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Abstract In this paper we present a formulation of
orthotropic elasto-plasticity at finite strains based on
generalized stress–strain measures, which reduces for one
special case to the so-called Green–Naghdi theory. The
main goal is the representation of the governing constit-
utive equations within the invariant theory. Introducing
additional argument tensors, the so-called structural ten-
sors, the anisotropic constitutive equations, especially the
free energy function, the yield criterion, the stress-re-
sponse and the flow rule, are represented by scalar-valued
and tensor-valued isotropic tensor functions. The pro-
posed model is formulated in terms of generalized stress–
strain measures in order to maintain the simple additive
structure of the infinitesimal elasto-plasticity theory. The
tensor generators for the stresses and moduli are derived
in detail and some representative numerical examples are
discussed.

Keywords Anisotropy, Finite elasto–plasticity,
Generalized measures

1
Introduction
The complex mechanical behaviour of elasto-plastic ma-
terials at large strains with an oriented internal structure
can be described with tensor-valued functions in terms of
several tensor variables, usually deformation tensors and
additional structural tensors. General invariant forms of
the constitutive equations lead to rational strategies for the
modelling of the complex anisotropic response functions.
Based on representation theorems for tensor functions the
general forms can be derived and the type and minimal
number of the scalar variables entering the constitutive
equations can be given. For an introduction to the in-
variant formulation of anisotropic constitutive equations
based on the concept of structural tensors and their rep-
resentations as isotropic tensor functions see Spencer [26],
Boehler [3], Betten [2] and for some specific model
problems see also Schröder [19]. These invariant forms of

the constitutive equations satisfy automatically the sym-
metry relations of the considered body. Thus, they are
automatically invariant under coordinate transformations
with elements of the material symmetry group. For the
representation of the scalar-valued and tensor-valued
functions the set of scalar invariants, the integrity bases,
and the generating set of tensors are required. For detailed
representations of scalar- and tensor-valued functions we
refer to Wang [31, 32], Smith [23, 24]. The integrity bases
for polynomial isotropic scalar-valued functions are given
by Smith [23] and the generating sets for the tensor
functions are derived by Spencer [26]. In this work we
formulate a model for anisotropic elasto-plasticity at large
strains following the line of Papadopoulos and Lu [16].
Here we use a representation of the free energy function
and the flow rule which fulfill the material symmetry
conditions with respect to the reference configuration
a priori.

Papadopoulos and Lu [16] proposed a rate-independent
finite elasto-plasticity model within the framework of a
Green–Naghdi type theory, see e.g. Green and Naghdi [5],
using a family of generalized stress–strain measures. An
extension of this work to anisotropy effects is given in
Papadopoulos and Lu [17], where the algorithmic treat-
ment deals with nine of the twelve common material
symmetry groups. Furthermore, the authors develop spe-
cial return algorithms for some anisotropy classes. Gen-
eralized measures have been used e.g. by Doyle and
Ericksen [4], Seth [20], Hill [8], Ogden [15] and Miehe and
Lambrecht [13] in the case of nonlinear elasticity.

For an overview of the developments in the theory and
numerics of anisotropic materials at finite strains we refer
to the papers published in the special issue of the Inter-
national Journal of Solids and Structures Vol. 38 (2001),
EUROMECH Colloquium 394, and the references therein.
In the following we discuss only a few contributions in this
field. A yield criterion which describes the plastic flow of
orthotropic metals has been first proposed by Hill [7]. A
numerical study on integration algorithms for the latter
model at small strains and especially the evaluation of iso-
error maps is given in De Borst and Feenstra [14]. A
constitutive frame for the formulation of large strain an-
isotropic elasto-plasticity based on the notion of a plastic
metric is proposed by Miehe [11]. A consistent Eulerian-
type constitutive elasto-plasticity theory with general iso-
tropic and kinematic hardening has been developed by
Xiao et al. [35], combining the additive and multiplicative
decomposition of the stretch tensor and the deformation
gradient. An anisotropic plasticity model at large strains
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taking into account the postulate of Il’iushin is proposed
by Tsakmakis [29] and specialized for transverse isotropy
in Häusler et al. [6]. The main ingredient is the intro-
duction of an evolution equation for the rotation of the
preferred anisotropy directions. A further approach to
describe the anisotropic elasto-plastic material behaviour
is based on the homogenization of polycrystalline meso-
structures, in this context see Miehe et al. [12] and refer-
ences therein.

In this paper a theory of finite elasto-plastic strains
using the notion of generalized stress and strain measures
is presented. With the essential assumption of the additive
decomposition of the generalized strains the structure of
the constitutive equations corresponds to the linear theo-
ry, in this context see also [16, 17]. The model has been
implemented in a brick-type shell element of Klinkel [9],
see also Wagner et al. [30] and references therein. The
element provides an interface to three-dimensional mate-
rial laws; it is implemented in the program FEAP [36]. Due
to special interpolation techniques based on mixed varia-
tional principles, the element is applicable for the nu-
merical analysis of thin structures. For a comparison of
three dimensional continuum elements with shell elements
for finite plasticity problems see Wriggers et al. [33].
Furthermore, the interface of the program ABAQUS [1] is
used for an implementation. We discuss three represen-
tative numerical examples: the necking of a circular bar;
the load carrying behaviour of a conical shell; and the deep
drawing process of a sheet metal plate.

The new aspects and essential features of the formula-
tion are summarized as follows:

(i) In our formulation we exploit the fact that the gen-
eralized strains and the Green–Lagrange strains are
characterized by the same eigenvectors. Using this
feature one can extend results of Ogden [15], which
have been derived in the context of isotropic elasticity.
In [15] elastic stored energies as functions of the
principal stretches are considered and first and second
derivatives are derived.

(ii) Based on these features the components of the pro-
jection tensors with respect to the principal axes are
derived. Using the fourth-order and sixth-order
transformation tensors one can evaluate the second
Piola–Kirchhoff stress tensor and associated lineari-
zation. Furthermore, explicit matrix representations
are given. The expressions are simple and thus allow a
very efficient finite element implementation.

(iii) The constitutive equations for orthotropy are formu-
lated in an invariant setting. So-called structural ten-
sors describe the privileged directions of the material.
For the yield condition with isotropic and kinematic
hardening we introduce a simple representation in
terms of the invariants of the deviatoric part of the
relative stress tensor and of the structural tensors.

(iv) The set of constitutive equations is solved applying a
so-called general return method, see e.g. Simo and
Hughes [22] and Taylor [27]. Additionally, the con-
dition of plastic incompressibility is fulfilled by a
correction of the inelastic part of the generalized
strains.

(v) For the numerical examples, where we compare dif-
ferent stress–strain measures, an identification of all
models is performed with respect to a given reference
uniaxial tension test. Thus all formulations in the
generalized measures reflect the same (given) macro-
scopic stress–strain characteristics, like linear isotro-
pic hardening. This can be seen as a (minimum)
essential feature in order to get physically comparable
results for the phenomenological quantities. In this
context see e.g. the discussions in Hill [8].

2
Kinematics and generalized stress–strain measures
The body of interest in the reference configuration is de-
noted with B � R3, parametrized in X and the current
configuration with S � R3, parametrized in x. The non-
linear deformation map ut : B ! S at time t 2 Rþ maps
points X 2 B onto points x 2 S. The deformation gradient
F is defined by

FðXÞ :¼ Grad utðXÞ ð1Þ
with the Jacobian JðXÞ :¼ det FðXÞ > 0. The index nota-
tion of F is Fa

A :¼ oxa=oXA. An important strain measure,
the right Cauchy–Green tensor, is defined by

C :¼ FTF with CAB ¼ Fa
AFb

Bgab ; ð2Þ
where gab denotes the coefficients of the covariant metric
tensor g in the current configuration.

