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A simple orthotropic finite elasto—plasticity model based
on generalized stress—strain measures

J. Schroder, F. Gruttmann, J. Loblein

Abstract In this paper we present a formulation of
orthotropic elasto-plasticity at finite strains based on
generalized stress-strain measures, which reduces for one
special case to the so-called Green-Naghdi theory. The
main goal is the representation of the governing constit-
utive equations within the invariant theory. Introducing
additional argument tensors, the so-called structural ten-
sors, the anisotropic constitutive equations, especially the
free energy function, the yield criterion, the stress-re-
sponse and the flow rule, are represented by scalar-valued
and tensor-valued isotropic tensor functions. The pro-
posed model is formulated in terms of generalized stress-
strain measures in order to maintain the simple additive
structure of the infinitesimal elasto-plasticity theory. The
tensor generators for the stresses and moduli are derived
in detail and some representative numerical examples are
discussed.

Keywords Anisotropy, Finite elasto-plasticity,
Generalized measures

1

Introduction

The complex mechanical behaviour of elasto-plastic ma-
terials at large strains with an oriented internal structure
can be described with tensor-valued functions in terms of
several tensor variables, usually deformation tensors and
additional structural tensors. General invariant forms of
the constitutive equations lead to rational strategies for the
modelling of the complex anisotropic response functions.
Based on representation theorems for tensor functions the
general forms can be derived and the type and minimal
number of the scalar variables entering the constitutive
equations can be given. For an introduction to the in-
variant formulation of anisotropic constitutive equations
based on the concept of structural tensors and their rep-
resentations as isotropic tensor functions see Spencer [26],
Boehler [3], Betten [2] and for some specific model
problems see also Schroder [19]. These invariant forms of
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the constitutive equations satisfy automatically the sym-
metry relations of the considered body. Thus, they are
automatically invariant under coordinate transformations
with elements of the material symmetry group. For the
representation of the scalar-valued and tensor-valued
functions the set of scalar invariants, the integrity bases,
and the generating set of tensors are required. For detailed
representations of scalar- and tensor-valued functions we
refer to Wang [31, 32], Smith [23, 24]. The integrity bases
for polynomial isotropic scalar-valued functions are given
by Smith [23] and the generating sets for the tensor
functions are derived by Spencer [26]. In this work we
formulate a model for anisotropic elasto-plasticity at large
strains following the line of Papadopoulos and Lu [16].
Here we use a representation of the free energy function
and the flow rule which fulfill the material symmetry
conditions with respect to the reference configuration

a priori.

Papadopoulos and Lu [16] proposed a rate-independent
finite elasto-plasticity model within the framework of a
Green-Naghdi type theory, see e.g. Green and Naghdi [5],
using a family of generalized stress—strain measures. An
extension of this work to anisotropy effects is given in
Papadopoulos and Lu [17], where the algorithmic treat-
ment deals with nine of the twelve common material
symmetry groups. Furthermore, the authors develop spe-
cial return algorithms for some anisotropy classes. Gen-
eralized measures have been used e.g. by Doyle and
Ericksen [4], Seth [20], Hill [8], Ogden [15] and Miehe and
Lambrecht [13] in the case of nonlinear elasticity.

For an overview of the developments in the theory and
numerics of anisotropic materials at finite strains we refer
to the papers published in the special issue of the Inter-
national Journal of Solids and Structures Vol. 38 (2001),
EUROMECH Colloquium 394, and the references therein.
In the following we discuss only a few contributions in this
field. A yield criterion which describes the plastic flow of
orthotropic metals has been first proposed by Hill [7]. A
numerical study on integration algorithms for the latter
model at small strains and especially the evaluation of iso-
error maps is given in De Borst and Feenstra [14]. A
constitutive frame for the formulation of large strain an-
isotropic elasto-plasticity based on the notion of a plastic
metric is proposed by Miehe [11]. A consistent Eulerian-
type constitutive elasto-plasticity theory with general iso-
tropic and kinematic hardening has been developed by
Xiao et al. [35], combining the additive and multiplicative
decomposition of the stretch tensor and the deformation
gradient. An anisotropic plasticity model at large strains



taking into account the postulate of II'iushin is proposed
by Tsakmakis [29] and specialized for transverse isotropy
in Héusler et al. [6]. The main ingredient is the intro-
duction of an evolution equation for the rotation of the
preferred anisotropy directions. A further approach to
describe the anisotropic elasto-plastic material behaviour
is based on the homogenization of polycrystalline meso-
structures, in this context see Miehe et al. [12] and refer-
ences therein.

In this paper a theory of finite elasto-plastic strains
using the notion of generalized stress and strain measures
is presented. With the essential assumption of the additive
decomposition of the generalized strains the structure of
the constitutive equations corresponds to the linear theo-
ry, in this context see also [16, 17]. The model has been
implemented in a brick-type shell element of Klinkel [9],
see also Wagner et al. [30] and references therein. The
element provides an interface to three-dimensional mate-
rial laws; it is implemented in the program FEAP [36]. Due
to special interpolation techniques based on mixed varia-
tional principles, the element is applicable for the nu-
merical analysis of thin structures. For a comparison of
three dimensional continuum elements with shell elements
for finite plasticity problems see Wriggers et al. [33].
Furthermore, the interface of the program ABAQUS [1] is
used for an implementation. We discuss three represen-
tative numerical examples: the necking of a circular bar;
the load carrying behaviour of a conical shell; and the deep
drawing process of a sheet metal plate.

The new aspects and essential features of the formula-
tion are summarized as follows:

(i) In our formulation we exploit the fact that the gen-
eralized strains and the Green-Lagrange strains are
characterized by the same eigenvectors. Using this
feature one can extend results of Ogden [15], which
have been derived in the context of isotropic elasticity.
In [15] elastic stored energies as functions of the
principal stretches are considered and first and second
derivatives are derived.

(ii) Based on these features the components of the pro-
jection tensors with respect to the principal axes are
derived. Using the fourth-order and sixth-order
transformation tensors one can evaluate the second
Piola-Kirchhoff stress tensor and associated lineari-
zation. Furthermore, explicit matrix representations
are given. The expressions are simple and thus allow a
very efficient finite element implementation.

(iii) The constitutive equations for orthotropy are formu-
lated in an invariant setting. So-called structural ten-
sors describe the privileged directions of the material.
For the yield condition with isotropic and kinematic
hardening we introduce a simple representation in
terms of the invariants of the deviatoric part of the
relative stress tensor and of the structural tensors.

