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Abstract

Given a periodic graph, we wish to determine via combinatorial methods whether it has
periodic embeddings in the plane that—via motions that preserve edge-lengths and
periodicity—can be continuously deformed into another non-congruent embedding
of the graph. By introducing NBAC-colourings for the corresponding quotient gain
graphs, we identify which periodic graphs have flexible embeddings in the plane
when the lattice of periodicity is fixed. We further characterise with NBAC-colourings
which 1-periodic graphs have flexible embeddings in the plane with a flexible lattice
of periodicity, and characterise in special cases which 2-periodic graphs have flexible
embeddings in the plane with a flexible lattice of periodicity.
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1 Introduction

A (bar-joint) framework in the plane is a pair (G, P), where G is a simple graph and
P (the placement of G) is a map from V(G) to R%.! By considering each edge vw
as a rigid bar that restricts the distance between v and w, a natural question to ask
is whether or not the structure is flexible, i.e., does there exist a continuous path in

Editor in Charge: Kenneth Clarkson

Supported by the Austrian Science Fund (FWF): P31888.

Sean Dewar
sean.dewar@ricam.oeaw.ac.at

Johann Radon Institute for Computational and Applied Mathematics (RICAM), Austrian Academy of
Sciences, 4040 Linz, Austria

1 Although (G, p) is the standard notation for a framework, we shall instead reserve this for the quotient
frameworks that we use throughout the majority of this paper.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00454-021-00328-x&domain=pdf
http://orcid.org/0000-0003-2220-4576

Discrete & Computational Geometry (2021) 66:1286-1329 1287

Fig. 1 (Left): A rigid placement of K, x K3 in the plane. As K> x K3 is a Laman graph, almost all
placements will give a rigid framework. (Right): A flexible placement of the same graph

the space of placements of G that preserves the edge distances but is not a rigid body
motion? If the vertex set of G is finite and the coordinates of the vector (P (v))yev (G)
are algebraically independent over Q, then it has been proved (first by Pollaczek—
Geiringer [18] and later by Laman independently [12]) that (G, P) is rigid (i.e., not
flexible) in the plane if and only if G contains a (somewhat erroneously named) Laman
graph; a graph H where |E(H)| = 2|V (H)| — 3 and |E(H)| < 2|V (H')| — 3 for all
subgraphs H’ of H with |V (H')| > 2. Given a graph that contains a Laman graph,
there can however still exist non-generic placements that are flexible; see Fig. 1.

This raises a new question; can we use combinatorial methods to determine if a
graph G has any placement that defines a flexible framework (G, P)? This question
was answered in the positive in [7], where it was proved that a finite simple graph will
have flexible placements in the plane if and only if it has an NAC-colouring, a surjective
red-blue edge colouring where no cycle has exactly one red edge or exactly one blue
edge. Detecting whether graphs have flexible placements via NAC-colourings is a
very recent area of research which utilises many different areas of algebraic geometry,
including valuation theory [5-8].

We now wish to extend the method using NAC-colourings to frameworks in the
plane with k-periodic symmetry, i.e., frameworks (G, P) where there exist a matrix
L € My, (R) and a free group action 6 of Z* on G via graph automorphisms, such
that G has a finite set of vertex orbits under 6 and P(0(y)v) = P(v) + L - y for
allv e V(G) and y € 7K. we call L the lattice of P, 6 the symmetry of G, and P a
k-periodic placement of (G, 6). Specifically, we wish to be able to determine if a graph
G with symmetry 0 has a k-periodic placement P where (G, P) can be deformed by
a motion that preserves the periodic structure of (G, P), and if such a placement does
exist, be able to also determine in advance whether the motion will preserve the lattice
structure of (G, P).

Research into the rigidity of periodic frameworks has seen much interest in the
last decade. Some of the main areas of research include combinatorial characterisa-
tions of rigid periodic graphs [2,3,13,16,21], periodic graphs with unique realisations
[11], rigid unit modes of periodic frameworks [17,19], and rigidity under infinitesimal
motions where the periodicity is relaxed somewhat [1,4,10,14,23].