2.1
Generalized stress–strain measures
Following e.g. Doyle and Ericksen [4], Seth [20], Hill [8]
and Ogden [15] we define the generalized strain measures

EðmÞ :¼
1

2m ðC
m 
 1Þ for m 6¼ 0

1
2 ln½C
 for m ¼ 0

(
; ð3Þ

where 1 denotes the second-order unit tensor. Let
kA;A ¼ 1; 2; 3 be the eigenvalues and NA, A ¼ 1; 2; 3 the
eigenvectors of C, then we arrive at

Cm ¼
X3

A¼1

km
A NA � NA

ln½C
 ¼
X3

A¼1

ln kA NA � NA :

ð4Þ

In this context we remark that formulations of isotropic
metal elasto–plasticity based on logarithmic strains are
successfully used e.g. in Peric et al. [18]. Furthermore, let
the generalized stress measure SðmÞ be the work conjugate
to EðmÞ. To simplify the notation we write S :¼ Sð1Þ for the
symmetric Second Piola–Kirchhoff stress tensor and
E :¼ Eð1Þ for the Green–Lagrangian strain tensor. The re-
lated work conjugate stress measures are defined by the
stress power density

_ww ¼ S : _EE ¼ SðmÞ : _EEðmÞ ¼ SðmÞ : 2oCðEðmÞÞ : _EE

¼ SðmÞ : PE : _EE :
ð5Þ

This leads to the transformation rule for the second Piola–
Kirchhoff stress tensor
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S ¼ SðmÞ : PE with PE ¼ 2oCEðmÞ : ð6Þ

For the following derivations we exploit the fact that EðmÞ

and E have the same eigenvectors. An illustration of this is
given in Fig. 1. Now, following Ogden [15] we arrive at the
explicit expression for the fourth-order transformation
tensor

PE ¼
X3

A¼1

X3

B¼1

PAABB NA � NA � NB � NB

þ
X3

A¼1

X3

B 6¼A

PABAB ðNA � NBÞ

� ðNA � NB þ NB � NAÞ : ð7Þ
With the eigenvalues EA ¼ 1

2 ðkA 
 1Þ of E and the eigen-
values of the generalized strain measures

E
ðmÞ
A :¼

1
2m ðk

m
A 
 1Þ for m 6¼ 0

1
2 ln½kA
 for m ¼ 0

�
; ð8Þ

we derive the non-zero components of PE:

PAABB ¼ oEB
E
ðmÞ
A ¼ km
1

A dAB

PABAB ¼ cðmÞAB ¼
E
ðmÞ
A 
E

ðmÞ
B

2ðEA
EBÞ for kA 6¼ kB

1
2 km
1

A for kA ¼ kB

8<
: :

ð9Þ

The result for two equal eigenvalues is obtained applying
the rule of L’Hospital, in this context see e.g. Miehe and
Lambrecht [13].

2.2
Matrix representation
Let ��SS�SS ¼ ½S11; S22; S33; S12; S13; S23
T and P be the matrix
representations of S ¼ Sijei � ej and PE, respectively. Thus
ð6Þ1 and (7) lead to

��SS�SS ¼ PT�SS and P ¼ TTL1T ; ð10Þ
with the Cartesian components of the generalized stress
tensor �SSij ¼ ei � SðmÞ � ej organized in a vector �SS ¼ ½�SS11; �SS22;
�SS33; 2�SS12; 2�SS13; 2�SS23
T: The eiji ¼ 1; 2; 3 denote the fixed
Cartesian basis with respect to the reference configuration.
The matrix T contains the components NA

j ¼ NA � ej of the
eigenvectors NA

The matrix L1 is of diagonal form

L1 ¼ diag km
1
1 ; km
1

2 ; km
1
3 ; cðmÞ12 ; cðmÞ13 ; cðmÞ23

h i
; ð12Þ

where the components cðmÞAB are defined in (9). The
compact matrix formulation of PE, see ð10Þ2, (11) and
(12), provides a very efficient finite element implemen-
tation.

3
Constitutive framework
In this section, we point out the main components for a
simple finite anisotropic plasticity model, see also Papa-
dopoulos and Lu [16, 17]. It consists of an additive de-
composition of the generalized strain tensor in ‘‘elastic’’
and plastic parts, with EeðmÞ :¼ EðmÞ 
 EpðmÞ. For the cal-
culation of the generalized stresses, the back stresses b and
the stress-like isotropic hardening variable n we assume
the existence of a free energy function w, which is de-
coupled additively in an elastic part we, a plastic part wp;i

due to isotropic hardening and wp;k due to kinematic
hardening. The yield criterion U is formulated in terms
of the relative stresses R :¼ SðmÞ 
 b and the isotropic
hardening stress n. For the evolution of the plastic strains
EpðmÞ and of the internal variables a; epðmÞ we use U as a
plastic potential. The loading-unloading conditions in
Kuhn–Tucker form complete the model. The constitutive
equations are summarized as follows:

Additive split EðmÞ ¼EeðmÞ þEpðmÞ

Free energy w¼weðJ1; . . . ;J7Þþwp;iðepðmÞÞ
þwp;kðaÞ

Generalized stresses SðmÞ ¼oEeðmÞwe

Back stress b¼oaw
p;k

Isotropic hardening n¼oepðmÞwp;i

Relative stresses R¼ SðmÞ 
b
Yield criterion U¼ ÛUðR; iM;nÞ¼ ÛUðI1; . . . ;I6;nÞ
Associative flow rule _EEpðmÞ ¼koSðmÞU
Evolution of a _aa¼
kobU

Evolution of epðmÞ _eepðmÞ ¼
ffiffi
2
3

q
jj _EEpðmÞjj

Optimization condition k� 0;U� 0; kU¼ 0

ð13ÞFig. 1. Visualization of the coaxiality of E and EðmÞ

T ¼

ðN1
1 Þ

2 ðN1
2 Þ

2 ðN1
3 Þ

2 N1
1 N1

2 N1
1 N1

3 N1
2 N1

3

ðN2
1 Þ

2 ðN2
2 Þ

2 ðN2
3 Þ

2 N2
1 N2

2 N2
1 N2

3 N2
2 N2

3

ðN3
1 Þ

2 ðN3
2 Þ

2 ðN3
3 Þ

2 N3
1 N3

2 N3
1 N3

3 N3
2 N3

3

2N1
1 N2

1 2N1
2 N2

2 2N1
3 N2

3 N1
1 N2

2 þ N1
2 N2

1 N1
1 N2

3 þ N1
3 N2

1 N1
2 N2

3 þ N1
3 N2

2

2N1
1 N3

1 2N1
2 N3

2 2N1
3 N3

3 N1
1 N3

2 þ N1
2 N3

1 N1
1 N3

3 þ N1
3 N3

1 N1
2 N3

3 þ N1
3 N3

2

2N2
1 N3

1 2N2
2 N3

2 2N2
3 N3

3 N2
1 N3

2 þ N2
2 N3

1 N2
1 N3

3 þ N2
3 N3

1 N2
2 N3

3 þ N2
3 N3

2

2
6666664

3
7777775

: ð11Þ
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For the explicit formulation of invariant constitutive
equations the representation theorems of tensor functions
are used. The governing constitutive equations have to
represent the material symmetries of the body of interest a
priori. Furthermore, the minimal number of independent
scalar variables which has to enter the constitutive ex-
pression is required. For a detailed discussion of this topic
we refer to Boehler [3]. The structural tensors iM, the in-
variants Jiji ¼ 1; . . . ; 7 used in free energy and
Iiji ¼ 1; . . . ; 6 entering the yield criterion are defined in the
following sections.

