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Abstract This paper deals with the thermal analysis of car-
bon nanotube (CNT) based composites by meshless element
free Galerkin method. Cylindrical representative volume ele-
ment (cylindrical RVE) has been chosen to evaluate the ther-
mal properties of nano-composites using multi-domain and
simplified approaches. The values of temperature have been
calculated at different points and plotted against RVE length
and RVE radius. A sensitivity analysis of RVE as well as CNT
dimensions has been carried out in detail. The present com-
putations show that the equivalent thermal conductivity is a
function of CNT length, CNT radius, RVE length and RVE
radius. Based on present numerical simulations, an approx-
imate formula is proposed to calculate the equivalent ther-
mal conductivity of nano-composites. The results obtained
by simplified approach have been found in good agreement
with those obtained by multi-domain approach.

Keywords Carbon nanotube · Nano-composites
Thermal conductivity · Multi-domain approach
Simplified approach · Meshless · Element free Galerkin
method

Notations

km1 thermal conductivity of matrix (W/m K)
km2 thermal conductivity of carbon nanotube (W/m K)
ke equivalent thermal conductivity

of composite (W/m K)
L length of cylindrical RVE (nm)
Lc CNT length (nm)
m number of terms in the basis
m1 matrix material
m2 carbon nanotube material
n number of nodes in the domain of influence
n′ outward normal to the surface
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q heat flux (W/m2)
ro outer radius of CNT (nm)
Ro radius of cylindrical RVE (nm)
t thickness of CNT (nm)
TC constant temperature at CNT surface (K)
T h(r) MLS approximation function for temperature
w weight function used in MLS approximation
w̄ weighting function used in weak form
α penalty parameter
�3 CNT surface
� boundary of the domain
�1 domain for matrix
�2 domain for CNT
�I (r) shape function

1 Introduction

In last decade, carbon nanotubes (CNTs) have attracted many
researchers towards the field of nanotechnology due to their
excellent physical, mechanical, electrical and thermal prop-
erties. These remarkable properties make the CNTs as an
ideal reinforcing material for the composites. Many research-
ers believe that CNTs may provide us an entirely new class
of composite materials (see the comprehensive review arti-
cles [1–10]). The mechanical and electrical properties of
CNTs and CNT based composites have been studied by many
researchers through experimental work [11–25], quantum
mechanics [26–32], Monte-Carlo simulation [33–35], molec-
ular dynamics [36–40] and continuum methods [41–55].

Thermal conduction plays a fundamentally critical role in
the performance and stability of nano/micro devices. There-
fore, the study of the thermal behavior of nano-materials be-
comes increasingly important with the reduction of device
size. Few experiments were conducted to measure the ther-
mal conductivity of mats (fabricated using compressed ropes
of CNTs) [56, 57], and the value of thermal conductivity was
found in the range of 1,750 to 5,850 W/m K. By direct exper-
iment, the thermal conductivity of individual multi-walled
CNT was found to be 3,000 W/m K at room temperature [58].
A higher value of thermal conductivity, i.e. 6,600 W/m K was
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reported by molecular dynamics (MD) simulations at room
temperature [59–61]. Biercuk et al. [62] observed an increase
in thermal conductivity of 70% at 40 K and 125% at 300 K
by addition of 1% (by weight) single walled nanotubes. Heat
conduction of finite-length single-walled carbon nanotubes
(SWNTs) was carried out by Maruyama [63] using MD ap-
proach with Tersoff-Brenner bond order potential, and the
thermal conductivity was calculated with Fourier’s law from
the measured temperature gradient and the energy budgets
in phantom molecules. Thermal conductivity of carbon na-
notubes and diamond nanowires with atomic interactions
was modeled by Brenner potential using MD simulations
[64]. The thermal conductivity was found to be dependent on
length, temperature and temperature “boundary” condition,
and a significantly suppressed for the shorter lengths. Xu et al.
[65] fabricated the single-walled carbon nanotube (SWNT)-
poly vinylidene fluoride (PVDF) composites by dispersion of
SWNT in an aqueous surfactant solution, followed by mixing
with PVDF powder, filtration and hot pressing, and 19.3%
increase in the thermal conductivity of the composite was
reported by addition of 5% (by volume) CNT.