(iv) The set of constitutive equations is solved applying a
so-called general return method, see e.g. Simo and
Hughes [22] and Taylor [27]. Additionally, the con-
dition of plastic incompressibility is fulfilled by a
correction of the inelastic part of the generalized
strains.

(v) For the numerical examples, where we compare dif-
ferent stress—strain measures, an identification of all
models is performed with respect to a given reference
uniaxial tension test. Thus all formulations in the
generalized measures reflect the same (given) macro-
scopic stress—strain characteristics, like linear isotro-
pic hardening. This can be seen as a (minimum)
essential feature in order to get physically comparable
results for the phenomenological quantities. In this
context see e.g. the discussions in Hill [8].

2

Kinematics and generalized stress—strain measures

The body of interest in the reference configuration is de-
noted with B c R?, parametrized in X and the current
configuration with S C R3, parametrized in x. The non-
linear deformation map @, : B — S at time ¢t € R, maps
points X € BB onto points x € S. The deformation gradient
F is defined by

F(X) := Grad ¢,(X) (1)

with the Jacobian J(X) := det F(X) > 0. The index nota-
tion of F is F := 0x“/0X*. An important strain measure,
the right Cauchy-Green tensor, is defined by

C:=F'F with Cy5 = FiFlgy , (2)

where g, denotes the coefficients of the covariant metric
tensor g in the current configuration.

2.1

Generalized stress—strain measures

Following e.g. Doyle and Ericksen [4], Seth [20], Hill [8]
and Ogden [15] we define the generalized strain measures

L (C"—1) f 0
gon _ { (& 7D formEO (3)
11n[C] form=0

where 1 denotes the second-order unit tensor. Let
Ja,A =1,2,3 be the eigenvalues and N4, A = 1,2, 3 the
eigenvectors of C, then we arrive at

3
C"=> AN @N

- (@)
In[C] = In/s N* @ N* .

A=1

In this context we remark that formulations of isotropic
metal elasto-plasticity based on logarithmic strains are
successfully used e.g. in Peric et al. [18]. Furthermore, let
the generalized stress measure S be the work conjugate
to E™). To simplify the notation we write S := S(!) for the
symmetric Second Piola-Kirchhoff stress tensor and
E := E for the Green-Lagrangian strain tensor. The re-
lated work conjugate stress measures are defined by the

stress power density
w=S8:E=8" gm =gm. 2©C(E("’)) - E 5)
=sm . p; . E .

This leads to the transformation rule for the second Piola-
Kirchhoff stress tensor
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S=S" : Py with Py = 20E™ . (6)

For the following derivations we exploit the fact that E(™)
and E have the same eigenvectors. An illustration of this is
given in Fig. 1. Now, following Ogden [15] we arrive at the
explicit expression for the fourth-order transformation
tensor

S=P'S and P=T'LT, (10)

with the Cartesian components of the generalized stress
tensor S =e;- S("‘) e; organized in a vector § = [S11, S22,
833,281, 2813,2823] The e;|i = 1,2, 3 denote the fixed
Cartesian basis with respect to the reference configuration.
The matrix T contains the components Nf = N* - ¢; of the
eigenvectors N4

(N (N () NN, N N; NN; ]
2 2 2
V) (N NN NEN; N3N
o | P ) NN NiN} NN} ()
2N{N} 2N,N; 2N;N; N|N; +N,N; N|N;+N;N; N,N;+ N;N;
2N{N; 2N,N; 2N;N; N|N; +N,N; N|N;+N;N; N,N;+N;N;
2NIN; 2N;N; 2NiN; NiN; +NiN; NiN;+ NiN; N;N;+ N:iN; |

@ (N*@NE+NE@NY) . (7)

With the eigenvalues E4 =1 (14 — 1) of E and the eigen-
values of the generalized strain measures

1 m
m) . [5(Ay —1) form#0
i {éln[h] form=0 "’ (8)
we derive the non-zero components of Pg:
Paass = Og,EY" = 20 15,5

Em_glm)

BB for g ! (9)
p _ (m) _ ) 2(Ex—Ep) A B
ABAB = VA = .
%;LA -1 for AA = iB

The result for two equal eigenvalues is obtained applying
the rule of L’Hospital, in this context see e.g. Miehe and
Lambrecht [13].

2.2

Matrix representation

Let S = [SH, 8227 533, S]z, 513, 823] and P be the matrix
representations of S = Sj;e; ® e; and Pg, respectively. Thus
(6), and (7) lead to

Fig. 1. Visualization of the coaxiality of E and E™

The matrix L, is of diagonal form

}mfl /1;”71 /1;"71 (m) ,,(m) (m)]

y V12 5 V13 77}23

where the components yi’? are defined in (9). The
compact matrix formulation of Pg, see (10),, (11) and
(12), provides a very efficient finite element implemen-
tation.

3

Constitutive framework

In this section, we point out the main components for a
simple finite anisotropic plasticity model, see also Papa-
dopoulos and Lu [16, 17]. It consists of an additive de-
composition of the generalized strain tensor in “elastic”
and plastic parts, with E€"") := E(™) — EP(")_ For the cal-
culation of the generalized stresses, the back stresses  and
the stress-like isotropic hardening variable £ we assume
the existence of a free energy function , which is de-
coupled additively in an elastic part ¥, a plastic part P
due to isotropic hardening and ** due to kinematic
hardening. The yield crlterlon CD is formulated in terms
of the relative stresses £ := S — B and the isotropic
hardemng stress €. For the evolutlon of the plastic strains
EP(" and of the internal variables a, e’™) we use ® as a
plastic potential. The loading- unloadmg conditions in
Kuhn-Tucker form complete the model. The constitutive
equations are summarized as follows:

Additive split E(") = E°(m) 4 gp(m)

Free energy U= (s J7) + PP ()
()

Generalized stresses sm =9 e W/

Back stress B=0,yP*

Isotropic hardening E=0my?

Relative stresses =5 _p

Yield criterion O=d(Z,'M é) O(L,....I, %)

Associative flowrule ~ EP(") = 294 @

Evolution of & o= —A0pP

Evolution of e?(™)

ob(m) — \/g‘ |EP0)|

Optimization condition 4>0,®<0,A0=0

(13)



For the explicit formulation of invariant constitutive
equations the representation theorems of tensor functions
are used. The governing constitutive equations have to
represent the material symmetries of the body of interest a
priori. Furthermore, the minimal number of independent
scalar variables which has to enter the constitutive ex-
pression is required. For a detailed discussion of this topic
we refer to Boehler [3]. The structural tensors ‘M, the in-
variants J;|i = 1,...,7 used in free energy and
Lili=1,...,6 entering the yield criterion are defined in the
following sections.