3.1
Invariance conditions
Following ð13Þ2 we now focus on hyperelastic materials,
i.e. we assume the existence of a so-called Helmholtz free
energy function we in terms of the generalized strain
measures. Assume we to be a function solely in the de-
formation gradient, i.e. we ¼ weðF; �Þ. The argument ð�Þ in
the free energy function denotes additional tensor argu-
ments. They characterize the class of anisotropy of the
material; we discuss this topic in the following sections.
We consider perfect elastic materials, that means that the
internal dissipation Dint is zero for every admissible pro-
cess. The principle of material frame indifference requires
the invariance of the constitutive equation under super-
imposed rigid body motions onto the current configura-
tion, i.e. under the mapping x! Qx the condition
weðFÞ ¼ weðQFÞ holds 8Q 2 SOð3Þ. For the stress re-
sponse this principle leads to the well known reduced
constitutive equations we ¼ ŵweðCÞ which fulfill a priori the
principle of material objectivity. In the case of anisotropy
we introduce a material symmetry group Gk with respect to
a local reference configuration, which characterizes the
anisotropy class of the material. The elements of Gk are
denoted by the unimodular tensors iQji ¼ 1; . . . ; n. The
concept of material symmetry requires that the response
be invariant under transformations on the reference con-
figuration with elements of the symmetry group

ŵweðFQÞ ¼ ŵweðFÞ 8Q 2 Gk; F : ð14Þ
We say that the function w is a Gk-invariant function.
Without any restrictions we set Gk � SOð3Þ, where SOð3Þ
characterizes the special orthogonal group, because only
invariants of (absolute) second order tensors appear in
(13), see e.g. Spencer [26]. Based on the mapping
X! QTX for arbitrary rotation tensors Q 2 SOð3Þ we
have, in view of a coordinate free representation to fulfill
the transformation rule QTSðF;~�ÞQ¼ SðFQ;�Þ 8Q2 SOð3Þ:
If we assume the free energy function to be a function of
the generalized strain tensor ŵweðEeðmÞÞ, we obtain

S ¼ 2oCweðEeðmÞÞ
¼ SðmÞ : 2oCEeðmÞ with SðmÞ :¼ oEeðmÞwðEeðmÞÞ :

ð15Þ
The invariance requirement with respect to the material
symmetry group is then given by

ŵweðQTEeðmÞQÞ ¼ ŵweðEeðmÞÞ 8Q 2 Gk;EeðmÞ : ð16Þ

Thus it is clear that material symmetries impose several
restrictions on the form of the constitutive functions of the
anisotropic material. In order to work out the explicit re-
strictions for the individual symmetry groups or more
reasonably to point out general forms of the functions which
fulfill these restrictions it is necessary to use representation
theorems for anisotropic tensor functions. Similar argu-
ments are used for the construction of the coordinate in-
variant yield condition U ¼ ÛUðR; nÞ, see below.

3.2
Representation of anisotropic tensor functions
In order to construct an isotropic tensor function for the
anisotropic constitutive behaviour we have to extend the
Gk-invariant functions to functions which are invariant
under the special orthogonal group. For this purpose we
introduce the so-called structural tensors, which reflect the
symmetry group of the considered material. The symmetry
group of a material is defined by (14). Here, we consider
orthotropic material which can be characterized by three
symmetry planes, where the anisotropy can be described
by some second-order tensors iMji ¼ 1; 2; 3 defined with
respect to the reference configuration. Let Gk be the
invariance group of the structural tensors, i.e.

Gk ¼ fQ 2 SOð3Þ; QTiMQ ¼ iM for i ¼ 1; 2; 3g :

ð17Þ
Thus the invariance group of the structural tensors char-
acterizes the class of anisotropy. Figure 2 illustrates the
preferred directions i~aa and i~aa :¼ Fia with respect to the
reference and current configuration, respectively.

With this definition we arrive at a further reduction of
the constitutive equation of the form

w ¼ ŵwðEeðmÞ; iMji ¼ 1; 2; 3Þ
¼ ŵwðQTEeðmÞQ;QTiMQji ¼ 1; 2; 3Þ 8Q 2 SOð3Þ :

ð18Þ
This is the definition of an isotropic scalar-valued tensor
function in the arguments ðEeðmÞ; 1M; 2M; 3MÞ, which ful-
fills the above postulated transformation rule for the
stresses. It should be noted that the function is anisotropic
with respect to EeðmÞ.

Remark There are further material symmetries which are
finite sub-groups of SO(3), for the different crystal classes,

Fig. 2. Preferred directions ia and i~aa in a neighborhood N of the
material point X and x defined with respect to the reference B and
the actual configuration S, respectively
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see e.g. Smith et al. [25], Spencer [26] and the references
therein.

3.3
Free energy function and related polynomial basis
The material symmetry group of the considered ortho-
tropic material is defined by

Go :¼ f�I; S1; S2; S3g ; ð19Þ
where S1; S2; S3 are the reflections with respect to the basis
planes ð2a; 3aÞ, ð3a; 1aÞ and ð1a; 2aÞ, respectively. Here,
ð1a; 2a; 3aÞ represents an orthonormal privileged frame.
Based on this, we obtain for this symmetry group the three
structural tensors

1M :¼ 1a� 1a; 2M :¼ 2a� 2a and 3M :¼ 3a� 3a ;

ð20Þ
which represent the orthotropic material symmetry. Due
to the fact that the sum of the three structural tensors
yields

P3
i¼1

iM ¼ 1 we may discard 3M from the set of
structural tensors (20). So the integrity basis is given by

P :¼ fJ1; . . . ; J7g : ð21Þ
The invariants ðJ1; J2; J3Þ are defined by the traces of
powers of EeðmÞ, i.e.

J1 :¼ tr EeðmÞ; J2 :¼ tr½ðEeðmÞÞ2
; J3 :¼ tr½ðEeðmÞÞ3
 :
ð22Þ

The irreducible mixed invariants are given by

J4 :¼ tr½1MEeðmÞ
; J5 :¼ tr½1MðEeðmÞÞ2

J6 :¼ tr½2MEeðmÞ
; J7 :¼ tr½2MðEeðmÞÞ2


ð23Þ

see e.g. Spencer [26]. For the free energy function we
assume a quadratic form:

we ¼ 1

2
kJ2

1 þ lJ2 þ
1

2
a1J2

4 þ
1

2
a2J2

6 þ 2a3J5 þ 2a4J7

þ a5J4J1 þ a6J6J1 þ a7J4J6 : ð24Þ
The generalized stresses appear with ð15Þ2 in the form

SðmÞ ¼ kJ11þ 2lEeðmÞ þ a1J4
1Mþ a2J6

2M

þ 2a3ðEeðmÞ1Mþ 1MEeðmÞÞ
þ 2a4ðEeðmÞ2Mþ 2MEeðmÞÞ þ a5ðJ1

1Mþ J41Þ
þ a6ðJ1

2Mþ J61Þ þ a7ðJ4
2Mþ J6

1MÞ : ð25Þ
The second derivative of we yields in this special case the
constant generalized fourth-order elasticity tensor

CeðmÞ ¼ k1� 1þ 2lIþ a1
1M� 1Mþ a2

2M� 2M

þ 2a3K1 þ 2a4K2 þ a5ð1M� 1þ 1� 1MÞ
þ a6ð2M� 1þ 1� 2MÞ
þ a7ð2M� 1Mþ 1M� 2MÞ ð26Þ

with IIJKL ¼ dIKdJL, K1
IJKL ¼ dIK

1MJL þ dJL
1MIK and

K2
IJKL ¼ dIK

2MJL þ dJL
2MIK . The elasticity parameters

ðk; l; aiji ¼ 1; . . . ; 7Þ can be identified using the matrix
notation

S
ðmÞ
11

S
ðmÞ
22

S
ðmÞ
33

S
ðmÞ
12

S
ðmÞ
13

S
ðmÞ
23

2
666666664

3
777777775
¼

C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0

0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

2
6666664

3
7777775

E
eðmÞ
11

E
eðmÞ
22

E
eðmÞ
33

2E
eðmÞ
12

2E
eðmÞ
13

2E
eðmÞ
23

2
666666664

3
777777775

;

ð27Þ
with the elasticity constants Cij. Choosing the preferred
directions as 1a ¼ ð1; 0; 0ÞT and 2a ¼ ð0; 1; 0ÞT we obtain
the material parameters

k ¼ C33 þ 2ðC44 
 C55 
 C66Þ
l ¼ C55 þ C66 
 C44

a1 ¼ C11 þ C33 
 4C55 
 2C13

a2 ¼ C22 þ C33 
 4C66 
 2C23

a3 ¼ C44 
 C66

a4 ¼ C44 
 C55

a5 ¼ C13 
 C33 
 2ðC44 
 C55 
 C66Þ
a6 ¼ C23 
 C33 
 2ðC44 
 C55 
 C66Þ
a7 ¼ C12 
 C13 
 C23 þ C33 þ 2ðC44 
 C55 
 C66Þ

ð28Þ
in the invariant setting. In case of isotropy the only
remaining constants are k and l, which can be directly
determined from Young’s modulus E and Poisson’s ratio m.

