40

Computational Mechanics 32 (2003) 40-51 © Springer-Verlag 2003
DOI 10.1007/500466-003-0460-1

An interaction integral method for analysis of cracks
in orthotropic functionally graded materials

B. N. Rao, S. Rahman

Abstract This paper presents two new interaction inte-
grals for calculating stress-intensity factors (SIFs) for a
stationary crack in two-dimensional orthotropic func-
tionally graded materials of arbitrary geometry. The
method involves the finite element discretization, where
the material properties are smooth functions of spatial
co-ordinates and two newly developed interaction inte-
grals for mixed-mode fracture analysis. These integrals can
also be implemented in conjunction with other numerical
methods, such as meshless method, boundary element
method, and others. Three numerical examples including
both mode-I and mixed-mode problems are presented to
evaluate the accuracy of SIFs calculated by the proposed
interaction integrals. Comparisons have been made
between the SIFs predicted by the proposed interaction
integrals and available reference solutions in the literature,
generated either analytically or by finite element method
using various other fracture integrals or analyses. An
excellent agreement is obtained between the results of the
proposed interaction integrals and the reference solutions.

Keywords Crack, Orthotropic functionally Graded
materials, Finite element method, Stress-intensity factor,
J-integral, Interaction integral

1

Introduction

In recent years, functionally graded materials (FGMs) have
been introduced and applied in the development of
structural components subject to non-uniform service
requirements. FGMs, which possess continuously varying
microstructure and mechanical and/or thermal properties,
are essentially two-phase particulate composites, such as
ceramic and metal alloy phases, synthesized such that the
composition of each constituent changes continuously in
one direction, to yield a predetermined composition pro-
file [1]. Even though the initial developmental emphasis of
FGMs was to synthesize thermal barrier coating for space
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applications [2], later investigations uncovered a wide
variety of potential applications, including nuclear fast
breeder reactors [3], piezoelectric and thermoelectric
devices [4-6], graded refractive index materials in audio-
video disks [7], thermionic converters [8], dental and
medical implants [9], and others [10]. The absence of
sharp interfaces in FGM largely reduces material property
mismatch, which has been found to improve resistance to
interfacial delamination and fatigue crack propagation
[11]. However, the microstructure of FGM is generally
heterogeneous, and the dominant type of failure in FGM is
crack initiation and growth from inclusions. The extent to
which constituent material properties and microstructure
can be tailored to guard against potential fracture and
failure patterns is relatively unknown. Such issues have
motivated much of the current research into the numerical
computation of crack-driving forces and the simulation of
crack growth in FGMs.

Analytical work on functionally graded materials begins
as early as 1960 when soil was modeled as a non-homoge-
neous material by Gibson [12]. Thereafter, extensive re-
search on various aspects of isotropic FGMs fracture under
mechanical [13-15] or thermal [16-22] loads has been
carried out by various investigators. Crack problems under
both mode-I [23, 24] and mixed mode [25, 26] loading
conditions were studied using finite element method (FEM)
and J;-integral method. Gu et al. [27] presented a simplified
method for calculating the crack-tip field of FGMs using the
equivalent domain integral technique. Bao and Wang [28]
studied multi-cracking in an FGM coating. Bao and Cai [29]
studied delamination cracking in a functionally graded
ceramic/metal substrate. Kim and Paulino [26] evaluated
the mixed-mode fracture parameters in FGMs using FEM
analysis with three different approaches: the path-inde-
pendent J; -integral method, the modified crack-closure
integral method, and the displacement correlation tech-
nique. In the J;-integral method [16, 26], there is need to
perform integration along the crack face of the disconti-
nuity (e.g., in calculating J;). Recently, Rao and Rahman
[30] developed two new interaction integrals in conjunction
with the element-free Galerkin method for mixed-mode
fracture analysis in isotropic FGM. Dolbow and Gosz [31]
have also derived a similar path independent interaction
integral method. However, most analytical methods
reviewed above are developed to quantify crack-driving
force in isotropic FGMs.

Given the nature of processing techniques, graded
materials can become anisotropic. For example, graded
materials processed by a plasma spray technique generally



have a lamellar structure [32], whereas processing by
electron beam physical vapor deposition would lead to a
highly columnar structure [33]. Such materials would not
be isotropic, but orthotropic with material directions that
can be considered perpendicular to one other as an initial
approximation. Gu and Asaro [34] performed theoretical
studies on a four-point bend specimen consisting of or-
thotropic FGMs with a fluctuating Poisson’s ratio. Ozturk
and Erdogan [35, 36] used integral equations to investigate
mode-I and mixed-mode crack problems in an infinite
nonhomogeneous orthotropic medium with the crack
aligned with one of the material directions, and a constant
Poisson’s ratio. Recently, Kim and Paulino [37] employed
the FEM for fracture analysis of orthotropic FGMs involv-
ing the modified crack-closure (MCC) and the displacement
correlation technique (DCT). Hence, there is considerable
interest in developing efficient method for extracting
appropriate crack-driving force in orthotropic FGMs.

This paper presents two new interaction integrals for
calculating the fracture parameters of a stationary crack in
orthotropic FGM of arbitrary geometry. This method
involves FEM, where the material properties are smooth
functions of spatial co-ordinates and two newly developed
interaction integrals for mixed-mode fracture analysis. In
conjunction with the proposed method, both mode-I and
mixed-mode two-dimensional problems have been solved.
Three numerical examples are presented to evaluate the
accuracy of SIFs calculated by the proposed method.
Comparisons have been made between the SIFs predicted
by the proposed method and the existing results available
in the current literature.