3.1

Invariance conditions

Following (13), we now focus on hyperelastic materials,
i.e. we assume the existence of a so-called Helmholtz free
energy function /° in terms of the generalized strain
measures. Assume /° to be a function solely in the de-
formation gradient, i.e. y°* = y°(F, o). The argument (e) in
the free energy function denotes additional tensor argu-
ments. They characterize the class of anisotropy of the
material; we discuss this topic in the following sections.
We consider perfect elastic materials, that means that the
internal dissipation Dj,, is zero for every admissible pro-
cess. The principle of material frame indifference requires
the invariance of the constitutive equation under super-
imposed rigid body motions onto the current configura-
tion, i.e. under the mapping x — Qx the condition

V¢(F) = y*(QF) holds VQ € SO(3). For the stress re-
sponse this principle leads to the well known reduced
constitutive equations ¢ = ¢(C) which fulfill a priori the
principle of material objectivity. In the case of anisotropy
we introduce a material symmetry group Gy with respect to
a local reference configuration, which characterizes the
anisotropy class of the material. The elements of Gy are
denoted by the unimodular tensors 'Q|i = 1,...,n. The
concept of material symmetry requires that the response
be invariant under transformations on the reference con-
figuration with elements of the symmetry group

J¢(FQ) = Y*(F) VQ € Gy, F (14)

We say that the function y is a G-invariant function.
Without any restrictions we set G C SO(3), where SO(3)
characterizes the special orthogonal group, because only
invariants of (absolute) second order tensors appear in
(13), see e.g. Spencer [26]. Based on the mapping

X — Q'X for arbitrary rotation tensors Q € SO(3) we
have, in view of a coordinate free representation to fulfill
the transformation rule Q"S(F$)Q = S(FQ,e) ¥ Q € SO(3).
If we assume the free energy function to be a function of
the generalized strain tensor y°(E<™), we obtain

S =20 v,be(E‘””)

=80 200E™  with $™) := By (BX™) .

(15)

The invariance requirement with respect to the material
symmetry group is then given by

PUQEQ) = Y(E) VQ € G B (16)

Thus it is clear that material symmetries impose several
restrictions on the form of the constitutive functions of the
anisotropic material. In order to work out the explicit re-
strictions for the individual symmetry groups or more
reasonably to point out general forms of the functions which
fulfill these restrictions it is necessary to use representation
theorems for anisotropic tensor functions. Similar argu-
ments are used for the construction of the coordinate in-
variant yield condition ® = ®(X, £), see below.

3.2

Representation of anisotropic tensor functions

In order to construct an isotropic tensor function for the
anisotropic constitutive behaviour we have to extend the
Gi-invariant functions to functions which are invariant
under the special orthogonal group. For this purpose we
introduce the so-called structural tensors, which reflect the
symmetry group of the considered material. The symmetry
group of a material is defined by (14). Here, we consider
orthotropic material which can be characterized by three
symmetry planes, where the anisotropy can be described
by some second-order tensors M|i = 1,2, 3 defined with
respect to the reference configuration. Let G be the
invariance group of the structural tensors, i.e.

G« ={Q€eS0(3),Qq"MQ="M fori=1,2,3} .
(17)

Thus the invariance group of the structural tensors char-
acterizes the class of anisotropy. Figure 2 illustrates the
preferred directions ‘a and ‘a := F'a with respect to the
reference and current configuration, respectively.

With this definition we arrive at a further reduction of
the constitutive equation of the form

Y= P(E, Mli=1,2,3)
= J(Q"E"™Q,Q"'MQ|i = 1,2,3) VQ € SO(3) .
(18)
This is the definition of an isotropic scalar-valued tensor
function in the arguments (E¢"™), M, 2M, M), which ful-
fills the above postulated transformation rule for the

stresses. It should be noted that the function is anisotropic
with respect to E¢").

Remark There are further material symmetries which are
finite sub-groups of SO(3), for the different crystal classes,

N.CS

NxCB

Fig. 2. Preferred directions ‘a and ‘a in a neighborhood N of the
material point X and x defined with respect to the reference B and
the actual configuration S, respectively
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see e.g. Smith et al. [25], Spencer [26] and the references
therein.

33

Free energy function and related polynomial basis

The material symmetry group of the considered ortho-
tropic material is defined by

go = {:l:I;ShSZvS.’)} ) (19)

where S;, S,, S3 are the reflections with respect to the basis
planes (*a,’a), (*a,'a) and ('a,?a), respectively. Here,
('a,%a,’a) represents an orthonormal privileged frame.
Based on this, we obtain for this symmetry group the three
structural tensors
M:='a®'la, M:=%a®? and ’M:=’a®’a
(20)

which represent the orthotropic material symmetry. Due
to the fact that the sum of the three structural tensors
yields 377 ‘M = 1 we may discard M from the set of
structural tensors (20). So the integrity basis is given by

PZ: {]1,...,]7} . (21)

The invariants (J1,/2,J3) are defined by the traces of
powers of EM) e,

Ji= B =[BT = ()]
(22)

The irreducible mixed invariants are given by

Jo = tr['ME“™),  J5 = tr['M(ES™)?]

Js i= teME™], J; = trM(E*™)?]

see e.g. Spencer [26]. For the free energy function we
assume a quadratic form:

(23)

W= %Ulz + u +%“1]§ +%062]é + 203]5 + 2004)7
+ asJaf1 + 06J6J1 + a7)als -
The generalized stresses appear with (15), in the form
ST = I 1 + 2uE™ 4 oy J,'M + 0,]6*M
+ 20,3 (E€™ M 4 'ME(™))
+ 2004 (E€"™2M + *ME™)) + 05(J;'M + J41)
+os(I°M +J61) + 07 (J°M + J6'M) . (25)

The second derivative of /¢ yields in this special case the
constant generalized fourth-order elasticity tensor

CM =11+ 2ul +0,'M® M+ 0,°M @ M
+ 2050 4 2040, + s ("M ® 14+ 1@ 'M)
+os(*M®1+1® M)

+ ;M@ 'M+'M © *M)

(24)

(26)

with UI]KL = 5IK5]L7 K;}KL = 5IK1M]L + 5]L1MIK and
Kjx, = 0> My + 0. M. The elasticity parameters
(A, p,04]i =1,...,7) can be identified using the matrix
notation