Each k-periodic framework (G, P) in the plane with a given symmetry 6 defines
a family of gain-equivalent triples (G, p, L), where G is a ZX-gain graph and
p: V(G) — R? is a placement of G (see Sects. 2.2 and 2.3 for definitions), and
likewise, each such triple (G, p, L) will define a framework (G, P) with k-periodic
symmetry; see [21, Sect. 2.2] for more details. As Z*-gain graphs have a finite amount
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Fig. 2 (Left): A framework (G, P) with 2-periodic symmetry. (Right): A corresponding triple (G, p, L)
with L := 215, where I is the 2 x 2 identity matrix

of vertices but still encode all the required information needed for working with
motions that preserve periodicity, we shall define a k-periodic framework in the plane
tobeatriple (G, p, L) for some Z*-gain graph G, and the pair (p, L) to be a placement-
lattice of G; for example, see Fig. 2.

Using the gain graph description of k-periodic frameworks, our question is now
the following; can we use combinatorial methods to determine if a ZF-gain graph
G has any placement-lattice that defines a flexible k-periodic framework (G, p, L)?
We shall answer this in the positive for 1-periodic frameworks where the lattice is
allowed to deform (see Theorem 5.1) and k-periodic frameworks where the lattice
is fixed (see Theorem 4.1). We also obtain partial results for the more difficult case
of 2-periodic frameworks where the lattice is allowed to deform (see Lemma 6.4,
Theorems 7.5 and 7.10). To do this we shall introduce NBAC-colourings (“NBAC”
being an acronym for “No Balanced Almost Circuit”), an analogue of NAC-colourings
for ZK-gain graphs. We shall also characterise the various types of NBAC-colourings
that are generated by different motions of a given k-periodic framework.

The outline of the paper is as follows. In Sect. 2, we shall layout some background on
valuation theory, gain graphs, and periodic frameworks in both R? and C. In Sect. 3,
we shall define NBAC-colourings and their various sub-types, including active NBAC-
colourings, and utilise valuations to prove that flexibility will imply the existence of an
NBAC-colouring. In Sects. 4-6, we shall apply our methods using NBAC-colourings
to fixed lattice k-periodic frameworks, flexible lattice 1-periodic frameworks, and
flexible lattice 2-periodic frameworks respectively, with partial results in the latter
case. In Sect. 7, we shall prove that a full characterisation of Z2-gain graphs with a
flexible placement-lattice is possible if we assume that our graph has at least a single
loop.

2 Preliminaries
2.1 Function Fields and Valuations

We shall refer to all affine algebraic sets over C as algebraic sets, and we shall call
any irreducible algebraic set a variety. For an algebraic set V in C", we define I(V)
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to be the ideal of C” that defines V. We recall that the dimension of an algebraic set
is the maximal length of chains of distinct nonempty subvarieties of A. An algebraic
curve is an affine variety of dimension 1.

Definition 2.1 Let V be a variety in the polynomial ring C[ X1, ..., X, ]. We define the
coordinate ring of V tobe the quotient C[V] := C[X1, ..., X,]/1(V) and the function
field of V to be the field of fractions of C[V], denoted by C(V). Each f/g e C(V)
can, for any f € f and g € g, be considered to be a partially defined function

f/g:V—>C, x> fx)/gx),

and this function is independent of the choice of f, g.

We recall that for a field extension K /k, an element a € K is transcendental over k
if there is no polynomial p € k[X] with p(a) = 0, and algebraic over k otherwise.
The following useful result stems from the observation that any rational function must
either be constant on a variety or take an infinite amount of values; indeed if this was
not true, we would be able to construct a non-invertible element of the function field.