2

Crack tip fields in orthotropic FGM

Consider a plane problem in rectilinear anisotropic elas-
ticity. The basic equations that describe the deformation of
anisotropic materials are the same as those for isotropic
materials except for the adoption of a generalized Hooke’s
law. The most general anisotropic form of linear elastic
stress-strain relation is given by

(i,j,k,1=1,2,3) (1)

where oy is the stress tensor, &jj is the strain tensor, and
Sijki is the fourth-order compliance tensor. Due to the
symmetry of oy and &;;, 81 independent components of the
compliance tensor reduces to 36 independent components.
The existence of a strain energy function provides a fur-
ther reduction in the number of independent components
to 21 (Sjjk1 = Skiij)- In order to represent Sy in compact
form, a contracted notation aj; is introduced as follows:

&ij = SiikiOkl
ij ij

6
6= ago; i,j=1,2,...,6 (2)
=1

where a;; are compliance coefficients with a;; = a;; and

&1 = &11, & = &, &3 = &33,

&y = 2623, &5 = 2813, & = 2&12 (3)
01 = 011, 03

= 022, 03 = 033,

04 = 023, 05 = 013, O¢ = 012 .

Fig. 1. A crack in an orthotropic functionally graded material

Ateach point through the thickness of transversely isotropic
materials there is a plane of material symmetry that runs
parallel to the plane of the problem. For this special case, the
compliance coefficients in Eq. (2) can be reduced to depend
upon six independent elastic constants, a;; i, j = 1,2, 6 for
plane stress conditions and bj; = a;; — a’;‘zﬁ i, j=1,2,6for
plane strain conditions.

Figure 1 shows a crack tip that is referred to the
Cartesian coordinate system in orthotropic FGMs. Two
dimensional anisotropic elasticity problems can be for-
mulated in terms of the analytic functions ¢;(z;) of the
complex variable z; = x; + iy;(j = 1,2), where

yi=By (j=12) (4)

The parameters o; and f5; are the real and imaginary parts
of W = o+ iﬁj, which can be determined from [38]

Xj = X + oy,

anpt — 2ai618 + (2a1; + as) 1> — 2az60 + Gz =0

()
The roots ; are always either complex or purely imaginary
in conjugate pairs as u;, fi;, lt, and fi,. Hence, the linear-

elastic singular stress field near the crack tip can be
obtained as [39]

1
611:\/E[KIffl(Hu#z,())+K11f11{(ﬂ17#2,0>} ,  (6)
1
022 = ot [Kllez(ul,uz?@)+K11ﬁ§(u1,u2,0)} . (7)
— L gy 0) + Ky 0
012 = [Kifiy (1, 12, 0) + Kufy (1, 1, 0)] 5 (8)

\271r

where £} (i, 1, 0) and fi'(uy, 115, 0) (i, j = 1, 2) are the
standard angular functions for a crack in an orthotropic
elastic medium, given by

f1[1(ﬂ17.“27 0) = Re|:

Hify Hy
My — Hy \ /cos 0+ u,sin0

| . )
\/cos 0 + p; sin 0
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II{(/“LU Ha,s 0) = Rel

1 ¥
My — Hy \ \/cos 0+ p,sin0

12
- ! (10)
\/cos 0+ p; sin0

fZIZ(:ulnub 0) = Re|:

1 My
My — My \ \/cos 0+ p, sin0

\/cos 0 + p; sin 0

g(#bﬂzv 0) = Rel

1 1
Hi = 1y (x/cosﬁ—i-uzsin(?

1
_«/C089+M1 sinH)} (12)

flIZ(lu“lmqu 0) = Re|:

My 1
My — My \ \/cos O+ p, sinf

1
- A ) (13)
\/cos 0 + p, sin 0

g(#bﬂzv 0) = Re[

1 Hy
My — Hy \ \/cos 0+ u; sin0
(14)

. My
\/cos 0+ p, sin0

The near tip displacement field u = {u;,u,}" can be
obtained as [39]

2r

U = ?[KIg{(#uﬂzv@)+K11g{1(#17ﬂ230)] ’ (15)

and

2r
U = \/;[Klgg(,“la.“za 0) +Kugf(uuﬂz» 0)] ) (16)

where g! (i, 15, 0) and g"(1;, 1, 0), i = 1, 2 are the stan-
dard angular functions for a crack in an orthotropic elastic
medium, given by

. 10,0) = Re| N Ry,
81 (11, 1, 0) =1 (#1?2 Hy
—/xzpl\/m)] ,
i _ JeosUF 1550
81 (1,1, 0) = Re [/h s ( 21/ €0s 0 + 1, sin 0
—pl\/m)} :
1 — \/m
& (11, 1, 0) = Re Lﬁ 1 (Hl‘b cos ) + pi, sin 0
~1ugi\/cos 0+ i sin0) |

(17)

(18)

(19)

i _ Jeos 0T i smd
& (M5 1, 0) = Re [Hl _— (qz cos 0 + p, sin 0
—ql\/m)} :

In Egs. (6-20), 4, and p, denote the crack-tip parameters
calculated as the roots of Eq. (5), which are taken such that
B; >0 (j = 1,2), and p; and g; are given by

(20)

(21)
(22)

2
pj = anl + an — disty

az
gj = anpy +— —ax -
Hj
Even though the material gradient does not influence the
square-root singularity or the singular stress distribution,
the material gradient does affect the SIFs. Hence, the
fracture parameters are functions of the material
gradients, external loading, and geometry.

3

The interaction integral method

The interaction integral method is an effective tool for
calculating mixed-mode fracture parameters in homoge-
neous orthotropic materials [40, 41]. In this section the
interaction integral method for homogeneous orthotropic
materials is first briefly summarized, then extended for
cracks in orthotropic FGM. In fact, the study of ortho-
tropic FGM would enhance the understanding of a fracture
in a generic material, since upon shrinking the gradient
layer in FGM is expected to behave like a sharp interface,
and upon expansion, the fracture behavior would be
analogous to that of an orthotropic homogeneous material.