S(m)_ _ - Ee(m)
%131) Ch Cp Gz 0 0 0 ;(1m>
A Ciz Cp C 0 0 O Ey
S| _|Cis Cis Cs 0 0 0 || EY
Sgrzn) 0 0 0 (]:44 0 0 2ET(2m) ’
S(m) 0 0 0 0 CSS 0 2Ee(m)
) 0 0 0 0 0 Cg Hom)
[ S35 ] - - L2E; ]

(27)
with the elasticity constants C;. Choosing the preferred
directions as 'a = (1,0,0)" and %a = (0,1,0)" we obtain
the material parameters
4= C33+2(Cyy — Cs5 — Cy)
= Css + Cess — Cyq
o = Cqp + Cs3 — 4Cs5 — 2Cy3
oy = Cpa + Cs3 — 4Ces — 2Cy3
a3 = Cyq — Cos
ag = Cyq — Css
a5 = Cy3 — C33 — 2(Cyq — Cs5 — Cg)
a5 = Ca3 — C33 — 2(Cyq — Cs5 — Cg)
a7 = C1a — C13 — Cy3 + Cs3 +2(Cag — Cs5 — Ces)

(28)
in the invariant setting. In case of isotropy the only

remaining constants are A and p, which can be directly
determined from Young’s modulus E and Poisson’s ratio v.

34

Yield criterion and related polynomial basis

In the following, we consider an orthotropic yield condition
using isotropic tensor functions. We assume that the plastic
yield condition should not be influenced by the hydrostatic
pressure. Thus, the integrity basis for the argument tensor
dev X and the structural tensors !M and *M are given by

I, := tr[(devX)?], I :=tr['M(devX)?],
I := tr’M(dev ¥)’] I, := tr['Mdev X,
Is == tr’Mdev Y], I := tr[(devE)’] .

(29)

The anisotropic flow criterion is formulated as an isotropic
tensor function, i.e.

®(devZ,'M,’M)
= ®(Q"devEQ,Q"'MQ,Q"™MQ) VQ € SO(3) .
(30)

The quadratic flow criterion function
O =0, L, 5,14, 15, &) <0 is given as follows:

O =n ) +n,L + 1315 + ’7412 + ’75@ + nelsls

(31)

The material parameters #;/i = 1,...,6 can be identified
by six independent tests. Assume the tests are relative to
the fixed orientation of the specimen 'a = (1,0,0)" and



2a =(0,1,0)" . Let Y} be the yield stress in ij-direction,
with respect to ‘a and/a. The linear independent numerical
tests with p = 0 are:

1. uniaxial tension in 'a-direction

Y?l I :2/3(Y?1)2 14:2/3Y?1
S = 0 L=4/9(Y")? Is=-1/3Y) ,
0/ L=1/9(Y%)* ILls=-2/9(Y})
(32)
2. uniaxial tension in %a-direction
0 I, =2/3(Y%)" I,=—1/3Y,
S= Y3, L= 1/9(Y32)2 Is =2/3Yy 2
0/ L=4/9(Y%)? ILls=-2/9(Y3,)

(33)

3. uniaxial tension in *a-direction

0 L =2/3(Y%) I =-1/3Y)
S= 0 L=1/9(Y%)? Is=—1/3Y%
Y3, L= 1/9(Y§3)2 LI = 1/9(Y§)3)2
(34)
4. shear test in 'a-?a plane
0 Y9 L=2(Y%)" IL,=0
s=|Y), o L=(Y%)" =0
0 I = (Y{JZ)Z 1415 =0
(35)
5. shear test in 'a->a plane
0 YR\ L=2Y%)° L=
S = 0 L = (Y{g)z I=0
Y% 0 L=0 LiIs =0
(36)
6. shear test in 2a->a plane
0 L=2(YY%)?" L=0
S - 0 Yg3 12 = O 15 == 0
Y, 0 L= (Yy)?  Lls=0

(37)
This leads after evaluation of the flow criterion to the
parameters

1 —1 " 1 n 1
m=3
2\(YR)? (Yh)* (Y9)

0, = 1 1
= ———
(YR)® (Y5)
1 1
N3=" 2" 790 2
(YR)® (YD)
2 1 n 2 1
Ny = - -
(YR)? (Y (Y%)* (YD)
-1 2 2 1
N5 = -
(YR)! (Y (Y%)* (Y5)
-1 1 5 1 1 1
N6 =032 79012 2 T 02 vz [y 2
(Yp)" ()" (¥3)" (YR)" (Yi3)" (Y2)
(38)

Remark If we set Y} = Y for i =1,2,3 and Yj = Y°/\/3
for i # j with i,j = 1,2,3 we arrive at the well known von

3ldev <1+5( >)2<0_

Mises criterion ® =
2(Y0)?

3.5

Solution algorithm for the set of constitutive equations
To solve the set of Eqs. (13) we apply a so-called operator
split along with a general return method. The procedure is
given here for a typical time step [t,, t,.1] with the time
increment At := t,,; — t,. We denote the solution at time

£y by {S{"), o, B,
strain tensor Eﬁjﬂ is given. The procedure is based on the
introduction of the so-called trial state by

}. Furthermore, at time ¢, the

Jtrial trial
A

(m),trial m trial __
eI:z+1 = e}:z< )7 g1 =0 .
Hence, the trial stresses are evaluated according to (13)
trial ) trial trial | (m) p(m),trial
Sn+1 aEn'lallp(En+l) lth El’l+1 —En+1 _En+1
trial __ Jk o trial
Bnrfl —amlrial lpp (O(,Llf1> .
An elastic step is present if

trial trial ptrial )trial
(Dn+1 - (Sn+19 Bn+17 eIr]lJrl ) S 0

(39)

(40)

(41)

and the state variables at time ¢, are given by the elastic

predictor step. In case of <I)m"‘1 > 0 one has to perform the

corrector step, see Appendix A. This leads to a solutlon at
hich is denoted by {S\) P e

time t,4; which is denoted by ~{Sn+1,<'>z,,l+1,En+1 s €1 }

Furthermore, we obtain the consistent tangent tensor in

the generalized stress—strain space.

Remark It is well known that the general return algorithm
according to Appendix A is not volume preserving for all
generalized measures, except for the case m = 0. In case of
m # 0 we perform the following post-processing algorithm
in order to fulfill the plastic incompressibility condition
det[CP] = 1 at the beginning of each time interval. Starting
from (3)1 and the additive decomposition (13), we con-
sider CP, which is implicitly defined by

% (cetm —1) .