Lemma 2.2 LetC be an algebraic curve inC[Xy, ..., X,landlet f € Clxy, ..., x,].
Then one of the following holds:

(1) f takes an infinite amount of values on C and is transcendental over C when
considered as an element of C(C).
(ii) f is constant on C.

Definition 2.3 For a function field C(C), afunctionv: C(C) — ZU{oco}is avaluation
if
(1) v(x) = oo if and only if x = 0;
(i) v(xy) =v(x) +v(y);
(iii) v(x 4+ y) = min {v(x), v(y)}, with equality if v(x) # v(y);
@iv) v(x) =0ifx € C\ {0}.

The following is a useful rewording of [22, Cor. 1.1.20].

Proposition 2.4 Let C(C) be a function field and suppose | € C(C) is transcendental
over C. Then there exists a valuation v of C(C) with v(f) > 0.

2.2 Gain Graphs

We shall briefly cover the topic of gain graphs. For a more in depth analysis of the
topic for general groups, we refer the reader to [9]. We will be mainly be interested in
the case when the group is an abelian free group; for more discussion on techniques
often used for this specific topic, we refer the reader to [20].

Definition 2.5 A I'-gain graph is a triple G := (V(G), E(G), I'), where:
(i) V(G) is a finite set of vertices.

(i) T is an additive abelian group with identity 0.
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Fig.3 A I'-gain graph with a, b, ¢, d € T'. We represent any edge (v, w, y) by an arrow from v to w with
a label y, and we represent any edge (v, w, 0) by an undirected and unlabelled edge from v to w

Ny NG
[

Fig.4 A switching operation at u by u

(i) K(V(G)) = (V(G)* x I')/R, where R is the equivalence relation with
(a,b,y) R (c,d, ) if and only if eithera = c,b =d,and y = p,ora = d,
b=c,andy = —pu.

(iv) E(G) C K(V(G)) is aset of edges. We shall assume that there is no edge of the
form (v, v, 0); we shall, however, allow E(G) to be an infinite set.

While the edges of a gain graph are not orientated, we often find it easier to assume
that there is some orientation on the edges, i.e., G is directed. We may then define the
gain of an edge (v, w, y) to be y. We refer the reader to Fig. 3 for an example.

A switching operation at u by 11 is the map ¢l : K(V(G)) — K(V(G)) where

w,w,y +un) ifv=u, w#u,
o, w,y) =1 (,u,y —pn) ifv#u, w=u,
(v, w, y) ifv,w#uorv=w=u.

See Fig. 4 for an example of a gain switching operation at a vertex.

Given the switching operations d)’,f 11, R ¢>,’f, " (where the vertices uy, ..., u, and
elements u1, ..., i, need not be distinct), we define ¢ := ,’fn" 0---0 ¢,’fll to be a gain
equivalence. We say I"-gain graphs G, G’ are gain-equivalent (or G ~ G')if G and G’
are I'-gain graphs with the same vertex set and G’ = ¢(G) := (V(G), ¢(E(G)),T)
for some gain equivalence ¢. If H C G and H' := ¢(H), then we say H’ is the
corresponding subgraph of H in G'. The relation = is an equivalence relation for gain
graphs.

A walk in G is an ordered set C := (eq,...,e,) of edges of G where ¢; =
(vi, vi+1, ¥i) (with v,41 = vp) for some y;; we note that we orientate each edge so
we have a directed walk from v to v,. The length of a walk is the amount of edges
it contains (including any repetitions). If vi = v, then C is a circuit. Unless specified
otherwise, all walks and circuits of length n will be of the form described above. For
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a circuit C, we define

Y(C)=y1+y2+-+wm

to be the gain of C. A circuit is balanced if ¥ (C) = 0, and unbalanced otherwise.
For a connected subgraph H C G, we define the span of H to be the subgroup

span H := {{(C) : C is acircuitin H}.

If T = 7Z* for some k € N, then we define rank H to be the rank of span H. A
connected subgraph H is balanced if span H is the trivial group, and unbalanced
otherwise; likewise, a subgraph is balanced if every connected component is balanced
and unbalanced otherwise.