Nishimura and Liu [66] used boundary integral equation
(BIE) formulation for the thermal analysis of CNT based
nano-composites. They solved the heat conduction problems
in 2-D infinite domain embedded with many rigid inclu-
sions with the help of a fast multipole boundary element
method using continuum mechanics approach. Zhang et al.
[67–69] used a continuum mechanics based meshless hybrid
boundary node method (hybrid BNM) for the heat conduction
analysis of CNT based nano-composites. They used multi-
domain and simplified approaches coupled with fast multi-
pole method to solve large scale problems. In their study, they
found that by addition of 7.2% (by volume) of CNTs in the
polymer matrix results in an increase of 49% in the thermal
conductivity of the composite.

At nanoscale, experiments are very difficult to conduct
and currently molecular level simulations of CNTs and CNT
based composites are limited to very small length and time
scales, and cannot deal with the large scale problems. For
real engineering applications, nano-composites must expand
from nano to micro, and ultimately to macro length scales.
Therefore, continuum mechanics models can play a signifi-
cant role in the analysis of these composites. Till date, the
validity of continuum mechanics approach for the model-
ing of CNT based composites is not fully-established, and it
will be questioned for some time to come. However, at pres-
ent, it seems to be the only feasible approach for the large
scale simulation of CNT-based composites. The best argu-
ment for using continuum approach in the present simulation
is that it has been applied successfully by many researchers
for studying the mechanical, electrical and thermal properties
of CNTs and CNT reinforced composites [41–55, 66–69].
In these studies, CNTs were treated as homogeneous and
isotropic materials using continuum beam, shell, 3-D space
frames as well as 3-D solid models. The various issues related
to the modeling of CNT-based composites using continuum
approach have been discussed by Liu and Chen [43]. They

proposed the 3-D elasticity models, instead of frame, beam or
shell models for modeling the CNTs embedded in a matrix.
They also proposed three kinds of representative volume ele-
ments (RVEs) namely cylindrical RVE, square RVE and hex-
agonal RVE for the modeling of CNT based composites.

So far, only boundary type methods (BEM and hybrid
BNM) were applied to predict the thermal behavior of CNT
based composites using continuum mechanics approach. In
BEM and hybrid BNM, square representative volume ele-
ment (square RVE) was used to obtain the thermal properties
of the nano-composites, but these methods do not have sym-
metry, bandedness and sparseness properties in their solution
matrix; therefore, the solution of large scale problems is rela-
tively tedious and expensive task as compared to domain type
methods such as finite element method (FEM) and element
free Galerkin (EFG) method. Both FEM and EFG method
possess all these properties in their solution matrix. Although,
FEM is the most general method in the category of domain
type methods, but it has not been used in the present work
due to its problem in discretization of complex domain into
elements. To alleviate the problems faced by FEM, domain
type meshless EFG method has been used in the present work
to evaluate the thermal properties of CNT based nano-com-
posites. Numerical results have been obtained by cylindrical
representative volume element (cylindrical RVE) using con-
tinuum mechanics approach. The equivalent thermal con-
ductivity has been plotted as function of nanotube length,
nanotube radius, RVE length and RVE radius. An approxi-
mate formula is proposed to evaluate the equivalent thermal
conductivity of CNT based composites. The values of equiv-
alent heat conductivity, obtained by simplified approach have
been found in good conformity with those obtained by multi-
domain approach.

2 Review of element free Galerkin (EFG) method

The EFG method requires moving least square (MLS) ap-
proximants for the discretization of the governing equations.
These MLS approximants consist of three components: a
weight function associated with each node, a basis function
and a set of constant coefficients that depends on position.
Using MLS approximation scheme, an unknown function of
temperature T (r) is approximated as T h(r) [70].

T h(r) =
m∑

j=1

p j (r)a j (r) = pT(r) a(r), (1)

where, rT = [r z], pT(r) = [
1 r z

]
, m = 3 and

aT(r) = [a1(r), a2(r), a3(r)]
The unknown coefficients a(r) at any given point are

determined by minimizing the functional J .

