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Three dimensional Voronoi cell finite element model for microstructures

with ellipsoidal heterogeneties

S. Ghosh S. Moorthy

Abstract In this paper a three-dimensional Voronoi cell
finite element model is developed for analyzing hetero-
geneous materials containing a dispersion of ellipsoidal
inclusions or voids in the matrix. The paper starts with a
description of 3D tessellation of a domain with ellipsoidal
heterogeneities, to yield a 3D mesh of Voronoi cells con-
taining the heterogeneities. A surface based tessellation
algorithm is developed to account for the shape and size of
the ellipsoids in point based tessellation methods. The 3D
Voronoi cell finite element model, using the assumed
stress hybrid formulation, is developed for determining
stresses and displacements in a linear elastic material
domain. Special stress functions that introduce classical
Lamé functions in ellipsoidal coordinates are implemented
to enhance solution convergence. Numerical methods for
implementation of algorithms and yielding stable solu-
tions are discussed. Numerical examples are conducted
with inclusions and voids to demonstrate the effectiveness
of the model.

Keywords Voronoi cell Finite Element Model,
Tessellation, Hybrid stress formulation, Ellipsoids
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Introduction

Advanced heterogeneous materials are increasingly find-
ing more use in various engineering applications. The
materials may be metals or alloys with microscopic pre-
cipitates and pores or composites containing a dispersion
of fibers, whiskers or particulates. The heterogeneities in
the matrix play an important role on the overall structural
behavior. Robust analytical and numerical models are
necessary for predicting effective properties and stresses
and strains in the microstructure for these materials. A
number of micromechanical studies have been reported in
the literature on heterogeneous materials containing in-
clusions and voids. Analytical methods for determining
stress fields around a spherical cavity in an infinite domain
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have been developed in Timoshenko and Goodier [1].
Sadowsky and Sternberg have analyzed stress concentra-
tion around an ellipsoidal cavity using ellipsoidal
coordinates in [2, 3], and around two spherical cavities
using bispherical coordinates in [3]. Chen and Acrivos [5]
have utilized the Boussinesq-Papkovich stress functions
for stress analysis of an infinite domain with two spherical
cavities and rigid inclusions. Chen and Young [6] have
proposed approximations using integral equations for
voids or inclusions of arbitrary shapes in an elastic med-
ium. While these analytical micro-mechanical models are
powerful, their effectiveness is generally limited to simple
geometries and low volume fractions.

Various numerical micromechanical approaches have
been developed for a more versatile evaluation of micro-
structural stresses and strains and overall behavior.
Numerical unit cell models using the finite element method
or boundary element methods, have been proposed e.g. in
[7,8]. Rodin and Hwang have numerically studied a finite
number of spherical inhomogeneities in an infinite region
[9]. Recently three dimensional multi-particle models have
been developed by Gusev [10] for elastic particle re-
inforced composites using tetrahedral finite elements, and
by Michel, Moulinec and Suquet [12] using Fast Fourier
Transform methods. B6hm et al. [13, 14], Segurado and
Llorca [15] and Zohdi [11] have developed 3D elastic-
plastic models for dispersion of multiple particles in metal
matrix composites with ductile matrix. Moes et. al. [16]
have developed an elegant XFEM model for 3D elastic
composite microstructures. A software package Palmyra
[17] has been developed to design composite materials and
to calculate physical properties of heterogeneous materials.

The 2-D Voronoi cell finite element model (VCFEM) has
been developed for elastic and elastic-plastic micro-
mechanical problems in composite and porous materials in
[18, 19, 20], and for damage initiation in reinforced com-
posites by particle cracking in [21, 20]. The model evolves
by Voronoi tessellation of the microstructure to generate a
morphology based network of multi-sided Voronoi cells,
each cell containing a heterogeneity. Each cell is treated as a
FEM element and requires no additional discretization.
VCFEM incorporates assumptions from micromechanics
theories, as well as adaptive enhancements. This model has
been shown to require significantly reduced degrees of
freedom compared to displacement based FEM models and
are hence computationally efficient.

The extension of VCFEM to 3D is a nontrivial enterprise
due to different characteristic micromechanical solutions
and differences in geometric considerations. In this paper,



a 3D VCFEM model is developed for elastic materials with
ellipsoidal inclusions or voids. The paper starts with dis-
cussion of the Voronoi tessellation algorithm for mesh
generation, accounting for shapes, sizes and locations of
heterogeneities. The VCFEM formulation is then devel-
oped introducing special stress functions in ellipsoidal
coordinates to explicitly account for shape. Various
aspects of numerical implementation of the model are
subsequently discussed with attention on stability and
accuracy of the solutions. Finally a number of numerical
examples are solved for model validation and for modeling
multi-inclusion microstructures.

2

Three dimensional mesh generation by tessellation

into Voronoi cells

Discretization of 3D heterogeneous domains, containing
particles or voids, into a mesh of polyhedra is the first
step in the development of the 3D Voronoi cell finite
element model. Each of the Voronoi cells in this con-
struct contains a single heterogeneity at most. This sec-
tion describes a 3D tessellation algorithm from the
general definition of Voronoi diagrams. The corre-
sponding 2D algorithms have been described in [22].
Following the mathematical description given in [23], the
Voronoi diagram is used to geometrically subdivide a
region, based on a set of seed points. Let
P={p1,.pi-,pn;2 <n < oo} represent a set of n in-
dependent points dispersed in the 3D space with co-
ordinates x; # xj € ®°, Vi # j;i,j € I,. The region

Vip) ={x:lx—xill<llx—x | Vi#ije L} (1)

represents a Voronoi polyhedron associated with the point
pi C R*. Thus a Voronoi polyhedron associated with
generator p; encompasses all points whose distances to p;
are less than their distances to any other point p;. Each
polyhedron is the intersection of open half spaces bounded
by perpendicular bisectors of lines joining a generator p;
with each of its neighbors p;, a property that renders the
polytopes convex. The boundary segment Bj;, common to
polyhedra for seed points p; and pj, are nearer to them
than to any other labeled point in the domain. This is
denoted as

vk #i,j}
(2)

Also the vertex Vj; of the polyhedron is equidistant from
three or more generating points p;, Pj and py

Byj = {x:f| x — x; [|=] x — x; [|<[| x — x¢ ||

Vige = {x:[| x = xi =] x —x |
V1#1i,j k} (3)

The aggregate of all polyhedra, represented by the set
V={V(p1),...,V(pu)} represents a Voronoi diagram or
mesh generated for the point set P in 3-dimensional
space. If the distribution of the point set is uniform in
space, the Voronoi cells reduce to uniform rectangular
hexahedrons.

=[x =% [|<[/ x —x ||

2.1

Algorithm for point based tessellation

Kumar [24] has given a comprehensive account of several
algorithms to delineate 3D Voronoi tessellations based on
point generators. Kiang [25], Andrade [26] have generated
a finite number of grid points in the 3D spatial domain and
have considered grid points nearest to a generating point
(or seed) P to be a part of the Voronoi cell generated by
the point P. Mahin et al. [27] have used a recursive
algorithm, in which the information on minimum and
maximum times to reach and leave a cubic volume for
each generator, is used to assign volume to a generator or
to divide further into sub-volumes. Another algorithm,
developed by Mackay [28], Finney [29], Tanaka [30] and
others is based on finding all centers of spheres passing
through any four generators by solving a system of 4
quadratic equations. The centers of these spheres are
possible sites of the Voronoi cell vertices in the mesh.
Hinde and Miles [31], Pathak [32] and Winterfeld [33]
have proposed algorithms in which the nearest neighbors
are found such that the in-center of a sphere passing
through neighboring generators falls on the perpendicular
bisector of the plane joining the generators.

The tessellation algorithm developed in this paper is
based on Winterfeld’s algorithm [33]. The perpendicular
bisector plane Bj;(7;) between point p;(#;) and p;j(#;),
depicted in the figure 1a, is described as

i) (=" 7) =0 @

where 7; is the position vector of any point ﬁij(x, y,z) in
the plane B;;. Equation (4) may be rewritten in terms of the
Cartesian coordinates as

ajix + byy + cijz = dj | (5)

where a;; = x; — xj, bj = yi — yj, ¢j = zi — 2z, dij =1
((ri— x;)(xi +%) + (i = 1) i +25) + (20 — ) (2 + 7))
Analysis domains of many heterogeneous materials are
prismatic in shape, often with 6 bounding planes. The
domain boundaries in these cases are described by
bisector planes that are constructed by assigning a set

of virtual neighboring generators mirrored about the
boundary planes. Basic steps in constructing the mesh of
Voronoi polyhedra from a set of generating points in 3D
space are described below.

1. Identify the neighboring points for a given generator p;.
The space surrounding the point p; is divided into eight
octants and the N points closest to p; in each octant are
selected. The number N is generally selected as 10 for
accuracy and efficiency [33]. Following this, the bisector
planes between a generator p; and each of the 8N
neighbors (pj;j = 1---8N ) are constructed using Eq.
(5). These 8N bisector planes, together with the 6
bounding planes of the prism are considered as candi-
dates for faces of the Voronoi polyhedron associated
with a generator p;.