Proposition 2.6 Let G, G’ be gain-equivalent T'-gain graphs and H C G be a con-
nected subgraph. If H' is the corresponding subgraph of H in G, then span H' =
span H.

Proof This follows from noting that switching operations will not change the span of
a circuit. O

Proposition 2.7 Let G be a I'-gain graph and {Hy, ..., H,} a set of connected sub-
graphs with pairwise disjoint vertex sets. Then there exists G' ~ G such that for each
i € {1,...,n}, all the edges of the corresponding subgraph H] of H; in G’ have gain
in span H;.

Proof Choose a spanning tree 7; for eachi € {1, ..., n}. We note that we may choose
G’ ~ G so that each corresponding subgraph 7/ of 7; in G’ has only trivial gain for
its edges; see [21, Sect. 2.4] for a description of the method. Fix i € {1, ..., n} and
choose any e = (v, w, y) € E(Hi/). Let W be the unique walk from w to v in 7;, and
define C to be the circuit formed by the travelling along the edge e and then following
the walk W. As ¢ (C) = y,then y € span H]. By Proposition 2.6, span H; = span H;,
hence y € span H; as required. O

2.3 Rigidity and Flexibility for k-Periodic Frameworks

Letd € Nand K := R or C. We shall define || - ||*: K¢ — K to be the quadratic form
with

d
[l =30
i=1

for all (x,-)f:1 € K9, For K = R, the quadratic form || - ||? is in fact the square of the
Euclidean norm, however this is not true for K = C. The isometries of (K¢, || - [|?)
are exactly the affine maps x — Mx + y, where y e K and M € M,(K)isad x d

matrix where MT M = 1;.
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Remark 2.8 For any matrix M € My, x,(K) and x := (x,...,x,) € K", we shall
denote by M - x the matrix multiplication M [x; ... x]7.

We shall be using the definition of periodic frameworks, originally stated by Ross,
which utilises gain graphs (see [20]), although many of our results can be adapted to
fit the terminology used by Borcea and Streinu (see [2]). These two differing definitions
can be seen to be identical; we refer the reader to [20, Sect. 3.1] for more details.

Definition 2.9 Letd € Nand G be a Z¥-gain graph for some 1 < k < d. A k-periodic
framework in K% is atriple (G, p, L) such that G is a Z¥-gain graph, p: V(G) — K¢,
and L € M;xx(K), with the assumption that if (v, w,y) € E(G) then p(v) #
p(w)+ L -y. We shall define p to be a placement, L to be a lattice, and the pair (p, L)
to be a placement-lattice. If L is also injective then (G, p, L) is full, and if K = R
then we simply refer to (G, p, L) as a k-periodic framework.

For a given Z¥-gain graph G, we define V%(G) to be the space of placement-lattices
of G, which we shall consider to be a subspace of KV (©@)+4k We immediately note
that VH%(G) is an open non-empty subset in the Zariski topology, and if G has an edge,
it is a proper subset.

Definition 2.10 Let (G, p, L) and (G, p’, L') be k-periodic frameworks in K. Then
(G,p,L) ~ (G,p',L") (or (G, p,L) and (G, p’, L") are equivalent) if for all
(v, w,y) € E(G),

Ip() — pw) —L-yI* = Ip' () — p'(w) = L' -y, (1)

and (p,L) ~ (p/, L") (or (p, L) and (p’, L") are congruent) if (1) holds for all
v,we V(G)and y € ZF; equivalently, we may define (p, L) ~ (p’, L) if and only
if there exist a linear isometry M € My(K)and y € K9 such that p’(v) = M- p(v)+y
forallv € V(G)and L' = ML.Forany L, L' € My (K), we define L and L’ to be
orthogonally equivalent (or L ~ L) if for any y, u € Zk,

(L-y)-(L-p)y=(L"-y)-(L" ). @)

We note that, by linearity, if (2) holds for all pairs of some basis of Z¥, then it holds
forall y, u € Z*. Furthermore, if (p, L) ~ (p’, L) then (G, p, L) ~ (G, p/, L’) and
L~L.

