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Abstract This paper presents a rate-independent elasto-
plastic constitutive model for (nearly) incompressible
biological fiber-reinforced composite materials. The con-
stitutive framework, based on multisurface plasticity, is
suitable for describing the mechanical behavior of biolog-
ical fiber-reinforced composites in finite elastic and plastic
strain domains. A key point of the constitutive model is the
use of slip systems, which determine the strongly aniso-
tropic elastic and plastic behavior of biological fiber-rein-
forced composites. The multiplicative decomposition of the
deformation gradient into elastic and plastic parts allows
the introduction of an anisotropic Helmholtz free-energy
function for determining the anisotropic response. We use
the unconditionally stable backward-Euler method to in-
tegrate the flow rule and employ the commonly used elastic
predictor/plastic corrector concept to update the plastic
variables. This choice is expressed as an Eulerian vector
update the Newton’s type, which leads to a numerically
stable and efficient material model. By means of a repre-
sentative numerical simulations the performance of the
proposed constitutive framework is investigated in detail.

Keywords Biomechanics, Soft Tissue, Elastoplasticity,
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1
Introduction
The evaluation of the overall properties of fiber-reinforced
composites are of increasing industrial and scientific in-
terest. The proposed constitutive framework, with the as-
sociated algorithmic formulation and the finite element
implementation has wide engineering and scientific ap-
plications such as the mechanical analysis of textiles, el-
astoplastic modeling of pneumatic membranes [43] and
the modeling of municipal solid waste landfills [13]. In
addition, carbon-black or silicate filled rubber shows, be-
side the viscoelastic effects, typical amplitude-dependent
plastic changes of the microstructure [24]. It is assumed
that the polymer molecules (chains) slip relative to the

filler surface, which is more general mechanism than that
considered within this work.

The application of the proposed constitutive framework
is addressed to biomechanics. For some aspects soft bio-
logical tissues can be treated as highly deformable fiber-
reinforced composite structures such as an artery [21]. It is
known, that, from an engineering point of view, soft bio-
logical tissues undergo plastic strains when they are loaded
far beyond the physiological domain. The structural
mechanisms during this type of deformation, however,
remains still unclear.

Already in 1967, Ridge and Wright [44] reported that the
extension behavior of skin showed typical yielding and
failure regions, and Abrahams [1] pointed out that pre-
conditioning of a tendon leads to an irreversible increase
of its length. Experimental investigations performed by
Salunke and Topoleski [45] showed that the overall me-
chanical response of plaque with a low amount of calcium
leads to ‘non-recoverable’ deformation if subjected to
phasic cyclic compressive loading. Sverdlik and Lanir [55]
recommended to include a ‘plastic pre-conditioning’
contribution (in terms of viscoplasticity and rate-inde-
pendent plasticity) to the constitutive formulation for
tendons in order to get a better agreement with experi-
mental data. For vascular tissue Oktay et al. [40] reported a
(remaining) mean increase of 13% at zero pressure of
(healthy) common carotid arteries following balloon an-
gioplasty. Therein it was documented that the plastic de-
formation is coupled with damage-based softening of the
arterial response.

In addition, however, several works document that
failure of soft biological tissue is not accompanied with
non-recoverable deformations. For example, Emery et al.
[14] observed damage based softening of the left ventric-
ular myocardium of a rate by no changes in the unloaded
segment length after overstretching the material.

A hypothetical explanation of these two contrary me-
chanical behaviors of soft biological tissues under failure
(i.e. yielding and softening) was given by Parry et al. [42].
These authors reported that there are two competing fac-
tors which may determine the collagen fibril diameter
(type I) of a connective tissue: (i) if collagen fibrils have to
carry high tensile stress they need to be large in diameter
in order to maximize the density of intrafibrillar covalent
crosslinks, and (ii): in order to capture non-recoverable
creep after removal of the load, the tissue needs sufficient
interfibrillar non-covalent crosslinks. This can be achieved
by numerous collagen fibrils small in diameter such that
the surface area per unit mass increases.
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Based on these findings one can postulate (i) that
damage in connective tissue incorporating thick collagen
fibrils, is mainly governed by a relative sliding mechanism
of collagen fibrils, and non-recoverable creep evolves.
Hence, it is suggested that the matrix material is respon-
sible for the plastic deformation. In this case the mechan-
ical response may be described by the theory of plasticity,
which is one goal of the present work. There against, (ii)
damage evolves in connective tissue incorporating thin
collagen fibrils due to breakage of collagen and collagen
cross-links. This failure pattern is clearly addressed to
damage mechanics (as introduced by, for example,
Kachanov [22]), which causes softening (weakening) of the
material response. This is in agreement with the fact, that
no plastic mechanisms can be explained on a molecular
level of collagen fibrils. A similar (hypothetical) explana-
tion of these two contrary failure mechanisms of soft
biological tissues may be found in a recent paper by Ker
et al. [25], which is concerned with mammalian tendons.
In practice, both of the above described mechanisms will
be present in soft biological tissues. This can be observed,
in general, in form of various in vitro experiments where
softening and non-recoverable deformations are coupled,
see, for example, Oktay et al. [40].

From the modeling point of view, there are several
elastoplastic constitutive formulations available in the lit-
erature that include finite element implementations of
fiber-reinforced composites, see, for example, [43]. In
addition, Ogden and Roxburgh [39] use a modified pseu-
do-elasticity theory in order to model the response of filled
rubber including residual strains after unloading. How-
ever, there are only a few constitutive descriptions known
in the literature which include plastic phenomena of bio-
logical tissues. For example, the works by Tanaka and
Yamada [56] and Tanaka et al. [57] deal with (plastic)
dissipative behavior of arteries within the physiological
range of loading by means of a viscoplastic formulation. In
contrast to that, several constitutive formulations can be
found in the literature dealing with damage-based soft-
ening of soft biological tissues, see, for example, the work
by Emery et al. [14] for the left ventricular myocardium,
Liao and Belkoff [27] for ligaments or Hokanson and
Yazdani [18] for arteries.

Although the structural mechanisms responsible for the
plastic deformation as postulated by Parry et al. [42] is not
experimentally identified, we follow this concept and de-
scribe plastic effects on the basis of this approach, which
differs significantly from the approaches by Reese [43] or
Tanaka et al. [57]. We use a structural-based formulation

and focus attention on the description of rate-independent
inelastic deformations of fiber-reinforced composites ex-
posed to loadings beyond the yielding limit. Such high
load ranges arise, for example, in biomechanics, during
Percutaneous Transluminal Angioplasty (PTA), which is a
clinical treatment used world wide to enlarge the lumen of
an atherosclerotic artery [7]. It is assumed that due to this
loadings, fibers of the composite slip relative to each other
so that plastic deformations in the matrix evolve, as it is
postulated for tendons by Parry et al. [42]. Figure 1 at-
tempts to show this mechanism, whereby (a) illustrates the
composite before and (b) after plastic deformation.

In this present work we focus on the elastoplastic
modeling of fiber-reinforced composites in the finite strain
domain and do not include damage-based softening of the
material. The formulation is based on a macroscopic
(effective) continuum approach, in which a material point
reflects the overall response of a statistically homogeneous
representative volume element (RVE), as defined in
Krajcinovic [26]. Furthermore, we apply homogeneous
strain distributions over the RVE, meaning that perfect
bonds between fibers and matrix are assumed, and ho-
mogeneous boundary conditions on the RVE are applied.

The concept of rate-independent multisurface plasticity
is employed. Multisurface plasticity models have been
well-known in engineering mechanics for several decades.
The most classical approach is the so-called Tresca model
[17]; however, may other efficient constitutive models
are known, for example, in the context of geomechanics
[11, 12], metal plasticity [47] or crystal plasticity [2].

In view of the organized structure of fiber-reinforced
composites it is assumed that the plastic deformation is
kinematically constraint. The presented approach is similar
to that used for the description of crystal plasticity [2],
where the plastic strains are solely due to the plastic slip on
given slip planes [23, 32], and references therein. We
borrow this terminology from crystal plasticity and define
the slip systems by a set faa

0; a ¼ 1; . . . ; ng of n unit vectors,
reflecting the structural architecture of the composite.
Based on the idea of the theory of fiber-reinforced com-
posites we use these structural measures to introduce an
anisotropic free-energy function (for the description of the
elastic part of the deformation see [19, 20, 54]. In order to
determine the plastic deformation we introduce a flow rule,
which is motivated by the architecture of the composite.

The continuum mechanical framework is set up by the
introduction of a convex, but non-smooth, yield surface in
the (Mandel) stress space. The irreversible nature of the
plastic deformation is enforced by the

Fig. 1. Fiber-reinforced composite with one family of fibers, characterized by the unit
direction vector a1

0: (a) before plastic deformation (length 1), and (b) after plastic
deformation (plastic stretch kp). Plastic deformation is accumulated by relative slips
of the fibers
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Karush-Kuhn-Tucker loading/unloading conditions. This
description is standard in computational plasticity [48, 50]
and has been used successfully in the past. For the finite
element implementation of the constitutive model we
employ the classical elastic predictor/plastic corrector
method, which is based on a backward-Euler discretization
of the evolution equation [32, 48, 50]. This approach is
originally proposed by Wilkins [60] and Moreau [35, 36],
and it leads to a robust and efficient update of the plastic
variables. Finally, the algorithmic stress tensor and the
algorithmic tangent moduli are derived explicitly so that
the global equilibrium can be solved within the finite el-
ement method by using the incremental/iterative solution
techniques of Newton’s type [9, 61].

2
Multiplicative multisurface plasticity
In this chapter we present briefly the continuum me-
chanical theory of multiplicative multisurface plasticity
suitable for describing the strongly anisotropic mechanical
behavior of fiber-reinforced composites. The theory is
based on a multiplicative split of the deformation gradient
into elastic and plastic parts, for which purpose we in-
troduce a local macro-stress-free intermediate configura-
tion. This framework is well-known in computational
plasticity [50] and suitable for describing the finite strains
which are observed experimentally in tests on, for exam-
ple, biological soft tissues.

Finally, the constitutive model, which is based on the
theory of fiber-reinforced composites, is presented. It is
characterized by an anisotropic Helmholtz free-energy
function and replicates the basic mechanical features of
arterial walls in a realistic and accurate manner.

2.1
Basic notation
Let X0 be the (fixed) reference configuration of the
continuous body of interest (assumed to be stress-free)
at reference time t0 ¼ 0. We use the notation
vð�; tÞ : X0 ! R3 for the motion of the body which
transforms a typical point X 2 X0 to a position
x ¼ vðX; tÞ 2 X in the deformed configuration, denoted X,
where t 2 ½0;T
 is in the closed time interval of interest.
Further, let FðX; tÞ ¼ ovðX; tÞ=oX be the deformation
gradient and JðX; tÞ ¼ det F > 0 the volume ratio.

In the neighborhood of every X 2 X0 we consider the
local multiplicative decomposition

F ¼ FeFp ; ð1Þ
where FpðX; tÞ maps a referential point X 2 X0 into ~XX
(located at a macro-stress-free (plastic) intermediate
configuration) and Feð~XX; tÞ maps this point ~XX into its
spatial position x 2 X, as depicted in Fig. 2.