J =
n∑

I=1

w(r − rI )[pT(r) a(r) − TI ]2, (2)

where, n is the number of nodes in the neighborhood of r for
which the weight function w(r − rI ) �= 0 and TI is the nodal
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parameter at r = rI . The stationary value of J in Eq. (2) w.r.t
a(r) leads to the following set of linear equations

a(r) = A−1(r)B(r)T. (3)

where,

A(r) = w(r − r1)

⎡

⎣
1 r1 z1
r1 r2

1 r1z1
z1 r1z1 z2

1

⎤

⎦ + · · ·

+w(r − rn)

⎡

⎣
1, rn zn

rn r2
n rnzn

zn rnzn z2
n

⎤

⎦ (4)

B(r) =
⎧
⎨

⎩w(r − r1)

⎡

⎣
1
r1

z1

⎤

⎦, w(r − r2)

⎡

⎣
1
r2

z2

⎤

⎦, · · ·

w(r − rn)

⎡

⎣
1
rn

zn

⎤

⎦

⎫
⎬

⎭ (5)

TT = [T1, T2, T3, · · · Tn]. (6)

By substituting Eq. (3) in Eq. (1), the MLS approximants
can be written as

T h(r) = pT(r)A−1(r)B(r)T

=
n∑

I=1

m∑

j=1

p j (r)(A−1(r)B(r)) j I

=
n∑

I=1

�I (r) TI

= �(r) T, (7)

where TI are the nodal parameters and �I (r)is the shape
function, which is defined as

�I (r) =
m∑

j=1

p j (r)(A−1(r)B(r)) j I = pTA−1BI . (8)

2.1 Weight function description

The weight functionw(r − rI ) is non-zero over a small neigh-
borhood of rI , called the domain of influence of node I . The
choice of weight function w(r − rI ) affects the resulting
approximation T h(rI ), therefore, exponential weight func-
tion [71] has been used in the present work, which is given
as

w(s) =
{

C−s 0 ≤ s ≤ 1
0 s > 1

}
, (9)

where 1, 000 ≤ C ≤ 5, 000, s = | | r−rI | |
dm I

is the normal-

ized radius, (sr )I = | | r−rI | |
dmr I

, (sz)I = | | z - zI | |
dmzI

, dm I =
dmax cI , dmr I = dmax cr I , dmzI = dmax czI , ‖ r − rI ‖ is the
distance between evaluation points and nodal points, dmax=
scaling parameter, cr I and czI at node I are the distances to
the nearest neighbors.

3 Numerical implementation

Carbon nanotubes (CNTs) possess very high value of ther-
mal conductivity as compared to polymer matrix in CNT
based composites. This unusually high value of thermal con-
ductivity makes them to behave as a superconductor. Dur-
ing thermal analysis of CNT based composites, Zhang et al.
[67] found that the temperature distribution on the surface of
CNTs comes out to be almost uniform. They used the sim-
plified approach in their further work [69], and obtained the
thermal properties by assuming CNT surface at a constant
temperature [68] using square RVE. In the present work,
cylindrical RVE has been used for the thermal analysis of
nano-composites. A perfect bonding has been assumed be-
tween the nanotube material and polymer matrix. Both multi-
domain and simplified approaches have been used, and com-
pared with each other. In multi-domain approach, both matrix
and CNT have been discretised, whereas in simplified ap-
proach, only matrix domain has been modeled. In simplified
approach, CNT surface is assumed at an unknown constant
temperature. A model containing single CNT inside cylindri-
cal RVE has been taken to obtain the thermal properties. Both
ends of RVE are subjected to constant temperatures and outer
surface is kept insulated. This problem has been solved by
treating it an axisymmetric heat transfer problem, governed
by the steady sate heat conduction equation in cylindrical
coordinate system. The governing heat conduction equation
can be written as

kr
∂2T

∂r2 + kr

r

∂T

∂r
+ kz

∂2T

∂z2 = 0 (10a)

with the following essential boundary conditions

at z = 0, T = TL (10b)

at z = L , T = TR. (10c)

The above equation can be re-written as

1

r

∂

∂r

(
k r

∂T

∂r

)
+ ∂

∂z

(
k
∂T

∂z

)
= 0, (11)

where kr = kz = k.