3.1

Homogeneous materials

The path independent J-integral for a cracked body is gi-
ven by [42]

aui
]: /(W&U—alja—x)nj@l" y
r

where W = [ g de;; is the strain energy density and n; is
the jth component of the outward unit vector normal to an
arbitrary contour I' enclosing the crack tip. For linear-
elastic material models it can shown that

W = gjjeij/2 = €;iDijkiexi/2, where Djj are the components
of the constitutive tensor. Applying the divergence theo-
rem, the contour integral in Eq. (23) can be converted into
an equivalent domain form, given by [43]

Ou; 0q
= i — WOy | = dA
J /(01 0x; U) 0x;
A

0 6u,~
—(6jj=— — Wy |qdA |
+/6x]~ <O—Jax1 51]>qd
A

where A is the area inside the contour and ¢ is a weight
function chosen such that it has a value of unity at the
crack tip, zero along the boundary of the domain, and
arbitrary elsewhere. By expanding the second integrand,
Eq. (24) leads to

(23)

(24)
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Using equilibrium (0c;;/0x; = 0) and strain-displacement
(&ij = Ou;/0x;) conditions and noting that dDjj;/0x; = 0 in
homogenous orthotropic materials, the second integrand
of Eq. (25) vanishes, yielding

]_/ ui
N O_IJ@xl
A

which is the classical domain form of the J-integral in
homogenous materials.

Consider two independent equilibrium states of the
cracked body. Let state 1 correspond to the actual state for
the given boundary conditions, and let state 2 correspond
to an auxiliary state, which can be either mode-I or mode-
IT near tip displacement and stress fields in an orthotropic
elastic medium. Superposition of these two states leads to
another equilibrium state (state S) for which the domain

+

8kl)qu , (25)

Wélj) 04 44 : (26)

ij

form of the J-integral is
6<u§1> + u(-2)>
— 1) () ! !
](S>—/ (O'l] +01] )T_W(S>51]
A
0
aj da | (27)
7

where superscript i = 1, 2, and S indicate fields and
quantities associated with state i and

w = ; ( b4 0'(2)) (sl(-jl) + 81(-]-2>> . (28)
By expanding Eqs. (27),
](S) _ ](1) +](2) + M2 , (29)
where
JV = / ot o ws } 04 4 (30)
¥ 0x; b 0x;
9 L
and
[ o oul” 0
](Z)ZA/ ng)aaél - we 5]6)ZdA (31)

are the J-integrals for states 1 and 2, respectively, and

au oulV
M2 — / O o0
% 6x1 t oy Ox;

A

0
W(l’z)élj:| % dA
j

(32)

is an interaction 1ntegral In Egs. (30 32) = %agjl)sgjn,
w@ — ;61(12) E )’ and w12 — %( ( )'( ) T 6(2) ‘31)) repre-
sent various strain energy densmes, which satlsfy

wl = w4 w@ 4 w2 (33)

For linear-elastic homogeneous orthotropic solids under
mixed-mode loading conditions, the J-integral is also
related to the stress intensity factors as

J = onK; + o, KKy + 05,K3

where

a
all__ﬁlm(ﬂl+ﬂ2> ’
2 Myl

(34)

(35)

an
O = TIm(:ul + ) (36)
and
ax 1 ) an
o = ——Im +—Im(u, 1) - 37
o= =i )+ D mG) (7)

Applying Eq. (34) to states 1, 2, and the superimposed
state S gives

](1) = OC]]KI(I) + OClzKI(l)KI(II) + dzzKI(Il) s (38)

2 2
2 — ocHKI(Z) + alzKI(Z)K;IZ) + OszK1<12) )

~

(39)

and
2
19 = oy (K" + K1) o (KD K (KA + K1)
2
+ 0y, (KI(I” +K§,2))

2 2 2
= O(]lKI(l) + O(lzKI(l)KI(II) + 0622K1<Il) + O(llKI(z)

+ o KPKD 403,k + 20, KV K

+on (K}”K,(f) + Kkl >) +20,K VK
:](1) +](2) + 20(11K(1)K(2)

(KK + KPR ) + 200KV KD (40)

Comparing Egs. (29) and (40),
M2 — 20‘11K;1)K1(2) + ag (Kl(l)K;IM i K[(Z)KI(II))

+ 20, KK

(41)

The individual SIFs for the actual state can be obtained by
judiciously choosing the auxiliary state (state 2). For
example, if state 2 is chosen to be state I, i.e., the mode-I
near tip displacement and stress field is chosen as the
auxiliary state, then K; ) _ 1 and KI(I) = 0. Hence, Eq. (41)
reduces to

+omKyy

(LD _ (1)
- 1
M 20, K} (42)

Similarly, if state 2 is chosen to be state II, i.e., the mode-II
near tip displacement and stress field is chosen as the
auxiliary state, then K; = 0 and KI(I) = 1. Following
similar cons1derat10ns,

MM = fxlzKI(l) + ZszzKI(Il) . (43)

The interaction integrals M('") and M("") can be evaluated
from Eq. 32. Equations (42) and (43) provide a system of
linear algebraic equations which can be solved for SIFs,

43
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K;l)andKI(Il ) under various mixed-mode loading condi-
tions.

