

ξ̇ = γ̇ ∂φ
∂q

; x = x. (13)

3 Finite element discretization by ED-FEM

The main novelty of the present development with re-
spect to the previous works which consider only one
discontinuity, either for strain (e.g. see [1]) or for dis-
placement (e.g. [2]), is the need to account for two dis-
continuities simultaneously. The latter is imposed by the
eventual heterogeneity of the strain field in the presence
of localized failure, where the displacement discontinu-
ity would also trigger the strain discontinuity by chang-
ing the level of strains on both sides of the discontinuity.
The strain field for such a case can be constructed by
using a 2-node bar element with embedded both strain
and displacement discontinuities (see Fig. 2a).

With the choice of the discontinuity influence domain
corresponding to a single element �̃ = �e, the displace-
ment field interpolation can then be written as

u(x, t)
∣∣∣
�e

i
=

2∑
a=1

Na(x)da(t)+M1(x)α1(t)

+M2(x)α2(t); x ∈ �e
i , (14)

where

Na(x) =
{

1− x
l , a = 1

x
l , a = 2

; M1(x) =
{
− x

l , x ∈ [0, x]
1− x

l , x ∈ [x, l] ;

M2(x) =
{
− x

x , x ∈ [0, x]
x−l
(l−x) , x ∈ [x, l] . (15)

The total strain field can then be computed as the space
derivative of this displacement interpolation leading to

εi(x, t)
∣∣∣
�e

i
=

2∑
a=1

Ba(x)da(t)+ G̃1(x)α1(t)+ δx(x)α1(t)

+G2(x)α2(t), (16)

where

Ba(x) =
{
− 1

l , a = 1
1
l , a = 2

; G̃1(x) = −1
l

, x ∈ [0, l];

G2(x) =
{
− 1

x , x ∈ [0, x]
+ 1
(l−x) , x ∈ [x, l] . (17)

The last term in the strain approximation represents
the discontinuity jump, with the corresponding inter-
pretation as the localized inelastic strain. Therefore, the
regular total strain field approximation is written as

εi(x, t)
∣∣∣
�e
=

2∑
a=1

Ba(x)da(t)+ G̃1(x)α1(t)

+G2(x)α2(t); x ∈ �e
i ; ∀x �= x (18)

and the stress approximation at any point outside the
discontinuity reads

σi(x, t)
∣∣∣
�e
= Ei

(
εi(x, t)− εp

i (x, t)
)

; ∀x ∈ �e
i . (19)

Introducing these discrete approximations in the weak
form of equilibrium equations, we obtain a set of global
equations for nodal equilibrium by the FE assembling
operator A, accompanied by local element-wise equilib-
rium equations⎧⎪⎨
⎪⎩

Anel
e=1

[
f int,e − f ext,e] = 0

he
1 = 0 ∀e ∈ [1, nel]

he
2 = 0

, (20)

where⎧⎪⎪⎨
⎪⎪⎩

f int,e
a = ∫

�e
1

BT
a σ1 dx+ ∫

�e
2

BT
a σ2 dx,

he
1 =

∫
�e

1
G̃e,T

1 σ1dx+ ∫
�e

2
G̃e,T

1 σ2dx+ tx,

he
2 =

∫
�e

1
GT

2 σ1dx+ ∫
�e

2
GT

2 σ2dx.

(21)

Remark 1 We note in passing that the same kind of
approximation for total strain and displacement fields
can also be constructed by X-FEM (e.g. [6–8]) by using
the identical number of additional degrees of freedom
as for proposed ED-FEM;

u(x, t)
∣∣∣
�e
=

2∑
a=1

Na(x)
[
da(t)+Hx(x)βa(t)

]

=
2∑

a=1

Na(x)da(t)+
2∑

a=1

Na(x)Hx(x)βa(t). (22)

It is easy to see (Fig. 2b) that the X-FEM interpola-
tion parameters βa(t) are now placed at element nodes,
and they can thus be shared by all the neighboring ele-
ments attached to that node. The physical interpreta-
tion of each parameter, regarding its role in controlling
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Fig. 2 Two node bar element with : a embedded strain and
displacement discontinuities, where α1 and α2 are element
parameters scaling M1(x) and M2(x), b equivalent X-FEM dis-

placement interpolation, where β1, β2 are nodal parameters
scaling N1(x)Hx̄(x) and N2(x)Hx̄(x)

displacement versus strain discontinuity, becomes less
obvious and one can no longer implement an efficient
and robust operator split resolution scheme for the local-
global system in (20), which is described next.

