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Abstract This paper presents a method to optimize the
topology of structures under multiple load cases with stress
constraints. Fiber-reinforced orthotropic composite is em-
ployed as the material model to simulate the constitutive
relation of truss-like continua. The fiber densities and orienta-
tions at the nodes are taken as design variables. First, for each
load case, the fiber orientations are aligned with the orienta-
tions of principal stress and the fiber densities are adjusted
according to the strains along the fiber orientations. Then,
to optimize the structure, the fiber densities and orientations
under multiple load cases are determined by constraining its
elastic matrix to approach the elastic matrix of the optimum
structures defined for each single load case. Finally the mem-
ber distribution in the optimal structure is suggested by the
continuous lines formed according to the fiber densities and
orientations. Several examples are presented to demonstrate
the effectiveness of the proposed approach.

Keywords Topology optimization · Composite · Stress
constraints · Multiple load cases

1 Introduction

The optimal topology design of structures has received the
increasing attention of researchers. Xie and Steven [17] intro-
duced an evolutionary structural optimization method using
an isotropic material model. Its structural topology is changed
iteratively by deleting or adding structural elements based on
their stress level [16,13]. Bendsφe and Kikuchi introduced
a homogenization method [2] where the material property
of each design cell is computed and the optimal topology
is achieved by solving a material distribution problem. The
homogenization method can deal with flexure and stress con-
straints [1,5]. In these papers, penalization of intermediate
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densities, perimeter control or post-processing techniques are
commonly used to get distinct (0–1) topology designs. The
optimal topology is represented by perforated plate. These
optimal results depend on the finite elements and penaliza-
tion function. For a further overview, see the reviews [6,14].

In the free material optimization [3,4,7,11,15], aniso-
tropic material models are used and the components of the
elastic tensor are considered as design variables. Such a mate-
rial model has much more design freedom. These approaches
mainly focus on compliance optimization. Generally, their
optimal results are non-manufacturable for most structures,
without the assistance of other techniques. Currently, no thor-
oughly reliable technique is available to convert these types
of result to a useable engineering structure. Some of the re-
search papers [10] tend to interpret the density information
only in a zero-one sense. Therefore, most of the informa-
tion obtained in the results is actually ignored. Expressing
the optimal results by principal stress vectors may give an
improper image for multiple load cases. According to Mic-
hell’s theory, the members in optimal structures under single
load case are coincident with the principal stress directions.
So, continuous lines along the principal stress directions may
give a reasonable image under single load case [9,18]. How-
ever, these lines may not represent the appropriate locations
of members in optimal structures under multiple load cases.
Such plots also depend on the manner of choosing starting
points of lines, because they require the starting points to be
carefully determined.

This paper suggests a new method to optimize the struc-
tural topology. First, the optimum truss-like continuum is
determined. Then the truss-like continuum is interpreted as
discrete truss structures. The process as described in this
paper consists of three parts.

First, a fiber-reinforced orthotropic composite is intro-
duced as a suitable material model. The constitutive relation
of this composite is a reasonable simulation of a truss-like
continuum. The fibers in the composite simulate the members
in the structure. The final optimal structures are constructed
by infinite number of members of infinitesimal spacing. The
model is designated as a “truss-like continuum” because its
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nature is similar to a truss although its constituent material is
actually distributed continuously. This continuum structure is
equivalent to truss in mechanics. These characteristics differ
from the conventional anisotropic material model.

Next, a process to establish the optimum truss-like con-
tinuum under multiple load cases with stress constraints is
suggested. Fiber distributions in the design region are itera-
tively changed according to the magnitudes and orientations
of principal stresses obtained by finite element analysis.