3.2

Functionally graded materials

For non-homogeneous materials, even though the equi-
librium and strain-displacement conditions are satisfied,
the material gradient term of the second integrand of Eq.
(25) does not vanish. So Eq. (25) leads to a more general
integral, henceforth referred to as the J-integral [27],

which is
w(sl,) aaq da — /

~ Gu,
[l
A

By comparing Eq. (44) to the classical J-integral (see Eq.
26), the presence of material non-homogeneity results in
the addition of the second domain integral. Although this
integral is negligible for a path very close to the crack tip,
it must be accounted for with relatively large integral do-
mains, so that the J- 1ntegra1 can be accurately calculated.
The J- -integral in Eq (44) is actually the first component of
the J* = {Ji,J;}" vector integral (i.e., J;) proposed by
Eischen [25]. Hence, J also represents the energy release
rate of an elastic body.

In order to derive interaction integral for orthotropic
FGMs, consider again actual (state 1), auxiliary (state 2),
and superimposed (state S) equilibrium states. For the
actual state, Eq. (44) can be directly invoked to represent
the J-integral. However, a more general form, such as Eq.
(24), must be used for auxiliary and superimposed states.
For example, the J-integral for the superimposed state S
can be written as

aD,]kz

Eij o, erqdA .

(44)

7
6<u§1)+u(2)> 0
_ v, 2 : " wos, | 24
/((o-,] +a}) - Wby | S hda
A
Ne)
O/, o a(”f +”i) ©
+/ax] ((0 +O' >T—W 51] qu
A

(45)

Clearly, the evaluations of J(? and the resulting interaction
integral depend on how the auxiliary field is defined. There
are several options in choosing the auxiliary field. Two
methods, developed in this study, are described in the
following.

3.2.1

Method | - homogeneous auxiliary field

The method I involves selecting the auxiliary stress and
displacement fields in an orthotropic elastic medium given
by Egs. (6-8) and Egs. (15, 16) and calculating the auxil-
iary strain field from the symmetric gradient of the aux-
iliary displacement field. In this approach, the auxiliary
stress and strain fields are related through a constant
constitutive tensor evaluated at the crack tip. Hence, both
equilibrium (60< ) /0x; = 0) and strain-displacement

(a = au @ / 0x;j) conditions are satisfied in the auxiliary
state. However, the non-homogeneous constitutive
relation of FGM is not strictly satisfied in the auxiliary
state, which would introduce gradients of stress fields as
extra terms in the interaction integral.

Using Eq. (33) and invoking both equilibrium and
strain-displacement conditions, Eq. (45) can be further
simplified to

(1) )
7 — / (al(jl) N 05]-2)) @(uila; uiz )

A

0
—(w® ) 12)y5..) 24
(W + W 4 wi2)s,) 7 4

@) (2)
-l—/1 e aDijklsm—&-J@ 681-1- _—60'1-]- &)
21 7 ox M 7o0x;  Oxp Y
A
o) gl
@5 _ 0§ @544 46
+Gl] axl axl 81] 1 . ( )
By expanding Eq. (46),
JO = jO 4 j@ 4 g (47)
where
o — / mou’ s | 0,
- O-ij axl by @xj
L aDz]kl 1)
Z dA 48
s Va (48)
A
72) _ @) a”i _w®@s.. %dA 49
; /[% g, | 8 (49
A

are the J-integrals for states 1 and 2, respectively, and

- ou®? oulV
02 _ / (1) Ou; (2)0u;
% o % o

A

0 5,0
n / ! {0-(.” Oz Qoj o

0
W(1,2)51]} %dA
j

2 Y 0Ox 1 Ox 1
A

oV aglV
SNl B PR ) 50
+GIJ 6x1 6x1 1 ( )

is the modified interaction integral for non-homogeneous
materials.

3.2.2

Method Il - non-homogeneous auxiliary field

The method II entails selecting the auxiliary stress and
displacement fields in an orthotropic elastic medium given
by Egs. (6-8) and Egs. (15, 16) and calculating the auxil-
iary strain field using the same spatially varying constit-
utive tensor of FGM. In this approach, the auxiliary stress

field satisfies equilibrium (aagf) /0x; = 0); however, the



auxiliary strain field i is not compatlble with the auxiliary
displacement field (s(] # au Gx]) If the aux111ary fields
are not compatible, extra terms that will arise due to lack
of compatibility should be taken into account while eval-
uating the interaction integral, even though they may not
be sufficiently singular in the asymptotic limit to con-
tribute to the value of the integral [30]. Hence, this method
also introduces additional terms to the resulting interac-
tion integral.

Following similar considerations, but using only equi-
librium condition in the auxiliary state, Eq. (45) can also

be simplified to
6<u(1> + u(-z)>

fis) — (1) 4 4@
o [ (o)
A
— (W 4 w@  wit2)ys, ) gq dA

2 0
<2 Ou hat/
+ / ((“ to <axjax1 ax1>
A

Lew @)%k (1) | o
_5(8’7 +s,.j) - (skl +skl> gdd  (51)

Comparing Egs. (47) and (51),

0
() _ w04 s | 9 4,
] /{G’J 0x; Y 0x;
A
1 (1)ODju ¢
e (52)
A
@)
") _ 2) Oy @5 | %
] |:O'1] axl w 61]:| adeA
A

2
@ 07w 1 (2)ODjir ()
(: =l dA 53
% 0x;j0x; 28’] 0x1 |1 (53)

are the J-integrals for states 1 and 2, respectively, and

(2) (1)
12 :/[Gl(jl)@ui 2) Ou; B W(1,2)51]}

—|—o’(. !
A
(2)
(P O\ 0D
7\ 0x;0x;  Ox; i 0x M 1

0q
axl Y axl o A
o/
(54)

ax]'

dA

A

is another modified interaction integral for non-homoge-
neous materials. Note that, to evaluate the second inte-
grand of Eq. 54 needs only higher order derivatives of the
auxiliary fields, which can be easily obtained from Egs. (6-
20). However to evaluate the second integrand of Eq. (50)
needs higher order derivatives of the actual displacement
fields also, which requires higher-order elements in FEM
and also more computational effort.