Definition 2.11 For a k-periodic framework (G, p, L) we define the algebraic subsets
Vk(G, p, L) :=={(p/, L)) e VE(G) : (G, p', L") ~ (G, p, L)},
VHQ(G, p.L)={(p/,L) e VE(G): (G, p/,L')~ (G, p,L), L' ~ L}.
Definition 2.12 Let (G, p, L) be a k-periodic framework in K. Aflexof (G, p, L) is
acontinuous pathz — (py, L;),t € [0, 1],in Vx (G, p, L).If (ps, L;) € VH];(G, p,L)

forallt € [0, 1]then (p;, L;) is afixed lattice flex. If (p;, Ly) ~ (p, L) forallt € [0, 1]
then (p;, L;) is trivial.
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Remark 2.13 An equivalent definition for a trivial finite flex is as follows: (p;, L) is
atrivial flex of (G, p, L) if and only (p;, L;) is a trivial flex of (K, p, L), where K is
Zk-gain graph with vertex set V(G) and edge set K(V(G)) \ {(v,v,0) : v e V(G)}.

Definition 2.14 Let (G, p, L) be a k-periodic framework. Then we define the follow-
ing:

(i) (G, p, L) is rigid if all flexes of (G, p, L) are trivial, and flexible otherwise.
(i) (G, p, L) is fixed lattice rigid if all fixed lattice flexes of (G, p, L) are trivial,
and fixed lattice flexible otherwise.

Let ¢! be a switching operation of G. We define the framework switching operation at
u by 11 to be (by abuse of notation) the linear map ¢/, : K4!V(@+dk _ gd|V(G)l+dk
where, given (p/, L') = ¢l (p, L), we have L' = L and

, pw)+L-p ifv=u,
p )= .
pv) otherwise,

forallv € Vﬂ‘é(G). We define any composition ¢ := ¢}," o- - -0}y, to be a gain equiva-
lence, and define ¢ (G, p, L) := (¢k (G), ¢ (p, L)).If there exists a gain equivalence
such that (G’, p’, L) = ¢(G, p, L), then we say (G, p, L) and (G’, p’, L) are gain-
equivalent; we denote that two k-periodic frameworks (G, p, L) and (G', p’, L) are
gain equivalent by (G, p, L) ~ (G’, p/, L).

As each gain equivalence ¢ is a linear isomorphism and q)(VH”é(G, p, L)) =
Vﬂ‘é(q’)(G, p, L)), then the sets Vi (G, p, L) and Vk(¢(G, p, L)) are isomorphic as
algebraic sets. It follows that, given (G, p, L) ~ (G’, p’, L), we have that (G, p, L)
is (fixed lattice) rigid if and only if (G’, p’, L) is (fixed lattice) rigid.

3 NBAC-Colourings and Flexibility in the Plane
3.1 NBAC-Colourings

Definition 3.1 Let G be a I'-gain graph with edge colouring §: E(G) — {red, blue}.
We define the following:

(1) Gfed = (V(G),{e € E(G) : 5(e) = red}).

(ii) A red component is a connected component of Gfed.

(iii) A red walk (respectively, red circuit) is a walk (respectively, circuit) where every
edge is red.

(iv) An almost red circuit is a circuit with exactly one blue edge.

) Gglue’ blue components, blue walks, blue circuits, and almost blue circuits are
defined analogously.