Last, the topologically optimum structure is suggested
by the continuous lines formed according to the fiber den-
sities and orientations at the nodes. These continuous lines
represent the actual distribution of members in the truss struc-
tures that it is intended to build. Although the final optimum
structures still are a continuum without holes, their images
suggest the optimal configuration of members. By choosing a
few of the members, as few as we need in fact, it is feasible to
build nearly optimal discrete truss structures.Althought some
errors are caused in this process, some previous researches
have indicated that the volume of a structure so represented
will be very close to an exact solution [12,19].

This paper may be considered a generalization of recent
work [18] on multiple load cases.

2 Elastic matrixes

2.1 Elastic matrix along the principal axes of the material

The optimal structure with stress constraints under a sin-
gle load case is called a Michell truss, which frequently is
an orthotropic truss-like continuum structure. To describe
such a structure, an orthotropic fiber-reinforced composite
material model is employed. Two groups of continuously
distributed orthotropic fibers, which form the continuous or
discrete structures, are embedded in matrix. The stresses and
strains of two groups of orthogonal fibers are denoted by
σ ′

i , εi(i = 1, 2), respectively. The two planes perpendicu-
lar to the fiber orientations are defined as principal material
planes. The symbol ti (i = 1, 2) is defined as fiber density.
This definition means that the area of fiber in the infinitesimal
area of dAi in principal material planes i is ti dAi . So ti is
non-dimensional. It is assumed that the elastic modulus of
the matrix in the fiber orientation vanishes. This assumption
means that the matrix does not bear normal stress on principal
material planes. Therefore, the force acting on dAi is σ ′

i ti dA,
and the average stress σi acting on dAi can be expressed as

σi = tiσ
′
i (i = 1, 2), τ12 = 0. (1)

Since we expect to get the isotropic structure in the end, the
elastic modulus E of the two groups of fibers should be iden-
tical. So, the stress-strain relations of fibers can be expressed
by

σ ′
i = Eεi, (i = 1, 2). (2)

The combination of Eqs. (1) and (2) leads to the relations
between stress and strain along the fiber orientations,

σi = Etiεi, (i = 1, 2). (3)

In truss-like continuum structure, there is no interaction
between adjacent parallel members. Therefore the Poisson’s
ratios are assumed as zero. For truss-like continuum struc-
ture, the shear modulus in the principal material plane should
vanish. In the process of optimizing, however, the shear mod-
ulus should not vanish. Otherwise, the stiffness matrix would
become singular and equilibrium would be unstable or even
impossible. Additionally, convergence will slow with too lit-
tle shear modulus. From the above discussion, the relation
between shear stress τ12 and shear strain γ12 in principal
material plane is assumed as

τ12 = 0.25λE(t1 + t2)γ12, (0 ≤ λ ≤ 1), (4)

where λ is defined as shear modulus ratio, which will affect
the shear modulus and be changed from 1 to 0 in iteration.
The Eqs. (3) and (4) can be rewritten in matrix form

[ σ1 σ2 τ12 ] = D̄(t1, t2)[ ε1 ε2 γ12 ], (5)

where D̄(t1, t2) is elastic matrix,

D̄(t1, t2) = E · diag[ t1 t2 0.25λ(t1 + t2) ]. (6)

Initially, for λ = 1, t1 = t2 = 1, the material model is
isotropic.

2.2 Elastic matrix off the principal axes of the material

If the fiber orientation is rotated the angle α positive
anti-clockwise relative to the global coordinate systems, the
relation between stress σ and strain ε in global coordinate
systems can be expressed by [8]

σ = D(t1, t2, α)ε, (7)

where D(t1, t2, α) is the elastic matrix in the global coordi-
nate systems,

D(t1, t2, α)

= T T(α)D̄(t1, t2)T (α)

= Etm




1 + Rt cos 2α 0 0.5Rt sin 2α
1 − Rt cos 2α 0.5Rt sin 2α

sym. 0.5




+1

2
(λ − 1)Etm




sin2 2α − sin2 2α −0.5 sin 4α

sin2 2α 0.5 sin 4α

sym. cos2 2α


 ,(8)

tm = t1 + t2

2
, Rt = t1 − t2

t1 + t2

where T (α) is the frame rotation matrix

T (α) =



cos2 α sin2 α 0.5 sin 2α

sin2 α cos2 α −0.5 sin 2α
− sin 2α sin 2α cos 2α


 . (9)