2. Construct the edges of the polyhedra in a sequential
manner, starting with p; the nearest neighbor to p;. The
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(c)

Fig. 1. (a) Bisector and first plane and line of polyhedron i (b)
Construction of the first edge (c) Location of the pivoting point. p;

first polyhedron face is a sub-domain of the bisector
plane Bj. Point p; in the bisector plane Bj;, defined by
the position vector 7; 4 #;/2, is utilized in realizing the
boundary of the face. The edge Lj; of the face Bj;, shown
in figure 1, corresponds to a boundary of the Voronoi
cell associated with the generator p; and is constructed
from the 8N — 1 + 6 possible neighbors. Here 6 corre-
sponds to the number of bounding planes. For each
neighbor p;(! # j) and the 6 bounding planes, the edge
line L;j(7;1) is formed as the intersection of the bisector
or boundary planes B;; and Bj i.e., L;j : Bjj N B; Vj # L
The plane Bj that is chosen as the first face of the
Voronoi polyhedron, is the one for which the perpen-
dicular distance 7j; = (#; — #;;) from the point p;; to the
edge L;j is a minimum as shown in Fig. 1a. The inter-
secting line L;; is obtained by solving the simultaneous
algebraic equations for the bisector planes:

aiixg + biyc + cijze = dij, anxc + biyc + cuzg = di

(6)

The point p;j, which is the shortest distance on Lj; from
pij» is obtained by solving an additional constraint
equation:

(flij X ﬁil) . (f’l] — fg) =0 (7)

Here 7;; and 71;; are normals to bisector planes B;; and Bj
respectively and 71;; X 7; is the direction of the line Lj;.
This yields the relation

(bijcir — cijbir) (xg — xr) + (cijai — ajicir)

()’G —)/F) + (aijbil — bijail)(ZG — ZF) =0 (8)

The coordinates of the point Pg(xg, ¥g,2c) are obtained
by solving equations (6) and (8).

. Delineate the limits of the first edge Ly, corresponding

to the vertices of the Voronoi cell for the generator p;.
These are the intersection of the line L;; with neigh-
boring bisector planes, generated from neighbors p,,
and p,. As illustrated in Fig. 1b, the vertices Vi, and
Vijim»> are obtained as the intersection of the line L;;; with
the bisector planes Bj, and B j,, for m,n # i,j, . For
any point pi(k # i,j,1) the vertex Vjj is generated as
the intersection of bisector planes By, B; and B;; by
solving the corresponding equations

aixx + by + cikz = dix, apx + by + cuz = diy
ajix + by + cijz = d;; 9)

These are constructed using the points p;, px, p; and p;.
Points p,, and p, are chosen from (8N — 2 + 6) points



so that | 7, — g | and | 7, — 7| are the minimum
distances from Pg to all vertices in both directions. The
positive and negative directions along the line L;;, from
P to the vertices are chosen from the conditions

(f'F — TA',) . [(?ijlm — TA',]) X (IA‘G — fg)] <0

(Fp — 71) - [(Fijin — 75) X (Fg — 7;)] >0 (10)
respectively. Each line L;;, terminating with the vertices
Viim and Vy, constitutes an edge of a polygon desig-
nated as Ejj,,. Of the subscripts, i corresponds to the
generating point, j and I correspond to the neighboring
points contributing to the edge L;j, and m and n cor-
respond to the generators of the limit plane.

4. Subsequently, construct the other edges in a sequential
manner. Faces are constructed to close the polyhedron
using the property, that two faces share every edge in
each closed polyhedron.

5. The bisector point p;; is considered as a central point in
the construction of all edges, e.g. Ejjimy, in the plane Bj;.
After constructing the first edge Ejj,, subsequent edges
Ejjimp are constructed in the direction of right-hand rule
with the thumb pointing from p; to p;. The next vertex

Viinp for the generator p, is chosen such that the vector
(Fij = 7i) - (Fijmp — Tij) X (Fijnp — 7;7) has the same sign as
(P — 74) - i(r,ﬂm 7ii) X (fiim — 73j)]. Furthermore, the
vertex Vi, is selected from all 8N — 4 + 6 possible
candidate bisector planes such that the distance

— #iinp| is @ minimum. The process of generating
adjacent vertices and edges is continued until the last
vertex coincides with the starting vertex Vijy,.

6. Upon construction of the polygonal face F;; C B;; for the
point p;, other faces of the Voronoi polyhedron, e.g.
Fj; C By, are generated by using the same algorithm.
Note that the two vertices Vi, and Vi, and edge Ejjiun
have already been determined. The other vertices are
then determined as the intersection of the plane B;; with
another candidate bisector plane following the steps
enumerated next and depicted in figure Ic.

(a) Generate a plane F that is perpendicular to the plane
B; (F L Bj) and a bisector of the edge Ejjmn
(F L Ejjimpn), satisfying the condition

A +7; .
(Fm — 2 - (Fijin — Fijin) = O resulting in

AmX + by + cmz = dp, (11)

where
Am = Xijlm — Xijln, b = Yijlm — Yijln, Cm = Zijlm — Zijln,

1
dm - E (x?jlm - xz;jln) + (yzgjlm _ylgjln> + Z?jln)

(12)
(b) From p;, drop a perpendicular on the plane F, in-
tersecting the latter at point py. The point py may
be obtained from a directional line Eq. [34], by
solving the equations
Ay b Cm

AmXy + buyu + cmza = dm

(Zz;jlm -

XH — Xi ZH — Z;

(13)

where ay,, by, ¢, dy are determined in Eq. (11)
and (12).

(c) From py, drop a perpendicular on plane Bj to in-
tersect at the point py.

(d) The location of p; with respect to the edge Ejjny is
important in determining the directional sequence
of vertices of the face Fj. A reference point p; on the
line containing point p; and the middle point of
edge Ejjim, is constructed very close to the edge
Ejjimn and on the same side as the point p;. The sign
of the vector operation

(fr —7i) - [(f'iﬂm — 7)) X (Fijin — f’ﬁ)]
is used to determine the directional sequence. The
rest of the construction follows steps 1 — 5.

7. After the first face of polyhedron is constructed about

generator p;, the other faces are constructed from edges
of the first face till the entire polyhedron is closed.

2.2
Surface based Voronoi tessellation for ellipsoidal
heterogeneities
The VCFEM mesh is based on Voronoi tessellation of the
microstructure consisting of finite sized heterogeneities. If
the heterogeneities are equi-sized non-intersecting
spheres, the resulting Voronoi polyhedra are the same as
those generated by the point generation methods with
their centroids as generators. However, most physical
domains contain nonuniform heterogeneities of different
sizes and shapes. Intersection of the bisector planes with
heterogeneities may be a common occurrence with the
centroid-based tessellation algorithms for these cases.
Consequently, a surface-based algorithm is developed
based on bisector planes between closest points on the
surface of two neighboring ellipsoids In this algorithm,
closest points p;(x;, y;, z;) and pj(x;, y], ) between two
neighboring ellipsoids are first obtalnecf by solving a
constrained minimization problem:

Minimize : f(x}, yi, 2}, x;, ¥}, Z})
2 2 2
(=) )+ (4 2)
wrt X, ¥ty 20, X, ¥y 2

such that the points belong to the ellipsoidal surfaces:

2 9 2 ¥ V5
l 1 1_ —
ZtEtetl atprac! (14)
4; € j i 5
where

Xi X — X

Vi ¢ = [Ri]] ¥i —vi

21' Z:-—Zi

Here (x;, yi,z;) and (xj, yj,z;) are ellipsoidal centroidal
coordinates, a;, b;, c; and aj, bj, ¢; are the semi-axes and [R{]
and [Rj} are the coordinate transformation matrices from
global coordinate system to local coordinate systems, of
the two ellipsoids. The local coordinate system has its
origin at the centroid of the ellipsoid with the three axis
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aligned with the three principal axes. The corresponding
unconstrained minimization problem is constructed by
using Lagrange multipliers as,

( z’yz’zux]a)’]a /lla/hz)
= (] —x)? + (7 — )+ (z]’-—zg)2

2P 2 32? p2 z2
+a( +;+ >+b( +ﬁ+i—0

The minimum distance is obtained by the solving the
minimization Equation [35,36] as

OFb

VE=0=>—_—=0(k=1...8) (15)
ask

where s is the set of 6 coordinates for the two closest
points and the 2 Lagrange multipliers.

A serious problem that may arise with surface based
algorithms is the non-concurrence of three candidate in-
tersecting edges, i.e. they do not meet at a point. This is
illustrated in Fig. 2a. The non-concurrent edges form a
small triangular region ABC in Fig. 2b, which would reduce
to a point in the point-based tessellation algorithm. Con-
sequently, the triangular domain is shrunk to a point with
coordinates determined by averaging those of the vertices
of the triangle. The method rotates the corresponding
edges slightly. The vertex merging process is done se-
quentially. Intersection of edges with heterogeneities is
subsequently checked and local perturbations are made to
avoid these intersections. An alternative to this is to allow
non-planar edges, which was avoided in this paper.

Heterogeneous domains with various spherical and
ellipsoidal inclusions are tessellated into 3D Voronoi cell
meshes using the code developed. The resulting meshes
are tested for edge intersection with heterogeneities as well
as for internal voids or overlaps. For the latter check, the
sum of the individual volumes of all Voronoi cells is
compared with the volume of the heterogeneous domain in
consideration. Selected tessellated domains, shown in Fig.
3, include: (a) 100 randomly distributed spheres of the

(a)

Fig. 2. (a) Problems caused by using surface based bisectors (b)
Solution obtained by merging of vertices

same size with volume fraction 15% and (b) 100 randomly
distributed ellipsoids of different sizes with 1 cluster with
volume fraction 15%, all in a 10 x 10 x 4 box. The results
of the tessellation are found to be satisfactory for all these
cases.