In addition, following [15, 37], we consider the multi-
plicative decompositions of Fe and Fp into spherical and
unimodular parts, i.e.

Fe ¼ Je1=3�FF
e
; Je ¼ det Fe > 0;

Fp ¼ Jp1=3�FF
p
; Jp ¼ det Fp > 0 :

ð2Þ

With Eqs. (2) and the assumption Jp ¼ 1, the usual as-
sumption in metal plasticity [28], Eq. (1) reads

F ¼ J1=3�FF
e
Fp; J ¼ Je ¼ det Fe > 0 : ð3Þ

We now introduce the elastic right and left Cauchy-Green
measures in the usual way,

CeðX; tÞ ¼ FeTFe ¼ J2=3�CC
e
; �CC

e ¼ �FF
eT�FF

e
; ð4Þ

beðx; tÞ ¼ FeFeT ¼ J2=3�bb
e
; �bb

e ¼ �FF
e�FF

eT
: ð5Þ

The symmetric and positive definite strain tensors �CC
e

and �bb
e

introduced through Eqs. (4)2 and (5)2 are the
modified right and left Cauchy-Green tensors, respec-
tively.

In order to describe the kinematics of plastic defor-
mations we follow [30] and introduce a consistent trans-
formation of the spatial velocity gradient l ¼ _FFF�1 to the
intermediate configuration, i.e.

L ¼ Fe�1lFe ¼ Le þ Lp ; ð6Þ
Le ¼ Fe�1 _FFe; Lp ¼ _FFpFp�1 ; ð7Þ
where the superposed dot denotes the material time de-
rivative. The stress measure work-conjugate to L turns out
to be the (non-symmetric) Mandel stress tensor, denoted
by R. Consequently, the stress power P per unit reference
volume is given as

P ¼ R : L; R ¼ FeTðgsÞFe�T ; ð8Þ
where g and s denote the Eulerian metric and the sym-
metric (spatial) Kirchhoff stress tensor, respectively.

2.2
Anisotropic elastic stress response
In order to describe the anisotropic elastic stress response
of fiber-reinforced composites, we assume the existence of
a Helmholtz free-energy function W and use it in the
decoupled form

WðFe; a1
0; a2

0; . . . ; an
0 ;AÞ ¼ WmacroðFe; a1

0; a2
0; . . . ; an

0Þ
þ WmicroðAÞ : ð9Þ

Here the free-energy function Wmacro describes the
macroscopic stress response and Wmicro the energy stored
in the microstructure due to hardening effects. The
anisotropy of the composite is assumed to be caused by

Fig. 2. Local multiplicative decomposition F ¼ FeFp of the
deformation gradient
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the fiber reinforcement, which is characterized by the set
faa

0; a ¼ 1; . . . ; ng of unit vectors.
Furthermore, we assume that the energy stored in the

microstructure depends on a single scalar A, which plays
the role of a hardening variable. It is an internal variable
and is referred to as the equivalent plastic strain in the
constitutive theory of plasticity.

The plastic dissipation Dp per unit reference volume of
the considered isothermal process (we assume a purely
mechanical theory) is given by the Clausius-Planck in-
equality [19]

Dp ¼ R : L � _WW 
 0 : ð10Þ
Using Eqs. (9) and (7)1, the material time derivative of W
leads to

_WW ¼ FeT oW
oFe : Le þ oW

oA
_AA : ð11Þ

With this result and Eq. (6) the Clausius-Planck inequality
(10) reads

Dp ¼ R � FeT oW
oFe

� �
: Le þ R : Lp � oW

oA
_AA 
 0 :

ð12Þ
Before proceeding to examine the constitutive relation for
the Mandel stress tensor R (the macro-stress) and the
plastic dissipation Dp we introduce the micro-stress B ¼
oWmicro=oA, work conjugate to the hardening variable A
[32]. Using standard arguments we find from Eq. (12) that

R ¼ FeT oW
oFe ; Dp ¼ R : Lp � B _AA 
 0 : ð13Þ

In order to compute the stress response and the plastic
dissipation of the material model via Eq. (13) the plastic
part of the deformation must be determined. The neces-
sary continuum mechanical basis is developed in the next
section.

2.3
Yield criterion functions and evolution equations
for multisurface plastic flow
For providing equations suitable to determine the plastic
part of the deformation we follow the classical approach
described in [50] (for the used notation see reference [48]).
For this purpose we introduce the set E 2 U and the
smooth yield criterion functions ÛUa, a ¼ 1; . . . ; n, U ! R
within the n þ 10 dimensional space U : LðR3;R3Þ�
Rn � R. We assume that E is only associated with the
isochoric stress response of the material. The interior of E
is called the elastic domain. It is denoted by intðEÞ and
defined in the stress space as

intðEÞ ¼ fðdevR; a1
0; a2

0; . . . ; an
0 ;BÞjÛUa < 0g;

a ¼ 1; . . . ; n ; ð14Þ
where E is bounded by a convex, but non-smooth, yield
surface oE, defined as

oE ¼ fðdevR; a1
0; a2

0; . . . ; an
0 ;BÞjÛUa ¼ 0g;

a ¼ 1; . . . ; n ; ð15Þ

and

devð�Þ ¼ ð�Þ � 1
3 ð�Þ : I½ 
I ð16Þ

denotes the physically correct deviatoric operator in the
Eulerian description, where I is the second–order unit
tensor. Note that E ¼ intðEÞ [ oE. The n-independent
(nonredundant) yield criterion functions (introduced in
Eqs. (14), (15)) are defined [32]

ÛUa ¼ Ua
macroðdevR; a1

0; a2
0; . . . ; an

0Þ � UmicroðBÞ;
a ¼ 1; . . . ; n : ð17Þ

Note that all states ðdevR; a1
0; a2

0; . . . ; an
0 ;BÞ 2 U outside E

are non-admissible, and are ruled out.
To describe the plastic deformation of fiber-reinforced

composites – in particular, of biological composites –
we introduce an active working set
A ¼ fa 2 1; . . . ; njÛUa ¼ 0g of slip systems. If A is not
equal to the empty set the flow rule determines the way in
which plastic deformations evolve; otherwise the defor-
mation is elastic. We propose the following formulation
(similar to the description used in crystal plasticity [3, 23,
or 28]),

Lp ¼
X
a2A

kadevðaa
0 � aa

0Þ ; ð18Þ

where ka 
 0 are n 
 1 consistency parameters (slip
rates). Hence, the slip system a is active if ka > 0, other-
wise it is inactive (for ka ¼ 0). The special flow mechanism
provided by the flow rule (18) describes isochoric plastic
deformations and incorporates structural information
given by the set faa

0; a ¼ 1; . . . ; ng of unit vectors. The
anisotropic nature of the flow rule is characterized mainly
by the same set faa

0g of unit vectors, which also charac-
terize, for example, the directions of (collagen) fibers in
soft biological tissues.

Remark 2.1. In order to give an interpretation of the in-
troduced flow rule (18) we consider the fiber-reinforced
composite, as illustrated schematic in Fig. 1.

We assume to model the composite as a transversely
isotropic material with one slip system (n ¼ 1). Without
loss of generality we assume that the vector a1

0 coincides
with the first Eulerian basis vector e1

0. Applying a plastic
stretch kp in the direction a1

0 (see Fig. 1) and using the
(plastic) incompressibility condition Jp ¼ det Fp ¼ 1, the
plastic deformation is determined uniquely via the plastic
deformation gradient Fp. Thus,

½Fp
 ¼ diag kp; ðkpÞ�1=2; ðkpÞ�1=2
h i

; ð19Þ

where ½Fp
 is a diagonal matrix. Subsequently we use the
square brackets ½�
 for the matrix representation of a
second-order tensor. Hence, by means of eq. (7)2, the
matrix representation of Lp follows as

½Lp
 ¼
_kkp

kp diag 1;� 1

2
;� 1

2

� �
¼ k1 devða1

0 � a1
0Þ

� 	
;

ð20Þ
with
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k1 ¼ 3

2

_kkp

kp ð21Þ

(compare with Eq. (18)).
A straightforward generalization of equation (20) to a

multislip system leads to the proposed flow rule (18). (
In addition to flow rule (18) we need a rate equation to

describe the evolution of the hardening variable A. We
postulate that

_AA ¼
X
a2A

ka; Ajt¼0 ¼ 0 ; ð22Þ

which is similar to the evolution of the hardening variable
in crystal plasticity [32].

In view of the irreversibility of plastic flow the consis-
tency parameters ka for each slip system a are assumed to
obey the following n (Karush-Kuhn-Tucker) loading/un-
loading conditions

ka 
 0; ÛUa � 0; kaÛUa ¼ 0; a ¼ 1; . . . ; n : ð23Þ
In addition to (23), ka 
 0 satisfy the consistency con-

ditions

ka _̂UÛUU
a ¼ 0; a ¼ 1; . . . ; n : ð24Þ

The introduction of this efficient concept allows a dis-
tinction to be made between different modes of the ma-
terial response. We deduce the mathematical
representation

ÛUa < 0; a¼ 1; . . . ;n,ð�Þ2 intðEÞ
) ka ¼ 0 elastic response;

ÛUa ¼ 0; a¼ 1; . . . ;n

,ð�Þ2 oE

_̂UÛUU
a
< 0 ) ka ¼ 0 elastic unloading,

_̂UÛUU
a ¼ 0 and ka ¼ 0 neutral loading,

_̂UÛUU
a ¼ 0 and ka > 0 plastic loading,

8>><
>>:

where ð�Þ denotes a convenient short-hand notation for
any ðdevR; a1

0; a2
0; . . . ; an

0 ;BÞ.
The set of Eqs. (17, 18, 22–24) describes the evolution of

rate-independent anisotropic plastic flow. The continuum
mechanical framework is summarized in Box 1.

Before we provide the numerical recipes suitable for a
finite element implementation, the two functions Umacro

and Umicro introduced in (17) require a specification. This
specification, given in the subsequent section, must be in
agreement with experimental investigations on the matter
of interest.

2.4
Model Problem. Multislip soft fiber-reinforced composite
In this section we particularize the continuum mechanical
formulation of finite strain multisurface plasticity intro-
duced above to soft fiber-reinforced composites. We
restrict the following investigation to (nearly) incomp-
ressible soft biological tissues, in particular to blood
vessels which are capable of supporting finite plastic
strains in the high internal pressure domain [40].

2.4.1
Anisotropic elastic response

(i) Free-energy function. In order to describe (nearly)
incompressible response, we use the following represen-
tation of the macroscopic free-energy function

WmacroðFe; a1
0; . . . ; an

0Þ ¼ LðJÞ þ �WWð�FFe
; a1

0; . . . ; an
0Þ ;

ð25Þ
where J and �FF

e
are the volume ratio and the modified

elastic deformation gradient, respectively.
The first part LðJÞ on the right-hand side of Eq. (25)

characterizes a scalar-valued function – with the property
Lð1Þ ¼ 0 – which is motivated mathematically. It serves as
a penalty function enforcing the incompressibility con-
straint [4]. The second part �WWð�FFe

; a1
0; . . . ; an

0Þ is the energy
stored in the tissue when it is subjected to isochoric elastic
deformations characterized by �FF

e
. The anisotropic struc-

ture of this potential is described in terms of the set
faa

0; a ¼ 1; . . . ; ng of unit vectors.
Based on the theory of fiber-reinforced composites [19,

20, 54], an additive split of �WW is postulated according to

�WWð�FFe
; a1

0; . . . ; an
0Þ ¼ �WWgsð�FFeÞ þ �WWfð�FFe

; a1
0; . . . ; an

0Þ :

ð26Þ
Here the potential �WWgs models the (isotropic) matrix ma-
terial (subsequently identified by the subscript ð�Þgs),
while �WWf incorporates the anisotropic behavior due to the
fiber reinforcement, i.e. collagen-fibers (identified by ð�Þf ).
For a histomechanical motivation for introduction of the
split (26) the reader is referred to [21].