3 Material model of optimal structure under multiple
load cases

In optimal structures under multiple load cases, the members
may exist in more than two directions and be non-orthogonal
to each other. In order to simplify the problem here, a two
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phase orthotropic composite material model is employed. In
the coordinate systems rotated the angle θ positive anti-clock-
wise relative to the global coordinate systems, the elastic
matrix at every point in optimal structures under multiple
load cases can then be expressed as

D(θ; x1, x2, ϕ) = T T(α − ϕ)D̄(x1, x2)T(α − ϕ), (10)

where x1, x2 and ϕ are the fiber densities and the angle
respectively.

The optimization problem we discussed can be described
as

Find x1 ≥ 0, x2 ≥ 0, ϕ

Min
∫




(x1 + x2)d


s.t. |εl| ≤ εp, (l = 1, 2, . . . , L)

Equilibrium and compatibility conditions (11)

where εl is principal strain under load case l, εp = σp/E the
permissible strain and L the number of load cases.

In fact, we are able to optimize the fiber densities t1l , t2l

and angle αl as ref [18] under single load case l. Further more,
we can determine its elastic matrix D(t1l , t2l , αl). Under mul-
tiple load cases, it is much more difficult to solve the prob-
lem (11). We try to estimate the elastic matrix D(x1, x2, ϕ)
of optimum structures under multiple load case basing on the
elastic matrix D(t1l , t2l , αl) of the optimum structure under
single load case. As we know, the strains along the members
(with non-zero area of across section) in the optimum struc-
tures under single load case are just the permissible strain.
We managed to adjust the fiber densities x1, x2 and angle ϕ
so as to make the maximum strains along the fiber orienta-
tion under all load cases not exceed the permissible strain.
Therefore, the stiffness along the fiber orientatioin should not
be less than the stiffness of every optimum structure under
single load case

D(θ; x1, x2, ϕ) ≥ D(θ; t1l , t2l , αl),

(θ = αl, αl + π/2; l = 1, 2, . . . , L). (12)

Larger stiffness requires much more material. To minimize
material volume, it is better to make the stiffness be close to
the maximun stiffness of all optimum structures under every
load case

D(θ; x1, x2, ϕ) ≈ max
l=1,2,... ,L

D(θ; t1l , t2l , αl),

(θ = αl, αl + π/2; l = 1, 2, . . . , L). (13)

Since the components ofD being not independent, it is impos-
sible to make all the components of elastic matrix strictly
satisfy the Eq. (13) simultaneously. So, we replace the Eq.
(13) with the equation of its main components



D11(θ; x1, x2, ϕ)
= max

l=1,2,... ,L
D11(θ; t1l , t2l , αl)

D22(θ; x1, x2, ϕ)
= max

l=1,2,... ,L
D22(θ; t1l , t2l , αl),

(θ = αl; l = 1, 2, . . . , L).

(14)

Noting that

D22(θ; x1, x2, ϕ) = D11(θ + π/2; x1, x2, ϕ),

Eq. (14) is unified as

D11(θ; x1, x2, ϕ) = Sm(θ),

(θ = αl, αl + π/2; l = 1, 2, . . . , L), (15)

where

Sm(θ) = max
l=1,2,... ,L

D11(θ; t1l , t2l , αl). (16)

To simplify the solving of Eq. (15), we let the difference
between the two sides as little as possible,

min
x1,x2,ϕ

δ2, (17)

where

δ2 = ‖D11(θ; x1, x2, ϕ) − Sm(θ)‖2
2

=
∫ π

0
[D11(θ; x1, x2, ϕ) − Sm(θ)]2dθ. (18)