4 Operator split solution procedure

The key idea leading towards the proposed operator
split solution procedure for the nonlinear equilibrium
equations posed by the localized failure problem in (20),
pertains to the crucial difference of two types of discon-
tinuity parameters. The strain discontinuity, controlled
by parameter α2(t), contributes to the total strain field,
whereas the displacement discontinuity, controlled by
parameter α1(t), counts as plastic strain contribution.
For that reason, the element residual he

2 is solved along
the set of global equations for computing the nodal dis-
placement values. In this manner we obtain the best
iterative value of displacements d(i)a,n+1 and strain dis-

continuity parameter α(i)2,n+1, which allows to carry on
with the local computation phase. The latter can for-
mally be written as :
Iterate (i) = 1, 2, . . . – on global equilibrium equations

Start the local computation of internal variables
according to

(a) Local phase – computing plastic strain
given: d(i)a,n+1, α(i)2,n+1, εp

1,n, ξ1,nε
p
2,n, ξ2,n, α1,n, ξn

find: ε
p
1,n+1, ξ1,n+1ε

p
2,n+1, ξ2,n+1, α1,n+1, ξn+1

such that:

φi(σn+1, qi,n+1)≤0, γ i,n+1≥0,
γ i,n+1φi,n+1=0; i=1, 2

φ(tn+1, qn+1) ≤ 0, γ n+1 ≥ 0, γ n+1φn+1 = 0.
(23)

This local computation can be carried out as fol-
lows :
Iterate (j) = 1, 2, . . . – At discontinuity x = x
Iterate (k) = 1, 2, . . . – Outside discontinuity
x ∈ �e

i
IF (elastic step in each sub-domain) THEN

εi,n+1 =
2∑

i=1

Bad(i)a,n+1 +G2α
(i)
2,n+1 + G̃1α

(j)
1,n+1

⇒ σ trial
i,n+1 = Ei

(
εi,n+1 − εp

i,n
)

(24)

φ
trial
i,n+1 := |σ trial

i,n+1| − (σyi − qi) ≤ 0

⇒ σi,n+1 = σ trial
i,n+1; Cep

i,n+1 = Ei. (25)
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ELSE (plastic step in each sub-domain )

0 = φ̂i(γ
(k)
i,n+1) :=φtrial

i,n+1 − γ (k)i,n+1Ei+q̂i
(
ξi,n+γ (k)i,n+1︸ ︷︷ ︸

ξ
(k)
i,n+1

)

−q̂i(ξi,n) (26)

WHILE |φ̂(γ (k)i,n+1)| > tol. ⇒ γ
(k+1)
i,n+1 = γ

(k)
i,n+1

− φ̂i(γ
(k)
i,n+1)

/
dφ̂(γ (k)i,n+1)

dγ i,n+1
; (k)← (k+ 1)

σi,n+1 = σ trial
i,n+1 − Eiγ

(k)
i,n+1

∂φi(σ
trial
i,n+1, qi,n)

∂σi

⇒ Cep
i,n+1 =

EiK̄
(k)
i,n+1

Ei + K̄(k)
i,n+1

; K̄(k)
i,n+1 = −

∂q̄i

∂ξ̄
(k)
i

(27)

IF (elastic step at discontinuity) THEN

ttrial
n+1 = −

[ ∫
�e

1

G̃T
1 σ1,n+1dx+

∫
�e

2

G̃T
1 σ2,n+1dx

]

φ
trial
n+1 := |ttrial

n+1| − (σu − qn) ≤ 0

⇒ t(j)n+1 = ttrial
n+1; ¯̄K(j)

n+1 = 0 (28)

ELSE (plastic step at discontinuity)