3.4
Yield criterion and related polynomial basis
In the following, we consider an orthotropic yield condition
using isotropic tensor functions. We assume that the plastic
yield condition should not be influenced by the hydrostatic
pressure. Thus, the integrity basis for the argument tensor
dev R and the structural tensors 1M and 2M are given by

I1 :¼ tr½ðdev RÞ2
; I2 :¼ tr½1M ðdev RÞ2
;
I3 :¼ tr½2Mðdev RÞ2
 I4 :¼ tr½1M dev R
;
I5 :¼ tr½2M dev R
; I6 :¼ tr½ðdev RÞ3
 :

ð29Þ

The anisotropic flow criterion is formulated as an isotropic
tensor function, i.e.

ÛUðdev R; 1M; 2MÞ
¼ ÛUðQTdev RQ;QT1MQ;QT2MQÞ 8Q 2 SOð3Þ :

ð30Þ
The quadratic flow criterion function

U ¼ ÛUðI1; I2; I3; I4; I5; nÞ � 0 is given as follows:

U ¼ g1I1 þ g2I2 þ g3I3 þ g4I2
4 þ g5I2

5 þ g6I4I5


 1þ n̂nðepðmÞÞ
Y0

11

 !2

: ð31Þ

The material parameters giji ¼ 1; . . . ; 6 can be identified
by six independent tests. Assume the tests are relative to
the fixed orientation of the specimen 1a ¼ ð1; 0; 0ÞT and
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2a ¼ ð0; 1; 0ÞT. Let Y0
ij be the yield stress in ij-direction,

with respect to ia and ja. The linear independent numerical
tests with b ¼ 0 are:

1. uniaxial tension in 1a-direction

S ¼
Y0

11
0

0

0
@

1
A I1 ¼ 2=3ðY0

11Þ
2

I2 ¼ 4=9ðY0
11Þ

2

I3 ¼ 1=9ðY0
11Þ

2

I4 ¼ 2=3Y0
11

I5 ¼ 
1=3Y0
11

I4I5 ¼ 
2=9ðY0
11Þ

2

ð32Þ
2. uniaxial tension in 2a-direction

S ¼
0

Y0
22

0

0
@

1
A I1 ¼ 2=3ðY0

22Þ
2

I2 ¼ 1=9ðY0
22Þ

2

I3 ¼ 4=9ðY0
22Þ

2

I4 ¼ 
1=3Y0
22

I5 ¼ 2=3Y0
22

I4I5 ¼ 
2=9ðY0
22Þ

2

ð33Þ
3. uniaxial tension in 3a-direction

S ¼
0

0
Y0

33

0
@

1
A I1 ¼ 2=3ðY0

33Þ
2

I2 ¼ 1=9ðY0
33Þ

2

I3 ¼ 1=9ðY0
33Þ

2

I4 ¼ 
1=3Y0
33

I5 ¼ 
1=3Y0
33

I4I5 ¼ 1=9ðY0
33Þ

2

ð34Þ
4. shear test in 1a–2a plane

S ¼
0 Y0

12
Y0

12 0
0

0
@

1
A I1 ¼ 2ðY0

12Þ
2

I2 ¼ ðY0
12Þ

2

I3 ¼ ðY0
12Þ

2

I4 ¼ 0
I5 ¼ 0
I4I5 ¼ 0

ð35Þ
5. shear test in 1a–3a plane

S ¼
0 Y0

13
0

Y0
13 0

0
@

1
A I1 ¼ 2ðY0

13Þ
2

I2 ¼ ðY0
13Þ

2

I3 ¼ 0

I4 ¼ 0
I5 ¼ 0
I4I5 ¼ 0

ð36Þ
6. shear test in 2a–3a plane

S ¼
0

0 Y0
23

Y0
23 0

0
@

1
A I1 ¼ 2ðY0

23Þ
2

I2 ¼ 0
I3 ¼ ðY0

23Þ
2

I4 ¼ 0
I5 ¼ 0
I4I5 ¼ 0

ð37Þ
This leads after evaluation of the flow criterion to the
parameters

g1 ¼
1

2


1

ðY0
12Þ

2þ
1

ðY0
13Þ

2þ
1

ðY0
23Þ

2

 !

g2 ¼
1

ðY0
12Þ

2

1

ðY0
23Þ

2

g3 ¼
1

ðY0
12Þ

2

1

ðY0
13Þ

2

g4 ¼
2

ðY0
11Þ

2

1

ðY0
22Þ

2þ
2

ðY0
33Þ

2

1

ðY0
13Þ

2

g5 ¼

1

ðY0
11Þ

2þ
2

ðY0
22Þ

2þ
2

ðY0
33Þ

2

1

ðY0
23Þ

2

g6 ¼

1

ðY0
11Þ

2

1

ðY0
22Þ

2þ
5

ðY0
33Þ

2þ
1

ðY0
12Þ

2

1

ðY0
13Þ

2

1

ðY0
23Þ

2 :

ð38Þ

Remark If we set Y0
ii ¼ Y0 for i ¼ 1; 2; 3 and Y0

ij ¼ Y0=
ffiffiffi
3
p

for i 6¼ j with i; j ¼ 1; 2; 3 we arrive at the well known von

Mises criterion U ¼ 3jjdev Rjj2

2ðY0Þ2 
 1þ n̂nðepðmÞÞ
Y0

� �2

� 0.

3.5
Solution algorithm for the set of constitutive equations
To solve the set of Eqs. (13) we apply a so-called operator
split along with a general return method. The procedure is
given here for a typical time step ½tn; tnþ1
 with the time
increment Dt :¼ tnþ1 
 tn. We denote the solution at time

tn by fSðmÞn ; an;E
pðmÞ
n ; e

pðmÞ
n g. Furthermore, at time tnþ1 the

strain tensor E
ðmÞ
nþ1 is given. The procedure is based on the

introduction of the so-called trial state by

E
pðmÞ;trial
nþ1 ¼ EpðmÞ

n ; atrial
nþ1 ¼ an;

e
pðmÞ;trial
nþ1 ¼ epðmÞ

n ; ktrial
nþ1 ¼ 0 :

ð39Þ

Hence, the trial stresses are evaluated according to (13)

Strial
nþ1¼oEtrialŵwðEtrial

nþ1Þ with Etrial
nþ1 :¼E

ðmÞ
nþ1
E

pðmÞ;trial
nþ1

btrial
nþ1¼oatrial ŵwp;kðatrial

nþ1Þ :
ð40Þ

An elastic step is present if

Utrial
nþ1 ¼ ÛUðStrial

nþ1; b
trial
nþ1; e

pðmÞ;trial
nþ1 Þ � 0 ð41Þ

and the state variables at time tnþ1 are given by the elastic
predictor step. In case of Utrial

nþ1 > 0 one has to perform the
corrector step, see Appendix A. This leads to a solution at
time tnþ1 which is denoted by fSðmÞnþ1; anþ1;E

pðmÞ
nþ1 ; e

pðmÞ
nþ1 g.

Furthermore, we obtain the consistent tangent tensor in
the generalized stress–strain space.