Furthermore, δ2 can be calculated by

δ2 = π

128
δ2

1 + ‖Sm(θ)‖2
2 , (19)

where

δ2
1 = (x2

1 + x2
2 )(35 + 10λ + 3λ2)

+64(x1 − x2)(I1 sin 2ϕ + I2 cos 2ϕ)

+16(x1 + x2)[(3 + λ)I1

+(1 − λ)(I3 sin 4ϕ + I4 cos 4ϕ)

+2x1x2(3 + 10λ + 3λ2)]. (20)

For ‖Sm(θ)‖2
2 being independent of design variables, to

minimize the Eq. (17), we differentiate Eq. (20) with respect
to design variables x1, x2 and ϕ,

∂δ2
1

∂xi

= 0, (i = 1, 2); ∂δ2
1

∂ϕ
= 0. (21)

From Eq. (21) we gain

x1 + x2 = 16
(3 + λ)I0 + (1 − λ)(I3 sin 4ϕ + I4 cos 4ϕ)

19 + 10λ + 3λ2

x1 − x2 = 4(I1 sin 2ϕ + I2 cos 2ϕ), (22)

and

19 + 10λ + 3λ2)[(I 2
1 − I 2

2 ) sin 4ϕ + 2I1I2 cos 4ϕ]

+4(1 − λ)(I3 cos 4ϕ − I4 sin 4ϕ)[(3 + λ)I0

+(1 − λ)(I3 sin 4ϕ + I4 cos 4ϕ)] = 0 (23)

where

I[0,1,2,3,4]

= 1

πE

∫ π

0
Sm(θ)[1, sin 2θ, cos 2θ, sin 4θ, cos 4θ ]dθ. (24)

These parameters I0–I4 are independent of x1, x2 and ϕ. The
fiber angle ϕ can be obtained by solving the non-linear Eq.
(23) by numerical methods. The fiber densities x1, x2 can
be obtained by introducing ϕ into Eq. (22). For cases where
the solutions of Eq. (23) are not unique, the solution which
generates δ1 minimum in Eq. (20) is selected.
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4 Finite element analysis

4.1 Element stiffness

The fiber densities x1n, x2n and angles ϕn at nodes n (n =
1, 2, . . . , N ) are taken as design variables, where N is the
number of nodes. The elastic matrix of element e can be cal-
culated by the weighted mean of elastic matrix at all nodes
of element e,

De(ξ, η) =
∑
n∈Se

Nn(ξ, η)Dn, (25)

where Se is the set of all nodes of element e, Dn elastic
matrix at node n, and Nn shape function that is as a weight
factor. In this paper, 4-node isoparametric finite elements are
employed. So, the shape function is

Nn(ξ, η) = (1 + ξnξ)(1 + ηnη)/4, (n = 1, 2, 3, 4), (26)

where ξn, ηn are coordinates of node n in local coordinate
systems oξη. The element stiffness matrix can be calculated
by

kij =
∑
n∈Se

∫
Ae

NnB
T
i DnBj dA, (27)

where B i and Bj are the geometry matrices.

4.2 Iteration algorithm

(i) The design domain is partitioned by finite elements;
(ii) Initial values at every node are set as

x0
1n = x0

2n = 1, ϕ0
n = 0, (n = 1, 2, . . . , N) (28)

where the superscript is the iteration index. The chang-
ing rate �λ of shear modulus ratio is set as �λ = 0.1 in
this paper.

(iii) The stresses and strains at nodes under every single load
case are calculated by finite element method. The prin-
cipal stress directions under load case l are calculated
by

βi
nl = 1

2
tan−1

2τ i
xy,nl

σ i
x,nl − σ i

y,nl

,

(n = 1, 2, . . . , N, l = 1, 2, . . . , L) (29)

The absolute value of directional strains in the principal
stress directions is

εi
nl(β

i
nl) = ∣∣εi

x,nl + εi
y,nl + (εi

x,nl − εi
y,nl) cos 2βi

nl

+γ i
xy,nl sin 2βi

nl

∣∣ /2,

(n = 1, 2, . . . , N, l=1, 2, . . . , L). (30)

(iv) The fiber distribution in every optimal structure under
each single load case is determined as ref [18].