3

The 3D Voronoi cell FEM (VCFEM) formulation

Each Voronoi cell with the included heterogeneity con-
stitutes an element in the 3D Voronoi cell finite element
model. In each Voronoi element, the matrix and hetero-
geneity phases are denoted as Q) and Q! respectively. The
element boundary 9QF is comprlsed of three mutually
disjoint parts, namely the prescribed traction boundary
I, the prescribed displacement boundary I',., and the
inter-element boundary I'e. Thus 6Q =T UTue U e
The interface 0Q! between the matrlx “and heterogeneity
has an outward normal n’, and n® is the outward normal
to 0QF. For the VCFEM element formulation for hetero-
geneous materials, the micromechanics boundary value
problem is described as:

Find(6™,6',uf,u’) € 7" x T" x VE x Vsatisfying

Ve +f1=0c0Mand V.o +f =0 (a)
oBM v, OB !
a M GQ andﬁ—e cQ (b)

(c) (16)

The variables a, €, B and f are the equilibriated stress
fields, the corresponding strain fields, the complimentary
energy and body forces per unit volume respectively in the
element interior. uf and u’ are the compatible displace-
ment fields on the boundary 0QF and the matrix-
heterogeneity interface Q.. Variables with superscripts M
and I correspond to the interior of the matrix and
inclusion phases respectively, while superscript E refers to
variables on the element boundary. The superscript I is
also used to denote quantities on the matrix-inclusion
interface. 7™, 7" VE V! correspond to Hilbert spaces

w=aonl, andae -nf=tonT,,

vertices A,B,C merged to one vertex




containing the stress and displacement solutions
respectively. The VCFEM formulation is based on the
assumed stress hybrid finite element method, in which
stationarity conditions of the element energy functional
SN (6™, 6", uf, ul) in the variational principle yields
the weak forms of the kinematic equation and traction
reciprocity conditions, as Euler equations. In the small
deformation elasticity finite element formulation, the ele-
ment energy functional I1, is defined in terms of stresses
and boundary and interface displacement fields as:

(6", !, uf ul) = — / B (M)dQ
QM

e

e

—/ (¥ —al)-n'-uldoQ (17)
oQ!

The element complimentary energy density B is expressed
in terms of the equilibriated stresses as B = %o- : S : g, with
S as the compliance matrix. The element energy functional
consists of bilinear forms ,a™/’, ebf II and the linear
functionals .f* and ,g™/' defined as

M/1
M/ (GM/T /Ty oB;" Mo
€ e e oM/ ao-eM/I T e
X @/l U TUIT R

X, bM/I(o_M/I uE/I) _ /695/1 oM/ . nf/I . uf/IdQ

E/I \Ue 1 %e e
xo by T X VET R

xefE(uf):/r tuldl

/1) M/ oB"! M/
xe g1 (a? ):/QynaaeM/f:”e dr

x, gt T LR

fEVESR

(18)

Fig. 3. Tessellated domains
yielding Voronoi cell meshes
for (a) 100 randomly dis-
tributed spheres of the same
size with volume fraction 15%
and (b) 100 randomly dis-
tributed ellipsoids of different
sizes with 1 cluster with vo-
(b) lume fraction 15%

The (/) symbol is used to denote alternative domains, e.g.
M/I corresponds to the interior of the matrix or inclusion.
In VCFE formulation, the equilibrium conditions and
constitutive relations in both the matrix and inclusion
phases, and the compatibility conditions on the element
boundary and matrix-inclusion interface are satisfied a-
priori in a strong sense. The element kinematic equations
in the matrix and inclusion phases, i.e.

Vul = € in Q¥ and Vul = €l in Qf (19)
are however satisfied in a weak sense from the stationary
conditions of the element energy functional in equa-
tion(17). The weak forms are obtained by setting the first
variation of I1, with respect to stresses in individual
phases to zero as

— a"(a}!, 66}") +. by (66}, uf) — by (96}, uy)
=0 VYol e T¥ Ve
— al(o{e, 50‘2) +. bf(éo‘i, ui)

=0 Vool €Tl Ve (20)

Solution of Eq. (20) yields stresses in the constituent
phases. Furthermore, the VCFE formulation assumes weak
satisfaction of the traction reciprocity conditions on the (i)
the matrix-inclusion interface GQi, (ii) the inter-element
boundary I',,., and (iii) the domain traction boundary I';, ,
expressed as:

6. -n' = ¢” . n’ on 0Q(interface)

E+_ M
= O-E

=

-nf~ on 0Qf (inter-element boundary)
nf =t on I',(traction boundary) (21)

In the variational principle, the weak form is obtained by
setting the first variation of the total energy functional
1= Zi\’:l I1, with respect to the displacements on the
element boundaries and interfaces to zero as:

O'IEVI'I'I
g,

N N
D b (), ul) =) " ofF(ouf) Voul € VE
e=1

e=1
= {vE € H°(0QE) : vF = 0 on [} Ve
%, bi(al, oul) —, b (e, oul) =0 Voul € V! Ve
(22)
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3.1

Equilibriated stress fields in VCFEM

In the absence of body forces, three dimensional stress
fields satisfying equilibrium relations can be generated in
terms of components of an appropriately chosen
symmetric tensor stress function ®;;(x;, xz, x3)(= ®;;
(%1, X2, x3) (see [37, 38]). The resulting stresses are

0’D,, 0D 0’ D,;
o1 = —
H 0x3 0x3 0x,0x3
62<D33 62(1)11 62(1)31
=2 ok T a
X x5 x10x3
0*d,;  0*Dy, 0’dy,
033 = —
P o Ox? 0x,0x;
0’d,; O*Dy;  O'D, 0Py
01y = — —
27 0x,0x; | Ox,0x; 0x3  0x;0x,
0*D, 'y, OPD; 0Py,
013 = — —
B 0x,0x; | Ox,0x, 0x3  0x;0x3
0*Dy;  OPD,  OPDy  OPdy
073 = — 5 (23)
0x10x,  0x,0x3 0x7 0x,0x3

The six scalar stress functions ®@;; are not independent.
Two reductions of the full matrix representation of ®; are
commonly known as the Maxwell and Morera’s stress
functions [37,38] and are expressed as

Maxwell : ®;; =0 V i# jand Morera: ®; =0 V i=j

It is possible to construct a set of Maxwell or Morera
functions for every stress distribution that satisfies the
equilibrium Eqs.[37]. Different functional forms of the
stress functions are chosen for the matrix and inclusion
phases in VCFEM 1mplementation. Independent choices of
(I)] (x1,%2,%3) and @; j(x1,%2,%3) allow for stress dis-
continuities across the matrix-inclusion interface. It is
important to note that the stresses can vary significantly
inside of each element, depending on the choice of stress
functions. Substitution of these functions in Eq.(23) yields
stresses in terms of well defined functions of the position
[P] and unknown stress coefficients f§ as:

{o} = [P¥ (1 x0x) [ {8}
{oe} = [P'(x1,x2,%5) [ { .}

Convergence properties and efficiency of VCFEM are sig-
nificantly affected by the choice of ®;. These functions
should adequately account for the shape, size and location of
the heterogeneity in the element. Interface effects should be
strong in its vicinity, but should decay with increasing dis-
tance from it. Polynomial functions alone do not contribute
adequately to this requirement and hence suffers from poor
convergence [18]. Consequently, stress functions in VCFEM
are constructed from two sets of expansion functions that
have complementary effects on the solution convergence.

3.1.1

Pure polynomial forms of stress functions:

The components of the stress functions @} and ®;; are
constructed using pure polynomial expressions in terms of
the location (x1, x,, x3), as.:

(24)

(q)poly) Z( )pqrxll)xgxg and
p.qr

((I)llwly)y = Z(ﬁI)pqrxprx3 (25)
p.qr

As discussed in [39], invariance of stresses with respect to
coordinate transformations can be ensured by a complete
polynomial representation of ®;;. Stability of the algorithm
requires linear independence of the columns of basis
functions [PM(x,x,,x3)] and [P!(x,x,,x3)]. A special
procedure is implemented for constructing the three de-
pendent components in either the Maxwell or the Morera
stress functions that would satisfy linear independence of
[P(x1, %2, x3)].

1. Stresses 62/ are constructed from only the first com-

ponent ®@;;(x;, x3,x3), using Eq. (23) and (25).

2. The next set of stresses are constructed using
Dy, (x1,%2,%3) in Eq. (23).

3. The two sets of stresses from steps 1 and 2 are com-
pared to seek out terms w1th identical exponents in the
terms containing x; and xk. The corresponding
coefficients, e.g. (™ )lk in @y, are set to zero.