It should be noted that EP(")
latter equation yields

P = 2mEPM 41 |
with det[CP("
as follows:

cPim* .= P /(det CPI™)1/3 (44)

thus s1mply constructing the unimodular tensor C#")* by
scaling the initial tensor. Using this procedure, we arrive at
the corrected plastic part of the generalized strain tensor

EPm — (42)

is a deviatoric tensor. The

(43)

)] # 1 in general. The correction is performed

1
EPmx — _— (cpimx _ 1) . 45
— ) (45)
In order to set EP("™) equal to EP(™)* in the next time step
the latter quantities are stored in the history array. As
mentioned above, for m = 0 the plastic incompressibility
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condition is fulfilled automatically. This statement can be
shown using the well known identity

det[exp A] = exp][tr A], where A is a symmetric second-
order tensor.

4

Variational formulation and finite element discretization
In the following we give a brief summary of the corre-
sponding boundary value problem and finite element
formulation in the material description. Let 3 be the ref-
erence body of interest which is bounded by the surface
0B. The surface is partitioned into two disjoined parts
0B = 0B, | J 0B, with 0B, (0B, = 0. The equation of
balance of linear momentum for the static case is governed
by the first Piola-Kirchhoff stresses P = FS and the body
force f in the reference configuration

Div[FS] +f=0 . (46)

where AGE := 1 (AF"OF + 0F'AF) denotes the linearized
virtual Green-Lagrange strain tensor as a function of the
incremental deformation gradient AF := Grad Au. The
incremental second Piola-Kirchhoff stress tensor AS can
be derived using (6) as

AS = AS™ : Pp 4+ 8" . AP =C: AE (50)
with AE := 1 (AF'F + F'AF). The moduli appear in the
form

(51)

with the consistent tangent tensor (DEZ” = 6E(m)S(’”>, in this
context see Appendix A, Eq. (A.71).

The sixth-order tensor K = 20¢[P is derived following
Ogden [15]

C=Pp:CY Pp+8M K,

3 3 3
K:ZZZ[KAABBchA®NA®NB(X)NB®NC®NC

A=1 B=1 C=1

+ Kapapce N* @ N2 @ (N4 @ N® 4+ N® @ N*4) @ N© @ N¢
+ Kapccas N4 @ NP @ N¢ @ N¢ @ (N4 @ NB + NB @ N4)
+ Kaapcse N* @ N* @ N® @ N @ (N® @ N© + N© @ NP)
+ Kagscea N* @ NP @ (N? @ N + N¢ @ NP) ® (N© @ N* + N* @ N©)

+ Kypcase N4 @ NP @ (N @ N4 + N4 @ N€) ® (N® @ N© + N¢ @ NB) .

The Dirichlet boundary conditions and the Neumann
boundary conditions are given by

t=t=PN on 0B, , (47)

respectively. Here N represents the unit exterior normal
to the boundary surface 053;. With standard arguments
of variational calculus we arrive at the variational
problem

u=1u on 0B, and

G(u,ou) = /S : OEdV + G™  with
B

G (Su) ::—/f-audv— /f-éudA ,
B B,

where OF := 1 (0F'F + F'0F) characterizes the virtual
Green-Lagrangian strain tensor in terms of the virtual
deformation gradient JOF := Grad du. The principle of
virtual work (48) for a static equilibrium state of the
considered body requires G = 0. For the solution of this
nonlinear equation we apply a standard Newton itera-
tion scheme which requires the consistent linearization
of (48) in order to guarantee the quadratic convergence
rate near the solution. Since the stress tensor S is
symmetric, the linear increment of G denoted by AG is
given by

(48)

AG(u, ou, Au) := /(6E :AS + AJE : S)dV (49)

B

(52)
The non-zero components of K are found to be
Kaasscc = Op Pasps = 2(m — 1))~T725AB6AC
Kupascc = Kapccap = Op Papas
where A # B
P Sac+ 9\ S5 for Aa # Jp
= %(m — 1)121_2 for ;“A = )VB
0 for A#B#C#A
K _ 1Pya88 — Pascc p 0aB — Oac
aabcBe =5~ p —p — ~ Peescp T~
where B # C
VE&rZ)CéAB + VXZ)BéAC for Ag # Ac
=49 Mm—-1)237? for /g = Ac
0 for A#B#C+#A
Kapcca = Kapcasc
_ 1Pypas — Pcaca | 1Ppcsc — Papas
4 EB — Ec 4 EC - EA
where A#B#C# A
y™) for Ay # A # /c
= { Lytm for Ay = Ag # Jc

T(m— 1)Ap—2 for Ay = A = Ac

.(53)



Here, we use the abbreviations

“(ha— ) —2(E§;“) _Eg">)

S _
AAB (/IA ) )2 )
oy (Eg"> ) + s (E<"’ Eﬁ’”)) + s (Eﬁ’") —E§m>)
yim = A :
(/At] — /LZ)(/LZ — }v3)(/b3 — )ul)

(54)
The contraction S with [K in Eq. (51) yields

K= ZZZ

=1 B=1 C=1

+ Kihoe (N* © NP + NP

44 NB @ NP @ N€ @ N¢

®NA)®NC®NC
+ Ky NCoNC © (N* @ NP + NP @ N4)

+ Kigne N © NC @ (N® © NC + N @ NP)

+ RE5 (B @ NC 4 N @ NP)
® (N @ N* + N* ® N©)
+ Kéne (N @ N* 4+ N* @ N°)
® (N® @ N¢ + N¢ @ NP)
(55)
with the components

Ké%%iv = SE,TL);)K(AB)CDEF . (56)

In (56) no summation over the indices (AB) takes place.
Furthermore, the projection of the generalized stress ten-
sors into the space of principal directions yields

S =™ N @ NP

(57)
The matrix representation of (51) considering (55) is given
in Appendix B. The expressions are very simple and allow
an efficient computer implementation. It should be noted,
that i 1n caseofi 1sotrop1c material behaviour the eigenvectors
of $¢" and E(™ coincide, thus SgB) = 0 holds for A # B.
The spatial discretization of the considered body
B ~ |, B° with ng finite elements 55° leads w1th1n a
standard dlsplacement approx1mat1on u= NIdI,
du = Nlédl, and Au = NIAdI, of the actual-,
virtual-, and incremental- dlsplacement fields, respectively,
to a set of algebraic equations of the form which can be
solved for the solution point d. For a detailed discussion of
this point we refer to the standard text book Zienkiewicz
and Taylor [36] or others.