The fiber orientations are aligned along the principal
stress directions

αi
nl =

{
βi

nl

∣∣cos(αi−1
nl − βi

nl)
∣∣ ≥ √

2/2
βi

nl + π
2

∣∣cos(αi−1
nl − βi

nl)
∣∣ <

√
2/2

,

(n = 1, 2, . . . , N, l = 1, 2, . . . , L) (31)

The fiber densities are adjusted by

t i1nl = t i−1
1nl · εi

nl(β
i
nl)/εp

t i2nl = t i−1
2nl · εi

nl(β
i
nl + π/2)/εp

,

(n = 1, 2, . . . , N, l = 1, 2, . . . , L) (32)

which is similar to the stress ratio method.
(v) The fiber densities xi

1n, xi
2n and angle ϕi

n are obtained by
solving Eqs. (22) and (23). To avoid the stiffness matrix
becoming singular, too small densities are avoided

xi
jn = max

(
xi

c, xi
jn

)
, (j = 1, 2; n = 1, 2, . . . , N),

xi
c = R × max

j,n
{xi

jn}, (33)

where R is a small value to define the minimum permit-
ted density, taken as R = 10−7 in this paper.

(vi) Return to Step (iii) unless the relative change of volume
in two successive iterations is less than a given tolerance∣∣1 − V i/V i−1

∣∣ ≤ r, (34)

where r is tolerance, which is taken as 1% in this paper,
V the total volume of all fibers in the structures

V i = 1

4

Ne∑
e=1

Ae

∑
n∈Se

(xi
1n + xi

2n), (35)

where Ae is the area of element e, Se set of all nodes in
element e.

(vii) The calculation ends if λ vanishes. Otherwise the shear
modulus ratio λ is decreased by

λi = λi−1 − �λ. (36)

before returning Step (iii).

In the final result, the shear modulus in the principal plane
vanishes. This character is similar to truss-like continuum.
The fibers in the continuum are then equivalent to members.

5 Forming optimum trusses

5.1 Starting points and fiber orientation at any point

According to equilibrium conditions, there must be members
passing through these points acted at by point forces. Simi-
larly, there must be distributed members crossing curves of
nonvanishing curvature. So, the points acted upon by point
forces may be selected as the starting points of continuum
lines. Other starting points may be chosen along the curve
with discrete spacing. The lines starting from the points along
curve are orthogonal to the curve.

The angle of fiber at any point (x, y) in an element is
calculated by the weighted average of the angles at four nodes
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around the point. The weights are the values of the shape
functions at the point,

ϕ(x, y) =
∑
n∈Se

Nn(x, y)ϕn, (37)

where ϕn is one of two fiber angles at node n, which is close
to the fiber angle at the former point of the continuous line.

Fig. 1 Geometry and boundary condition in Example 1

Fig. 2 Fiber densities and orientations

Fig. 3 Principal stresses in load case 1

Fig. 4 Continuous fiber lines

Fig. 5 The final optimum truss

Fig. 6 Geometry and boundary condition in Example 2

Fig. 7 Fiber densities and orientations
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Fig. 8 Principal stresses

Fig. 9 Continuous fiber lines

Fig. 10 The final optimum truss

5.2 The procedure for forming the continuous lines of the
fibers

(i) A starting point (xs, ys) is chosen properly as discussed
above.

(ii) The line with the fiber angle ϕ̄s at the point (xs, ys)

y = ys + (x − xs) tan ϕ̄s (38)

will intersect the boundary of an element at point (x̄e, ȳe).
The fiber angle ϕ̄e at the intersection is calculated by Eq.
(37).