3.1 Multi-domain approach

Both polymer matrix and nanotube have been modeled in
multi-domain approach. To evaluate the properties using multi-
domain approach, the selected modeling parameters along
with boundary conditions are given in Fig. 1. The compati-
bility requirement at the interface of matrix and CNT is given
by

q|m1
= q|m2

, (12)

where q|m1
and q|m2

are the value of heat fluxes at the inter-
face.
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Fig. 1 Model for CNT problem a nanoscale cylindrical representative volume element containing single nanotube, b dimensions of the model
and c computational model with boundary conditions

Using divergence theorem, the weak form of the Eq. (11)
is obtained as

2π
∑

i=m1,m2

∫

�i

(
ki

∂w̄

∂r

∂T

∂r
+ ki

∂w̄

∂z

∂T

∂z

)
r dr dz

−2π
∑

i=m1, m2

∫

�

w̄ r qi d� = 0, (13)

where qi = ki
∂T
∂r cos(n′, r) + ki

∂T
∂z cos(n′, z), km1 and km2

are the values of thermal conductivity of the matrix and CNT,
respectively.

The functional I (T )can be written as

I (T ) = π
∑

i=m1,m2

∫

�i

ki

[(
∂T

∂r

)2

+
(

∂T

∂z

)2
]

r dr dz. (14)

Enforcing essential boundary conditions using penalty
method, the functional I ∗(T ) is obtained as

I ∗(T ) = π
∑

i=m1,m2

∫

�i

ki

[(
∂T

∂r

)2

+
(

∂T

∂z

)2
]

r dr dz

+α

2

∫

�1

(T − TL)2d� + α

2

∫

�5

(T − TR)2d�. (15)

Taking variation, i.e. δ I ∗(T ) of Eq. (15), it reduces to

δ I ∗(T ) = 2π
∑

i=m1,m2

∫

�i

ki

[(
∂T

∂r

)T

δ

(
∂T

∂r

)

+
(

∂T

∂z

)T

δ

(
∂T

∂z

)]
r drdz

+α

∫

�1

(T −TL)δT d�+α

∫

�5

(T −TR)δT d�,

(16)

where α is the penalty parameter.



Thermal analysis of CNT-based nano-composites by element free galerkin method 723

Since δ I ∗(T ) = 0 and δ T are arbitrary in Eq. (16), a
following set of equations is obtained using Eq. (7)

[K]{T } = {f}, (17a)

where

K I J = 2π
∑

i=m1,m2

∫

�i

[
�I, r

�I, z

]T[
ki 0

0 ki

] [
�I, r

�I, z

]
r drdz

+α

∫

�1

�I �J d� + α

∫

�5

�I �J d� (17b)

f I = α

∫

�1

TL�I d� + α

∫

�5

TR�I d�. (17c)

Equation (17a) represents a symmetric, sparse system of
linear equations, which is solved by direct method using Mat-
lab functions.

3.2 Simplified approach

In simplified approach, only matrix domain has been mod-
eled, since CNT is assumed at a constant (unknown) temper-
ature. The numerical formulation of the this problem using
simplified approach is given by the following steps:

Using divergence theorem, the weak form of Eq. (11) is
obtained as

2π

∫

�1

(
km1

∂w̄

∂r

∂T

∂r
+ km1

∂w̄

∂z

∂T

∂z

)
r dr dz

−2π

∫

�

w̄ r q d� = 0, (18)

where q = km1
∂T
∂r cos(n′, r) + km1

∂T
∂z cos(n′, z).

The functional I (T ) can be obtained as

I (T ) = 2π

∫

�1

1

2
km1

[(
∂T

∂r

)2

+
(

∂T

∂z

)2
]

r dr dz. (19)

Enforcing essential boundary conditions using penalty
method, the functional I ∗(T ) is obtained as

I ∗(T ) = 2π

∫

�1

1

2
km1

[(
∂T

∂r

)2

+
(

∂T

∂z

)2
]

r dr dz

+α

2

∫

�1

(T − TL)2d� + α

2

∫

�5

(T − TR)2d�. (20)

Taking variation, i.e. δ I ∗(T ) of Eq. (20), it reduces to

δ I ∗(T ) = 2π

∫

�1

km1

[(
∂T

∂r

)T

δ

(
∂T

∂r

)

+
(

∂T

∂z

)T

δ

(
∂T

∂z

)]
r drdz

+α

∫

�1

(T −TL)δT d�+α

∫

�5

(T −TR)δT d�.