Note, for homogeneous materlals, oDykl /0x; =0,

—6u /ax], /ax —60 /Gx'e Y and

68 / 0x; = 66 / oxlaf] ), regardless of how the auxil-
1ary field is defined. As a result, the J, 7@ and M2

integrals in methods I and II degenerate to their corre-
sponding homogeneous solutions, as expected.

3.2.3

Stress-intensity factors

For linear-elastic solids, the f —integral also represents the
energy release rate and, hence,

- 5 2
J = oipKy 4 o126 KiKpr + 022,6p Ky

where o1 ¢ip, %12 tip> and 0 ip are evaluated at the crack tip.
Regardless of how the auxiliary fields are defined, Eq. (55)
applied to states 1, 2, and S yields

(55)

JV = OCn,tipKI(1> + Oﬂ12.tipKI<1)KI(Il) + “22-ﬁPKI(II) , (56)

(57)

~ 2 2
J? = ‘xll,tipKI(Z) + 0612,tipK1(2)K1<12) + Otzz,tipKI(Iz) )

and

_ 2
](S) — all,tip (KI(1> + KI(Z)) +a12¢tip (KI(I) + KI(2)>

X (KI(II)

2
= all,tipKI(l) + alZ,tipK[(l)Kj(jl) + aZZ,tipKI([l)

2
+ KI(IZ)> ~+ 22 tip (KI(II) + K1<12))

2

2

+ all,tipK[(Z)z + alZ,tipKI(Z)KI(IZ) + a22,tipK1([2)
+ zall,tipKIU)KI(Z) =+ 12 tip <K1(1>K1(12> + Kl(z)KI(Il)>
+ 225Ky Kif
=JO + 1@ 4 201 4K VK + o112
x (KK + KK ) + 2m0pKi K
(58)
Comparing Eqgs. (47) and (58),
M1 = 20611,tipK1(1)K1(2> + 012, tip (KI(I)KI(IZ) + K1<2)K1(11>)
+ 200 KK (59)

Following a similar procedure and judiciously choosing
the intensity of the auxiliary state as described earlier,
the SIFs for non-homogenous materials can also be
derived as

M) = 20(11,tipK1(1) + 0612,tipK1(11) 1 (60)

and

M(11H> = alZ,tiPKI(U + 20(22,tiPKI(Il) ’

(61)

where M) and MU are two modified interaction
integrals for modes I and II, respectively. The interaction
integrals M) and M("!) can be evaluated using either Eq.
(50) or Eq. (54) depending on the auxiliary field. Equations
(60) and (61) provide a system of linear algebralc equa-
tions which can be solved for SIFs K; M) and K§I> under
various mixed-mode loading condltlons Both methods
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developed in this study were used in performing numerical
calculations, to be presented in a forthcoming section.

Note, Egs. (60) and (61) are the result of a simple
generalization of the interaction integral method for cal-
culating fracture parameters in linear-elastic non-homog-
enous materials. When both the elastic modulus and the
Poisson’s ratio have no spatial variation, M2 = pM(12),
Consequently, Egs. (60) and (61) degenerate into Egs. (42)
and (43), as expected.

4

Numerical examples

The newly modified interaction integrals (methods I and
IT) developed in this study were applied to evaluate the
SIFs of cracks in othrotropic FGMs. Both single- (mode I)
and mixed-mode (modes I and II) conditions were con-
sidered and three examples are presented here. The pro-
posed two interaction integrals (methods I and II) are
fairly domain independent, however in all the examples a
domain (2b; x 2b, ), with size 2b; = 2b, = crack length 2a
surrounding each crack tip is chosen for evaluating the
integrals. The results obtained in the current study were
compared with the semi-analytical solutions by Ozturk
and Erdogan [35, 36]. For the sake of comparison the
independent engineering constants, Eq;, Ex;, G12, V12, and
vy are replaced by a stiffness parameter E, a stiffness ratio
5%, an average Poisson’s ratio v , and a shear parameter x
[35, 36], which are defined as

E \J
E=VEnEyn, &' =""=-"2,
Eyn vn (62)

V= +/V12V21, K v,

T 260,

for plane stress, and

E— EnEy 4 :ﬂ(l — Vp3V32)
(1= vi3v31)(1 — va3v3,) Epn (1 —vizvsy)’
(2 +v13v32) (Va1 + va3vsr) E

v

K=———
(1 —v13v31)(1 — va3v32) 2Gyp,

(63)

for plane strain.

4.1

Example 1: plate with an interior crack parallel to material
gradation under mode-I

Consider an orthotropic square plate of dimensions

2L = 2W = 20 units (L/W = 1) with a central crack of
length 2a = 2.0 units, subjected to crack-face pressure
loading, as shown in Fig. 2a. A plane stress condition was
assumed. The crack is parallel to the material gradation and
the following material property data were employed for
FEM analysis: Ey; (x;) = E e/, Ep(x)) = E), e,

Gi2(x1) = G%,ef, where the average modulus of elasticity
E(x)) = E%f*1/9) with E° = \/E? EY,. The non-homoge-
neity parameter fia is varied from 0.0 to 1.0. Two different
values of the shear parameter k = —0.25 and 5.0 were
employed. The stiffness ratio 6* = 0.25 and the average
Poisson’s ratio v = 0.3 were used in the FEM analysis.