γ
(j)
n+1 = φ

trial
n+1

/[ ∫
�e

1

G̃T
1 Cep

1,n+1G̃1dx

+
∫
�e

2

G̃T
1 Cep

2,n+1G̃1dx− ∂qn+1

∂ξn+1

]
(29)

α
(j+1)
1,n+1 = α(j)1,n+1 + γ

(j)
n+1 sign(ttrial

n+1)

ξ
(j+1)
n+1 = ξ

(j)
n+1 + γ (j)n+1 (30)

⇒ ¯̄K(j)
n+1 = −

∂q

∂ξ

WHILE |φ(γ (j)n+1)| > tol. ; (j)← (j+ 1)
(b) Global phase – computing displacement and total

strain

Once we converged in this local computation, we
turn to the global iterative loop in order to provide,
if so needed, new iterative values of displacement and
strain discontinuity parameter. First, the set of equilib-
rium equations in (20) is checked for convergence (with
newly computed values of plastic strains);

WHILE ‖ f int,(i)
n+1 − f ext

n+1 ‖> tol. a new iterative sweep
is then performed, accounting for each element contri-
bution[

Ke Fe
2

FeT

2 He
2

](i)
n+1

(

d(i)n+1

α

(i)
2,n+1

)
=

(
f e,ext,(i)
n+1 − f e,int,(i)

n+1
−he,(i)

2,n+1

)
(31)

where

Ke
n+1 =

∫
�e

1

BTCep
1,n+1Bdx+

∫
�e

2

BTCep
2,n+1Bdx

−[Fe
1,n+1][He

1,n+1]−1[Fe,T
1,n+1]

Fe
2,n+1 =

∫
�e

1

BTCep
1,n+1G2dx+

∫
�e

2

BTCep
2,n+1G2dx

−[Fe
1,n+1][He

1,n+1]−1[Pe,T
1,n+1]

He
2,n+1 =

∫
�e

1

GT
2 Cep

1,n+1G2dx+
∫
�e

2

GT
2 Cep

2,n+1G2dx (32)

−[Pe
1,n+1][He

1,n+1]−1[Pe,T
1,n+1]

He
1,n+1 =

∫
�e

1

G̃T
1 Cep

1,n+1G̃1dx+
∫
�e

2

G̃T
1 Cep

2,n+1G̃1dx− ∂qn+1

∂ξn+1

Fe
1,n+1 =

∫
�e

1

BTCep
1,n+1G̃1dx+

∫
�e

2

BTCep
2,n+1G̃1dx

Pe
1,n+1 =

∫
�e

1

GT
2 Cep

1,n+1G̃1dx+
∫
�e

2

GT
2 Cep

2,n+1G̃1dx

The static condensation of this matrix allows us to form
the final stiffness matrix for this element contribution to
FE assembly

Anel
e=1

[
K̂e

n+1

]

d(i)n+1 = Anel

e=1

[
f e,ext
n+1 − f e,int

n+1 − ĥe
2,n+1

]
,

(33)

K̂e
n+1 = Ke

n+1 − Fe
2,n+1[He

2,n+1]−1FeT

2,n+1,

ĥe
2,n+1 = Fe

2,n+1(H
e
2,n+1)

−1he
2,n+1. (34)

5 Numerical examples

In the numerical example we consider a 1D model prob-
lem of a bar built-in on the left end and loaded by an
imposed displacement u = 0.75 on the right end (see
Fig. 1). In fact, the finite element model of the bar con-
sists of two elements. The first element simulates the
stiffness of the testing machine used to control the im-
posed displacement, with the length equal to 0.2l and
constitutive behavior which remains always elastic with
Young’s modulus E1 = 100, 000. The second element is
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Fig. 3 Stress-strain graphics for: a linear hardening/softening law and b non-linear exponential hardening/softening law