(vi) We define a component/walk/circuit to be monochromatic if it is either red or
blue, and we define an almost monochromatic circuit to be any circuit that is
either almost red or almost blue.
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Fig. 5 A surjective colouring § of a I'-gain graph. If « ¢ (B), B ¢ (¢ — y), and y # 0, then § is an
NBAC-colouring

g g

Fig.6 All three possible NBAC-colourings of a Z-gain graph up to switching the colours red and blue. The
left is a fixed lattice NBAC-colouring but not a flexible 1-lattice NBAC-colouring, while the middle and
right are flexible 1-lattice NBAC-colourings but not fixed lattice NBAC-colourings

A colouring é is an NBAC-colouring (No Balanced Almost Circuits) if it is surjective,
and there are no balanced almost red circuits and no balanced almost blue circuits; see
Fig. 5 for an example of an NBAC-colouring.

If § is a colouring of G and G’ ~ G, then by abuse of notation we shall also define
3 to be a colouring for G’. We note that if § is an NBAC-colouring of G, then § is an
NBAC-colouring of G.

Definition 3.2 Let G be a Z-gain graph for some k € {I,2}, with an NBAC-
colouring §. If either Gfed is balanced and G has no almost blue circuits, or Gglue

is balanced and G has no almost red circuits, then § is a fixed lattice NBAC-colouring.

Definition 3.3 Let G be a Z-gain graph with an NBAC-colouring §. If both Gfed and
Gglue are balanced, then § is a flexible 1-lattice NBAC-colouring.

Remark 3.4 We note that if G is a Z-gain graph with NBAC-colouring 8, then § can be
either both a fixed lattice NBAC-colouring and a flexible 1-lattice NBAC-colouring,
one or the other, or neither. We can even have that G has no NBAC-colouring that is
both, but has both fixed lattice and flexible 1-lattice NBAC-colourings; see Fig. 6 for
an example.

Definition 3.5 Let G be a Z?-gain graph with an NBAC-colouring 8. We define the
following (see Fig. 7 for examples of each colouring):

(i) If both G¢  and Gglue are balanced, then § is a type 1 flexible 2-lattice NBAC-

red
colouring.

(i) If there exist «, B € Z? such that

— either «, B are linearly independent or exactly one of «, § is equal to (0, 0),
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(1,0)
(0,1)
(1,1)
(0,1) (0,1) (1,0) (0,1) (1,0) (0,1)
(17 1)
(1,0) (-1,1)

Fig.7 (Left): A 72 -gain graph with a type 1 flexible 2-lattice NBAC-colouring. (Middle): A 72 -gain graph
with a type 2 flexible 2-lattice NBAC-colouring (@ = (1, 0), 8 = (0, 1)). (Right): A Zz—gain graph with a
type 3 flexible 2-lattice NBAC-colouring (o = (1, 0))

span G(Sed is anon-trivial subgroup of Za, or« = (0, 0) and Gfed is balanced,

— span Gy, is a non-trivial subgroup of Zg, or 8 = (0, 0) and Gglue is bal-
anced,

there are no almost red circuits with gain in Z«, and

— there are no almost blue circuits with gain in Zg,

then § is a type 2 flexible 2-lattice NBAC-colouring.
(iii) If there exists a € Z? \ {(0, 0)} such that

— span Gfed and span Gfed are non-trivial subgroups of Za, and

— there are no almost monochromatic circuits with gain in Ze,

then § is a type 3 flexible 2-lattice NBAC-colouring; see Fig. 7.

Remark 3.6 We note that if G is a Z>-gain graph with NBAC-colouring 8, then the
following holds:

For distinct i, j € {1, 2, 3}, § cannot be both a type i and type j flexible 2-lattice

NBAC-colouring.

— Similarly, § cannot be both a fixed lattice NBAC-colouring and type 3 flexible
2-lattice NBAC-colouring.

— The colouring § can, however, be both a fixed lattice NBAC-colouring and either
a type 1 or 2 flexible 2-lattice NBAC-colouring; see Fig. 8 for an example of an
NBAC-colouring that is both fixed lattice and type 2.