—
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—

X1

X>

<_
~—
~—
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Fig. 2. Plate with an interior crack parallel to material gradation
under mode-I: a geometry and loads; b FEM discretization (5756
nodes, 1696 8-noded quadrilateral elements, 214 6-noded trian-
gular elements, and 16 focused quarter-point 6-noded triangular
elements); and c enlarged view of discretization around the crack
tips

The applied load corresponds to o,

(-1 <x; <1,+0)= +0y = £1.0 along top and bottom
crack faces. The displacement boundary condition is
prescribed such that u; = u, = 0 for the node in the
middle of the left edge, and u, = 0 for the node in the
middle of the right edge. The FEM discretization involves
5756 nodes, 1696 8-noded quadrilateral elements, 214
6-noded triangular elements, and 8 focused quarter-point
6-noded triangular elements in the vicinity of each crack
tip, as shown in Fig. 2b. Figure 2c depicts the enlarged
view of discretization around the crack tips. A 2 x 2
Gaussian integration was employed.

Ozturk and Erdogan [35] investigated an infinite plate
with the same configuration. Obviously, a FEM model
cannot represent the infinite domains addressed in the
analysis of Ozturk and Erdogan [35], but as long as the



Table 1. Normalized stress

intensity factors for an pa Proposed Proposed Ozturk and
orthotrg’pic plate under method-1 [M(12)] method-1I [M12)] Erdogan [35]
uniform crack face pressure Ki(a) Ki(—a) Ki(a) Ki(—a) Ki(a) Ki(—a)
loading (x = —0.25) oo\/ma Go\/1a Go\/ma Go\/1a Gov/ma Go/ma
0.0 1.0003 1.0003 1.0009 1.0008 1.0 1.0
0.01 1.0013 0.9997 1.0016 1.0005 1.0025 0.9975
0.1 1.0176 0.9689 1.0354 0.9844 1.0246 0.9747
0.25 1.0587 0.9335 1.0770 0.9497 1.0604 0.9364
0.50 1.1099 0.8699 1.1297 0.8823 1.1177 0.8740
0.75 1.1709 0.8099 1.1695 0.8169 1.1720 0.8154
1.00 1.2287 0.7703 1.2137 0.7621 1.2235 0.7616
1.50 1.2999 0.6698 1.3065 0.6722 1.3184 0.6701
2.00 1.3899 0.5909 1.3908 0.6016 1.4043 0.5979

ratios a/W and a/L are kept relatively small (e.g,

a/W =a/L < 1/10), the approximation is acceptable.
Tables 1 and 2 provide a comparison between predicted
normalized stress intensity factors K;(a)og/ma and
Ki(—a)/a¢\/ma at both crack tips for several values of
non-homogeneous parameter fla, obtained by proposed
interaction integral methods I and II, and those of Ozturk
and Erdogan [35] for shear parameters k = —0.25 and 5.0,
respectively. The numerical results from proposed meth-
ods I and II shows that effect of k¥ on normalized stress
intensity factors is less significant than that of fa. Also the
stress intensity factor on the stiffer side of the medium is
always greater than that on the less stiff side. The agree-
ment between the present results of proposed methods and
Ozturk and Erdogan’s [35] analytical solution is excellent,
regardless of methods I and II.

4.2

Example 2: plate with an interior crack perpendicular

to material gradation (mixed mode)

Consider an orthotropic square plate of dimensions 2L =
2W = 20 units (L/W = 1) with a central crack of length 2a
= 2.0 units, as shown in Fig. 3. Except for material prop-
erties and loading conditions, all other conditions
including FEM discretization were same as in Example 1.
However, the crack is perpendicular to the material gra-
dation. In Example 2, both crack-face pressure loading and
crack-face shear loading were considered separately. The
following material property data were employed for FEM
analysis: Eyj(x,) = E ef% | Eyy(x;) = ES, e,

Gi2(x2) = G%,eP*2 where the average modulus of elasticity
E(x;) = E%ef*2/9) with E® = \/E9, ES,. The non-homo-
geneity parameter fa is varied from 0.0 to 2.0. Two dif-
ferent values of the shear parameter x = 0.5 and 5.0 and
two different stiffness ratio 6* = 0.25, and 10 were em-
ployed in the FEM analysis. Three different values of the
average Poisson’s ratio v = 0.15,0.30, and 0.45 were used
in the computations.

For crack-face pressure loading the applied load corre-
sponds to 05(—1 < x; < 1,40) = +0¢ = £1.0 and for
crack-face shear loading the applied load corresponds to
o12(—1 < x; <1,£0) = +19 = 1.0 along top and bottom
crack faces. A 2 x 2 Gaussian integration was adopted.

The effect of the non-homogeneity parameter ffa and
effect of the average Poisson’s ratio v on the normalized
stress intensity factors for both crack-face pressure load-

Table 2. Normalized stress intensity factors for an orthotropic
plate under uniform crack face pressure loading (x = 5.0)

pa  Proposed Proposed Ozturk and
method-I [M(l'z)] method-II [M(l’z)] Erdogan [35]
Ki(a) Ki(-a) Ki(a) Ki(-a) Ki(a) Ki(-a)
agy/na 00+/7a oo+/a ao\/ma agy/na 0o+/a
0.0 0.9967 0.9967 1.0005 1.0005 1.0 1.0
0.01 1.0014 1.0002 1.0052 1.0049 1.0025 0.9975
0.1 1.0199 0.9833 1.0247 0.9867 1.0231 0.9733
0.25 1.0499 0.9289 1.0587 0.9289 1.0531 0.9306
0.50 1.0961 0.8543 1.0887 0.8602 1.0946 0.8594
0.75 1.1203 0.7878 1.1301 0.8069 1.1281 0.7932
1.00 1.1499 0.7298 1.1603 0.7363 1.1556 0.7339
1.50 1.2007 0.6295 1.2015 0.6401 1.1979 0.6367
2.00 1.2305 0.5586 1.2307 0.5598 1.2290 0.5636
Exn
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Fig. 3. Plate with an interior crack perpendicular to material
gradation: geometry and loads