(21)

Since δ I ∗(T ) = 0 and δ T are arbitrary in Eq. (21), a
following set of equations is obtained using Eq. (7)

[K]{T } = {f}, (22a)

where

K I J = 2π

∫

�1

[
�I, r

�I, z

]T[
km1 0

0 km1

] [
�I, r

�I, z

]
r drdz

+α

∫

�1

�I �J d� + α

∫

�5

�I �J d� (22b)

f I = α

∫

�1

TL�I d� + α

∫

�5

TR�I d�. (22c)

Since CNT surface is assumed at an unknown constant
temperature, hence Eq. (22a) is re-written as
[

Kpp Kpq

Kqp Kqq

]{
Tp

Tq

}
=

{
fp

fq

}
, (23a)

where

( fP)I = α

∫

�1

TL�I d� + α

∫

�5

TR�I d� (23b)

( fq)I = α

∫

�3

TC �I d� (23c)

[
Kpp Kpq
Kqp Kqq

]
=[K̄]withK̄ I J = K I J +α

∫

�3

�I �J d�.(23d)

Tq and Tp are the values of temperature degree of freedom
on CNT surface and rest of the matrix-domain, respectively.

The Eq. (23a) is further written as
[

Kpp Kpq
Kqp Kqq

]{
Tp
Tq

}
=

{
fp
f ′

q TC

}
, (24)

where TC is the constant temperature on the CNT surface and
( f ′

q)I = α
∫

�3

�I d� .

Now in Eq. (24), there is one additional unknown which
needs one more equation to solve the system of equations.
This additional equation is obtained using law of conserva-
tion of energy at the CNT surface, i.e. (net rate of thermal
energy flowing through CNT surface is zero):∫

�3

qd� = 0. (25)

Introducing Eq. (25) in Eq. (24), it takes the following
form⎡

⎣
Kpp Kpq 0
Kqp Kqq −f ′

q

0 f ′′
q 0

⎤

⎦

⎧
⎨

⎩

Tp
Tq
TC

⎫
⎬

⎭ =
⎧
⎨

⎩

fp
0
0

⎫
⎬

⎭ , (26)
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where ( f ′′
q )I = ∫

�3

d�

dn′ d� with n′ is the outward normal to

the surface.
Equation (26) represents a non-symmetric, sparse system

of linear equations, which is solved by direct method using
Matlab functions.

4 Results and discussion

In this section, a model CNT based composite problem has
been solved using multi-domain and simplified approaches.
A nanoscale cylindrical representative volume element con-
taining single nanotube is shown in Fig. 1a, and its dimen-
sions are shown in Fig. 1b. The computational model along
with boundary conditions is shown in Fig. 1c. To evaluate the
equivalent thermal conductivity of the composite, two ends of
RVE are maintained at two different constant temperatures,
and outer cylindrical surface is kept insulated. Carbon nano-
tube is placed symmetrically at the center of RVE such that
the axis of RVE is coinciding with the axis of CNT. The data
used for the model problem (as shown in Fig. 1) is tabulated
in Table 1. Dimensions and properties for the model have
been chosen from a wide range available in literature [66–
69]. Polycarbonate [68, 69] has been taken as matrix material
for the composite. The EFG results have been obtained using
uniform nodal data distribution scheme for 2,501 nodes. In
both multi-domain and simplified approaches, same numbers
of nodes, i.e. (2,501 nodes) have been taken inside polymer
matrix for a fair comparison of EFG results. The EFG results
not only depend upon the weight function but also depend on
the support size [72], therefore, a value of support size, i.e.
dmax= 1.21 has been chosen from a prescribed range of scal-
ing parameter for heat transfer applications [72]. The codes
have been written in Matlab to obtain the EFG results for
both multi-domain and simplified approaches.

Assuming material properties as homogeneous, isotro-
pic and independent of temperature, the equivalent thermal
conductivity of the composite has been evaluated as

ke = − q L

	T
, (27)

where kedenotes the equivalent thermal conductivity of the
composite, L is the length of RVE, qis normal heat flux den-

Table 1 Data for CNT based composite problem

Parameters Value of parameters

RVE length (L) 100 nm
Nanotube length (Lc) 50 nm
RVE radius (Ro) 12 nm
Nanotube outer radius (ro) 5 nm
Nanotube thickness (t) 0.4 nm
Thermal conductivity of polymer matrix (km1 ) 0.37 W/m K
Thermal conductivity of nanotube (km2 ) 6,000 W/m K
Penalty parameter (α) 103

Temperature at �1(TL ) 300 K
Temperature at �5(TR) 100 K

sity and 	T is the temperature difference between two ends
of RVE.