4. This procedure is repeated with all the other compo-
nents of ®; in sequence.

3.1.2

Reciprocal stress functions based on interface geometry:
It has been demonstrated with 2D VCFEM in [18] that very
high order terms are required with pure polynomials to
account for the effects of the matrix-inclusion or void
interface, leading to poor convergence. To avert this,
reciprocal augmentation functions have been developed in
[18,19] following the analytical solutions of Muskhelishvili
[40]. In 3D, a novel method of developing reciprocal stress
functions is developed to improve convergence. The
method follows displacement solutions in an isotropic
elastic domain with an ellipsoidal cavity developed by
Sadowsky and Sternberg [2, 3]. The 3D general solutions to
Navier’s equation for elastic media, as proposed by
Boussinesq, is obtained by superposition of four harmonic
solutions [1]

[0X; 0X; 0Xi]
—[(3 —4v)X1,0,0] (a)
[0X, 0X, 0X,]
—[0,(3 — 4v)X,0] (b)
[0X; 0X; 0X;]
_6 ze 6x3
- [Ov 0, (3 - 4V)X3] (C)

OF OF OF
2 el [ 22 o
(26)

where G is the shear modulus, and X;(i = 1,2, 3) and F are
harmonic functions, satisfying the Laplace equations.

X1

ZG[ub Uz, u.’:] = X1

2G[u, uy, us]® = x,

X3

2G[uy, up, us|™ = x3




Stress fields are generated by superposing stress solutions OF
(26) using the generalized Hooke’s law. The stress solu- o’ aj‘l
tions for each of the displacements are or
X 02 0x)
011 1 o &r
O N ai‘g from equation (26d) (30)
g12 O°F
%10
033 o3 9;12;2
012 023 a’glza;s
031 6x26x3
o2 Each of the above stress fields satisfies equilibrium equa- 517
—2(1 — v) aXl +x;, 2 X X tions. Consequently, stress functions ®;(i =j = 1,2, 3),
ox, e Xl K for representing equilibriated stress fields in Eq. (23), can
—2v§ ox1 + X173 be derived from these stress fields. For example, stresses
2y afl + x; a Xl from Maxwell stress functions corresponding to the dis-
= (-2 Xy 3@ x, ¢from equation (26a) placement solutions X, can be written as
B 3 20X A2 X 20X A2 X
—(1-2V% o + X s o = 0P T 0y = S
2 2 ) 2 2
X ai}?é;z 0x3 0x; 0x1 0x3
0X1 — azq)i(ll 62(1);(21
(27) 73T oxz Ox?
X 25X 25X
o L I
022 12 O0x,0x, 1 0x10x3°
033
aZcDXl
o = 2o (31)
031 0x,0x3
023 The functional forms of stress function components are
—2v axz +x, afz assumed as follows
—2V ax ¢ X2 (I)i(ll = —X1X1, (I);{zl = (I);(; = —X1X1 -+ 2(1 — V) /dexl
2% 4 ) a X2 .
= 0x - * oy from equation (26b) (32)
—(1- 2") T T X255 the corresponding stresses can be derived from Egs. (31),
10%; p g q
x azXz (32) and (26) as
s X, X
X X 1 1
(1 _ZV) 2+x26x2632c3 ) 0)1(11 = —X1 (a_x%—i—F) —|—2(1 —v)
(28) y / XL T ale 21— o
X — —V)—
011 X3 6 Ox 2 ! 6x{ 6x1
022 62X1 axl ale X,
; N O I
gii; 2 Yo Tox  axd =95 oxy
X, X aX1 X, X
g31 =—x —2+—2 — V=X 2V
093 ax3 Ox axl ©x2 axl
2
ox X X 6X1
_Zvaxi ek R o o
& a X3 0 0X
—2(1 — V) @Xs X2 X1 ,
= from equation (26¢) oX, 00X
o o -yt m
3 Bx10x, X2 2X1 X2
2 & 0°X
(120 B, R ol = [(1 Gt
(1 _ 2 )6X3 _|_ 62X3 2 x2 xl x2
v X3 3,05 o 0°X; (33)
= X1 —
(29) 23 ! 6x26x3
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These are exactly the same as stress expressions in Egs.
(27). Stress functions from the other functions in the set
(27, 28, 29, 30), are constructed as

(Di(lz = (Df; = —xX; + 2(1 — V) /Xde27 (D;(ZZ = —xX;

(Di(ls = (D;(ZS = —X3X3 —+ 2(1 — V) /}(361)(:37 (I);(g = —x3X3
F F F
Oy, =0y, = (I)ss =—F

These stress functions should satisfy necessary displace-
ment constraints at the interface, as well as facilitate stress
concentration. To accomplish this, a set of harmonic dis-
placement potential functions X;, X;, X3 and F that vanish
at infinity is chosen. These functions are periodic and are
symmetric with respect to the principal ellipsoidal
coordinates oy, o and o3. In [3], displacement potentials
X1,X,, X5 and F have been expressed as Lame functions of
the first and second kind to satisfy these conditions. These
functions are expressed in terms of ellipsoidal coordinates
(ala 02, 063) as

(34)

X1 = m815253,X2 _FCICZC%
im
X3 = K -7, D1dads, (35)

where (sj, ¢j, d;) and (S}, G;, D)), (j = 1,2,3) are elliptical
functions of the first and second klnd respectively (see
Hobson [41]), m is a constant that depends on the
dimensions of the ellipsoid and i = V—1. Let (%1, %,,X3)
correspond to an orthogonal coordinate system centered
at the centroid and along the principal directions of the
ellipsoid. The ellipsoidal coordinates

(X1, %2,%3),j = 1,2,3 may be derived to satisfy the
characteristic equations

)

X1 X3 2 2

— + + =1Vk <a <o0 a
2 2 —h o — k2 - 1= (a)
/\2 /\2 /\2

X1 X2 X3 2 2 2

— =1Vh <a; <k b
W oi—h k-2 2 (b)
/\2 /\2 /\2

X1 X2 X3 2 2

— — =1V0<o; <h c
ag hz—ocz kz_ag 3 = ()

(36)

For oy = constant, Eq. (36a) reduces to that of an ellipsoid.
If oy = constant in Eq. (36b), it yields the equation of a
hyperboloid of 1 sheet, and if a3 = constant in Eq. (36¢), it
yields the equation of a hyperboloid of 2 sheets. The Egs.
in (36) can be solved to obtain a set of possible Cartesian
coordinates (X, X,, X3) in terms of the ellipsoidal
coordinates (o, o, 0l3) as

oo mns o /(d = 1) /(0 — ) /(2 — )
T n ) ,
o VOE—RE =) ) 57)

ky/ (k2 — )

Lame functions used in [3] can be expressed in terms of
the ellipsoidal coordinates (see [41]) as

sy =oy/h, s =0,/h, s3 =a3/h (a)
a=1/2—h* ca=1/ad—h* =1/ -0 (b)

di = /o2 — k2, dy = \/kK2 — 03, dy = /K> — a2 ()
o

o d
Sl - 3 d
/“1 \/(9‘1 \/ — k) “

dO(]

— / _ 2
Cr=3yo—h /m (a2 — h2)} /(o2 — k2) R
&0 dO(l
— 2 _ ]2
SR CR e I

(38)

The above functions may be expressed in terms of the
standard elliptic integrals of the first kind (¢!) and the
second kind (), that are defined as,

(t,K :/ z and
(5, K) 0 V1—K2?22V/1 — 22
t 1 _ 2
(¢, K) = V1-2dz (39)

1 - K222
Consequently, functions in Eq. (38) can be expressed in
terms of elliptic integrals in Eq. (39) (see [42,43]) as:

=3 (@ (3) (5 1)
(o) e o))
=39~ <l—h—>8 (" h)“(" )
—CI(A“( )+A2 (lk)+A)
‘dl(”*g(skW ('?D“‘?)

The detailed expressmns for AJ are given in the appendix.
The superscript j in A’ corresponds to the respective Lame
functions s, (j = 1), cl(] = 2) and d;(j = 3). The displace-
ment potentials are then obtained by substituting Eqs. (40)
and (37) in Eq. (35), i.e.

. k h k h
Xlle(A%*FI<a—l,%>+A;*("H<O€—1,E>+A;)

. k h k h
&:“@“%aﬁ+ﬁ*”aﬁ+*)

. k h k h
X3 :x3(A';’*€I<O‘—1,E> +AS*FII<O(—1,E> +Ag) (41)

(40)



Integrals indfci, (i, =1,2,3) in Eqgs. (32) and (34) are  the leading order term should be pronounced at the

evaluated as: interface, i.e. at a; = 1, and should decay rapidly with
k h increasing distance from the interface, i.e. o; — oco; and
/ X;dz; = / <A’ % g ( > (ii) The resulting stress field should be invariant with re-
ok spect to coordinate transformations and be independent of
.k h A the relative orientation of the principal axes of the ellip-
+A ok dx; soid with respect to the load directions. To achieve the first
! condition, the elliptic integrals in equation (44) are
1 <A’ ‘e <k h) T AL (5 ﬁ LA expanded in a series in o as:
—2" ok w'k) (k h) k | K — kK
I
— ===+ —
ao(Ai=d(E0) A= (£.0) + ) w'k) a6 5
_ [z _ dx; _isz is_i 4\, -5
/2 0% +< 2Okh +40k kh* | o,
x? < ; k h ; k h ;
_ M A’l*el(—,—>+A’2*£II<—,—>+A§> —ikshz——k3h4 5 Y
2 ok ok HAGETP 112 112