Remark It is well known that the general return algorithm
according to Appendix A is not volume preserving for all
generalized measures, except for the case m ¼ 0. In case of
m 6¼ 0 we perform the following post-processing algorithm
in order to fulfill the plastic incompressibility condition
det½Cp
 ¼ 1 at the beginning of each time interval. Starting
from ð3Þ1 and the additive decomposition ð13Þ1 we con-
sider CpðmÞ, which is implicitly defined by

EpðmÞ ¼ 1

2m
ðCpðmÞ 
 1Þ : ð42Þ

It should be noted that EpðmÞ is a deviatoric tensor. The
latter equation yields

CpðmÞ ¼ 2mEpðmÞ þ 1 ; ð43Þ
with det½CpðmÞ
 6¼ 1 in general. The correction is performed
as follows:

CpðmÞ;� :¼ CpðmÞ=ðdet CpðmÞÞ1=3 ; ð44Þ
thus simply constructing the unimodular tensor CpðmÞ;� by
scaling the initial tensor. Using this procedure, we arrive at
the corrected plastic part of the generalized strain tensor

EpðmÞ;� ¼ 1

2m
ðCpðmÞ;� 
 1Þ : ð45Þ

In order to set EpðmÞ equal to EpðmÞ;� in the next time step
the latter quantities are stored in the history array. As
mentioned above, for m ¼ 0 the plastic incompressibility
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condition is fulfilled automatically. This statement can be
shown using the well known identity
det½exp A
 ¼ exp½tr A
, where A is a symmetric second-
order tensor.

4
Variational formulation and finite element discretization
In the following we give a brief summary of the corre-
sponding boundary value problem and finite element
formulation in the material description. Let B be the ref-
erence body of interest which is bounded by the surface
oB. The surface is partitioned into two disjoined parts
oB ¼ oBu

S
oBt with oBu

T
oBt ¼ ;. The equation of

balance of linear momentum for the static case is governed
by the first Piola–Kirchhoff stresses P ¼ FS and the body
force �ff in the reference configuration

Div½FS
 þ �ff ¼ 0 : ð46Þ

The Dirichlet boundary conditions and the Neumann
boundary conditions are given by

u ¼ �uu on oBu and t ¼ �tt ¼ PN on oBt ; ð47Þ
respectively. Here N represents the unit exterior normal
to the boundary surface oBt. With standard arguments
of variational calculus we arrive at the variational
problem

Gðu; duÞ ¼
Z
B

S : dE dV þ Gext with

GextðduÞ :¼ 

Z
B

�ff � du dV 

Z
oBt

�tt � du dA ;

ð48Þ

where dE :¼ 1
2 ðdFTFþ FTdFÞ characterizes the virtual

Green–Lagrangian strain tensor in terms of the virtual
deformation gradient dF :¼ Grad du. The principle of
virtual work (48) for a static equilibrium state of the
considered body requires G ¼ 0. For the solution of this
nonlinear equation we apply a standard Newton itera-
tion scheme which requires the consistent linearization
of (48) in order to guarantee the quadratic convergence
rate near the solution. Since the stress tensor S is
symmetric, the linear increment of G denoted by DG is
given by

DGðu; du;DuÞ :¼
Z
B

ðdE : DSþ DdE : SÞdV ; ð49Þ

where DdE :¼ 1
2 ðDFTdFþ dFTDFÞ denotes the linearized

virtual Green–Lagrange strain tensor as a function of the
incremental deformation gradient DF :¼ Grad Du. The
incremental second Piola–Kirchhoff stress tensor DS can
be derived using (6) as

DS ¼ DSðmÞ : PE þ SðmÞ : DPE ¼ C : DE ; ð50Þ

with DE :¼ 1
2 ðDFTFþ FTDFÞ. The moduli appear in the

form

C ¼ PE : C
ðmÞ
ep : PE þ SðmÞ : K ; ð51Þ

with the consistent tangent tensor C
ðmÞ
ep ¼ oEðmÞS

ðmÞ, in this
context see Appendix A, Eq. (A.71).

The sixth-order tensor K ¼ 2oCP is derived following
Ogden [15]

The non-zero components of K are found to be

KAABBCC ¼ oEC
PAABB ¼ 2ðm
 1Þkm
2

A dABdAC

KABABCC ¼ KABCCAB ¼ oEC
PABAB

where A 6¼ B

¼
cðmÞAABdAC þ cðmÞBBAdBC for kA 6¼ kB

1
2 ðm
 1Þkm
2

A for kA ¼ kB

0 for A 6¼ B 6¼ C 6¼ A

8><
>:

KAABCBC ¼
1

2

PAABB 
 PAACC

EB 
 EC

 PBCBC

dAB 
 dAC

EB 
 EC

where B 6¼ C

¼
cðmÞAACdAB þ cðmÞAABdAC for kB 6¼ kC

1
2 ðm
 1Þkm
2

B for kB ¼ kC

0 for A 6¼ B 6¼ C 6¼ A

8><
>:

KABBCCA ¼ KABCABC

¼ 1

4

PABAB 
 PCACA

EB 
 EC
þ 1

4

PBCBC 
 PABAB

EC 
 EA

where A 6¼ B 6¼ C 6¼ A

¼
cðmÞ for kA 6¼ kB 6¼ kC

1
2 cðmÞAAC for kA ¼ kB 6¼ kC

1
4 ðm
 1Þkm
2

A for kA ¼ kB ¼ kC .

8><
>:

ð53Þ

K ¼
X3

A¼1

X3

B¼1

X3

C¼1

½KAABBCC NA � NA � NB � NB � NC � NC

þ KABABCC NA � NB � ðNA � NB þ NB � NAÞ � NC � NC

þ KABCCAB NA � NB � NC � NC � ðNA � NB þ NB � NAÞ
þ KAABCBC NA � NA � NB � NC � ðNB � NC þ NC � NBÞ
þ KABBCCA NA � NB � ðNB � NC þ NC � NBÞ � ðNC � NA þ NA � NCÞ
þ KABCABC NA � NB � ðNC � NA þ NA � NCÞ � ðNB � NC þ NC � NBÞ : ð52Þ
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Here, we use the abbreviations

cðmÞAAB¼
km
1

A ðkA
kBÞ
2 E
ðmÞ
A 
E

ðmÞ
B

� �
ðkA
kBÞ2

;

cðmÞ ¼
k1 E

ðmÞ
2 
E

ðmÞ
3

� �
þk2 E

ðmÞ
3 
E

ðmÞ
1

� �
þk3 E

ðmÞ
1 
E

ðmÞ
2

� �
ðk1
k2Þðk2
k3Þðk3
k1Þ

:

ð54Þ
The contraction SðmÞ with K in Eq. (51) yields

SðmÞ : K ¼
X3

A¼1

X3

B¼1

X3

C¼1

�KK
ðAAÞ
BBCC NB � NB � NC � NC

þ �KK
ðABÞ
ABCC ðNA � NB þ NB � NAÞ � NC � NC

þ �KK
ðABÞ
CCAB NC � NC � ðNA � NB þ NB � NAÞ

þ �KK
ðAAÞ
BCBC NB � NC � ðNB � NC þ NC � NBÞ

þ �KK
ðABÞ
BCCA ðNB � NC þ NC � NBÞ

� ðNC � NA þ NA � NCÞ

þ �KK
ðABÞ
CABC ðNC � NA þ NA � NCÞ

� ðNB � NC þ NC � NBÞ

;

ð55Þ

with the components

�KK
ðABÞ
CDEF ¼ S

ðmÞ
ðABÞKðABÞCDEF : ð56Þ

In (56) no summation over the indices ðABÞ takes place.
Furthermore, the projection of the generalized stress ten-
sors into the space of principal directions yields

S
ðmÞ
AB ¼ SðmÞ : NA � NB : ð57Þ

The matrix representation of (51) considering (55) is given
in Appendix B. The expressions are very simple and allow
an efficient computer implementation. It should be noted,
that in case of isotropic material behaviour the eigenvectors
of SðmÞ and EðmÞ coincide, thus S

ðmÞ
AB ¼ 0 holds for A 6¼ B.

The spatial discretization of the considered body
B �

Snele

e¼1 Be with nele finite elements Be leads within a
standard displacement approximation u ¼

Pnel
I¼1 NIdI ,

du ¼
Pnel

I¼1 NIddI , and Du ¼
Pnel

I¼1 NIDdI , of the actual-,
virtual-, and incremental-displacement fields, respectively,
to a set of algebraic equations of the form which can be
solved for the solution point d. For a detailed discussion of
this point we refer to the standard text book Zienkiewicz
and Taylor [36] or others.