The percentage volume fraction of CNT [67] has been
calculated by the following expression

v =
(

Vm1

Vm1 + Vm2

)
× 100, (28)

where v is the volume fraction of CNT in composite, Vm1 is
the volume of polymer matrix and Vm2 is the volume of CNT
including cavity. The cavity has been considered a part of
the nanotube for the calculation of volume fraction (v) only,
since the addition of a nanotube inside RVE occupies the
volume required by nanotube including cavity.

In the present work, an approximate formula is proposed
to evaluate the equivalent thermal conductivity of the com-
posite:

ke = km1

(
L

L + 1.55Ro − 1.04Lc − 3.55ro

)
, (29)

where ke= equivalent thermal conductivity of the nano-com-
posite, km1= thermal conductivity of the polymer matrix, L=
RVE length, Ro= radius of cylindrical RVE, Lc= nanotube
length and ro= nanotube outer radius.

Zhang et al. [67] also proposed an approximate formula
to evaluate the equivalent thermal conductivity of CNT com-
posites:

ke = km1

(
L

L − Lc − 0.4ro

)
. (30)

4.1 Temperature variation with RVE length (L)

The data required for the study of temperature with RVE
length, is presented in Table 1. The temperature values ob-
tained using multi-domain and simplified approaches are pre-
sented in Fig. 2 at location r = 5.175 nm. From the results
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Fig. 2 Variation of temperature with RVE length (L)
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presented in Fig. 2, it has been observed that the temperature
first decreases rapidly from left cylindrical face (300 K) to
the left end of CNT (200 K) after that it remains almost con-
stant (200 K) along CNT length near the CNT surface then
it again decreases from right end of CNT (200 K) to 100 K.
This behavior of temperature show that the most of the heat
flux passes through the nanotube only. The results obtained
by simplified approach have been found in good conformity
with multi-domain approach.

4.2 Temperature variation with RVE radius (ro)

The variation of temperature with RVE radius has also been
studied for the same data as presented in Table 1. The val-
ues of temperature, obtained using multi-domain and sim-
plified approaches are presented in Fig. 3 at three different
locations, i.e. z = 25, 50 and 75 nm. From the results pre-
sented in Fig. 3, it can be noted that the temperature remains
almost constant for z = 50 nm from r = 5 to 12 nm whereas
for z = 25 nm, there is a gradual increase in the value of
temperature with the increase of r and for z = 75 nm, tem-
perature decreases gradually with increase of r . These obser-
vations also show that the most of the heat flux passes through
the nanotube portion of the composite. Moreover, the results
obtained by simplified and multi-domain approaches have
been found almost similar with each other.

4.3 Effect of CNT length (Lc) on equivalent thermal
conductivity (ke)

This sub-section describes the effect of CNT length on the
equivalent thermal conductivity of the composites. The vari-
ous parameters required for this analysis are given in Table 1.
The values of thermal conductivity have been evaluated by
both multi-domain and simplified approaches. Various values
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Fig. 4 Variation of equivalent thermal conductivity (ke) with CNT
length (Lc)

of CNT length (from 25 to 75 nm) have been taken to study
the effect of CNT length on thermal conductivity. Figure 4
shows the variation of equivalent thermal conductivity with
CNT length. For Lc = 25 nm (5.5% by volume), the val-
ues of equivalent thermal conductivities obtained by multi-
domain and simplified approaches are found to be 0.5066
and 0.5040 W/m K, respectively, whereas for Lc = 75 nm
(14.2% by volume), the values of thermal conductivities are
found to be 1.6258 and 1.6334 W/m K, respectively. The re-
sults obtained by simplified and multi-domain approaches are
also compared with those obtained by proposed and existing
formulas and has been found in good concurrence with them.
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Fig. 6 Variation of equivalent thermal conductivity (ke) with RVE
length (L)

4.4 Effect of CNT radius (ro) on equivalent thermal
conductivity (ke)

In this sub-section, the EFG results have been obtained using
different values of CNT radius for Lc= 50 nm. The equivalent
thermal conductivity has been evaluated by multi-domain ap-
proach, simplified approach, proposed approximate formula
and existing approximate formula for various values of CNT
radius and is shown in Fig. 5. From the results presented in
Fig. 5, it can be concluded that the results obtained by EFG
method using multi-domain and simplified approaches are
almost similar with those obtained by proposed formula. The
results obtained by existing formula, proposed by Zhang et al.
[67] are insignificant for this study since they proposed their
formula mainly by taking the effect CNT length on equiv-
alent thermal conductivity of the composite. They did not
even analyze the effect of CNT radius (ro) on the equivalent
thermal conductivity of the composite.