Table 1 The convergence results of global-local equilibrium problem

Load Tot. Local eqs. – mat. 1 Global eqs. : f int – f ext Tot. Local eqs. – mat. 1 Global eqs. : f int – f ext

step iter. Iter.
he

1 he
2 Initial Final he

1 he
2 Initial Final

1 2 0.00E+000 −3.55E−015 2.53E+003 6.26E−029 2 0.00E+000 0.00E+000 7.02E+002 2.47E−031
2 2 0.00E+000 1.42E−014 2.53E+003 2.52E−030 2 0.00E+000 −3.55E−015 2.53E+003 6.26E−029
3 2 0.00E+000 1.42E−014 2.53E+003 3.52E−028 2 0.00E+000 1.42E−014 2.53E+003 2.52E−030
4 3 0.00E+000 0.00E+000 2.53E+003 3.37E−028 2 0.00E+000 1.42E−014 2.53E+003 2.22E−028
5 3 0.00E+000 2.84E−014 2.53E+003 2.94E−015 3 0.00E+000 −2.84E−014 2.53E+003 8.31E−021
6 4 1.24E−014 −2.84E−014 2.54E+003 5.93E−016 3 0.00E+000 −2.24E−011 2.53E+003 3.90E−018
7 4 2.49E−014 0.00E+000 2.54E+003 3.05E−014 4 0.00E+000 −2.19E−012 2.53E+003 2.90E−015
8 4 1.42E−014 0.00E+000 2.54E+003 9.32E−015 4 1.42E−014 0.00E+000 2.54E+003 2.28E−014
9 4 −1.42E−014 0.00E+000 2.54E+003 2.37E−015 4 7.11E−015 −2.84E−014 2.54E+003 4.78E−015
10 4 −1.42E−014 −2.84E−014 2.54E+003 8.23E−016 4 1.42E−014 −2.84E−014 2.54E+003 1.56E−015
11 4 0.00E+000 4.26E−014 2.54E+000 4.26E−014 4 −1.42E−014 −2.84E−014 2.54E+003 4.07E−016

the model of the specimen, with length equal to l. The
specimen is assumed to be built of two materials, with
Young’s modulus of the first and second given respec-
tively as E1 = 1, 000 and E1 = 500, and the material
interface placed at x = 0.5l. The calculation is carried
out for two sets of model parameters:

1. Different yield stress and linear hardening modulus
for each material phase with σy1 = 150, σy2 = 200,
K̄1 = 250, K̄2 = 150; along with the linear softening
in the discontinuity: σu = 220, ¯̄K = 200.

2. For non linear saturation-type hardening chosen the
same for the whole bar along with non linear expo-
nential softening in the discontinuity with: σy = 200,
σu = 220, b = 2.

q = K · ξ or q = (σu − σy) ·
[
1− e−bξ

]
. (35)

The representative result of force-displacement diagram
are given in (see Fig. 3). The solution scheme is very ro-
bust, using the Newton method at both local and global
level. The typical quadratic convergence rates are noted
in our computation leading to a few iterations at each

time step (see Table 1). The X-FEM solution procedure
in this example can provide the same convergence rates
while we are dealing with either elastic or plastic harden-
ing response. However, once the softening regime starts,
we could no longer assure convergence of the simulta-
neous iteration procedure, typical of X-FEM.

6 Concluding remarks

The solution method proposed herein is facilitated by
the clear physical interpretation which can be given
for each discontinuity mode in ED-FEM displacement
interpolation. Namely, the strain discontinuity is treated
as an integral part of the total strain field and solved
for along with the displacement, whereas the displace-
ment discontinuity is treated as the localized plastic
strain field and solved for within the local element-wise
loop. Similar physical interpretation cannot be given to
the X-FEM parameters, so that one can not have the
same robustness of the solution procedure in the pres-
ent setting of localized failure of massive structures. This
observation does not diminish the great efficiency of the
X-FEM for the class of problems for which it was devel-
oped, such as those of linear fracture mechanics where
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one disregards any contribution to the dissipation from
the fracture process zone.

The proposed ED-FEM should be replaced by X-
FEM approximation in a problem where the chosen rep-
resentation of a given field must remain global. One such
case is the modelling of bond-slip in reinforced concrete
structures (see [9]), where all the bond-slip degrees of
freedom along the particular steel-bar must remain con-
nected in order to capture the bar pull-out failure with
the bar loosing any slip resistance. Another case where
X-FEM can be of direct interest concerns providing the
global field representation in shape optimization prob-
lems, simplifying the choice of global design variables
for interface representation in a multi-phase material
(e.g. see [10]).
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