(od — 1)
[ )
112

2
X(l—z<o@—ig> +<—ikh8——k7h2 33 g

T ; 1152 288 1152
i 1 1
6(A‘*8< 7>+A1*8 ( )+Az> S e o 4 oo
1 ETRA: - gofl d% 192 288 o+ (OC1 )
0y Xi “ i 5 B B E_’_ kh? + K3
(42) k) oy 603
where I; = 0,1, = h and I3 = k. After evaluating 1 3 3
. A . 372 4 5
0oy /0%x; 0oy /0%; from Eq. (36), the integrals are restated as ( kh *kh - *k )
)
e X afkh ik h i —ik3h4——k5h2 —kh6
/dexl——{Al*S <—,E> +A2*8 (a—l,% +A3 + 112 112 +112
k h ; k h i A A P
_Z { < k> +B]*¢ < ,§> +B3j} 112")0‘1
j#i % 35
‘ e —k3h6 —khs
Mo (KM Lo (XM o (43) +< 152" T8 " T 1is2
2 ! o1 ’k 2 o1 7k 3 1 5
; 574 71,2 —11
The first superscript i in B} corresponds to the respective T 64 k'h” + 288 k'h ) 7+ 0(oq 1)
the Lame functions s;(j = 1), ¢;(j = 2) and d; (j = 3), while
the second superscript correspond to the Cartesian (45)

coordinate ;. Maxwell stress functions are subsequently  Convergence of the series in Eq. (45) is guaranteed, since
derived by substituting Eq. (43) in Egs. (32) and (34) as h < k < 1. The rate of convergence is fairly rapid for el-

3 22 k h k h lipsoids with low aspect ratio. For example, if the principal
CI)ﬁ" = Z—J{BU oy < ) —|—Bl] < ) —|—B’J} axes ratiois 2 : 1.5: 1 (h = 0.661 and k = 0.866), the series
=1 2 o’k o'k expansion takes the form

S N A NS 3 AN
—51Ci*e (a—l@>+cé*8 k) TGHV=L23 e’(k h)_0.866000+0.056283649 0.022033934
(44) w'k) o o3 o

The functional forms of BZ and C,’; are determined from 0.0104581217 | 0.00554282513 O( ! >

the displacement potentials X;, X, and X3 using the sym- o o ot
bolic manipulator MAPLE [43]. The coefficients corre- [k h 0.86600 0.1602036493 0.05663792256
sponding to the standard elliptic integrals (i.e. B,f and C; ¢ 'k = rx e + P
for k = 1, 2 & l,_] = 17 2, 3) are functions of the dimensions ! 0012506215896 1 0.0125602296 1
of the ellipsoid f(h, k). + = 5
The expressions in Eq. (44) should be effectively 1 % *
represented in the stress functions of the Voronoi cell FEM 40 <_>
formulation, with two characteristics, viz. : (i) The effect of !
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For low aspect ratios, the stress functions in equation (44)
can then be expanded in the form Z(ﬂ) where a; are

expansion coefficients. However, for hlgher aspect ratios,
the rate of convergence of ¢ is much slower. For example,
for the principal axes ratio 9:3 : 1 (h = 0.9439 and

k = 0.9939), the series expansion takes the form

I k h 0.9939315872 0.0160354296
e\l—,7 = + 3
ok o o
0.00927200612
o
0.006386476357 0.00479290549 1
+ o o) 0 ol
1 1 1
I k h 0.993931587 0.31126624
e l—,7 ] = + 3
ok o o
0.175693615
o
0.11821546

0.08672541547 O< 1 >

7 9 11
o o o

Comparison of the coefficients of o in expressions of &

for high and low aspect ratios confirm this observation.

To enhance the convergence rate with increasing aspect
ratio ellipsoids i.e. for k — 1, (0 < h/k < 1), the following
two limiting functions are added to the series of reciprocal
basis functions in o, in Eq. (45).

limity & <k ,h) tanh_1<£) and
k k 4]
k h k
o R W .
limit _g¢ (ocl’k) sin (m)

The corresponding linear combination of the two elliptic
integrals is

k h k h " a; k
Ayxel (== )+ (=~ ) ~) —+btanh | —
1%E <oc1’k>+ 2% E <oc1’k> ;oc’1+ 1tan n
+bysin | — 47

bysin! k

o

(46)

The coefficients Bl] in Eq. (44) can simjlarly be represented
as a convergent rec1procal series, i.e. BJ Zk G . Again, the
1

rate of convergence of the series is slow for ellipsoids with
high aspect ratio, i.e. (h,k) — 1 as a; — 1. Consequently,
this functional form of B} is retained in the finite element
approximation of the stress functions.

are integers satisfying p + q + r = 2. Equation (44) can be
rewritten for ellipsoids of any orientation as:

3

CI)lll = Z Z (Cpqrxpxzxs)

j=1 Vp+q+r=2
(B ¢ (1 ,k) +BY sl (ﬁ %) +BY)
% 2
(c{*gf(;ﬁ,%)+c1*s< )—i—Cj)
- > Vi=1,2,3
(48)

For incorporation in the finite element formulation, these
stress functions are approximated by using series expan-
sion of the elliptic integrals in Eq. (48) as:

2 ﬁpqrzxpxz X3

UEDNDY

i= 1Vp+q+r 0

+ Z xpxzxsﬂpqrtanh

Vp+q+r=0

2
+ Z x’ljxgxgﬂ[l,qr sin”!

VP+q+r 0

+ Z xpx2x3z pq,

Vp+q-+r=0

&)
(%)

The effect of adding the rec1pr0cal functions to the stress
functions on the solution convergence is demonstrated in
table 2 of section 5.3.

3.1.3
Boundary displacement assumptions

The faces of each 3D Voronoi cell element are generated to
be planar polygons. Each face is further dissected into tri-
angular subdomains with a node at the centroid, as shown in
Fig. (4)a. The number of triangles is equal to the number of
edges on each face. This facilitates interpolation of element
boundary displacements. Similarly, the matrix-inclusion
ellipsoidal interface is divided into 6 or 24 surface quad-
rilateral elements. Compatible displacement fields satlsfylng
inter-element continuity on the element boundary QF and
inter-phase continuity on the matrix-inclusion interface
0Q! are generated by interpolation of nodal displacements,
[18 19] as:

uf = [LF]{qf} on 0QF and u!

e

= [L']{q(} on 2Q;
(50)

The stress functions in Eq. (44) are written in terms of where qf and q! are generalized displacement vectors at

local coordinates X;, (i = 1,2, 3) oriented along the ellip-
soid principal axes. For representing in terms of global
coordinates x;, (i = 1,2, 3), the local coordinates should be
transformed to global coordinates according to the rela-
tion (X; = lix; + mx, + n;x3), where l;, m;, n;, (i =1,2,3)
are the direction cosines of the principal axes. Conse-
quently, each of the polynomial terms in the stress func-
tion containing x? should be replaced by terms containing
global coordinates as xx? 1%,x} where the exponents p,q,r

the nodes of the element boundary and interface
respectively. This is discussed further in section 2.

3.2

Weak form resulting from element assumptions
Substituting Eq. (24) and (50) in the energy functional (17)
and setting the first variations with respect to the stress
parameters {fY} and {B.} respectively to zero, yields the
weak forms of the kinematic relations (19),



integration volume for [Hm]

________

element face

(c)

Fig. 4. Element and inclusion surface patches and integration
volume: (a) element face patch; (b) integration volume for matrix
domain; (c) inclusion surface patch; (d) integration volume for
inclusion

PSRy = [P 12t
Q! Rlo%
-/ [[PM] | [L]d02q} (2)
0Q,

/1[ (ST P Q) = / P LA} ()
Q
(51)

where [nf] and [n/] are the matrices containing compo-
nents of the unit normals to the element boundary and
interface. The kinematic Eq. (51) can be expressed as the
matrix equations

o w1 e e
(52)

Subsequently, setting the first variation of the total
energy functional IT with respect to {q%} and {q’} to zero,

_______________

>~ subdivisions
based on variation

of reciprocal terms

(b)

Integration volume in the inclusion

results in the weak form of the traction reciprocity con-
ditions.

N[ foqe L] 0] [PM]dQ 0

— o] [ [PMAQ  [o (L] (0] [PT]d2
B | _ Jr LT {t}dQ
Sri Gy
(53)

Substituting Eq. (52) in the global traction reciprocity
Eq. (53), yields the matrix equation:

S[% e 8]
<[5 Sy} -]

- (54)
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With known tractions and displacements on I';, and I',,
respectively, the global traction reciprocity condition (54)
is solved for the generalized displacements.

3.3

Stability and convergence

Stability and convergence conditions for displacement-
based and stress-based finite element approximations have
been developed extensively in [44,45]. Stability conditions
of the independent stress-displacement field variational
problem in VCFEM, may be assumed to de Mpend on the
condition that energy functionals aM/l( and
bgl/ll(uf/ I o I) in equation (18) are posmve for all
nontrivial stresses and non-rigid body displacements. The
bilinear form ,a™/! represents the element complimentary
energy and may be represented in terms of the stress
coefficients from equations (52) and (20) as

(a1 (eM/ M/ =< M 1, BT S eM/T e T/ (55)

where < . > represents the L, vector inner product.
Consequently, ,a™/! is positive for all 6 # 0, provided the
matrix [H] is positive definite. From the definition of [H]
in Egs. (51) and(52), the necessary condition for it to be
positive definite is that the compliance tensor [S] be
positive definite, which is true for elastic problems. A
second condition is that the finite-dimensional subspaces
T, M/T be spanned uniquely by the basis functions

[P (x,7,2)] and [P!(x,y,z)]. This is satisfied by assuring
linear independence of the columns of basis functions
[PM(x,y,2)] and [P!(x,y,z)], which also guarantees the
invertibility of [H]. Furthermore, additional stability
conditions should be satisfied to guarantee non-zero stress
parameters /! in aM/ I for all non-rigid body boundary
displacement fields u.’’. This is accomplished by careful
choice of the dlmensmns of the stress and displacement
subspaces. From Egs. (1 ) and (20), the bilinear forms of
the energy functional , b ; may be represented in terms of
the stress and d1splacement parameters as

bM(O' u ) —< Gqu7ﬁ >
bM(o'e’ e) =< GMI‘ley ﬁ >, and
Dbi(al,ul) =< Gpql, B > vo.M/I 724/1 and

vul/le ¢ VI

It is necessary that all these functionals .by, / = 0 for rigid
body displacement modes u?/! on the element boundary
and interface. Thus, displacement fields in J‘VE/ T that are
orthogonal to the subspace of rigid body modes, should
strictly produce positive strain energies. This discrete
L-B-B condition [45,46], ensures stability of multi-field
variational problems such as in VCFEM.