ing and crack-face shear loading were studied. The present
results obtained by proposed interaction integral methods
I and II are compared with those reported by Ozturk and
Erdogan [36], who investigated an infinite plate with the
same configuration. Tables 3 and 4 provide a comparison
between predicted normalized stress intensity factors
under uniform crack-face pressure loading and uniform
crack-face shear loading, respectively, obtained by
proposed interaction integral methods I and II, and those
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Table 3. The effect of the non-homogeneity parameter on the
normalized stress intensity factors for an orthotropic plate under
uniform crack face pressure loading (6* = 0.25, v=0.3, k = 0.5)

pa  Proposed Proposed Ozturk and
method-I [M1?)]  method-1I [M!?]  Erdogan [36]
K@ Kula) Ki@  Kula) K@ Kula)
Goy/na Goy/na ao\/na ao\/na Goy/na Goy/na
0.0 1.0067 0.0 1.0059 0.0 1.0 0.0
0.1 1.0206 0.0248 1.0193 0.0246 1.0115 0.0250
0.25 1.0502 0.0599 1.0513 0.0609 1.0489 0.0627
0.50 1.1373 0.1303 1.1355 1.1299 1.1351 0.1263
1.00 1.3398 0.2497 1.3406 0.2501 1.3494 0.2587
2.00 1.8623 0.5493 1.8598 0.5564 1.8580 0.5529

Table 4. The effect of the non-homogeneity parameter on the
normalized stress intensity factors for an orthotropic plate under
uniform crack face shear loading (6* = 0.25, v=0.3, k = 0.5)

pa  Proposed Proposed Ozturk and
method-I [M(LZ)} method-II [M(u)] Erdogan [36]
Ki(a) Ki(a) Ki(a) Ki(a) Ki(a) Ki(a)
T0\/1a T/ T0\V/1a T0\V/1a t0\/1a T0V/1a

0.0 0.0 0.9998 0.0 1.0007 0.0 1.0

0.1 —0.0487 1.0005 —0.0496 0.9999 —0.0494 0.9989

0.25 —0.1156 0.9971 —0.1167 0.9973 —0.1191 0.9968
0.50 —0.2196 0.9964 —0.2203 0.9969 —0.2217 0.9965
1.00 —0.3874 0.9999 —0.3799 1.0006 —0.3862 1.0071
2.00 —0.5698 1.0399 —0.5708 1.0453 —0.5725 1.0499

of Ozturk and Erdogan [36] for various values of non-
homogeneity parameter fa, and 5* =0.25; v =0.3; and &
= 0.5. Tables 5 and 6 provide a comparison between pre-
dicted normalized stress intensity factors under uniform
crack face pressure loading for 6* = 0.25, and §* = 10
respectively, obtained by proposed interaction integral
methods I and II, and those of Ozturk and Erdogan [36]
for v =0.15,0.3, and 0.45 and fa = 0.5, and 1.0. Tables 7
and 8 provide a similar comparison for an orthotropic

plate under uniform crack face shear loading. The agree-
ment between the results of the proposed methods and
Ozturk and Erdogan’s [36] analytical solution is excellent,
irrespective of methods I and IL
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Example 3: slanted crack in a plate under mixed-mode
Consider a centrally located, inclined crack of length 2a =
24/2 units in a finite two-dimensional orthotropic rectan-
gular plate of size 2L = 40 units and 2W = 20 units, as
shown in Fig. 4a. A plane stress condition was assumed.
This example is investigated with material variation fol-
lowing exponential functions and the following material
property data were used for FEM analysis:

Eyy(x1) = ES €™, Ep(x1) = E,ef™, Gip(x1) = GY,e™,

E% =3.5x10%, E9, = 12 x 105, G%, = 3 x 106,

v = 0.204, and Ei;/Ey = viz/v21. The following two
cases were examined: (1) an orthotropic FGM with pro-
portional material variation (o, f8,7) = (0.2,0.2,0.2), and
(2) an orthotropic FGM with non-proportional material
variation (o, 3,7) = (0.5,0.4,0.3).

The applied load corresponds to g, (—10 < x; < 10,
£20) = +£¢°° = £1.0 along top and bottom edges. The
displacement boundary condition is prescribed such that
u; = u, = 0 for the node in the middle of the left edge, and
u; = 0 for the node in the middle of the right edge. The
FEM discretization involves 3606 Nodes, 898 8-noded
quadrilateral elements, 354 6-noded triangular elements,
and 8 focused quarter-point 6-noded triangular elements
in the vicinity of each crack tip, as shown in Fig. 4b. Figure
4c depicts the enlarged view of discretization around the
crack tips.

Table 9 provides a comparison between predicted SIFs
K/ (a), Kj;(a), K; (a), and K;(a) at both crack tips, ob-
tained by proposed interaction integral methods I and II,
and existing results obtained by Kim and Paulino from
the literature [37]. A good agreement is obtained between
the results of the proposed methods and Kim and
Paulino’s [37] numerical results by using the MCC
and DCT.