(ii) Elastic stress response. From the macroscopic free-
energy function (25) the Kirchhoff stress tensor s can be
derived in a standard way. Its decoupled representation is
given by

Box 1. Continuum mechanical description of multisurface
plasticity

Anisotropic free-energy function:

WðFe; a1
0; a2

0; . . . ; an
0 ;AÞ ¼ WmacroðFe; a1

0; a2
0; . . . ; an

0Þ þ WmicroðAÞ

Anisotropic yield criterion functions:

ÛUa ¼ Ua
macroðdevR; a1

0; a2
0; . . . ; an

0Þ � UmicroðBÞ; a ¼ 1; . . . ; n

Anisotropic flow rule:

Lp ¼
X
a2A

kadev aa
0 � aa

0

� �
Evolution of the hardening variable A:

_AA ¼
X
a2A

ka; Ajt¼0 ¼ 0

Karush-Kuhn-Tucker loading/unloading conditions:

ka 
 0; ÛUa � 0; kaÛUa ¼ 0; a ¼ 1; . . . ; n

Consistency conditions:

ka _̂UÛUU
a ¼ 0; a ¼ 1; . . . ; n
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sðFe; a1
0; . . . ; an

0Þ ¼ 2
oWmacroðFe; a1

0; . . . ; an
0Þ

og
¼ sL þ ~ss ;

ð27Þ

sL ¼ 2
oLðJÞ
og

; ~ss ¼ 2
o �WWð�FFe

; a1
0; . . . ; an

0Þ
og

; ð28Þ

where ~ss denotes the isochoric Kirchhoff stress tensor,
while the stresses sL enforce the incompressibility con-
straint.

2.4.2
Anisotropic inelastic response
Here we specify the set of equations necessary to describe
the inelastic response of soft biological tissues. The asso-
ciated continuum basis is given in Sect. 2.3.

In order to provide the n-independent yield criterion
functions (17) we particularize the macro-stress dependent
functions Ua

macro, a ¼ 1; . . . ; n, in such a way that we
omit coupling effects between the different slip systems.
Therefore, we introduce new functions, which we denote
by sa, a ¼ 1; . . . ; n. It is assumed that these functions are
the projections of the deviatoric Mandel stress tensor onto
the particular slip system aa

0, i.e.

Ua
macroðdevR; a1

0; a2
0; . . . ; an

0Þ ¼ sað devR; aa
0Þ

¼ devR : aa
0 � aa

0 ; ð29Þ
which is similar to the definition of the Schmid resolved
shear stresses in crystal plasticity [23, 28, 32].

Based on isotropic Taylor hardening [29], we assume
that the micro-stress dependent function Umicro, intro-
duced in Eq. (17), can be additively decomposed into an
initial yield stress s0 and a micro-stress B. We adopt the
common concepts of linear and exponential hardening,
which are based on a three parameter model [50], and
write

UmicroðBÞ ¼ s0 þ B;

B ¼ hA þ s0;1 1 � exp � A

a0

� �� �
;

ð30Þ

where hardening is described by the linear hardening pa-
rameter h and the nonlinear hardening parameters s0;1
and a0.

Using Eqs. (29) and (30), the yield criterion functions
(17) have the specific form

ÛUa ¼ sa � s0 þ Bð Þ; a ¼ 1; . . . ; n : ð31Þ
All that remains is to particularize the crucial free-
energy function Wmacro, which is the aim of the next
section.

2.4.3
Particularization of the model problem for arteries

(i) Free-energy function. In order to characterize the
mechanical behavior of arteries we choose a formulation
of the macroscopic free-energy function (25) which is
based on the theory of invariants [54]. With the aim of
minimizing the number of material parameters we pro-
pose the representation

WmacroðFe; a1
0; . . . ; an

0Þ ¼ LðJÞ þ �WWgsð�II1Þ þ
X
a2B

�WW
a
f ð�IIa

4Þ ;

ð32Þ
where �II1 ¼ tr�CC

e
is the first invariant of the modified elastic

right Cauchy-Green tensor �CC
e
, which is well-known from

the isotropic theory, and �IIa
4 are additional invariants of �CC

e

and the structural tensors aa
0 � aa

0, given by

�IIa
4 ¼ �CC

e
: aa

0 � aa
0; a ¼ 1; . . . ; n ð33Þ

(compare also with [19–21, 54]). Note that for the in-
compressible limit (J ¼ 1) we have �CC

e ¼ Ce, and Eq. (33)
reads �IIa

4 ¼ Ce : aa
0 � aa

0.
We assume that the fibers do not carry any compressive

load. In Eq. (32), this situation is expressed by the set
B ¼ fa 2 1; . . . ; nj�IIa

4 > 1g of active fibers which are
stretched. Only these active fibers contribute to the free-
energy function Wmacro. Note that for an incompressible
material the invariants �IIa

4 can be identified with the square
of the elastic stretch in the direction of the a-th family of
fibers [19].

Finally, we postulate that the three parts of the free
energy (32) have the forms

LðJÞ ¼ j
2
ðJ � 1Þ2; �WWgsð�II1Þ ¼

l
2

�II1 � 3ð Þ ; ð34Þ

�WW
a
f ð�IIa

4Þ ¼
k1

2k2
exp k2

�IIa
4 � 1

� �2
h i

� 1
n o

; a ¼ 1; . . . ; n ;

ð35Þ
which are well-suited for the description of the aniso-
tropic mechanical behavior of arterial walls during typi-
cal (physiological) loading conditions. Here the material
parameter l describes the isotropic response, while k1

and k2 are associated with the anisotropic material
behavior. The parameter j serves as a user–specified
penalty parameter which has no physical relevance (for
j ! 1, expression (32) may be viewed as the potential
for the incompressible limit, with J ¼ 1). Note that for the
function �WWgs we may apply any Ogden-type elastic ma-
terial [38].

We assume that each family of fibers has the same
mechanical response, which implies that k1 and k2 are the
same for each fiber family. In fact, �WW

a
f describes the energy

stored in the a-th family of fibers. Note that only two
families of fibers (expressed through the invariants �IIa

4 ,
a ¼ 1; 2) are necessary to capture the typical features of
elastic arterial response [21].

The energy functions (34), (35) do not incorporate
coupling phenomena occurring between the n families of
fibers. To incorporate coupling effects a more general
constitutive approach is required [20] and various exper-
iments are needed to identify the increasing number of
material parameters.

The energy functions (34), (35) are quite different from
the well-known strain-energy function for arteries pro-
posed by Fung [16]. An advantage of the proposed con-
stitutive model is the fact that the material parameters
involved may be associated partly with the histological
structure of the arterial wall, which is not possible with the
purely phenomenological model by Fung. However, the
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anisotropic contribution (35) to the proposed free energy
Wmacro is able to replicate the basic characteristic of the
potential by Fung. A comparative study which investi-
gates the two different potentials is given in [21].

For further use in this study we introduce the set
faa; a ¼ 1; . . . ; ng of Eulerian vectors aa. They are defined
as maps of the structural measures aa

0 via the unimodular
elastic part �FF

e
of the deformation gradient, according to

aa ¼ �FF
e
aa

0; a ¼ 1; . . . ; n : ð36Þ
In addition, we introduce two symmetric n � n matrices

through the dot products of the Eulerian vectors aa, and
the Lagrangian vectors aa

0, according to

aab ¼ aa � ab; Aab ¼ aa
0 � ab

0 ; a; b ¼ 1; . . . ; n :

ð37Þ
Note that the diagonal terms Aaa take on the values 1, since
aa

0 are unit vectors.
Using the definitions (36) of the Eulerian vectors aa and

relation (37)1 for the matrices aab, the invariants �IIa
4 can

also be expressed as

�IIa
4 ¼ aa � aa ¼ aaa; a ¼ 1; . . . ; n ; ð38Þ

which may be shown immediately using Eq. (33) and by
means of the index notation. Hence, we conclude that the
diagonal terms aaa are the invariants �IIa

4 .

Remark 2.2. The invariant �II1 can be expressed in a similar
way to the invariants �IIa

4 . By use of the spectral decompo-
sition of the (second-order) unit tensor I ¼

P3
i¼1 ei

0 � ei
0,

we may write

�II1 ¼ tr�CC
e ¼ �CC

e
: I ¼ �CC

e
:
X3

i¼1

ei
0 � ei

0 ¼
X3

i¼1

ei � ei :

ð39Þ
Here we have mapped the Lagrangian basis vectors ei

0,
i ¼ 1; 2; 3, using the unimodular part of the elastic defor-
mation gradient �FF

e
, and we have introduced the relation

ei ¼ �FF
e
ei

0; i ¼ 1; 2; 3 : ð40Þ
Note that the vectors ei, i ¼ 1; 2; 3, should not be confused
with the Eulerian basis vectors. (

(ii) Elastic stress response. From the macroscopic free-
energy function (32) we may derive the associated Kirch-
hoff stress tensor. By means of the physical expression
(27)1 we obtain

s ¼ sL þ ~ss; ~ss ¼ ~ssgs þ
X
a2B

~ssa
f ; ð41Þ

with the explicit expressions sL ¼ 2oLðJÞ=og and ~ssgs ¼
2o �WWgsð�II1Þ=og, ~ssa

f ¼ 2o �WW
a
f ð�IIa

4 Þ=og; a ¼ 1; . . . ; n, for the
Kirchhoff stress response. Successive application of the
chain rule gives

sL ¼ 2
oLðJÞ
oJ

oJ

oCe :
oCe

og
; ~ssgs ¼ 2

o �WWgsð�II1Þ
o�CC

e :
o�CC

e

oCe :
oCe

og
;

ð42Þ

~ssa
f ¼ 2

o �WWfð�IIa
4Þ

o�CC
e :

o�CC
e

oCe :
oCe

og
; a ¼ 1; . . . ; n : ð43Þ

In Eqs. (42), (43), the partial derivatives oJ=oCe and
o�CC

e
=oCe take on the forms [19]

oJ

oCe ¼
1

2
JCe�1;

o�CC
e

oCe ¼ J�2=3 I� 1

3
�CC

e � �CC
e�1

� �
; ð44Þ

where the fourth-order unit tensor I is governed by the
rule ðIÞIJKL ¼ ðdIKdJL þ dILdJKÞ=2.