5
Numerical examples
The constitutive model described in the previous sections
has been implemented in the finite element programs
FEAP [28] and ABAQUS [1]. In FEAP we use an 8-noded
brick-type shell element as is documented in Klinkel [9] or
Wagner et al. [30] and references therein. The basis of the
element formulation is given with a standard isopara-
metric displacement approach. Based on so-called ANS-

methods the transverse shear strains and the thickness
normal strains are independently interpolated using spe-
cial shape functions. Furthermore, the membrane beha-
viour of the element is essentially improved applying the
enhanced strain method with 5 additional parameters,
[30]. Due to the different interpolation techniques the el-
ement orientation has to be considered when discretizing
the mesh. An interface to arbitrary three-dimensional
material laws is available. In ABAQUS the material model
is programmed via the user interface umat.

In this section three representative numerical examples
with finite plastic deformations are presented. The com-
putations of the first two examples are performed with
FEAP. First we investigate necking of a circular bar sub-
jected to uniaxial tension. Our solution for m ¼ 0 is com-
pared with a reference model. In the second example we
simulate the mechanical behaviour of a conical shell con-
sidering different material parameters. For a given linear
isotropic hardening law we adjust the hardening functions
of the generalized stress–strain models with different pa-
rameters m for a simple tension test. The results for non-
linear isotropic hardening are compared with a reference
solution. Furthermore, we consider orthotropic elastic and
plastic material properties. Finally, the deep drawing pro-
cess of a circular blank is simulated using the 3-D hybrid
solid element C3D8H of the program ABAQUS/Standard.
The material is assumed to be isotropic in the elastic range
and orthotropic within plastic deformations. The earing
effect caused by the anisotropy of the blank is investigated.

5.1
Necking of a circular bar
The three dimensional necking of a circular bar is an ex-
ample widely investigated in the literature, see e.g. Simo
and Armero [21] or Klinkel [9]. The geometrical data are
R ¼ 6:413 mm, R0 ¼ 0:982R and L ¼ 26:667 mm.

To initialize the necking process we introduce an im-
perfection with the reduced radius R0 at z ¼ L. The ma-
terial data for isotropy are given as follows. The hardening
function consists of a linear part and an exponential part.
It is approximated by piecewise linear functions.

Elasticity constants: E ¼ 206:9 GPa m ¼ 0:29 m ¼ 0

Yield parameter: Y0 ¼ 0:45 GPa Y1 ¼ 0:715 GPa

h ¼ 0:12924 GPa d ¼ 16:93

g1 ¼ 3
2

1
ðY0Þ2 gi ¼ 0ji¼2;...;6

Hardening function: n̂nðepðmÞÞ ¼ hepðmÞ þ ðY1 
 Y0Þ
! 1
 expð
depðmÞÞ
� �

ð58Þ
Figure 3 shows a finite element discretization of half the
bar. At z ¼ L we impose the symmetry boundary condi-
tions, whereas in a displacement-controlled computation
the axial displacements uðz ¼ 0Þ are given. Furthermore,
we consider symmetry conditions in the cross-section of
the plane. Thus, one quarter is discretized with 960 ele-
ments, where the thickness direction of the shell elements
corresponds to the global z-axis. We only consider the
parameter m ¼ 0. Figure 4b displays the deformed struc-
ture at u ¼ 7 and the equivalent plastic strains. As can be
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seen large plastic strains occur in the necking range. The
results are in very good agreement with the reference so-
lution of Klinkel [9].

5.2
Conical shell
The second example is a conical shell subjected to a con-
stant ring load �kkp with p ¼ 1 GN/m, see Wagner et al. [30]
and references therein. The problem and the finite element
discretization with 8-node shell elements are depicted in

Fig. 5. The geometrical data are r ¼ 1 m, R ¼ 2 m,
L ¼ 1 m, t ¼ 0:1 m. For isotropic material behaviour one
quarter is discretized with 8! 8! 1 elements, whereas for
orthotropy the whole cone has to be considered. In our
computations the vertical displacement w is controlled. At
w ¼ 2:25 the structure is completely unloaded. It should
be remarked that we have used a nine-point Gaussian
quadrature.

5.2.1
Isotropic material response with nonlinear hardening
Here, the parameter m of the generalized stress–strain
model is set to m ¼ 0. The material data are given in (58).
The nonlinear hardening function is approximated by
piecewise linear functions. The results are depicted in
Figure 6a. The load factor �kk is plotted versus the vertical
deflection w. There is exact agreement with the reference
solution of Klinkel [9]. The equivalent plastic strains for
the deformed structure ðw ¼ 2:25Þ are shown in Figure 6b.

5.2.2
Isotropic material response with linear hardening
Next we compare the structural response of the conical
shell considering the parameters m ¼ 0, m ¼ 0:5, m ¼ 1,
m ¼ 
1. The material response is restricted to isotropy
with material data according to (58). Now the hardening

Fig. 3. Geometry of circular bar

Fig. 4a, b. Necking of circular bar: a Load-displacement curve,
b deformed structure for u ¼ 7 and equivalent plastic strains

Fig. 5a, b. Conical shell.
a Geometry and boundary
conditions, b finite element
discretization
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function for the model with m ¼ 0 contains only the linear
part with h ¼ 0:125 GPa. For each parameter m except
m ¼ 0 the function n̂nðepðmÞÞ is adjusted in such a way that
all five models lead to the same results for a simple tension
test. The test is performed with one element subjected to a
homogeneous stress state.

The solutions are depicted in Fig. 7a, where the uniaxial
Kirchhoff stress s11 is plotted versus ln F11. As a result of
the fitting process one can see nearly the same response
for the parameters m ¼ 0, m ¼ 0:5, m ¼ 1, m ¼ 
1 and
the reference model of Klinkel [9] in comparison to the
given linear hardening law. The corresponding hardening
curves n
 epðmÞ are shown in Fig. 7b.

Using the adjusted functions n̂nðepðmÞÞ we now calculate
the load displacement behaviour of the conical shell for
each parameter m. Figure 8 shows that the results obtained
with the model in [9] are identical to m ¼ 0. For a negative
parameter m we obtain a stiffer behaviour, whereas for
positive m the computed load factors are below the ref-
erence solution.

Plots of the equivalent plastic strains at a displacement
w ¼ 2:25 are depicted in Fig. 9. A comparison of the

contour values is not possible, since epðmÞ is defined dif-
ferently for each parameter m.

For m ¼ 1 a solution can not be obtained, because
numerical instabilities due to the mixed element formu-
lation occur, see the load deflection curve for m ¼ 1 in
Fig. 8. In this context, we refer to investigations of the

Fig. 6a, b. Conical shell, isotropy and nonlinear hardening.
a Load displacement curves using the reference model
(Klinkel) [9] and for the present model with m ¼ 0, b equivalent
plastic strains at w ¼ 2:25

Fig. 7a, b. Tension test with
linear hardening. a s11
 ln F11

curve for reference model
and for m ¼ 1; 0:5; 0;
1.
b n
 epðmÞ curve for the
different models

Fig. 8. Load displacement curves for the reference model and for
the generalized models m ¼ 1; 0:5; 0 and 
1
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numerical stability of enhanced strain formulations in
Wriggers and Reese [34]. Due to these difficulties we
finally analyze the load deflection behaviour for the cases
m ¼ 1 and m ¼ 0 without activating the five enhanced
assumed strain parameters. The corresponding results are
depicted in Fig. 10. It can be seen that the structure shows
now a relatively stiff behaviour.

5.2.3
Orthotropic material response with nonlinear hardening
Next we assume orthotropic elastic and plastic material
behaviour. Here, we only consider the case m ¼ 0. The
material parameters for elastic and plastic orthotropy are
given below. According to Eq. (20) the privileged direc-
tions are denoted by 1a and 2a.