Table 5. The effect of the

4 _
Poisson’s ratio on the normal- H£% 0 =025 Prollalosed .. Proll)losed ) Ozturk and
ized stress intensity factors for method-1 [M"'] method-I1 [M2)] Erdogan [36]
an orthotropic plate under v 015 030 045 015 030 045 015 030  0.45
uniform crack face pressure
loading (k = 5.0) 0.5 Ki(a)/oov/ma 12531 12578 12599 1.2528 1.2583 1.2608 1.2516 1.2596 1.2674
Ky(a)/ogy/ma  0.1217 0.1219 0.1219 0.1267 0.1270 0.1271 0.1259 0.1259 0.1259
1.0 Kj(a)/opy/ma  1.5603 1.5729 1.5845 1.5599 1.5748 1.5836 1.5589 1.5739 1.5884
Kj(a)/ooy/ma  0.2600 0.2599 0.2516 0.2583 0.2581 0.2499 0.2555 0.2557 0.2558
Table 6. The effect of the 4
Poisson’s ratio on the pa 6" =10 Prollalosed .. Progosed . Ozturk and
normalized stress intensity method-I [M2] method-I1 [M"?)] Erdogan [36]
factors for an orthotropic plate v 015 030 045 015 030 045 015 030  0.45
under uniform crack face
pressure loading (x = 5.0) 0.5 Ki(a)/oov/ma 1.0699 1.0720 1.0799 1.0710 1.0716 1.0810 1.0748 1.0776 1.0804
Ky(a)/ogy/ma  0.1239 0.1252 0.1259 0.1227 0.1248 0.1256 0.1252 0.1252 0.1251
1.0 Kj(a)/opy/ma  1.1889 1.1955 1.2009 1.1897 1.1993 1.2056 1.1892 1.1955 1.2017
Kj(a)/ooy/ma  0.2499 0.2503 0.2536 0.2538 0.2543 0.2537 0.2511 0.2512 0.2512




Table 7. The effect of the Poisson’s ratio on the normalized stress intensity factors for an orthotropic plate under uniform crack face
shear loading (x = 5.0)

pa ot =025 Proposed Proposed Ozturk and
method-T [M(12)] method-1I [M(12)] Erdogan [36]
v 0.15 0.30 0.45 0.15 0.30 0.45 0.15 0.30 0.45
0.5 Ki(a)/to\/ma —0.1926 —0.1909 —0.1900 —0.1956 —0.1945 —0.1923 —0.1980 —-0.1971 —0.1963
Ky (a)/t0v/na 0.9899 0.9907 0.9960 0.9888 0.9999 0.9919 0.9898 0.9915 0.9931
1.0 Ki(a)/to\/ma -0.3199 —0.3099 —-0.3067 -0.3199 —-0.3056 —-0.3048 —0.3203 —-0.3186 -0.3169
Ky (a)/to/na 0.9899 0.9901 0.9968 0.9901 0.9953 0.9968 0.9888 0.9921 0.9953

Table 8. The effect of the Poisson’s ratio on the normalized stress intensity factors for an orthotropic plate under uniform crack face
shear loading (x = 5.0)

fa =10 Proposed Proposed Ozturk and
method-I [M(l’z)} method-II [M(l"z)} Erdogan [36]
4 0.15 0.30 0.45 0.15 0.30 0.45 0.15 0.30 0.45
0.5 Ki(a)/t0\/ma —0.0359 -0.0379 —0.0380 —0.0360 —0.0383 —0.0383 —0.0366 —0.0365 —0.0365
Ky (a)/tov/na 0.9909 0.9911 0.9925 0.9911 0.9917 0.9977 0.9956 0.9961 0.9965
1.0 Ki(a)/to\/ma —0.0659 —0.0649 —0.0627 —0.0655 —0.0648 —0.0631 —0.0660 —0.0657 —0.0654
Ky (a)/to/na 0.9899 0.9905 0.9917 0.9898 0.9913 0.9949 0.9913 0.9925 0.9938
& c
MUY
L Integral Domain
2b,7%.2b,
Fig. 4. Slanted crack in a plate under
L En mixed-mode: a geometry and loads; b FEM
discretization (3606 Nodes, 898 8-noded
En quadrilateral elements, 354 6-noded trian-
L gular elements, and 16 focused quarter-
point 6-noded triangular elements); and ¢
AAMAAMAALAAAA enlarged view of discretization around the
2w crack tips
Table 9. Mixed-mode . _ B
stress-intensity factor in an Material Method Ki(a) Kj(a) Ki(a) Ky(a)
orthotropic functionally FGM (proportional) Kim and Paulino (MCC) [37] 1762  1.439  1.403  1.288

graded plate with a slant crack "0 "% 0502)  Kim and Paulino (DCT) [37] 1769 1419 1419  1.284

Proposed Method-I [JC/{M] 1728 1429 1411 1299
Proposed Method-II [M(12]  1.725 1432 1409  1.300

FGM (non-proportional)  Kim and Paulino (MCC) [37]  2.384 1.581 1.437 1.225
(o, B,7) = (0.5,0.4,0.3) Kim and Paulino (DCT) [37] 2.387 1.553 1.456 1.229
Proposed Method-I [ng“@] 2393 1.603 1399 1217
Proposed Method-II [M(12] 2399 1.611 1407  1.204

5 discretization, where the material properties are smooth
Summary and conclusions functions of spatial co-ordinates and two newly developed
Two new interaction integrals have been developed for interaction integrals for mixed-mode fracture analysis.

calculating stress-intensity factors for a stationary crack in The proposed interaction integral can also be implemented
two-dimensional orthotropic functionally graded materials in conjunction with other numerical methods, such as
of arbitrary geometry. The method involves finite element meshless method, boundary element method, and other.
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Three numerical examples, including both mode-I and
mixed-mode problems, are presented to evaluate the
accuracy of fracture parameters calculated by the pro-
posed interaction integrals. Comparisons have been made
between the stress-intensity factors predicted by the pro-
posed interaction integrals and available reference solu-
tions in the literature, generated either analytically or
numerically using various other fracture integrals or
analyses. An excellent agreement is obtained between the
results of proposed interaction integrals and the
previously obtained solutions.
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