An additional result needed in the computation of the
stress response is the partial derivative of the elastic right
Cauchy-Green tensor Ce with respect to the Eulerian
metric tensor g. For that we use the more general ex-
pression Ce ¼ FeTgFe of the elastic right Cauchy-Green
tensor, defined as a pull-back operation of g (note that by
means of a rectangular coordinate system, in which g ¼ I,
this expression reduces to Ce ¼ FeTFe). Hence, we find by
means of the chain rule and index notation that

oðFe
aKgabFe

bLÞ
ogij

¼ Fe
aKðIÞabijF

e
bL ¼ 1

2 ðFe
iKFe

jL þ Fe
jKFe

iLÞ ;

ð45Þ
which is only valid for Cartesian coordinates. Equation
(45) reads in symbolic notation

oCe

og
¼ Fe � Fe

with

ðFe � FeÞijKL ¼ 1

2
ðFe

iKFe
jL þ Fe

jKFe
iLÞ ; ð46Þ

where Fe � Fe defines a tensor product governed by the
rule (46)2. For notational convenience, in this paper we do
not distinguish between co- and contravariant tensors and
accept therefore the abuse of notation introduced in
Eq. (45).

Using the expressions (42), (43) for the Kirchhoff stress
tensors, the properties (44), (46) and the specified free-
energy functions (34), (35), we find that the elastic stress
response is governed by the three contributions

sL ¼ JpI; ~ssgs ¼ l dev �bb
e
;

~ssa
f ¼ 2wadevðaa � aaÞ; a 2 B : ð47Þ

Here we have used the definitions

p ¼ dLðJÞ
dJ

; wa ¼ d �WW
a
f ð�IIa

4 Þ
d�IIa

4

ð48Þ

of the hydrostatic pressure p and the stress functions wa

with the specified forms

p ¼ jðJ � 1Þ; wa ¼ k1ð�IIa
4 � 1Þ exp½k2ð�IIa

4 � 1Þ2
 :

ð49Þ
For an explicit derivation of the isochoric stress response
associated with �WW

a
f , the reader is referred to Appendix A.1.

(iii) Inelastic stress response. The aim now is to specify
the Mandel stress tensor R with respect to relation (8)2. By
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means of the explicit expressions (41), (47) for the Kir-
chhoff stress tensor s, the definitions �CC

e ¼ �FF
eT�FF

e
,

�bb
e ¼ �FF

e�FF
eT

and the definition aa ¼ �FF
e
aa

0 of the Eulerian
vectors, we find that

R ¼ JpI þ l dev �CC
e þ 2

X
b2B

wb devð�CCe
ab

0 � ab
0Þ : ð50Þ

Hence, we substitute Eq. (50) into (29)2 and take advan-
tage of property (16). Using the definitions �II1 ¼ tr�CC

e
,

�IIa
4 ¼ �CC

e
: aa

0 � aa
0 of the invariants and the properties

I : aa
0 � aa

0 ¼ 1 and �CC
e
aa

0 � aa
0 : ab

0 � ab
0 ¼ Aabaab (recall the

definitions (37) of the symmetric n � n matrices Aab and
aab), we find the scalar measures sa of the stress state, i.e.

sa ¼ l �IIa
4 � 1

3
�II1

� �
þ 2

X
b2B

wb Aabaab � 1

3
�IIb
4

� �
;

a ¼ 1; . . . ; n : ð51Þ

It turns out that within a finite element implementation,
the relation (51) plays a crucial role. Although the struc-
ture of Eq. (51) is simple, this equation requires substan-
tial numerical effort to be solved.

(iv) Plastic dissipation. With Eqs. (13)2, (18), (50) and the
rate equation (22), the plastic dissipation of the model is
given as

Dp ¼ l
X
a2A

ka �IIa
4 � 1

3
�II1

� �
þ 2

X
a2A

X
b2B

wbka

� Aabaab � 1

3
�IIb
4

� �
� B

X
a2A

ka 
 0 ð52Þ

(the derivation is analogous to the procedure which led
to Eq. (51)). We suppose that the states fdevR; a1

0; a2
0; . . . ;

an
0 ;Bg 2 oE which, in view of (15), implies that ÛU ¼ 0.

With use of (51) and rate equation (22) we may
rewrite the plastic dissipation (52) in the remarkably
simple form

Dp ¼
X
a2A

ka sa � Bð Þ ¼ s0
_AA 
 0 : ð53Þ

We conclude from Eq. (22) and the Karush-Kuhn-Tucker
loading/unloading conditions (23) that the time deriva-
tive _AA 
 0 of the hardening parameter is non-negative.
Hence, the non-negativity of the plastic dissipation Dp is
ensured.

Note that the simple form (53) does not consider plastic
dissipation due to hardening effects, which means that the
power associated with hardening effects is stored com-
pletely in the material. In the event that experimental
studies do not confirm this assumption additional internal
variables can be introduced.

The continuum mechanical part of the material model is
now described completely. The numerical recipes
necessary for an efficient finite element implementation
are derived in the next section.

3
Integration of the evolution equations
In this section we derive the algebraic expressions
necessary for use of our material model within
approximation techniques such as the finite element
method. For this purpose we apply an established inte-
gration scheme drawn from computational mechanics. It is
based on the unconditionally stable backward-Euler inte-
gration of the continuous evolution equations and the
elastic predictor/plastic corrector concept [50]. This effi-
cient concept embraces an iterative update of Newton’s
type of the Eulerian vectors (see [32]), aa ¼ �FF

e
aa

0,
a ¼ 1; . . . ; n, and ei ¼ �FF

e
ei

0, i ¼ 1; 2; 3, defined in Eqs. (36)
and (40), respectively.

3.1
Backward-Euler integration of the evolution equations
and Eulerian vector updates
Consider a partition

SM
n¼0½tn; tnþ1
of the closed time interval

t 2 ½0;T
, where 0 ¼ t0 < � � � < tMþ1 ¼ T and M þ 1 is the
number of all time sub-intervals. We focus attention on a
typical sub-interval ½tn; tnþ1
 and assume that the plastic part
F

p
n of the deformation gradient (consequently F

p�1
n ), and the

hardening variable An are known at time tn. The backward-
Euler discretization of Lp (see Eq. (7)2) reads,

L
p
nþ1Dt ¼ I � Fp

nF
p�1
nþ1 ; ð54Þ

where Dt ¼ tnþ1 � tn denotes a given time increment (for
convenience, we will not indicate subsequently the subscript
n þ 1). Substitution of the specific flow rule (18) in (54) givesX
a2A

cadevðaa
0 � aa

0Þ ¼ I � Fp
nFp�1 ; ð55Þ

where ca :¼ kaDt denote the incremental slip (plastic)
parameters on each slip system a. Based on these defini-
tions and the use of Eqs. (23) and (24) the incremental
Karush-Kuhn-Tucker conditions and the incremental
consistency conditions read,

ca 
 0; ÛUa � 0; caÛUa ¼ 0; ca _̂UÛUU
a ¼ 0;

a ¼ 1; . . . ; n : ð56Þ
In order to find an update formula for the unimodular part
�FF

e
of the elastic deformation gradient, which is suitable for

numerical implementation, we multiply (55) by FF
p�1
n on

the left hand-side. With the assumptions Je ¼ J, Jp ¼ 1 and
the definitions F ¼ FeFp, Fe ¼ J1=3�FF

e
and Fp ¼ �FF

p
intro-

duced in Eqs. (1), (2)1 and (2)3, the relation (55) leads,
after some standard algebraic manipulations, to

�FF
e ¼ �FF

e tr �
X
a2A

ca aa tr � aa
0 �

1

3
�FF

e tr

� �
: ð57Þ

In what follows, the notation ð�Þtr indicates elastic trial
(predictor) state values which are achieved by freezing the
plastic deformation (for further details see, for example,
[32, 50]). For Eq. (57) we introduced the definitions

�FF
e tr ¼ �FF�FF

p�1
n and aa tr ¼ �FF

e tr
aa

0; a 2 A [B ð58Þ
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of the trial quantities and A [B denotes the union of the
active working set and the set of stretched fibers. The
update formula of the hardening variable A is obtained
immediately by discretization of Eq. (22), i.e.

A ¼ Atr þ
X
a2A

ca; Atr ¼ An : ð59Þ

Using Eqs. (36) and (57) and the definitions (58)2 of aa tr

and (37)2 of Aab, the update formulas for the Eulerian
vectors aa read

aa ¼ aa tr �
X
b2A

cb ab trAab � 1

3
aa tr

� �

¼ aa tr 1 þ 1

3

X
b2A

cb

 !
�
X
b2A

cbab trAab; a 2 A [B :

ð60Þ
Similarly, on use of Eqs. (40) and (57) and the definition of
the trial vectors ei tr ¼ �FF

e tr
ei

0, we obtain the update formulas

ei ¼ ei tr �
X
b2A

cb ab trBib � 1

3
ei tr

� �

¼ ei tr 1 þ 1

3

X
b2A

cb

 !
�
X
b2A

cbab trBib; i ¼ 1; 2; 3

ð61Þ
for the Eulerian vectors ei, i ¼ 1; 2; 3. By analogy with
eq. (37)2 we have introduced the constant n � 3 matrices
Bai ¼ aa

0 � ei
0.

3.2
Computation of the incremental slip parameters ca

In order to work with the update formulas (59)–(61) the
incremental slip parameters ca must be determined. In this
section we describe two approaches: the first approach
(called direct method) is aimed to satisfy the conditions
ÛUa ¼ 0 in conjunction with the incremental Karush-Kuhn-
Tucker conditions in the form of Eqs. (56)1–(56)3, where
a 2 A is associated with the active slip systems. This ap-
proach requires the search of an active set A and is aimed
to satisfy equalities as well as inequalities. The second
approach (called indirect method) focuses on the satis-
faction of equalities, Ha ¼ 0 say, which are equivalent to
the Eqs. (56)1–(56)3 (equalities and inequalities). This
approach is associated with all (active and inactive) slip
systems, a ¼ 1; . . . ; n, (see [6] and [46]). The nonlinear
functions Ha are defined so that the roots of Ha ¼ 0 satisfy
the incremental Karush-Kuhn-Tucker conditions a priori.
Hence, the indirect method omits an active set search,
which is a fundamental advantage when compared with
the direct method.

(i) Direct method to determine ca. By estimating A and
initializing the incremental slip parameters, ca ( 0, we
employ an iterative procedure (local Newton iteration) to
solve the nonlinear equations ÛUa ¼ 0, a 2 A, with respect
to ca. During the Newton iteration A is kept fixed and we
may write for the update formulas

ca ( ca �
X
b2A

Gab�1ÛUb;

Gab ¼ oÛUa

ocb
for a; b 2 A ;

ð62Þ

where the coefficients Gab�1 form the entries of the
matrices ½Gab�1
, i.e. the inverse of the matrices ½Gab
. In
order to derive Gab we apply Eqs. (31), (51), (59), and the
chain rule. Thus, by means of Eqs. (37)–(39), Gab follow
from (62)2 as

Gab ¼ l 2aa � oaa

ocb
� 2

3

X3

i¼1

ei � oei

ocb

 !

þ
X
m2B

4wmmam � oam

ocb
Amaaam � 1

3
�IIm
4

� ��

þ2wm Ama aa � oam

ocb
þ oaa

ocb
� am

� �
� 2

3
am � oam

ocb

� ��

� oB

oA
; ð63Þ

where we have introduced the elasticity functions

wmm ¼ d2 �WW
m
f

d�IIm
4d�IIm

4

; m 2 B : ð64Þ

With the help of Eqs. (60)1, (61)1, the partial derivatives of
aa and ei with respect to cb give the relations

oaa

ocb
¼ 1

3
aa tr � Aabab tr;

oei

ocb
¼ 1

3
ei tr � Bibab tr ; ð65Þ

which are independent of the incremental slip parameters
ca.