5

Numerical examples

The constitutive model described in the previous sections
has been implemented in the finite element programs
FEAP [28] and ABAQUS [1]. In FEAP we use an 8-noded
brick-type shell element as is documented in Klinkel [9] or
Wagner et al. [30] and references therein. The basis of the
element formulation is given with a standard isopara-
metric displacement approach. Based on so-called ANS-

methods the transverse shear strains and the thickness
normal strains are independently interpolated using spe-
cial shape functions. Furthermore, the membrane beha-
viour of the element is essentially improved applying the
enhanced strain method with 5 additional parameters,
[30]. Due to the different interpolation techniques the el-
ement orientation has to be considered when discretizing
the mesh. An interface to arbitrary three-dimensional
material laws is available. In ABAQUS the material model
is programmed via the user interface umat.

In this section three representative numerical examples
with finite plastic deformations are presented. The com-
putations of the first two examples are performed with
FEAP. First we investigate necking of a circular bar sub-
jected to uniaxial tension. Our solution for m = 0 is com-
pared with a reference model. In the second example we
simulate the mechanical behaviour of a conical shell con-
sidering different material parameters. For a given linear

» isotropic hardening law we adjust the hardening functions

of the generalized stress-strain models with different pa-
rameters m for a simple tension test. The results for non-
linear isotropic hardening are compared with a reference
solution. Furthermore, we consider orthotropic elastic and
plastic material properties. Finally, the deep drawing pro-
cess of a circular blank is simulated using the 3-D hybrid
solid element C3D8H of the program ABAQUS/Standard.
The material is assumed to be isotropic in the elastic range
and orthotropic within plastic deformations. The earing
effect caused by the anisotropy of the blank is investigated.

5.1

Necking of a circular bar

The three dimensional necking of a circular bar is an ex-
ample widely investigated in the literature, see e.g. Simo
and Armero [21] or Klinkel [9]. The geometrical data are
R = 6.413 mm, Ry = 0.982R and L = 26.667 mm.

To initialize the necking process we introduce an im-
perfection with the reduced radius Ry at z = L. The ma-
terial data for isotropy are given as follows. The hardening
function consists of a linear part and an exponential part.
It is approximated by piecewise linear functions.

E=2069GPa v=029 m=0
Y?=0.45GPa Y>® =0.715GPa
h=0.12924GPa ¢ = 16.93

Elasticity constants:
Yield parameter:

Hardening function: &(ef(™) = he?(™ + (YOO Y?)
x (1 — exp(—de?™))
(58)

Figure 3 shows a finite element discretization of half the
bar. At z = L we impose the symmetry boundary condi-
tions, whereas in a displacement-controlled computation
the axial displacements #(z = 0) are given. Furthermore,
we consider symmetry conditions in the cross-section of
the plane. Thus, one quarter is discretized with 960 ele-
ments, where the thickness direction of the shell elements
corresponds to the global z-axis. We only consider the
parameter m = 0. Figure 4b displays the deformed struc-
ture at u = 7 and the equivalent plastic strains. As can be
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Fig. 3. Geometry of circular bar

seen large plastic strains occur in the necking range. The
results are in very good agreement with the reference so-
lution of Klinkel [9].

5.2

Conical shell

The second example is a conical shell subjected to a con-
stant ring load Ap with p =1 GN/m, see Wagner et al. [30]
and references therein. The problem and the finite element
discretization with 8-node shell elements are depicted in

F
80

70
60
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40
30
20

m=0
10 - : Klinkel
Simo & Armero <&

0db—
o 1 2 3 4 5 6 7
a) u

Fig. 4a, b. Necking of circular bar: a Load-displacement curve,
b deformed structure for u = 7 and equivalent plastic strains

Fig. 5. The geometrical data are r =1 m, R =2 m,

L =1m,t=0.1 m For isotropic material behaviour one
quarter is discretized with 8 x 8 x 1 elements, whereas for
orthotropy the whole cone has to be considered. In our
computations the vertical displacement w is controlled. At
w = 2.25 the structure is completely unloaded. It should
be remarked that we have used a nine-point Gaussian
quadrature.

5.2.1

Isotropic material response with nonlinear hardening
Here, the parameter m of the generalized stress—strain
model is set to m = 0. The material data are given in (58).
The nonlinear hardening function is approximated by
piecewise linear functions. The results are depicted in
Figure 6a. The load factor 4 is plotted versus the vertical
deflection w. There is exact agreement with the reference
solution of Klinkel [9]. The equivalent plastic strains for
the deformed structure (w = 2.25) are shown in Figure 6b.

5.2.2

Isotropic material response with linear hardening

Next we compare the structural response of the conical
shell considering the parameters m =0, m = 0.5, m =1,
m = —1. The material response is restricted to isotropy
with material data according to (58). Now the hardening

Eps plast
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Fig. 5a, b. Conical shell.

a Geometry and boundary
conditions, b finite element
discretization
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Fig. 6a, b. Conical shell, isotropy and nonlinear hardening.

a Load displacement curves using the reference model

(Klinkel) [9] and for the present model with m = 0, b equivalent
plastic strains at w = 2.25
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function for the model with m = 0 contains only the linear
part with & = 0.125 GPa. For each parameter m except

m = 0 the function &(ef™) is adjusted in such a way that
all five models lead to the same results for a simple tension
test. The test is performed with one element subjected to a
homogeneous stress state.

The solutions are depicted in Fig. 7a, where the uniaxial
Kirchhoff stress 7;; is plotted versus In Fy;. As a result of
the fitting process one can see nearly the same response
for the parameters m =0, m = 0.5, m =1, m = —1 and
the reference model of Klinkel [9] in comparison to the
given linear hardening law. The corresponding hardening
curves ¢ — e?™ are shown in Fig. 7b.

Using the adjusted functions &(e?™)) we now calculate
the load displacement behaviour of the conical shell for
each parameter m. Figure 8 shows that the results obtained
with the model in [9] are identical to m = 0. For a negative
parameter m we obtain a stiffer behaviour, whereas for
positive m the computed load factors are below the ref-
erence solution.

Plots of the equivalent plastic strains at a displacement
w = 2.25 are depicted in Fig. 9. A comparison of the
contour values is not possible, since e?(™ is defined dif-
ferently for each parameter m.