Elasticity constants: C11¼ 240:71 C12¼ 62:68 C13¼ 69:25

C22¼ 211:05 C23¼ 59:70 C33¼ 229:25

C44¼ 66:00 C55¼ 66:00 C66¼ 81:00

Yield parameter: Y11¼ 0:585 Y22¼ 0:81 Y33¼ 0:36

Y12¼ 0:286 Y13¼ 0:234 Y23¼ 0:260

Orientation: 1a¼½1 ; 0 ; 0
T 2a¼½0 ; 1 ; 0
T

The yield parameters and the elasticity constants are given
in GPa. The nonlinear hardening curve is shown in

Fig. 11a. Figure 11b depicts the computed load deflection
curve.

Finally, Fig. 12 shows the equivalent plastic strains for a
sequence of deformed configurations. The orthotropy of
the material is reflected by the distribution of the equiv-
alent plastic strains. It can be seen that four regions with

Fig. 9. Equivalent plastic strains for the reference model
(Klinkel) and the generalized models m ¼ 0;
1 and 0.5

Fig. 10. Load displacement curves for the generalized models
m ¼ 0 and 1 without considering the EAS-parameters
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higher values of epðmÞ evolve with respect to the orientation
of the preferred directions.

5.3
Cylindrical cup drawing from a circular blank
In this section, the implemented material model is applied
for the simulation of a cylindrical cup drawing. Deep
drawing is an important process in the domain of the
forming technique. As an example we mention sheet metal
forming in the automobile industry. For an overview we
refer to e.g. Lange [10]. The tools of the deep drawing

process include die, holder and punch, see Fig. 13. The
geometrical data for punch, holder and die are given in cm
in Fig. 14a. The blank radius is 3:95 cm and the thickness is
0:081 cm. In our simulation the blank is assumed to behave
isotropic in the elastic range and orthotropic in the plastic
range. Again, we choose m ¼ 0 in the material model.

The nonlinear isotropic hardening law is depicted in
Fig. 14. It is again approximated by piecewise linear
functions. The privileged directions of the material are
described by 1a and 2a. The constitutive parameters are
summarized as follows:

Fig. 11a, b. a Nonlinear hardening function, b load displacement
curve

Fig. 12. Equivalent plastic strains for anisotropic material
behaviour
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Fig. 13a–c. Tools for deep
drawing process. a Die,
b holder and c punch

Fig. 14a, b. Deep drawing
process. a Geometry, b non-
linear hardening curve

Fig. 15. Equivalent plastic strains at different punch displace-
ments
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E ¼ 19600 kN/cm2; m ¼ 0; 3; m ¼ 0;

Y11 ¼ 20:00 kN/cm2; Y22 ¼ 25:00 kN/cm2;

Y33 ¼ 18:00 kN/cm2; Y12 ¼ 6:61 kN/cm2;

Y13 ¼ 6:61 kN/cm2; Y23 ¼ 6:61 kN/cm2;

1a ¼ ½1 ; 0 ; 0
T; 2a ¼ ½0 ; 1 ; 0
T :

The blank is discretized with 936 solid elements C3D8H
using ABAQUS, where 2 elements are positioned in
thickness direction. Die, punch and holder are modelled as
rigid bodies. Frictionless contact is considered along the
interfaces. The present calculation is carried out to in-
vestigate the effect of the planar anisotropy of the blank
and the earing phenomenon due to the anisotropic mate-
rial behaviour.

Figure 15 shows the equivalent plastic strains of the
blank for different punch displacements u. The earing
phenomenon is visible. In total four ears are formed. The
maximum equivalent tensile plastic strains are located at
the ears.

6
Conclusions
In this paper a finite element model for orthotropic el-
asto–plastic material behaviour at finite strains has been
presented. The theory is based on so-called generalized
stress and strain measures, which allow an adaptation of
constitutive models of the infinitesimal theory. The gov-
erning constitutive equations have been written in an
invariant setting, where the privileged directions of the
material are described by so-called structural tensors.
The additive decomposition of the generalized strains is
the essential kinematic assumption. As a consequence
standard return algorithms can be applied to solve the set
of material equations. The condition of plastic incom-
pressibility has been fulfilled by a correction of the in-
elastic strains for the case m 6¼ 0. As an essential
contribution we have derived explicit matrix representa-
tions for the transformation relations of the generalized
stress tensors and the associated linearized expressions.
This allows a simple and effective finite element imple-
mentation. The examples show the robustness of the
developed formulation. The computed results show for
the parameter m ¼ 0 good agreement with available so-
lutions from the literature. With the simulation of a deep
drawing process the earing phenomenon of an aniso-
tropic metal sheet has been demonstrated. To sum up,
the generalized model with m ¼ 0 seems to be the most
suitable one within this additive framework for the
analysis of anisotropic finite plasticity, in this context see
also Xiao et al. [35].

Appendix A
General return algorithm
The evolution laws for the plastic strains and the internal
variables according to (13) are integrated approximately in
time using an implicit backward Euler integration proce-
dure

E
p
nþ1 ¼ Ep

n þ DE
p
nþ1

anþ1 ¼ an þ Danþ1

e
p
nþ1 ¼ ep

n þ cnþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
oSðmÞU : oSðmÞU

r !!!!!
nþ1

;

ðA1Þ

with cnþ1 ¼ Dtknþ1. The incremental plastic parameters
are given with oSðmÞU ¼ oRU : oSðmÞR ¼ oRU and
obU ¼ oRU : obR ¼ 
oRU by

DE
p
nþ1 ¼ cnþ1oSðmÞUnþ1 ¼ cnþ1oRUnþ1

Danþ1 ¼ 
cnþ1obUnþ1 ¼ cnþ1oRUnþ1 :
ðA2Þ

We introduce the residual vectors

R
p
nþ1 ¼ 
E

p
nþ1 þ Ep

n þ DE
p
nþ1 ¼ 0

Ra
nþ1 ¼ anþ1 
 ðan þ Danþ1Þ ¼ 0

RU
nþ1 ¼ ÛUnþ1 S

ðmÞ
nþ1; bnþ1; e

p
nþ1

� �
¼ 0 ;

ðA3Þ

which are solved with respect to the variables

S
ðmÞ
nþ1; bnþ1; cnþ1

n o
: ðA4Þ

For this purpose a Newton iteration scheme is applied.
Linearization of (A3) yields a system of linear equations

R
p
nþ1þoSðmÞR

p
nþ1 :DSðmÞ þobR

p
nþ1 :DbþocR

p
nþ1Dcnþ1¼ 0

Ra
nþ1þoSðmÞR

a
nþ1 :DSðmÞ þobRa

nþ1 :DbþocRa
nþ1Dcnþ1¼ 0

RU
nþ1þoSðmÞR

U
nþ1 :DSðmÞ þobRU

nþ1 :DbþocRU
nþ1Dcnþ1¼ 0

ðA5Þ

for the stress and strain increments. Equation (A5) can be
specified more precisely as

Rp þ N
1 : DSðmÞ þ co2
bSðmÞU : Dbþ oSðmÞUDc ¼ 0

Ra þ co2
SðmÞbU : DSðmÞ þX
1 : Dbþ obUDc ¼ 0

RU þ oSðmÞU : DSðmÞ þ obU : Dbþ ocUDc ¼ 0

ðA6Þ

with

N
1 :¼ ðCeðmÞÞ
1 þ cnþ1o
2
SðmÞSðmÞUnþ1 and

X
1 :¼ H
1 þ cnþ1o
2
bbUnþ1

ðA7Þ

and the abbreviation H :¼ o2
aaw

p;k. Formally the solution
of (A6) can be written as

DS
ðmÞ
nþ1

Dbnþ1

Dcnþ1

2
64

3
75¼

N
1 cnþ1o
2
bSðmÞUnþ1 oSðmÞUnþ1

cnþ1o
2
SðmÞbUnþ1 X
1 obUnþ1

oSðmÞUnþ1 obUnþ1 ocUnþ1

2
664

3
775

1

!