Using (35) we then obtain from (64)

wmm ¼ k1½1 þ 2k2ð�IIm
4 � 1Þ2
 exp½k2ð�IIm

4 � 1Þ2
 : ð66Þ
The disadvantage of this approach is that an estimation of
the active set A is required, which, in general, has to be
updated more or less on a trial and error basis, see
Box 2(d).

Remark 3.1. In this remark we point out a (known) nu-
merical problem of the direct method associated with
multisurface plasticity. The problem arises from the non-
smooth yield surface oE. A possible numerical treatment is
discussed.

An elastic trial step predicts a trial set
fa 2 1; . . . ; njÛUa > 0g of active slip systems (see Box 2(c)).
Note that such predicted values ÛUa > 0 do not, in general,
imply that the associated incremental slip parameters ca

are positive, since this is just a trial step [50]. In fact,
several parameters ca could be negative, which is not
consistent with the incremental Karush-Kuhn-Tucker
conditions and the incremental consistency conditions
(56). In addition, another fundamental difficulty of this
approach is that several yield criterion functions predicted
to be non-active could in fact be active at the solution
point.

In order to handle this type of problem we redefine
the active working set A (for more details see Box 2(d),
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see also [32]), and introduce the set Ac ¼
fa 2 1; . . . ; njca > 0g of positive incremental slip param-

eters and the set AU ¼ fa 2 1; . . . ; njÛUa > tolg of violated
yield criteria, where tol 2 Rþ is a small (machine-depen-
dent) tolerance value. The redefined working set is then
the union A ¼ Ac [AU. The interested reader is referred
to [51], where this type of problem has been investigated
in detail. (

Remark 3.2. If we consider the simplest case of one slip
system (n ¼ 1), relation (63) reduces to the form

G11 ¼ � 2

3
l 2a1 � a1 tr þ

X3

i¼1

1

3
ei � ei tr � B1iei � a1 tr

� �" #

� 16

9
w11a11 þ w1
� �

a1 � a1 tr � oB

oA
: ( ð67Þ

Remark 3.3. For the computation of the coefficients Gab

through Eqs. (63) and (65) (or for one slip system through
Eq. (67)), we suggest a numerical approximation of ex-
pression (62)2 of the form [33]

Gab � 1

d
ÛUaðcb þ dÞ � ÛUaðcbÞ
� 	

; ð68Þ

where d is a small (machine-dependent) tolerance value.
From the practical point of view another simplification

can be achieved by neglecting the neo-Hookean part, i.e.
the first term in Eq. (63) (or Eq. (67)). This simplification
is often appropriate for deformation states which are as-
sociated with plastic flow (l � wa, a 2 B), in particular,
for soft biological materials. This is in agreement with the
histology of biological tissues since it is known that the
(non-collageneous) matrix material, modeled by the neo-
Hookean material, is dominant in the small strain domain,
while the collagen-fibers, modeled by the exponential
function, are the main load carrying components in the
large strain domain in which the influence of the matrix
material becomes negligible.

The suggested simplification does not influence signif-
icantly the quadratic rate of convergence near the solution
point when Newton’s method is applied. (

(ii) Indirect method to determine ca. Equivalent equali-
ties to the equalities and inequalities (56)1–(56)3 turn out
to be of the form

Ha ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðÛUaÞ2 þ ðcaÞ2

q
þ ÛUa � ca ¼ 0 : ð69Þ

By employing an iterative procedure (local Newton itera-
tion) in order to solve Eq. (69)2 we may compute the in-
cremental slip parameters ca, and, consequently, the set of
active slip systems A is determined, see Box 2(e). The
associated update formulas read

ca ( ca �
Xn

b¼1

Hab�1Hb;

Hab ¼ oHa

ocb
for a;b ¼ 1; . . . ;n :

ð70Þ

In order to determine the n � n matrix Hab we differen-
tiate Eq. (69)1 with respect to ca and use definition
Eq. (62)2. Hence, we obtain a relation between Hab and Gab

according to

Hab ¼ðcaÛUaþ1ÞGab

þðcaca�1Þdab (no summation over aÞ ; ð71Þ

where Gab is defined in Eq. (63) and the scalar functions ca

are the abbreviations for ½ðÛUaÞ2 þ ðcaÞ2
�1=2. Note that in
Eq. (71) the matrix Gab has to be computed for all (active
and inactive) slip systems, i.e. a; b ¼ 1; . . . ; n. Hence, the
more slip systems considered the higher are the compu-
tational costs to compute the inverse of the n � n matrix
Hab. The main advantage of the indirect method, which
only involves equations, is, that the plastic corrector pro-
cedure works without estimating the set A of active slip
systems.

For the case of linearly dependent (or redundant)
constraints, which are the yield criterion functions on
the different slip systems, the matrix ½Gab
 (or ½Hab
) is
singular and not invertible, as it is needed in Eq. (62)
(or Eq. (70)). Hence, the incremental slip parameter ca

on the active slip system is not uniquely defined. Note
that, this is, for example, the case if jaa

0 � ab
0 j ¼ 1 for

a 6¼ b. For a solution procedure to circumvent the
problem of linearly dependent constraints the reader is
referred to, for example, Miehe [32] or Miehe and
Schröder [34].

4
Elastoplastic moduli
The aim now is to use the nonlinear stress relations
postulated in Sect. 2 within a finite element formulation.
The application of incremental/iterative solution
techniques requires a consistent linearization of the
nonlinear function s in order to preserve quadratic rate of
convergence near the solution point. Hence, we have to
derive the elastoplastic moduli c, defined as

c ¼ 2
os
og

: ð72Þ

Using the representation (41) of the Kirchhoff stress tensor
s, the elastoplastic moduli may be given in the decoupled
form

c ¼ cL þ �cc; �cc ¼ �cce
gs þ �cce

f þ �ccp
gs þ �cc

p
f : ð73Þ

The three elastic moduli cL, �cce
gs, �cce

f follow from Eqs. (47)
and are governed by the relations

cL ¼ 2
osL

og
¼ J p þ J

dp

dJ

� �
I � I � 2JpI ; ð74Þ

�cce
gs ¼ 2

o~ssgs

og

����
ca

¼ 2

3
ltr�bb

e
I� 1

3
I � I

� �

� 2

3
~ssgs � I þ I � ~ssgs

� �
; ð75Þ
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�cce
f ¼ 2

X
a2B

o~ssa
f

og

�����
ca

¼ 4
X
a2B

�
1

3
wa½�IIa

4ðIþ
1

3
I � IÞ

� aa � aað Þ � I � I � aa � aað Þ


þ waa devðaa � aaÞ � devðaa � aaÞ
�
;

ð76Þ
where the specifications for the hydrostatic pressure p, the
stress functions wa and the elasticity functions waa are
given in (49) and (66). The closed-form expressions for the
elastic moduli cL and �cce

gs are known from finite elasticity
[31]. The expression �cce

f for the elastic anisotropic contri-
bution is derived in Appendix A.2.

The plastic parts of c are defined as

�ccp
gs ¼ 2

X
a2A

o~ssgs

oca
� oca

og
; �cc

p
f ¼ 2

X
b2B

X
a2A

o~ssb
f

oca
� oca

og
:

ð77Þ
In order to calculate the derivatives with respect to ca, we
need the algorithmic expression of �bb

e
. With the help of

Eqs. (57) and (58)2, we find from (5) that

�bb
e ¼ �bb

e tr � 2
X
a2A

ca aa tr � aa tr � 1
3
�bb

e tr
� �

þ
X
a2A

X
b2A

cacb Aabaa tr � ab tr � 1
3 aa tr � aa tr

�
� 1

3 ab tr � ab tr þ 1
9
�bb

e tr
�

; ð78Þ
where the definition �bb

e tr ¼ �FF
e trð�FFe trÞT has been introduced.

Based on (78) and some straightforward manipulations
(see Appendix B.1), we obtain the derivative of the iso-
tropic contribution to the stress with respect to the in-
cremental slip parameters ca, i.e.

o~ssgs

oca
¼ �l dev 2 aa tr � aa tr � 1

3
�bb

e tr
� ��

� 2
X
b2A

cb Aabaa tr � ab tr � 1

3
aa tr � aa tr

�

� 1

3
ab tr � ab tr þ 1

9
�bb

e tr
��

: ð79Þ

By applying the implicit function theorem to (31), the
derivative of the parameters ca with respect to the Eulerian
metric g yields

oca

og
¼
X
b2A

Gab�1 oÛU
b

og
; ð80Þ

where the coefficients Gab�1 form the entries of the ma-
trices ½Gab�1
 (compare with Eq. (63)). Applying the chain
rule to Eq. (51) we find, after some algebra (see Appen-
dix B.2), that

oÛUb

og
¼ l dev ab � ab � 1

3
�bb

e
� �

þ 2 dev
X
m2B

wmm Abmabm � 1

3
amm

� �
am � amð Þ

�

þ wm 1

2
Abm ab � am þ am � ab
� �

� 1

3
am � am

� ��
:

ð81Þ

By the use of Eq. (47)3, the definitions of the invariants
�IIa
4 ¼ aa � aa and the chain and product rules, the derivative

of the anisotropic contribution of the stress with respect to
the incremental slip parameters, as required in Eq. (77)2,
may be written as

o~ssb
f

oca
¼ 4wbb ab � oab

oca

� �
dev ab � ab
� �

þ 2wbdev ab � oab

oca
þ oab

oca
� ab

� �
; ð82Þ

where the derivatives of the Eulerian vectors ab with respect
to the incremental slip parameters ca are defined via (65)1.

Remark 4.1. If we consider the simplest case of one slip
system (n ¼ 1), the contributions to the elastoplastic
moduli �ccgs take on the reduced forms

�ccp
gs ¼ 2

o~ssgs

oc1
� oc1

og
; �cc

p
f ¼ 2

o~ss1
f

oc1
� oc1

og
; ð83Þ

with the expressions

o~ssgs

oc1
¼ �l dev 2 1 � 1

3
c1

� �
a1 tr � a1 tr
� ��

� 2

3
1 þ 1

3
c1

� �
�bb

e tr
�
; ð84Þ

oc1

og
¼ G11�1dev l a1 � a1 � 1

3
�bb

e
� ��

þ 4

3
2w11a11 þ w1
� �

a1 � a1
� ��

; ð85Þ

o~ss1
f

oc1
¼ � 4

3
dev 2w11 a1 � a1 tr

� �
a1 � a1
� ��

þw1 a1 � a1 tr þ a1 tr � a1
� �	

; ð86Þ
which are associated with relations (79), (80) and (82). (

Finally, the Eulerian elastoplastic modulus c is de-
termined by summation of the three elastic contributions,
given by Eqs. (74), (75) and (76), and the two plastic
counterparts, given by Eqs. (77)1 and (77)2.

The flow chart as shown in Fig. 3 outlines the numerical
implementation procedure of the material model. The
different steps of the computation are summarized in
Box 2(a)–(g), which contains all the relevant expressions
necessary to compute the isochoric stress tensor ~ss and the
associated isochoric elastoplastic moduli �cc.