3.3.1

Voronoi cell elements with voids

The strain energy for a Voronoi cell element with a void is
expressed from Egs. (20), (56) and (52) as

(SE)iw =e ay(o_zevr’o,gd) =e bg"(o- “E) - bM(O'e ,uﬁ,)
=< Gquf?ﬁM > =< GMIqevﬂjeVI
=< (Ggqt — Gurql), B >

(56)

E
q.

=< [Gg —GMI]{ },
q

6 el &}
—< [Gwid]{Q}, [HM]_I [Gwid}{Q} >

For the porous element, [G"] is a ny' x

(57)
x (n; +np) rec-

tangular matrlx, where nt = dim(T™), nf .= = dim(V%) and
nq = dzm( ’). Since [Hy| is positive definite, the strain
energy in the Voronoi cell element vanishes for zero stress
fields in the matrix, and consequently in Eq. (57)

(SE) =0 [674]{Q) =0

The necessary condition of stability is written from Eq.
(58) as

[6“){Q} = [UJ[A[VI{Q} #0,vQ( Q" =0

where Q™ correspond to the six rigid body modes of
displacement. The matrices [U] and [V [ |, whose columns
are the eigenvectors of [G*][G*]" and [G"**|"[G"*™]
respectively, are orthonormal matrices obtained by sin-
gular value decomposition of [G*]. [/] is a rectangular
matrix with positive entries on the diagonal corresponding
to the square roots of the non-zero eigenvalues of both
[G*4][G*"]" and [G"‘”d} [G"]. Premultiplying both sides
of Eq. (59) by [U] " yields

[A][V{Q} = [4{Q"} =0 (60)

Since the columns of [V] are linearly independent, the
above equation can only be satisfied for either trivial or
rigid body solutions of the boundary displacement.
Equation (58) also leads to the L-B-B condition for

rank sufficiency of a Voronoi cell element with a void.
Positive singular values of [4] imply that the strain
energy associated with the stress field solution ¢ (uf, ul)

e’ e

associated with non-rigid body displacement fields
ul/t et VEMYLVET (P VEIT — () s strictly non-zero. From
Egs. (20) and (58), the L-B-B condition may be stated as:

bp (0}, ug) — by’ (o), uy)

e’ e
[uf @ ug |

(58)

(59)

Jy > 0 such that sup

E/I I
Vue/ GLVf/

>yl e || Vo, € T,

(61)
where || - || are metric norms defined in the respective
subspaces. The corresponding necessary condition for
stability in terms of the matrix dimensions become
M E_ | I
ng >n,+n, —6 (62)
The sufficient condition for stability is established by
ensuring that the eigen-values in [A] are positive, which is
enforced at the solution stage.

3.3.2

Voronoi cell elements with inclusions

For a composite Voronoi cell element with an embedded
inclusion, positiveness of the total strain energy



(SE), = (SE)S/I + (SE)II2 can be stated in a similar manner
as:
b (M uf
Jy > 0 such that sup M
VufELVf || ue ||

> o || Vol € T and

I I .1
blCete) 5 ol Vo € T

Tul | (63)

[
YulelV,

The corresponding L-B-B condition or the necessary
condition for stability are (see [18,19])
M E I 1

ng >mn, —6and ny > n, —6 (64)
These conditions are sufficient to guarantee the existence
of solution and its convergence for multi-field saddle point
problem posed by the Voronoi cell FEM with elastic con-
stituents [46].

4
Numerical implementation

4.1

Scaling of the stress function

It is desirable that matrices [Hy] and [H;| have good
condition numbers and are invertible. Global cartesian
coordinate representation with varying exponents make
disparate contributions to these matrices. For example, for
x,y,z >> 1, different exponents n can make big differ-
ences in the matrix components that can lead to bad
conditioning with poor invertibility. Scaling of stress
functions have been proposed in [18,19] through local
element coordinates (&, 7, (). Coordinates (x, y,z) are
linearly mapped as

_(X_XC) _()’_)/C) _(Z_ZC)
g=E) 022 o

where (x,, y., z.) are the center coordinates of the Voronoi
cell element and [ is a scaling length determined as:

(65)

| = max | max(x, — x.), max(y, — y.),
max(z, — zc)|V(Xe, Ve, ze) € Qe

The scaled coordinates are in the range of —1 to 1 for most
Voronoi cell elements. The corresponding matrix stress
functions in Eq. (49) have the form

m m
L M
prgtr=1 pHq+r=1

n
1 mos
x kz:ap+q+r+k ﬁquk’ t=j=12,3 (66)
=10

4.2
Numerical integration schemes for G and H matrices

4.2.1 Integration of [G] matrices

In Egs. (52) and (54), the matrices [Gy;| and [Gy] are
numerically integrated over the interface and the matrix
[Gg| over the element boundary. All numerical integrations
are executed using Gaussian quadrature. VCFEM elements

have polygonal boundaries, which are divided into 6
noded quadratic triangular elements as shown in Fig. 4a.
For each polygonal face the triangular elements are con-
structed with one node at the centroid and two others
coinciding the vertices of the edges. For the ellipsoidal
interface, subdivision to construct 9-noded quadratic ele-
ments is done in the following sequence (see Fig. 4c).

1. A bounding box with its edges parallel to the principle
axes of the ellipsoids and completely encompassing the
ellipsoids is constructed. The ratio of the three edges of
the box is the same as the ratio of the three axes of the
ellipsoid.

2. 9 nodal points are inscribed on each face of the
bounding box. This includes 4 corner nodes, 4 middle
nodes and 1 center node.

. Each of the 9 nodes are joined with the center of the
bounding box and the corresponding intercepts with
the interface form the quadrilateral surface element.
This is repeated for all the 6 faces of the bounding box
faces. It provides smaller elements in regions of higher
curvature

The [Gp] matrix, requiring integrating over ellipsoidal
surface segments of the interface, is sensitive to the surface
elements used for the integration. Standard 9 noded-
biquadratic elements with isoparametric shape functions
can result in significant deviation from the actual surface
area especially in regions of high curvature. To overcome
this, a parametric equation for the ellipsoid is expressed as
x =uacos0sin¢,y = bsin0cos ¢,z = ccos ¢ (67)
where a, b, ¢ are the semi-axes and 0 < 6 < 27,

—1n < ¢ <im correspond to the angular range of the
surface. The nodal coordinates are represented as (0, ¢,)
with = 1...9. The Gauss integration points in this
mapping are interpolated from the spherical coordinates
of the nodes

0= imeaqs = iNaan
a=1 =1

where N, is the interpolation function for a 9 noded
biquadratic element. Subsequently, the global Cartesian
coordinates of the integration points (x, y, z) are expressed
in terms of (0, ¢) and the semi-axes a, b, c. In the in-
tegration scheme, the integral of a function over a segment
on the interface ( [, f(x,y,z)ds) is written as

fil filf J1J,d&dC). J; and J, are the determinants of the
Jacobian operators Telating the spherical to cartesian
coordinates and natural (master) to spherical coordinates
respectively.

ok
3
[ A
L30 30 o0
= sin ¢ cos 9\/b262 sin? ¢ + a%c? sin® ¢ + a?b?
M9 9
J, = det i N0 2o Ny
= 9 9
_ZiZI Nl{(j,ei Ziil Nl{d,d)l'

523




524

This mapping scheme guarantees that all integration
points are on the actual surface.

4.2.2

Integration of [H] matrices:

For accurate domain integration of matrices [Hy/| and [H;],
the matrix and inclusion volumes QY and Q! are sub-
divided into 3D brick and tetrahedral elements respec-
tively. For the matrix domain €,,, the following algorithm
is adopted.

e Each face on the element boundary 0QF is subdivided
into triangles by joining the face edges to the center of
the element as shown in Fig. 4a. The triangles are
represented using 9-noded biquadratic elements with
collapsed nodes at the central vertex. e Each node of the
above triangular element is projected on the interface
0Q!. The projected point is the intersection of the line
joining the node with ellipsoid centroid, with the in-
terface. This results in a 9-noded element at the inter-
face as shown in Fig. 4b. @ The element-pair at the
element face and interface are used to generate
18-noded brick elements for volume integration. It is
possible that the projected element on the interface is
too large due to the relative positioning of the interface
in the Voronoi cell. To correct this problem, each of the
triangle pair is subdivided into 3 sub-triangles before
generating the brick elements. The subdivision is
carried out for the following conditions:

area of projected triangle

- > specified tolerance
interface area pecif

area of face triangle

> specified tolerance
element surface area

The value of the tolerance is set to 4.5%, which is
slightly greater than the area ratio generated by a cubic
element with a spherical inclusion at the center. @ The
18 noded brick elements are further subdivided to en-
hance the accuracy of integration of the reciprocal
function in [PY], particularly near the interface. To ac-
complish this, the projection line from the face node to
the inclusion boundary is subdivided into four seg-
ments using the ratio of the in ellipsoidal coordinates:
o to? o3 ot =1.1:1.2:1.3: 1.4. The resulting 4
brick elements become progressively larger as they
move away from the interface is shown in Fig. 4b. e
Gauss quadrature rules are used in each brick element
for numerical integration.