Rp


Ra


RU

2
64

3
75 : ðA8Þ
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The derivative ocUnþ1 is given by

ocU ¼ onUo2
epepwp;i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
ðoSðmÞU : oSðmÞUÞ

r !!!!!
nþ1

: ðA9Þ

Using submatrices we can write (A8) as follows:

DS
ðmÞ
nþ1

Dbnþ1

Dcnþ1

2
4

3
5 :¼

A11 A12 A13

A21 A22 A23

A31 A32 A33

2
4

3
5 
Rp


Ra


RU

2
4

3
5 : ðA10Þ

Considering DE
pðlÞ
nþ1 ¼ 
ðCeðmÞÞ
1DS

ðmÞ
nþ1, DaðlÞnþ1 ¼

H
1Dbnþ1 and DcðlÞnþ1 ¼ Dcnþ1 the update of the internal
variables is performed as follows:

E
pðlþ1Þ
nþ1 ¼ E

pðlÞ
nþ1 þ DE

pðlÞ
nþ1

aðlþ1Þ
nþ1 ¼ aðlÞnþ1 þ DaðlÞnþ1

cðlþ1Þ
nþ1 ¼ cðlÞnþ1 þ DcðlÞnþ1

ðA11Þ

where l denotes the local iteration index and E
pð0Þ
nþ1 ¼ E

p
n,

að0Þnþ1 ¼ an and cð0Þnþ1 ¼ cn. The next iteration step starts
with the evaluation of the generalized stresses ð13Þ3 con-
sidering ð13Þ1 and the back stresses with ð13Þ4. The iter-
ation is aborted if the components of the residual vectors

jjRU
nþ1jj < tol; jjRp

nþ1jj < tol; jjRa
nþ1jj < tol ðA12Þ

vanish at the solution point.
Linearization of (A10) with respect to DE

ðmÞ
nþ1 yields the

increment of the generalized stresses as

DS
ðmÞ
nþ1 ¼ C

ðmÞ
ep DE

ðmÞ
nþ1 with C

ðmÞ
ep :¼ A11 ðA13Þ

where C
ðmÞ
ep denotes the so-called consistent tangent tensor.

Appendix B
Matrix representation of tangent moduli
The matrix representation of (51) considering (55) yields

C ¼ PTC
ðmÞ
ep Pþ TTL2T ðB1Þ

with the consistent tangent matrix according to (A13)

C
ðmÞ
ep ¼

C11
ep C12

ep C13
ep 2C14

ep 2C15
ep 2C16

ep

C22
ep C23

ep 2C24
ep 2C25

ep 2C26
ep

C33
ep 2C34

ep 2C35
ep 2C36

ep

4C44
ep 4C45

ep 4C46
ep

sym. 4C55
ep 4C56

ep

4C66
ep

2
666666664

3
777777775
ðB2Þ

and the symmetric matrix

L2 ¼

L1111 0 0 L1112 L1113 0
L2222 0 L2212 0 L2223

L3333 0 L3313 L3323

L1212 L1213 L1223

sym. L1313 L1323

L2323

2
6666664

3
7777775

:

ðB3Þ

In case of k1 6¼ k2 6¼ k3 the components read with cðmÞAAB and
cðmÞ according to (54)

L1111 ¼ 2S
ðmÞ
11 ðm
 1Þkm
2

1

L2222 ¼ 2S
ðmÞ
22 ðm
 1Þkm
2

2

L3333 ¼ 2S
ðmÞ
33 ðm
 1Þkm
2

3

L1212 ¼ S
ðmÞ
11 cðmÞ112 þ S

ðmÞ
22 cðmÞ221

L1313 ¼ S
ðmÞ
11 cðmÞ113 þ S

ðmÞ
33 cðmÞ331

L2323 ¼ S
ðmÞ
22 cðmÞ223 þ S

ðmÞ
33 cðmÞ332

L1112 ¼ 2S
ðmÞ
12 cðmÞ112

L2212 ¼ 2S
ðmÞ
12 cðmÞ221

L1113 ¼ 2S
ðmÞ
13 cðmÞ113

L3313 ¼ 2S
ðmÞ
13 cðmÞ331

L2223 ¼ 2S
ðmÞ
23 cðmÞ223

L3323 ¼ 2S
ðmÞ
23 cðmÞ332

L1223 ¼ 2S
ðmÞ
13 cðmÞ

L1323 ¼ 2S
ðmÞ
12 cðmÞ

L1213 ¼ 2S
ðmÞ
23 cðmÞ :

ðB4Þ

In the case of two equal eigenvalues we only specify the
components which distinguish it from (B4):

k1 ¼ k2 6¼ k3 L1212 ¼
1

2
S
ðmÞ
11 þ S

ðmÞ
22

� �
ðm
 1Þkm
2

1

L1112 ¼ S
ðmÞ
12 ðm
 1Þkm
2

1

L2212 ¼ S
ðmÞ
12 ðm
 1Þkm
2

1

L1223 ¼ S
ðmÞ
13 cðmÞ113

L1323 ¼ S
ðmÞ
12 cðmÞ113

L1213 ¼ S
ðmÞ
23 cðmÞ113

ðB5Þ

k2 ¼ k3 6¼ k1 L2323 ¼
1

2
S
ðmÞ
22 þ S

ðmÞ
33

� �
ðm
 1Þkm
2

2

L2223 ¼ S
ðmÞ
23 ðm
 1Þkm
2

2

L3323 ¼ S
ðmÞ
23 ðm
 1Þkm
2

2

L1223 ¼ S
ðmÞ
13 cðmÞ221

L1323 ¼ S
ðmÞ
12 cðmÞ221

L1213 ¼ S
ðmÞ
23 cðmÞ221

ðB6Þ
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k3 ¼ k1 6¼ k2 L1313 ¼
1

2
S
ðmÞ
11 þ S

ðmÞ
33

� �
ðm
 1Þkm
2

3

L1113 ¼ S
ðmÞ
13 ðm
 1Þkm
2

3

L3313 ¼ S
ðmÞ
13 ðm
 1Þkm
2

3

L1223 ¼ S
ðmÞ
13 cðmÞ332

L1323 ¼ S
ðmÞ
12 cðmÞ332

L1213 ¼ S
ðmÞ
23 cðmÞ332 :

ðB7Þ
In the case of three equal eigenvalues we only specify the
components which distinguish it from (B5)–(B7):

k1 ¼ k2 ¼ k3 L1223 ¼
1

2
S
ðmÞ
13 ðm
 1Þkm
2

1

L1323 ¼
1

2
S
ðmÞ
12 ðm
 1Þkm
2

1

L1213 ¼
1

2
S
ðmÞ
23 ðm
 1Þkm
2

1

ðB8Þ

The components S
ðmÞ
AB of the generalized stress tensor with

respect to the eigenvector basis NA considering (57) are
evaluated as

ŜS ¼ T�SS

ŜS ¼ S
ðmÞ
11 ; S

ðmÞ
22 ; S

ðmÞ
33 ; 2S

ðmÞ
12 ; 2S

ðmÞ
13 ; 2S

ðmÞ
23

h iT ðB9Þ

where T is given in (11). The Cartesian components of the
generalized stress tensor �SSij ¼ ei � SðmÞ � ej are organized in
a vector �SS ¼ ½�SS11; �SS22; �SS33; 2�SS12; 2�SS13; 2�SS23
T:
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6. Häusler O, Schick D, Tsakmakis Ch (2002) Description of
plastic anisotropy effects at large deformations. Part II: The
case of transverse isotropy. Int. J. Plasticity (accepted for
publication)

7. Hill R (1948) A theory of the yielding and plastic flow of
anisotropic metals. Proc. Royal Soc. London A 193: 281–297

8. Hill R (1978) Aspects of invariance in solid mechanics. Adv.
Appl. Mech. 18: 1–75

9. Klinkel S (2000) Theorie und Numerik eines Volumen-Sch-
alen-Elementes bei finiten elastischen und plastischen Verz-
errungen. Dissertation, Universität Karlsruhe (TH), Institut
für Baustatik

10. Lange K (1984) Umformtechnik. Handbuch für Industrie und
Wissenschaft, Band 3: Blechbearbeitung, Springer-Verlag

11. Miehe C (1998) A constitutive frame of elastoplasticity at
large strains based on the notion of a plastic metric. Int.
J. Solids Struct. 35: 3859–3897
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