(iii) To improve the precision of the line, the angle ϕ̄s of
the line is replaced by the average of the angles at the
starting and ending points

ϕs = (ϕ̄s + ϕ̄e)/2. (39)

Fig. 11 Geometry and boundary condition in Example 3

Fig. 12 Fiber densities and orientations

The line from starting point (xs, ys) with angle ϕs will
intersect the boundary of the element at another point
(xe, ye), which is taken as the ending point of this line.

(iv) The line ends if the boundary of design domain is reached,
or if the fiber density at the considered point is smaller
than the critical value tc defined in Eq. (33). Otherwise
the ending point (xe, ye) is taken as the starting point
(xs, ys) of the next line and return to Step (ii).

All continuous fiber lines are drawn by repeating the
above process. Then these lines with too little spacing are
deleted to make the plot distinct. The remaining continuous
lines will represent the members in the structure.
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Fig. 13 Principal stresses in load case 1

Fig. 14 Continuous fiber lines

Fig. 15 The final optimum truss

Fig. 16 Geometry and boundary condition in Example 4

5.3 Forming optimum truss

Parts of continuous lines mentioned above are selected as
the members in the truss we intend to build. The positions
of nodes and the cross section areas of members are taken
as design variables. The size and shape of the truss are opti-
mized. After that, the final optimum structure is established.

Fig. 17 Fiber densities and orientations

6 Examples

Four examples are presented to demonstrate the application
of the method presented in this paper. Square 4-noded iso-
parametric elements are used. The two (groups of) loads p1
and p2 act on the structures independently as separate load
cases. Other parameters are E = 210 GPa, a = 1 m, σp =
160 MPa and p1 = p2 = 10 kN.

The figures given display four aspects of the solutions:
fiber orientations and densities, principal stress, continuous
fiber lines and final optimum truss. In the fiber orientations
and densities plots, the lines with length proportional to
the fiber densities are drawn along the fiber orientations. In
the principal stress plots, the lines with length proportional to
the magnitudes of principal stress are drawn along the prin-
cipal stress directions for every single load case. In the above
two plots, excessively long lines are cut to make the plots
distinct. The plots of continuous fiber lines are drawn basing
on the approach discussed in Section 5.1 and 5.2. The final
optimum trusses are obtained as discussed in Section 5.3.

6.1 Example 1[3]

A rectangular design domain is supported and loaded as shown
in Fig. 1. Half of a structure with 20 × 20 elements is cal-
culated, taking account of its symmetry. The optimal results
after 23 iterations are shown in Figs. 2–5.

6.2 Example 2[3]

A rectangular plate is supported and loaded as shown in Fig.
6. Half of the structure comprising 20 × 30 elements is cal-
culated on account of its symmetry. The optimal results after
21 iterations are shown in Figs. 7–10.

6.3 Example 3[3]

A rectangular plate is supported and loaded as shown in Fig.
11. 20 × 40 elements are used. The optimal results after 21
iterations are shown in Figs. 12–15.
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Fig. 18 Principal stresses

Fig. 19 Continuous fiber lines

Fig. 20 The final optimum truss

6.4 Example 4

A rectangular plate is supported and loaded as shown in Fig.
16. 20 × 40 elements are used. The optimal results after 22
iterations are shown in Figs. 17–20.

7 Conclusions

A procedure to optimize the topology of structures under
multiple load cases with stress constraints is presented. The
existence of shear stresses and strains in the principal plane
of the material, which vanish in optimal structures acted upon
by a single load case, introduces significant complication to
the problems of choosing an appropriate material model and
displaying the analytical results. An evolutionary procedure
of elastic matrix is introduced to overcome this difficulty. The
different visualization methods are compared. The plots of
continuous fiber lines are rather valuable to illustrate optimal
results and to translate the truss-like continuum to discrete
structure.
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