For volume integration in the inclusion to evaluate [Hj],
tetrahedral elements are used. As shown in 4d, these ele-
ments are constructed by joining interface element nodes
with the inclusion centroid.

4.3

Implementation of conditions for stability

Linear independence of the columns of [P¥] and [P!] is
natural for pure polynomial expansions. However, when
reciprocal functions are used, some of the reciprocal terms
may be linearly dependent on the polynomial terms. The
rank of matrices like [P"] is determined apriori from the

diagonal matrix resulting from a Cholesky factorization of
the square matrix

1G] = /Q P[P0

Nearly dependent terms in the columns of [PM] will result
in very small pivots during the factorization process.
Corresponding terms in the stress function are dropped to
prevent numerical inaccuracies in the inversion [Hy|.

In VCFEM, the interface nodes are in general, not topo-
logically connected to the element boundary nodes. It is
necessary to specify rigid-body modes for the displacement
field {q'} on the interface. A simple procedure, corre-
sponding to the constraining selected displacement modes
based on the singular value decomposition of matrix [Gy], is
performed for Voronoi cell elements with inclusions. Sin-
gular value decomposition of the matrix [Gg] — [Gypyl, and
matrices [Gg] and [Gyy] are performed for Voronoi cell ele-
ments with voids and inclusions respectively to satisfy the
discrete L-B-B conditions. The number of degrees of free-
dom r}f and n} in the stress functions ®" and @' are chosen
to satisfy the Egs. (62) and (64). Zero singular values in the
diagonal of the resulting [4] matrix are removed by enrich-
ing the corresponding stress function with polynomial
terms. Additionally, extremely small eigen-values in [] may
result in inaccurate displacements. This is averted by con-
straining selected displacements based on the singular value
decomposition of [Gy] or [Gy]. The procedure involves
re-writing the matrix multiplication as:

[61{a"} = [V][4][VI{a"} = [U][A{q"} car = [Gluse{ Q" }ar
(69)

Elements in {q,} corresponding to small eigen-values in
[4] are pre-constrained to zero. The process decreases the
dimensions of V!;; and results in a loss of accuracy. This
procedure constrains rigid-body modes on the inclusion
interface and also extremely small eigen-values in [4]
which causes inaccurate displacements. The rotated [G],,
matrix from singular value decomposition is used in the
stiffness matrix calculation and the corresponding dis-
placement vector at the interface is {q},}.

(68)

5

Numerical examples

A number of linear elastic boundary value problems are
numerically solved by the 3D Voronoi cell finite element
model to understand its effectiveness in analyzing het-
erogeneous microstructures. Heterogeneities in the
microstructure are in the form of either voids or inclusions
of ellipsoidal shapes. The problems solved are divided into
two different categories, namely comparison of micro-
scopic VCFEM solutions with: (i) known analytical solu-
tions for simple unit cells; (ii) results using commercial
codes for more complex microstructures.

5.1

Stress distribution around a spherical void

The analytical solution for the three-dimensional stresses
around a spherical void in an infinite medium under



uniaxial tension (¢, = 1) has been provided in Ti-
moshenko and Goodier [1] (section 137). The stress field
from a special stress function is superposed on the so-
lutions of a solid bar in tension for this solution. The
special stress field matches the stress field for the solid
bar on the surface of the sphere and vanishes to zero at
infinity. In the VCFEM analysis, a L x L X L domain
with a single spherical void of radius r; =% is modeled
using a single cubic element. The Possion’s ratio of the
material is relevant to the solution and is taken to be
v =0.3. In the VCFEM implementation, linear
displacement fields are assumed on the triangular sub-
domains on each face, while quadratic triangular ele-
ments are used for displacement fields on the void
surface. The matrix stress function (I)I%ly)ij in equation
(25) is taken as a fifth order polynomial stress function
p+gq+r=0---5 nb®” = 336. The reciprocal stress
functions in Eq. (49) is constructed with i=1---5 for
p+q+r=0---2. The axisymmetric stress function
used in [1] can be proved to be equivalent to 3D
Maxwell stress functions of the form:

x*+y* 2 2v=1)(x*+y*)  (2v=2)Z*
@11—( 0(5 —2; c+ O(3 T (13 b
N <(2v—1)(x2+y2)+(2v—2)z2+(2v—1)(x2+z2)+>
3
2v—2 2 2 2
+ <( - ));3+Z hel >rd+ao)’2
x*+y? 72 (2v—1)(x*+y?) (2v—2)Z?
(I)zz_< 0(5 —2$> C—|—< 0(3 f 0(3 )b
<(2v—1)(x2+y2)—|—(2v—2)zz+x2—|—zz)
+ 3 rd
2v—1)(22+y%)(2v—2)x?
H(Emneene,
2,2 2 2, 2
Dy3= <x ;)/ —2%) c+ <x ;)’ )b
N ((2\)— 1) (x®+y*)+(2v—2)x*+(2v— 1)(x2+zz)>
3

N <(2v—2)y2+x2+y2> . (70)

o3

24y?+2? s
where o = % corresponds to the ellipsoidal

coordinate and a, b, ¢ are material constants that can be
expressed as,

0'0(1 — SV) 5y ()

Ta7 s -2 207—50) " 2(7—5v)

For this case, the VCFEM stress interpolation function in
Eq. (49) matches the theoretical stress function in Eq. (70)
exactly. The solution error can therefore be attributed to
the error in displacement interpolations on the void and
element boundaries produced by the triangular elements

and solution error. Different stress components along a

line passing through the center of the sphere are plotted in
Fig. 5. The dominant stress along this line, perpendicular
to the loading direction, is the normal stress in the loading

30 T T T [ T
— G, (VCFEM)
25+ o C, (Timoshenko)
L — O, (VCFEM)
. .t O,, (Timoshenko)
20~ — O_(VCFEM)
L o O, (Timoshenko)
&
> 1.5
1.03
05+ —
o,o——%4 '
-4.0 -2.0 0.0 2.0 4.0
x/r

Fig. 5. Comparison of stress distribution along the center line

rqy 2 =0 for the cubical domain with a spherical void

direction. The VCFEM solutions closely match the stresses
in [1].

5.2

Stress distribution around an ellipsoidal void

Sadowsky and Sternberg [2] have presented an analytical
solution to the problem of stress field around a small
ellipsoidal void under uniaxial tension in an infinite
medium. The exact solution for stresses is expressed in
terms of elliptic functions. In this example, the stress
distribution generated by the VCFEM is compared with
that in [2]. The ellipsoid has an aspect ratio
a:b:c=9:3:1in a matrix cube of dimensions

L x L x L, with L = 5a. The material properties and the
stress and displacement interpolation fields in this pro-
blem are same as in the previous example. Stress dis-
tributions along the centroidal major axis of the ellipsoid,
that is perpendicular to the loading direction are shown in
Figs. 6a and b. Concentration of the dominant stress g,
occurs near the tip of the void on the major axis. The Fig.
6b shows a zoom-in of the stresses near this region. The
concentration is very well represented by the VCFEM
solution. The slight deviation from the analytical solution,
away from the tip, is because of the displacement inter-
polations on the ellipsoidal surface.

53

Effect of interaction of spherical heterogeneities

The interaction between two heterogeneities, which are
sources of stress concentration, is of considerable in-
terest to the composites community. Semi-analytical
solutions to these problems have been provided in [4]
for cavities using bispherical coordinates, and in [5] for
rigid inclusions and cavities based on the Boussinesq-
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Fig. 6. Comparison of stress distribution along the center line
y =0,z=0 for a cubical matrix with an elliptical void: (a) for
different values of x and (b) near the tip of the elliptical void

Papkovich stress functions. The solutions in the latter
method are expanded in series of spherical harmonics
with respect to the centers of the heterogeneities. The
VCFEM implementation involves a mesh of two cubic
elements, with each element containing a spherical
inclusion or void. The problem is analyzed with the
heterogeneities approaching each other and hence the
common edge shared by the elements. The stress
concentration at the interface increases with decreasing
distance. For improved accuracy, the adaptive scheme
developed in [19] is implemented to enhance the
displacement interpolation using h — p enrichment. The
error indicator for adaptation is based on the traction
discontinuity along the element boundary and the
heterogeneity-matrix interface. Once identified for
refinement, the boundaries and interfaces are
successively subdivided into smaller triangles till the
traction reciprocity error is within acceptable tolerance.