5
Representative numerical examples
The material model has been implemented in Version 7.3
of the multi-purpose finite element analysis program FEAP,
originally developed by R.L. Taylor and documented in
[58]. We have used 8-node Q1=P0 and QM1=E12 mixed
finite elements. Both element descriptions are based on
three-field Hu-Washizu variational formulations, which
were proposed by Simo [53], [49], and successfully used
by, for example, Miehe [32], Weiss et al. [59] and Hol-
zapfel et al. [20], among many others.

The representative numerical examples aim to
demonstrate the basic features and the good numerical
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performance of the material model implemented. We
present two examples, whereby the first one aims to de-
monstrate basic elastic and inelastic mechanisms by
means of a single cube which is reinforced by one fiber
family. The second example demonstrates a three-dimen-
sional necking phenomena by means of a rectangular bar
under tension.

5.1
Anisotropic finite inelastic deformation
of a single brick element
This example investigates the proposed constitutive fra-
mework by means of a simple and illustrative model

problem. We consider a cube of length 1.0 cm which is
reinforced by one family of fibers, as illustrated in Fig. 4.
The orientation of the fiber reinforcement and the slip
system (which is assumed to be one (n ¼ 1)) is given by
the unit direction vector a0. The cube is modeled by one 8-
node isoparametric brick element based on a Q1=P0 mixed
finite element formulation with an augmented Lagrangian
extension. This choice avoids ‘volumetric locking’ phe-
nomena so that incompressibility constraints can be in-
corporated without the disadvantage of an ill-conditioned
global (tangent) stiffness matrix [53].

The boundary conditions are chosen in such a way that
node 1 is fixed in all three directions
ðûu11 ¼ ûu12 ¼ ûu13 ¼ 0Þ, node 2 in the second and third di-
rection ðûu21 ¼ ûu23 ¼ 0Þ while nodes 3 and 4 are fixed in the
third direction ðûu33 ¼ 0Þ and ðûu43 ¼ 0Þ. We deform the
cube by prescribing the displacements in the third direc-
tion at the nodes 5, 6, 7 and 8 ðûu53 ¼ ûu63 ¼ ûu73 ¼ ûu83 ¼ uÞ.
The material parameters used for the calculation are col-
lected in Table 1.

One result of this calculation is shown in Fig. 5, in
which the reaction force F (summation over the nodal
forces of nodes 5, 6, 7 and 8) is plotted against the dis-
placement u. Significant states of deformation are labeled,
starting with A�, which denotes the (undeformed) reference
configuration of the cube. The next state of interest is B�,
where the stress state touches the initial yield surface and
plastic slipping takes place for the first time (the associated
reaction force F is 15.31 (N) and the displacement u is
0.64 cm). During continuous loading the reaction force F
increases and reaches its maximum F ¼ 26:44 (N) at the
displacement u ¼ 1:071 cm, i.e. state C�. By increasing the
displacement up to u ¼ 2:0 cm (maximum displacement),
i.e. state D�, the reaction force F takes on the value

Box 2(a)–(c). Implementation guide: initialization (a), elastic predictor (b) and check of the yield criteria (c)

(a) Initialization
History variables F

p�1
n , An at time tn

Deformation gradient F at actual time tnþ1

Slip systems aa
0, a ¼ 1; . . . ; n

(b) Elastic Predictor
Jacobian determinant J ¼ det F

Unimodular part of the elastic deformation gradient F
e ¼ J�1=3FF

p�1
n

Hardening variable A ¼ An

(c) Yield Criteria Check
Structural measures Aab ¼ aa

0 � ab
0 ; a; b ¼ 1; . . . ; n

Eulerian vectors
aa ¼ F

e
aa

0; a ¼ 1; . . . ; n

ei ¼ F
e
ei

0; i ¼ 1; 2; 3

Deformed structural measures aab ¼ aa � ab; a; b ¼ 1; . . . ; n

Set of stretched fibers B ¼ fa 2 1; . . . ; njaaa > 1g
Stress functions wa ¼ k1ðaaa � 1Þ exp½k2ðaaa � 1Þ2
; a 2 B

Micro-stress function Umicro ¼ s0 þ B; B ¼ hA þ s0;1½1 � expð�A=a0Þ


Macro-stress functions sa ¼ lðaaa � 1
3

P3
i¼1

ei � eiÞ þ 2
P
b2B

wbðAabaab � 1
3 abbÞ; a ¼ 1; . . . ; n

Yield criterion functions ÛUa ¼ sa � Umicro; a ¼ 1; . . . ; n

Define active working set A ¼ fa 2 1; . . . ; njÛUa > tolg
If A ¼ ; compute modified elastic left Cauchy-Green tensor b

e ¼ F
e
F

eT
and goto Box 2(g).

Fig. 3. Flow chart showing the different steps for a numerical
implementation of the material model. Steps (a)–(g) of the
computation are outlined in detail in Box 2(a)–(g). Steps (d) and
(e) are alternatives and associated with the direct and indirect
methods
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22.82 (N). Note that from state B� on, plastic strains in-
crease continuously up to state D�. Now we unload
(F ¼ 0:0 (N)) and reach state E� with the residual dis-
placement u ¼ 0:206 cm. The associated stress-free con-
figuration of the cube can be seen in Fig. 6, which differs
significantly from the (undeformed) reference configura-
tion. A continuous reduction of the displacement to u ¼ 0
leads to state F� which is accompanied by compressive
stress (F ¼ �1:4 (N)).

Note that the large hysteresis in Fig. 5 clearly indicates
the plastic dissipation of the proposed material model. In
addition, the plot displays pronounced softening which

occurs due to the highly nonlinear deformations. It is
clearly a geometrical effect since the component of the
Cauchy stress in e3-direction, i.e. r33, monotonically in-
creases with respect to the displacement u during loading,
see Fig. 7.

The spatial configurations of the cube at different load
states are illustrated in Fig. 6. Interestingly enough, the
elastic part of the deformation moves the top face of the
cube to the left, while the plastic part moves it to the right.
This remarkable effect may be explained by the orientation
of the fiber reinforcement (the slip system). During the
elastic deformation the fibers tend to align with the

Box 2(d). Implementation guide: plastic corrector – direct method

(d) Plastic Corrector – direct method
Initialize F

e tr ¼ F
e
; Atr ¼ A; aa tr ¼ aa; ei tr ¼ ei; a ¼ 1; . . . ; n; i ¼ 1; 2; 3

Partial derivatives

oaa

ocb
¼ 1

3
aa tr � Aabab tr; a; b ¼ 1; . . . ; n

oei

ocb
¼ 1

3
ei tr � Bibab tr; i ¼ 1; 2; 3; b ¼ 1; . . . ; n

Initialize ca ¼ 0; a ¼ 1; . . . ; n

Deformed structural measures aab ¼ aa � ab; a; b 2 A [B

Stress functions wa ¼ k1ðaaa � 1Þ exp½k2ðaaa � 1Þ2
; a 2 B

Elasticity functions waa ¼ k1½1 þ 2k2ðaaa � 1Þ2
 exp½k2ðaaa � 1Þ2
; a 2 B

Micro-stress function Umicro ¼ s0 þ B; B ¼ hA þ s0;1½1 � expð�A=a0Þ


Macro-stress functions sa ¼ l aaa � 1

3

X3

i¼1

ei � ei

 !
þ 2

P
b2B

wb Aabaab � 1
3 abb

� �
; a 2 A

Yield criterion functions ÛUa ¼ sa � Umicro; a 2 A

Partial derivative
oB

oA
¼ h þ s0;1

a0
expð�A=a0Þ

Gab ¼ l 2aa � oaa

ocb
� 2

3
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ei � oei

ocb

 !
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X
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4wmmam � oam
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Aamaam � 1

3
amm

� ��

þ2wm Aam aa � oam
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� am
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ocb
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; a;b 2 A

Update

ca ( ca �
X
b2A

Gab�1ÛUb; a 2 A

A ( Atr þ
X
a2A

ca

aa ( aa tr �
X
b2A

cb ab trAab � 1

3
aa tr

� �
; a 2 A [B

ei ( ei tr �
X
b2A

cb ab trBib � 1

3
ei tr

� �
; i ¼ 1; 2; 3

Redefine set of stretched fibers B ¼ fa 2 1; . . . ; njaaa > 1g

DO UNTIL ÛUa < tol; a 2 A

Set up Ac ¼ fa 2 1; . . . ; njca > 0g and AU ¼ fa 2 1; . . . ; njÛUa > tolg
Redefine active working set A ( Ac [AU

DO UNTIL ca 
 0 AND ÛUa < tol; a ¼ 1; . . . ; n

Update modified elastic deformation gradient

F
e ( F

e tr �
P
a2A

ca aa tr � aa
0 �

1

3
F

e tr
� �

c

c
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direction of loading (move to the left) and the plastic de-
formation is determined by the flow rule (18), which forces
the top face to move to the right. In order to investigate the
accuracy of the solution we have used 10 and 200 load
steps to achieve the displacement u ¼ 2:0 cm. A com-
parison of the two solutions indicated that 10 load steps
are (practically) enough to get satisfying accuracy. Hence,
it is sufficient to work with the first-order accurate back-
ward-Euler discretization.

In Table 2 the residual norm is reported, showing
quadratic rate of convergence of the out-of-balance forces
near the solution point. In particular, Table 2 refers to the
residual norm which occurs during the load step from

u ¼ 1:8 cm to u ¼ 2:0 cm. Table 3 reports the spatial co-
ordinates of the eight nodes of the deformation state D�.

Finally, it is noted that the proposed constitutive model
is able to replicate characteristic plastic effects, such as
hysteresis and residual strains (and stresses). The im-
plementation of the model as described above leads to a
numerically robust and efficient tool suitable for large
scale computation.