4.5 Effect of RVE length (L) on equivalent thermal
conductivity (ke)

Various values of RVE length (from 80 to 150 nm) have been
taken to study the effect of RVE length on the equivalent
thermal conductivity of the composites. Fig. 6 shows the var-
iation of equivalent thermal conductivity with RVE length.
The values of equivalent thermal conductivities, obtained by
multi-domain and simplified approaches are 2.78 and 2.79
times that of polymer matrix, respectively, for L= 80 nm i.e.
(12.3% by volume) whereas for L= 150 nm i.e. (6.5% by
volume), the values of equivalent thermal conductivity are
1.54 times that of polymer matrix using both approaches.
The results obtained by EFG method using multi-domain and
simplified approaches are also compared with those obtained
by proposed and existing formulas and have been found in
good agreement among themselves.
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Fig. 7 Variation of equivalent thermal conductivity (ke) with RVE ra-
dius (Ro)

4.6 Effect of RVE radius (Ro) on equivalent thermal
conductivity (ke)

This sub-section describes the effect of RVE radius (Ro) on
equivalent thermal conductivity of the composite. The val-
ues of thermal conductivity obtained by different techniques
are shown in Fig. 7 for various values of RVE radius. The
values of the equivalent thermal conductivities obtained by
multi-domain approach, simplified approach, proposed for-
mula and existing formula are 0.8088, 0.8085, 0.8087 and
0.7708 W/m K, respectively, for Rc = 10 nm, i.e. (14.2% by
volume), whereas the values of keobtained by these methods
are 0.6084, 0.6100, 0.6041 and 0.7708 W/m K, respectively,
for Rc = 20 nm, i.e. (3.5% by volume). From the results
presented in Fig. 7, it can be noted that the thermal conduc-
tivity decreases with the increase in RVE radius for multi-
domain approach, simplified approach and proposed formula
whereas in existing formula, thermal conductivity has been
considered independent of RVE radius. The present simula-
tion clearly shows that the equivalent thermal conductivity is
a function RVE radius.

4.7 Computational cost

In this sub-section, a comparison of computational cost, i.e.
(CPU time) have been made for both multi-domain and sim-
plified approaches. Same number of nodes has been taken
inside polymer matrix for a fair comparison of CPU time be-
tween two approaches. The CPU time has been obtained on
a Dell machine (2.0 GHz Processor and 1 GB Ram) using
Matlab codes. The average CPU time required by multi-
domain and simplified approaches has been plotted in Fig. 8
for various values of data size, i.e. (number of nodes). From
Fig. 8, a significant difference has been observed in the CPU
time required by the two approaches. The CPU time required
by multi-domain approach is more as compared to the CPU
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time required by simplified approach for the same data size,
i.e. (number of nodes), since in multi-domain approach, both
matrix and nanotube have been modeled, whereas in case of
simplified approach, only matrix domain has been modeled.
Moreover, difference between CPU times for two-approaches
goes on increasing with the increase of data size.

5 Conclusions

In this work, an initial step has been made to evaluate the
thermal properties of CNT based composites by element free
Galerkin method. The equivalent thermal conductivity has
been calculated using continuum approach and plotted with
various model parameters. Both multi-domain and simpli-
fied approaches have been applied and compared with each
other. Present computations show that thermal conductivity
of the composites is a function of CNT length, CNT radius,
RVE length and RVE radius. An approximate formula has
been proposed to evaluate the equivalent thermal conductiv-
ity of nano-composites. The results obtained by simplified
approach and proposed formula have been found in good
agreement with those obtained by multi-domain approach.
Due to accuracy and capability of handling complicated geom-
etries, the element free Galerkin method with simplified ap-
proach can be extended to predict the thermal properties of
CNT-composites having arbitrary shaped CNTs randomly
distributed in the polymer matrix.
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