The first problem solved using VCFEM involves two
voids of radius r, whose centroids are separated by a
distance R. The distance is set to R = 4r in this problem.
The boundary condition corresponds to a far field

6.5 T T
60 G» (VCFEM) |
55 ° O (Sadowsky)_
| Gy (VCFEM)
o g, (Sadowsky)
5.0 6, (VCFEM) ]|
¢ O, (Sadowsk:
45 | ( ¥)]

4.0

3.5

1.0 1.05 1.1

x/a

hydrostatic tension of 633 = 67 = 677 = 1. Stresses gen-
erated by VCFEM at the equators and poles of the spheres
are compared with analytical solutions of [4] in table I.
The maximum difference between the two solutions is
found to be less than 1% .

In the second problem set considered, the two hetero-
geneities are assumed to be either voids or rigid inclu-
sions. The rigid material is simulated in VCFEM with a
very high modulus, corresponding i.e. Einciysion = 50Ematrix-
Two different applied far field strains are considered for
generating the solutions suggested in [5]. They are:

(i) A far field hydrostatic tension, represented by the strain
field € =X = €2 = 1.

(ii) A far field in-plane tension and out-of-plane com-
pression, represented by the strain field € = €°
= —¢y = 1. The R/r ratio is varied from 0 to 3'in this
problem. Figures 7 shows the comparison of VCFEM
results with those in [5] for the normalized stress field
0., along a line joining the centers of the spheres for
R/r = 3. A good agreement of the results is observed
with less than 1% .

Table 1. Comparison of

VCFEM generated stresses Stress Near Pole Equator Remote Pole

with [?] for two spherical voids (4] VCEEM [4] VCFEM (4] VCFEM

in an infinite medium at (a)

adjacent pole (b) equator (c) 1.570 1.5610 0.000 0.0000 1.510 1.4963

remote pole Ty 1.570 1.5673 1.470 1.4810 1.510 1.4988
[ 0.000 0.0000 1.500 1.4922 0.00 0.00




Table 2. Convergence rate of the normalized stress ~ T %29 for purely polynomlal (poly) vs polynom1a1+rec1proca1 (VC) stress function

at point A for 2 spherical inclusions shown in ﬁg(??) with R/r = 3 with € =€, =—¢, =1
poly _ poly _ poly _ c _
g =336 ny = 468 =620 n}; =574 (6]
Normalized Stress —7.567 —-7.614 —-7.693 —8.343 —8.3588

The convergence rate of the VCFE model using purely polynomial based stress function enrichments. However
polynomial stress functions and the combined polynomial the addition of the reciprocal terms significantly enhances
and reciprocal terms are examined for rigid inclusions the convergence rate.
with R/r = 3 in table 2. The rate is very slow with purely

o
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tion distance and macroscopic
b loads with (a) €7 = d;; and (b)
(b) = 016 + 511252 — 203653
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5.4

Comparison with ANSYS for random microstructures

A microstructure consisting of randomly dispersed 20
spherical voids in a 10 x 10 X 4 cuboidal matrix

(5.0 <x <5.0;,-5.0 <y <5.0;0.0 < z<4.0), is mod-
eled in this example. The microstructure and the Voronoi
cell mesh are shown in Fig. 8a, while Fig. 8b shows the
mesh with commercial code ANSYS. The VCFEM mesh
contains twenty elements corresponding to the number of
voids, with a total of 144 nodes on the element boundaries
and 1,480 nodes on the matrix-inclusion interfaces. The
corresponding converged ANSYS mesh contains 84,123
ten-noded tetrahedron SOLID92 elements and 124,655
nodes. The matrix material has a Young’s modulus of

E = 200GPa and Poisson’s ratio v = 0.3. The boundary
conditions are: (i) Symmetry conditions on faces with

x = —5,y=—5, and z = 0,; (ii) Displacement u, = 4 on
the face z = 4, corresponding to an overall strain ¢,, = 1.0
in the z—direction. The other two faces (x =5,y = 5) are
traction free. The VCFEM solutions for microstructural
stresses are compared to those generated by the highly
refined ANSYS model. The tensile stress o, along three
lines parallel to the coordinate axes x, y, z, and through the
origin are plotted in Fig. 9. Stress concentrations of upto 4
are observed along the x and y directions. The VCFEM
model is able to capture the important features in the
stress distribution with an accurate representation of the
peak stresses along the void surface. The bumps and peaks
in these plots are due to the unsmoothened representation
of matrix stresses resulting in small discontinuities across
element boundaries.

5.4.1

Parallel implementation of the VCFEM code

While the 3D VCFEM is accurate for heterogeneous
microstructures, it has high requirements of computing
time, mainly because of numerical integration using a

Fig. 8. (a) VCFEM and (b) ANSYS meshes for 20 spherical voids
in a cuboidal material domain

large number of integration points. A multi-level parallel
programming approach is implemented to significantly
enhance the computational efficiency of the 3D VCFEM in
[47]. The parallelization is conducted for a cluster of
symmetric multi-processor (SMP) workstation nodes. MPI
is used for data decomposition at a coarse level between
the nodes and OpenMP is used for multi-threaded paral-
lelism on each node. The multi-level parallelism combines
benefits of improved loop timings and domain decom-
position methods to obtain optimized solution times using
SMP cluster systems. The code is scalable to any number
of multiprocessor nodes such that any number of elements
can be solved simultaneously with the only limit being the
available hardware resources. The addition of OpenMP
directives into the VCFEM model allows for loop level
parallelization to occur in an efficient manner. The com-
putations for each element can be performed across mul-
tiple processors in a shared memory environment. For the
20-element microstructure, the timings for the multi-level
program using different number of nodes of the cluster,
with each node running four OpenMP threads, are pro-
vided in Fig. 10. Details of the parallelization scheme are
provided in [47].

6

Conclusions

A three-dimensional Voronoi cell finite element model
(VCFEM) is developed in this paper for analyzing micro-
structural stresses in elastic domains containing ellipsoidal
inclusions or voids. The paper begins with the develop-
ment of a 3D domain tessellation method for generating
the Voronoi cell mesh, in which each Voronoi cell contains
one heterogeneity at most. To account for the shapes and
sizes of heterogeneities in the domain discretization pro-
cedure, a surface-based tessellation algorithm is proposed
as a modified form of the point-based tessellation. For
planar faces, the surface based tessellation may give rise to
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non-coinciding triple points. Local adjustments are
implemented to avoid such incongruence. The mesh
generation algorithm is successfully tested for different
microstructures with various shapes, sizes and spatial
distribution of heterogeneities.

The Voronoi cell finite element model for small
deformation elasticity is subsequently developed using an
assumed stress hybrid formulation. In this model, equili-
briated stress fields are constructed from symmetric
Maxwell or Morera’s stress functions. Complete poly-
nomial representation of the stress functions guarantees
invariance of stresses with respect to coordinate trans-
formations. A necessary condition for stability is that the
columns of the stress interpolation function [P(xy, x;, x3)].
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Fig. 9. Comparison of tensile stress distribution along centerlines
of the cuboidal domain

A special procedure of selective elimination of the
dependent modes is invoked to restore this condition.
Stress functions comprised of pure polynomials yield poor
convergence characteristics and consequently special
augmentation functions are developed to improve accu-
racy and efficiency. These functions account for the shape
of the interface in its vicinity, but decay with increasing
distance from it. Creation of these functions in terms of
elliptic integrals and using ellipsoidal harmonics is a major
contribution of this paper. The development follows from
the derivation of stresses from the general solutions to the
Navier’s equation. Numerical implementation of the
algorithms is presented and especially the methods of fil-
tering out the rigid body modes and enhancing stability
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and convergence of the resulting finite element model.
Various numerical examples are solved in this paper to
validate the model. Comparison of microstructural stress
results generated by the 3D VCFEM with analytical
solutions in the literature for smaller number of hetero-
geneities confirm the accuracy of the model. Stress dis-
tribution results are also compared with a highly refined
FEM model using ANSYS using multiple voids. The
accuracy of the VCFEM predictions in these simulations
provide adequate validation to the robustness of the
formulation. A multi-level code parallelization using
Open-MP and MPI adds significant efficiency to the
VCFEM simulations.

Three dimensional stress analysis in complex micro-
structures has currently become a necessity in the design
of advanced materials. Despite the disadvantages asso-
ciated with conventional modeling tools like FEM in
efficiently model real microstructures, serious and novel
attempts are being made to incorporate three dimensional
analyses into practice [8, 9, 10, 13, 14, 15, 16]. The present
paper is developed to propose an alternative approach to
these developments by way of 3D VCFEM. While this
method of modeling with direct interface to the micro-
structure has considerable promise, a difficulty that is
currently faced with, is the large number of integration
points needed for the special functions in Gauss quad-
rature methods. This is a topic of future investigation and
reduction.

7
Appendix

7.1

Coefficients for lame and stress functions

The coefficients AJI. for the lame functions C;, $;&D; in
equation (40) are given as:

A} =3h* A} = —3W* A} =0

o (y Y3k sk
U R VR Ve—w
42— 3h3 o — k2

VI -y i — 2

Fig. 10. Speedup with multi-level parallel
code with additional computing nodes.

a3 3n*k o —h?
Ve = 200/ — k2’
3h?
Ay =— A;=0 (71)

Vie — 2’
The coefficients BZ, Ci for the stress functions in equation
(44) are given as

h o W
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B ==
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U R R (R - )y
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21 22 Voi — k2
B3 - 0,B3 - — I

Vod — V2 — h2o,

23 Voi — ki

By = —
Vo2 — k2Vk2 — ho

31 32 Voi — kK ik

By =0,By" = ,
Vo2 — h2Vk: — h?a,
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C;=0,C;=0,C; =0 (72)
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