5.2
Three-dimensional necking phenomena
This example models the extension of a rectangular bar
with cross-section a � b and length l, within the elasto-

Box 2(e). Implementation guide: plastic corrector – indirect method, (a; b ¼ 1; . . . ; n and i ¼ 1; 2; 3)

(e) Plastic Corrector – indirect method
Initialize F

e tr ¼ F
e
; Atr ¼ A; aa tr ¼ aa; ei tr ¼ ei

Partial derivatives

oaa

ocb
¼ 1

3
aa tr � Aabab tr

oei
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ei tr � Bibab tr
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Stress functions wa ¼ k1ðaaa � 1Þ exp½k2ðaaa � 1Þ2

Elasticity functions waa ¼ k1½1 þ 2k2ðaaa � 1Þ2
 exp½k2ðaaa � 1Þ2

Micro-stress function Umicro ¼ s0 þ B; B ¼ hA þ s0;1½1 � expð�A=a0Þ
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Partial derivative
oB

oA
¼ h þ s0;1

a0
expð�A=a0Þ
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ei tr
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Redefine set of stretched fibers B ¼ fa 2 1; . . . ; njaaa > 1g
DO UNTIL Ha < tol; a ¼ 1; . . . ; n

Determine active working set and update modified elastic deformation gradient
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3
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plastic domain. It demonstrates the applicability of the
introduced constitutive framework and numerical algo-
rithm to moderate scale finite element problems. We used

an assumed enhanced finite element formulation (EAS)
known as QM1=E12-element [49], because of its good
performance in localization dominated problems. The
analysis was carried out on a Pentium IV PC under the

Box 2(f), (g). Implementation guide: history update (f), isochoric Kirchhoff stress and elastoplastic moduli (g)

(f) Update History

Inverse plastic deformation gradient F
p�1
n ( J1=3F�1F

e

Hardening variable An ( A

(g) Isochoric Kirchhoff Stress and Elastoplastic Moduli

Isochoric Kirchhoff stress ~ss ¼ l devb
e þ 2

X
a2B

wadevðaa � aaÞ

Isochoric elastoplastic moduli c ¼ ce
gs þ ce

f þ cp
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p
f

Elastic contributions to the isochoric moduli c
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2

3
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e
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3
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3
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I � IÞ � aa � aað Þ � I � I � aa � aað Þ

� ��
þwaadevðaa � aaÞ � devðaa � aaÞg

Plastic contributions to the isochoric moduli c
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gs ¼ 2

X
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�
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og

 !" #
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¼ �l dev 2 aa tr � aa tr � 1

3
b

e tr
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�2
X
b2A

cb Aabaa tr � ab tr � 1

3
aa tr � aa tr � 1

3
ab tr � ab tr þ 1

9
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e tr
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; a 2 A

o~ssl
f

oca
¼ 4wll al � oal

oca

� �
dev al � alð Þ þ 2wldev al � oal

oca
þ oal
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� al

� �
; a 2 A; l 2 B

oÛUb

og
¼ l dev ab � ab � 1

3
b

e
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þ 2dev
X
m2B

wmm Abmabm � 1

3
amm

� �
am � amð Þ

�

þwm 1

2
Abm ab � am þ am � ab
� �

� 1

3
am � am

� ��
; b 2 A

Fig. 4. Reference configuration of a cube and orientation a0 of the
fiber reinforcement and the slip-system

Table 1. Material parameters for the deformation of a single
brick

Elastic Plastic

l ¼ 27:0 (kPa) s0 ¼ 130:0 (kPa)
k1 ¼ 1:28 (kPa) h ¼ 50:0 (kPa)
k2 ¼ 3:54 ð�Þ s0;1 ¼ 200:0 (kPa)

a0 ¼ 0:1 ð�Þ Fig. 5. Evolution of the force F and the displacement u
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WIN2000 operating system. Symmetries in geometry and
loading have been assumed so that only one eighth of the
bar and appropriate boundary conditions have been con-
sidered. In Fig. 8 the used referential geometry (one eighth
of the bar) is shown. In view of material stability in-
vestigations a (small) perturbation of the rectangular cy-
lindrical geometry, characterized by the value d, has been
considered. It initializes a necking zone during the ex-
tension process. The bar is reinforced by two families of
fibers, with fiber angle a as illustrated in Fig. 8. Hence, two
independent slip systems are modeled, associated with the
two families of fibers.

We apply the set of material parameters as given in
Table 4, where, for simplicity, linear hardening is con-
sidered.

In order to investigate the evolution of the plastic de-
formation during extension, the distribution of the hard-
ening variable A of the (whole) bar at different states of
extension is shown in Fig. 9. The illustrated three-dimen-
sional computation uses 3240 finite elements for one eighth
of the bar, while Fig. 9(a) shows the reference configuration.

Figure 9(b) shows the hardening variable A at a dis-
placement of u ¼ 2:55 cm. At this state slightly plastic
deformations are present. They are initiated by the in-
troduced geometrical imperfection d in the middle of the
bar. In Fig. 9(c), at the (final) displacement of u ¼ 6:5 cm,

a very well pronounced necking zone can be seen. The
figure shows localization of plastic strains in terms of the
hardening variable A. A further increase of stretch leads to
a softening response, as it was observed in the first ex-
ample. This phenomenon is accompanied by a strain-lo-
calization instability and (‘pathological’) mesh-dependent
solutions, which might be caused by the loss of ellipticity
of the governing equations [52]. Furthermore, in Fig. 9(c)
we see that plastic deformation in the necking zone ac-
cumulates on two sides of the bar. Plastic deformation is
not distributed uniformly across the cross-section. This
seems to be a typical effect of the anisotropic constitutive
formulation and is in contrast to isotropic elastoplastic
considerations.

In Fig. 10 the calculated load-displacement curve of one
eighth of the bar is plotted. As expected, the extension
response starts with a (nonlinear) elastic region until a
displacement of about u ¼ 2:3 cm is reached. At this state
plastic deformation starts to evolve. During a further in-
crease of stretch the tangent of the load-displacement
curve decreases. Finally, strain-localization instability
leads to a decrease of the load and no quasi-static
solutions can be found. In order to deal with this phe-
nomena, we associate the specimen with mass and apply
the Newmark transient solution technique. A density of
the material of 103 kg/m3 is used. The problem has been
assumed to be displacement driven, and each node of the
top of the bar moves 0.1 cm per second in the x3-direction.

In order to investigate the influence of the finite element
discretization on the solution, we use four different
(structured) finite element meshes. In Fig. 10 the load
displacement curves of the different calculations are
plotted; the thin line shows the response of the geometrical
perfect bar (d ¼ 0:0), while the thick lines are associated
with the imperfect geometries (d ¼ 0:05 cm). We used the
material parameters given in Table 4, where for simplicity

Table 3. Nodal coordinates at displacement u ¼ 2:0 cm

Node x1 cm x2 cm x3 cm

1 0.00E+00 0.00E+00 0.00E+00
2 5.86E)01 0.00E+00 0.00E+00
3 5.55E)01 5.69E)01 0.00E+00
4 )3.11E)02 5.69E)01 0.00E+00
5 )6.21E)02 )1.10E)01 3.00E+00
6 5.24E)01 )1.10E)01 3.00E+00
7 4.93E)01 4.58E)01 3.00E+00
8 )9.32E)02 4.58E)01 3.00E+00

Fig. 6. Configurations at different states of deformation

Fig. 7. Evolution of the r33 component of the Cauchy stress with
respect to the displacement u. Note that the Cauchy stress
monotonically increases during loading

Table 2. Convergence of the Newton-Raphson iteration. Residual
norm which occurs during the load step from u ¼ 1:8 cm to
u ¼ 2:0 cm

It.-Step Residual Norm

1 6.48E+02
2 3.35E+01
3 1.14E)01
4 1.91E)02
5 3.73E)06
6 7.99E)11
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only linear hardening is assumed, and utilized FE dis-
cretizations with 6, 48, 384 and 3240 finite elements. The
constitutive formulation in conjunction with the used
material parameters lead to a softening response (similar
to Fig. 5) at a certain (discretization based) displacement
u. This leads to an immediate decrease of the load and,
without regularization, to the typical mesh-dependent so-
lutions, as known from the literature, see for example
Zienkiewicz and Taylor [61] and references therein. It is
well known that strain localization caused by strain-soft-
ening leads to physically meaningless results using a local
continuum theory. This theory predicts zero dissipation at
failure and a finite element calculation attempts to con-
verge to this meaningless solution [5]. In order to avoid
this spurious mesh sensitivity, the model could, for ex-
ample, be viscoregularized [10] or extended to a nonlocal
fashion by introducing a characteristic length [41]. The use

Fig. 8. Referential geometry and struc-
tural arrangement of two families of fibers
of one eighth of a bar. A (small) pertur-
bation of the rectangular cylindrical ge-
ometry is characterized by the value d

Fig. 9. Evolution of the plastic deformation in terms of the
hardening variable A during extension. (a) Reference configura-
tion; (b) exceeding elastic limit and evolution of plastic defor-
mation; (c) pronounced localization of plastic deformation
accumulated at two sides of the bar

Table 4. Material parameters for the necking problem

Elastic Plastic

l ¼ 30:0 (kPa) s0 ¼ 70:0 (kPa)
k1 ¼ 4:0 (kPa) h ¼ 100:0 (kPa)
k2 ¼ 2:3 ð�Þ

Fig. 10. Comparison of the load displacement curves achieved
with different finite element discretizations. The thin line shows
the mechanical response of the geometrical perfect bar. The thick
lines are associated with imperfect geometries, discretized with 6,
48, 384 and 3240 finite elements. At the elastic limit the yield
stress is reached and plastic deformation starts to evolve. At a
certain (discretization based) displacement a strain-localization
instability appears which leads to typical mesh-dependent solu-
tion
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of a Cosserat continuum [8] or gradient plasticity [10] are
also useful; they are more advanced methods in order to
avoid mesh sensitivity.

Note that in view of the above discussed problems the
results obtained for the softening region are questionable.
As far as soft biological tissues are concerned the solid
material is often penetrated by a fluid. More advanced
constitutive models, which incorporate viscosities, may
avoid the ‘pathological’ solutions.

Although we used the advanced QM1=E12 formulation
the deformed meshes are accompanied with hourglass
modes, see Fig. 9(c).

6
Conclusion
In this paper a framework of finite strain rate-independent
multisurface plasticity for fiber-reinforced composites has
been developed. In particular, we focused attention on
modeling soft biological tissues in a supra-physiological
loading domain and employed the continuum theory of
the mechanics of fiber-reinforced composites, [54], by
neglecting coupling phenomena. The chosen (macro-
scopic) continuum theory is based on a multiplicative
decomposition of the deformation gradient into elastic and
plastic parts.

The elastic part of the deformation is described by an
anisotropic Helmholtz free-energy function, which cap-
tures elastic arterial deformations particularly well. The
free energy has several advantages over alternative de-
scriptions known in the literature (for a comparison see
[21]), although only a relatively small number of material
parameters are needed for describing the three-dimen-
sional case. A further advantage of the suggested free en-
ergy is the fact that the structural architecture of the
composite may be correlated with the material parameters.

The kinematics of the plastic deformation is described
by means of the plastic part Lp of L, which is a rate tensor
obtained from the transformation of the spatial velocity
gradient l to the intermediate configuration. An elastic
domain – bounded by a convex, but non-smooth yield
surface – is defined by n-independent (nonredundant)
yield criterion functions, which follow the concept of
multisurface plasticity. It is shown that the plastic dis-
sipation for the model is always non-negative, which is in
accordance with the second law of thermodynamics.

The numerical implementation of the constitutive fra-
mework is based on the (backward-Euler) integration of
the flow rule and the commonly used elastic predictor/
plastic corrector concept to update the plastic variables. In
particular, two alternative plastic corrector schemes are
formulated (direct and indirect methods) satisfying the
yield criterion functions by the Karush-Kuhn-Tucker
conditions. The indirect method, which only involves
equations, turns out to be advantageous in the sense that
the plastic corrector procedure works without estimating
the set of active slip systems. The stress response and the
novel consistent linearized elastoplastic moduli are
derived explicitly in a geometric setting relative to the
current configuration. The closed-form expressions have
been implemented in the multi-purpose finite element
analysis program FEAP.