0.25 0.5 0.75

b & — e?™ curve for the
different models

A
0.06 ‘
Reference '
L.m=1
0.05 m=0.5
m=0
0.04 + m=-1 .
0.03 _
0.02 _
0.01 _
0 kY
0 0.5 1 15 2 2.5

w

Fig. 8. Load displacement curves for the reference model and for
the generalized models m = 1,0.5,0 and —1

For m = 1 a solution can not be obtained, because
numerical instabilities due to the mixed element formu-
lation occur, see the load deflection curve for m =1 in
Fig. 8. In this context, we refer to investigations of the
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Fig. 9. Equivalent plastic strains for the reference model
(Klinkel) and the generalized models m = 0, —1 and 0.5

numerical stability of enhanced strain formulations in
Wriggers and Reese [34]. Due to these difficulties we
finally analyze the load deflection behaviour for the cases
m =1 and m = 0 without activating the five enhanced
assumed strain parameters. The corresponding results are
depicted in Fig. 10. It can be seen that the structure shows
now a relatively stiff behaviour.

5.23

Orthotropic material response with nonlinear hardening
Next we assume orthotropic elastic and plastic material
behaviour. Here, we only consider the case m = 0. The
material parameters for elastic and plastic orthotropy are
given below. According to Eq. (20) the privileged direc-
tions are denoted by 'a and Za.

Elasticity constants: C;; =240.71 Cy, =62.68 C;3=69.25
Cp =211.05 Cp3 =59.70 Cs3 =229.25
Cu=66.00 Cs55=66.00 Cgs=281.00

Yield parameter: Y;; =0.585 Y, =0.81 Y33=0.36
Y1, =0.286 Y;3=0.234 Y,;=0.260
Orientation: la=[1,0,0]" 2a=0,1,0]"

The yield parameters and the elasticity constants are given
in GPa. The nonlinear hardening curve is shown in
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Fig. 11a. Figure 11b depicts the computed load deflection
curve.

Finally, Fig. 12 shows the equivalent plastic strains for a
sequence of deformed configurations. The orthotropy of
the material is reflected by the distribution of the equiv-
alent plastic strains. It can be seen that four regions with

A
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Fig. 10. Load displacement curves for the generalized models
m = 0 and 1 without considering the EAS-parameters
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Fig. 12. Equivalent plastic strains for anisotropic material
behaviour

higher values of e?" evolve with respect to the orientation
of the preferred directions.

5.3

Cylindrical cup drawing from a circular blank

In this section, the implemented material model is applied
for the simulation of a cylindrical cup drawing. Deep
drawing is an important process in the domain of the
forming technique. As an example we mention sheet metal
forming in the automobile industry. For an overview we
refer to e.g. Lange [10]. The tools of the deep drawing

St
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process include die, holder and punch, see Fig. 13. The
geometrical data for punch, holder and die are given in cm
in Fig. 14a. The blank radius is 3.95 cm and the thickness is
0.081 cm. In our simulation the blank is assumed to behave
isotropic in the elastic range and orthotropic in the plastic
range. Again, we choose m = 0 in the material model.

The nonlinear isotropic hardening law is depicted in
Fig. 14. It is again approximated by piecewise linear
functions. The privileged directions of the material are
described by 'a and %a. The constitutive parameters are
summarized as follows:

59




e
Fig. 13a-c. Tools for deep
drawing process. a Die,
c) b holder and ¢ punch
60
punch ¢
holder - -
30 IS
25
20 ¢ ////////// J
15 1
10
|
54 ]
Fig. 14a, b. Deep drawing

0 025 05 075 1 125 15 175 2 gp(m) process. a Geometry, b non-

a) Synn. b) linear hardening curve

SIV7
{Ave. Crit.: 75%)
+1.184e+00
+1.085e+00
+9.85%a-01
+8.868e-01
+7.877e-01
+6.886e-01
+5.895a=-01
- +4 ., 204e-01
+3.913e-01
+2.922e-01
+1.931e-01
+9,.398&8-02
=-5.121e-03

u=2.370 u = 3.070

Fig. 15. Equivalent plastic strains at different punch displace-
ments



E =19600kN/cm*, v=0,3, m=0,

Y11 = 20.00kN/cm?, Yy, = 25.00 kN/cm?,

Y33 = 18.00kN/cm?,  Y;, = 6.61 kN/cm?,

Yi; = 6.61kN/cm?, Y3 = 6.61 kN/cm?,

la=[1,0,0" 2a=1,1,0".

The blank is discretized with 936 solid elements C3D8H
using ABAQUS, where 2 elements are positioned in
thickness direction. Die, punch and holder are modelled as
rigid bodies. Frictionless contact is considered along the
interfaces. The present calculation is carried out to in-
vestigate the effect of the planar anisotropy of the blank
and the earing phenomenon due to the anisotropic mate-
rial behaviour.

Figure 15 shows the equivalent plastic strains of the
blank for different punch displacements u. The earing
phenomenon is visible. In total four ears are formed. The
maximum equivalent tensile plastic strains are located at
the ears.

6

Conclusions

In this paper a finite element model for orthotropic el-
asto-plastic material behaviour at finite strains has been
presented. The theory is based on so-called generalized
stress and strain measures, which allow an adaptation of
constitutive models of the infinitesimal theory. The gov-
erning constitutive equations have been written in an
invariant setting, where the privileged directions of the
material are described by so-called structural tensors.
The additive decomposition of the generalized strains is
the essential kinematic assumption. As a consequence
standard return algorithms can be applied to solve the set
of material equations. The condition of plastic incom-
pressibility has been fulfilled by a correction of the in-
elastic strains for the case m # 0. As an essential
contribution we have derived explicit matrix representa-
tions for the transformation relations of the generalized
stress tensors and the associated linearized expressions.
This allows a simple and effective finite element imple-
mentation. The examples show the robustness of the
developed formulation. The computed results show for
the parameter m = 0 good agreement with available so-
lutions from the literature. With the simulation of a deep
drawing process the earing phenomenon of an aniso-
tropic metal sheet has been demonstrated. To sum up,
the generalized model with m = 0 seems to be the most
suitable one within this additive framework for the
analysis of anisotropic finite plasticity, in this context see
also Xiao et al. [35].