In order to investigate the proposed material model in
more detail, two representative numerical examples have
been analyzed. The first example considers a fiber-re-
inforced cube modeled by one 8-node Q1=P0-element. The
displacement-driven computation shows the basic in-
elastic features such as (plastic) hysteresis and residual
strains. In addition, the robustness of the numerical con-
cept and the accuracy of the numerical integration of the
evolution equations were studied. The second example
shows the applicability of the constitutive formulation to
moderate scale finite element problems. It studies the
elastoplastic extension of geometrical perfect and im-
perfect rectangular bars. Exceeding the elastic limit a
pronounced localization of the plastic deformation
evolved. After a certain (discretization based) displace-
ment the calculation led to strain-localization instability
and the typically spurious mesh sensitive solution.

The proposed concept is the first application of multi-
surface plasticity to fiber-reinforced composites. It in-
corporates structural information of the material and
approaches the complex deformation problem from an
engineering point of view with the goal of achieving a
meaningful and efficient numerical realization. The con-
stitutive theory can easily be extended for incorporating
viscous phenomena [20].

Appendix A. Kirchhoff stresses and Eulerian elasticity
tensor due to �WW

a

f

A.1: Derivation of formula (47)3

From the anisotropic free-energy function �WW
a
f ,

a ¼ 1; . . . ; n, we may derive the second Piola-Kirchhoff
stress tensors �SS

a
f , which we define as

�SS
a
f ¼ 2

o �WW
a
f ð�IIa

4Þ
oCe ¼ 2wa o�II

a
4

oCe ; a 2 B ; ð87Þ

where �IIa
4 ¼ �CC

e
: aa

0 � aa
0 are invariants, wa ¼ o �WW

a
f =o�II

a
4 are

stress functions and B denotes the set of stretched fibers.
Note that the symmetric stress tensors �SS

a
f are parameter-

ized by coordinates which are referred to the macro-stress-
free intermediate configuration (see Sect. 2.1).

Now we need to compute the partial derivative of �IIa
4

with respect to the elastic right Cauchy-Green tensor Ce.
By means of the properties (33), (44)2, the chain rule and
the fact that o�IIa

4=o
�CC

e ¼ aa
0 � aa

0, we obtain

o�IIa
4

oCe ¼
o�IIa

4

o�CC
e :

o�CC
e

oCe ¼ J�2=3 aa
0 � aa

0 �
1

3
�IIa
4
�CC

e�1
� �

¼ J�2=3Dev aa
0 � aa

0

� �
; ð88Þ

where we have introduced the deviatoric operator
Devð�Þ ¼ ð�Þ � ð1=3Þ ð�Þ : �CCe� 	

�CC
e�1

. By means of (88)3, we
obtain from (87)2 the second Piola-Kirchhoff stress ten-
sors

�SS
a
f ¼ 2J�2=3waDev aa

0 � aa
0

� �
; a 2 B : ð89Þ

A push-forward operation transforms �SS
a
f to the current

configuration to give the associated isochoric Kirchhoff
stress tensors
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~ssa
f ¼ Fe�SS

a
f FeT

¼ 2J�2=3waFe aa
0 � aa

0 �
1

3
�IIa
4
�CC

e�1
� �

�FF
e
; a 2 B :

ð90Þ

Finally, with Fe ¼ J1=3�FF
e
, aa ¼ �FF

e
aa

0 and the relations
�IIa
4 ¼ aa � aa ¼ ðaa � aaÞ : I we find that
~ssa

f ¼ 2wadev aa � aað Þ, a 2 B, which establishes Eq. (47)3.
Here we have used property (16) for the deviatoric oper-
ator in the Eulerian description.

A.2: Derivation of formula (76)
We introduce the elasticity tensor �CC

e
f as the gradient of the

nonlinear function �SSf according to

�CC
e
f ¼ 2

X
a2B

o�SS
a
f

oCe : ð91Þ

The fourth-order tensor �CC
e
f is parameterized by

coordinates which are referred to the intermediate
configuration.

Before we start to derive the closed-form expression for
the elasticity tensor we determine the partial derivative of
Dev aa

0 � aa
0

� �
with respect to Ce. By means of (88)2, the

chain rule and (88)3, we find that

oDev aa
0 �aa

0

� �
oCe

¼�1

3

�
J�2=3�CC

e�1 �Dev aa
0 �aa

0

� �
þ �IIa

4

o�CC
e�1

o�CC
e :

o�CC
e

oCe

�
:

ð92Þ

Hence, with (44)2, the fact that o�CC
e�1

=o�CC
e
: �CC

e � �CC
e�1 ¼

��CC
e�1 � �CC

e�1
, and the property (4)1, we obtain

oDev aa
0 � aa

0

� �
oCe ¼� 1

3
½Ce�1 � Dev aa

0 � aa
0

� �
� J2=3�IIa

4ðCe�1�Ce�1

� 1

3
Ce�1 � Ce�1Þ
 : ð93Þ

Here, for convenience, we have introduced the definition

oCe�1

oCe ¼ �Ce�1�Ce�1 ð94Þ

of the fourth-order tensor oCe�1=oCe, where the symbol �
denotes the tensor product according to the rule [19]

�ðCe�1�Ce�1ÞIJKL ¼ � 1

2
ðCe�1

IK Ce�1
JL þ Ce�1

JK Ce�1
IL Þ

¼
oCe�1

IJ

oCe
KL

: ð95Þ

Using Eq. (89) and the chain rule, the elasticity tensor �CC
e
f

follows from the definition (91) as

�CC
e
f ¼ 4

X
a2B

�
waDev aa

0 � aa
0

� �
� oJ�2=3

oCe

þ J�2=3Dev aa
0 � aa

0

� �
� owa

oCe

þ J�2=3wa Dev aa
0 � aa

0

� �
oCe

�
; ð96Þ

and with properties (44)1, (88)3, (93), we obtain, after re-
casting,

�CC
e
f ¼4

X
a2B

�
1

3
wa½�IIa

4ðCe�1�Ce�1 � 1

3
Ce�1 � Ce�1Þ

� J�2=3Dev aa
0 � aa

0

� �
� Ce�1

� J�2=3Ce�1 � Dev aa
0 � aa

0

� �



þ J�4=3waaDev aa
0 � aa

0

� �
� Dev aa

0 � aa
0

� ��
;

ð97Þ
with the elasticity functions waa ¼ d2 �WW

a
f =d�IIa

4 d�IIa
4 , a 2 B.

Finally, by means of (88)2 and (4)1 we find the closed-form
expression

�CC
e
f ¼4

X
a2B

�
1

3
wa½�IIa

4ðCe�1� Ce�1 þ 1

3
Ce�1 � Ce�1Þ

� J�2=3 aa
0 � aa

0

� �
� Ce�1 � J�2=3Ce�1 � aa

0 � aa
0

� �



þ J�4=3waaDevðaa
0 � aa

0Þ � Devðaa
0 � aa

0Þ
�

: ð98Þ

The associated Eulerian description of the elasticity tensor
is found by a push-forward operation of �CC

e
f to the current

configuration. This operation may be written in index
notation as

ð�cce
f Þijkl ¼ Fe

iIF
e
jJF

e
kKFe

lLð�CC
e
f ÞIJKL : ð99Þ

To specify this transformation we use relation (4)1, the
definition of the deviatoric operator (16) in the Eulerian
description and the map aa ¼ �FF

e
aa

0. Hence, based on (99),
the Eulerian elasticity tensor �cce

f reads

�cce
f ¼ 4

X
a2B

�
1

3
wa½�IIa

4ðIþ
1

3
I � IÞ

� aa � aað Þ � I � I � aa � aað Þ


þ waadevðaa � aaÞ � devðaa � aaÞ
�

;

which is the desired result (76).

Appendix B. Eulerian elasticity tensor �cc
p
gs

Here we derive expressions necessary for the computation
of the plastic part �cc

p
gs of the elasticity tensor defined in

Eq. (77)1. In particular, we specify the terms o~ssgs=oca and
oÛUa=og, the latter being used for computing oca=og.

B.1: Derivation of formula (79)
First let us introduce the property oðdev�bb

eÞ=oca ¼
devðo�bbe

= ocaÞ. Hence, from stress relation (47)2 we may
obtain the derivative of ~ssgs with respect to the incremental
slip parameters ca, i.e.
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o~ssgs

oca
¼ ldev

o�bb
e

oca

� �
; ð100Þ

as is required for (77)1. All that remains is the explicit
expression for o�bb

e
=oca. From the derivation of the algo-

rithmic expression (78) it is straightforward to obtain

o�bb
e

oca
¼� 2 aa tr � aa tr � 1

3
�bb

e tr
� �

þ 2
X
b2A

cb

�
Aabaa tr � ab tr � 1

3
aa tr � aa tr

� 1

3
ab tr � ab tr þ 1

9
�bb

e tr
�
;

ð101Þ
which, together with (100), gives the desired formula (79).

B.2: Derivation of formula (81)
Before we start to derive formula (81) it is necessary to
differentiate the coefficients aab with respect to the Eule-
rian metric g. Use of Eqs. (37)1, (36) and (4)3, and suc-
cessive application of the chain rule gives

oaab

og
¼ oð�CCe

: aa
0 � ab

0Þ
og

¼ oð�CCe
: aa

0 � ab
0Þ

o�CC
e :

o�CC
e

oCe :
oCe

og
:

ð102Þ
Hence, by means of the fourth-order unit tensor ðIÞIJKL ¼
ðdIKdJL þ dILdJKÞ=2, the term oð�CCe

: aa
0 � ab

0Þ=o�CC
e

reads

oð�CCe
: aa

0 � ab
0Þ

o�CC
e ¼ I : aa

0 � ab
0 ¼ 1

2
aa

0 � ab
0 þ ab

0 � aa
0

� �
;

ð103Þ
which can be shown by means of index notation.

In order to proceed with the derivation of oaab=og, we
recall the results o�CC

e
=oCe ¼ J�2=3ðI� �CC

e � �CC
e�1

=3Þ and
oCe=og ¼ Fe � Fe. By using these relations and Eq. (103)2,
we find from (102)2 that

oaab

og
¼ 1

2
aa

0 � ab
0 þ ab

0 � aa
0 �

2

3
trðaa � abÞ�CCe�1

� �
: ð�FFe � �FF

eÞ ;

ð104Þ
where we employed Eqs. (36), (4)3 and the definition of the
modified elastic deformation gradient �FF

e ¼ J�1=3Fe. By
recalling Eqs. (36) and (4)3 once more, and by means of
the tensor product as defined in (46)2 and the deviatoric
operator from (16), we obtain, after some straightforward
tensor algebra, the important relation

oaab

og
¼ 1

2
dev aa � ab þ ab � aa
� �

: ð105Þ

Here, the tensor manipulations are best performed in in-
dex notation. Noting (38)2, we see that Eq. (105) is

o�IIa
4

og
¼ devðaa � aaÞ : ð106Þ

Now, for the derivation of formula (81) we need Eqs. (105)
and (106) and, in addition, the property o�II1=og ¼ dev �bb

e
.

Hence, from the specified form (31), the scalar measures
sa, as given in (51), and use of the chain rule, we obtain

oÛUa

og
¼ osa

og
¼ldev aa�aa�1

3
�bb

e
� �

þ2dev
X
b2B

wbb Aabaab�1

3
abb

� �
ab�ab
� ��

þwb 1

2
Aab aa�abþab�aa
� ��

�1

3
ab�ab

��
: ð107Þ

A replacement of the dummy indices a in (107)2 by b and
b by m gives the desired result (81).
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