Appendix A

General return algorithm

The evolution laws for the plastic strains and the internal
variables according to (13) are integrated approximately in
time using an implicit backward Euler integration proce-
dure

Elr)z+1 = El:l + AEI:H—I

Olp1 = Oy + Aty

2
eﬁ+1 = eI:l + Vnt1 \/ 563(’@@ : Ogm @

with y,,; = Atd,4;. The incremental plastic parameters
are given with Ogum® = 05 ® : Ogm X = 05 ® and
aﬁd) = 62(1) : a/;): = —62(1) by

(A1)

n+1

AEIrJzH = Vn+1as<m)(1)n+1 = Vn+1az(1)n+1

(A2)
Ao,y = _Vn+1aﬁq)n+l = Vn+162q)n+1 .
We introduce the residual vectors
R€1+1 = _E€1+1 +E+ AE‘ZH =0
R =01 — (o + Adtyyr) =0 (A3)
R(rlz)ﬂ =0,y (Sgi)l?[in—}—l?efﬁrl) =0,
which are solved with respect to the variables
{Sgﬂ)p ﬁn+17 yn+1 } . (A4)

For this purpose a Newton iteration scheme is applied.
Linearization of (A3) yields a system of linear equations

Rﬁﬂ + Ogm) RI:I+1 : AS(™) + a/fRﬁ+1 tAB+ a}’Rﬁ+1AVn+1 =0

R +0smRy AS"™ + QR

ni1 - AB+HOR, LAY, =0

Ry + 05 Ry, - AS™ 4+ OyRY

n+l - AB+ a"/R(rIL)HAVnH =0

(A5)

for the stress and strain increments. Equation (A5) can be
specified more precisely as

RP+ 271 ASU) 49030, @ : A + Oginy DAY = 0

R” + 903, @ : AS™ + Q71 : AB + 3DAy =0

R® + g ® : AS™ 4 05® : AB + 3,DAy =0
(A6)

with

E_l = (CE(m>)7l + yn+la§(m)s(m>(bn+1 and (A7)

Q':=H"'+ Vn+1a/25ﬁq)n+l

and the abbreviation H := 0% y”*. Formally the solution
of (A6) can be written as

-1

Asi(:i)l = Vn+1af:s<m> D@1 Ogom Py
AByy | = yn+la§(m)ﬁq)n+l Q! 0Dy i1
Ayn-H as("ﬁq)nJrl a[}(I)n+1 ayd)nﬂ
_RP
x | —=R* (A8)
—R?
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The derivative 0,®,, is given by

i ]2
6,(1) = ag(l)aipe,, lﬂp’l\/g (as(m)CD : 65<m) (I)) (A9)
n+1
Using submatrices we can write (A8) as follows:
ASS?I Ay Ap Ap || -R
AB;H»I = AZI A22 A23 —R* (AIO)
Ay, Asi Ay, Asp| [ -R®
Considering AEfl(i)l = —(Ce(’”)_IASfﬁl, Aaiﬁrl =

H'AB,,, and Ayffll = Ay, the update of the internal
variables is performed as follows:

I+1 1 1
Eﬁ(ﬂ )= Eft(Jr)l + AE£(+)1

“Sjrrll )= a1<11>+1 + Aag)ﬂ

1 _ 0 U
Y1 = Tni1 T AVuia
where [ denotes the local iteration index and Ei(fi =Eb,
 _ © _ : :
o, , = a, and y,/; = y,. The next iteration step starts
with the evaluation of the generalized stresses (13), con-
sidering (13), and the back stresses with (13),. The iter-
ation is aborted if the components of the residual vectors

(A12)

(A11)

IRl < tol,  |IRY,[| <tol, [[R},[| < tol

vanish at the solution point.

Linearization of (A10) with respect to AE") yields the
increment of the generalized stresses as
ASY) = COVAEYY, with €5 = Ay (A13)

where C(ezﬁ denotes the so-called consistent tangent tensor.

n+1

Appendix B
Matrix representation of tangent moduli

The matrix representation of (51) considering (55) yields
C =P7Cy'P + T7L,T (B1)

with the consistent tangent matrix according to (A13)

C, C, C, 2C, 2C, 2C;
ch B ach ook ack
ol _ C, 2C5 2Ch 2CY
e 4C;, 4C, 4Cy
sym. 4@3; 4([35;
i 4C3 |
(B2)

and the symmetric matrix
(L 0 0 Ly Lps 0 ]
Ly 0 Lypin 0 Ly
L, — Lsss3 0 Lssis Lssos
Liziz Lizis Lizs
sym. Liz13 Lisps
L Lj3z3 |

(B3)

In case of A; # A, # A3 the components read with yfﬂ)B and
(m) according to (54)

L1111 = ZSST)(WI — 1);»;”72
L2222 = ZSng")(m - 1))u;n_2
L3333 = 28;73")("1 — 1))ugn_2

Loy = SYT)'VSTZ) + Sg)?grzr?

Lis13 = sﬁT)yﬁ’{? + Sg?)yggnl)
Lass = Sg;)ygrzns) + sg?)yg’;’}
Ly, = 25572”)7’?1"2)
Ly = ngrzn)ygrzn1>

_ og{mytm)

L3 113

L3313 = 255@?2@?

Lyys = nggn)yggg) (B4)
L3szp3 = 28%))}%)
Liys = 235?) (m)

L33 = 235’;) (m)

Loz = ngrg,n) ()

In the case of two equal eigenvalues we only specify the
components which distinguish it from (B4):

1
> (s +85) (m — )iy

L1112 = Sg'zn)(m — 1)2?72

/11 = /12 7é /13 Lpn =

Loy = S\ (m — 1)72
Lins = 8137
Liss = 8137
Liots = S5 913
(B5)

L) b " 1 m m f—
Ly = A3 7é St L2323 = 5 (S(Z) + Sg_,,))(m — 1))6" 2
$3s

L3

(
2
L3323 = Sgg’o(m — 1)1;”72

Lizas = 815751
Liss = $15 7%

= S

L3 221

(B6)



Ja=in# 72 L = % (S5 -+ 857) (m — 1)
Ly = S (m — 1)702
Lysis = S\ (m — 1)702
Lizs = 81375
Lins = $15 755
Lins = 85375 -
(B7)

In the case of three equal eigenvalues we only specify the
components which distinguish it from (B5)-(B7):

L (m _
2SI (m =127

1 _
L1z = ESY;)(YH — 1) 2

M =4 =4 Lppn=

(B8)

1 .
Liyis = Esgg")(m - 1)/ 2

The components SX? of the generalized stress tensor with
respect to the eigenvector basis N4 considering (57) are
evaluated as

TS

(7.5
|

(B9Y)

N T
§=|stm st s astm) asim) asi

where T is given in (11). The Cartesian components of the
generalized stress tensor S;; = e; - S(’"z - ¢j are organized in
a vector $ = [8117 822, 833, 2812, 2513, 2323]T.
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