— If H C G isnotmonochromatic and § is a type k flexible 2-lattice NBAC-colouring

for some k € {1, 2, 3}, then § restricted to H is a type k" flexible 2-lattice NBAC-

colouring for some 1 < k' < k; furthermore, if X’ = 1 < k then § restricted to H

will also be a fixed lattice NBAC-colouring.

3.2 k-Periodic Frameworks in the Plane
Let G be a Z*-gain graph for k € {1, 2}, with placement p: V(G) — R? and lattice

L € My x(R); if k = 1 we shall define L := L - 1 and if kK = 2 we shall define
Li:=L-(1,0)and Ly := L - (0, 1). Foreach e = (v, w, y) with y := (yj)lﬁzl, we
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(0,1) (1,0)

<
<

A

(0,1)

»
=

(1,0

Fig.8 A Zz-gain graph with a colouring that is both a fixed lattice NBAC-colouring and a type 2 flexible
2-lattice NBAC-colouring (e = (1, 0), 8 = (0, 0))

define
k
Ae) == | p(v) — p(w) — Z YiLj
j=1

(we note that this is well defined as (G, p, L) is a k-periodic framework in Rz). We
further define foreach 1 < j, [l <k,

A, D) :=L;- L.

We shall consider each point (g, M) € Vé(G) to be a point

(Geos yo)vev(ay, (xj, Yj)ljzl),

where xy, yy, Xj, y; € C; the points (x,, y,) will correspond to the coordinates of g,,
and the points (x;, y;) will correspond to the coordinates of L ;. To help simplify
things later on, we will first wish to quotient out V((Z:(G) by the orientation-preserving
isometries by fixing an edge ¢ = (v, w, y). To do so, we define the algebraic set
V:(G, p,L) C Vé(G) of all points where

k
x5 =y5=0, ya+» 7y =0,
=1

and forall e = (v, w, y) € E(G),

2 2

k k
Xy — Xy — Z vixj | + |y —Yw— Z vivi | = re)?*. 3)
=1 j=1

We further define Véf (G, p, L) to be the algebraic subset of V;(G, p, L) where x jx; +
yivi = A(j, D)% foreach 1 < j, I < k.

We note that the placement-lattice (p, L) may not be contained in V;(G, p, L).
However, the unique k-periodic framework obtained by translating and rotating
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(G, p, L) so that pjy lies at the origin and pj + L - y lies on the x-axis, will be
contained in V;(G, p, L). Hence, the set Vc (G, p, L) is homeomorphic to

Vi(G, p, L) x SO(2,C) x C?

as V;(G, p, L) is the set of frameworks equivalent to (G, p, L) in C? where the edge
e is fixed to lie on the x-axis. Similarly, Vé (G, p, L) is homeomorphic to

V/(G, p, L) x S0(2,C) x C2.

It follows that, if we require it, we may assume (p, L) € V;(G, p, L).

Given an algebraic curve C C V;(G, p, L) and any v, w € V(G), y € 7k, we
define the maps

Wg’w’|c, Zl})/’w|c: C—C

by the polynomials
k k
W) ple = xv_xw_zijj +i )’v_)’w_zyj)’j ,
j=1 j=1

k k
ZY e = xo—xw =Y yixi | =i [y —yw—D_ vy
j=1 j=1

We further define the maps Wjl¢, Zj|c: C — Cfor 1 < j < k as the polynomials
Wj'C IIXj+iyj, Zj|C ZZXj—iyj.
For the case of k = 2, we shall define for each y := (a, b) € 72 the maps

yWic :=aWilg +bWale,  vZlc :=aZlc+ bZsc.

When there is no ambiguity regarding which algebraic curve we are observing, we shall
for brevity drop the notation “|z”; for example, WK wlc shall be shortened to W,Z w-

We first observe that Wujf,/, = —Wﬂf w and Z,;?; = —Z7 ,. Furthermore, we note
thatif e = (v, w, y) € E(G),

2
va,wzg’w = A(e)~,
and if C € V/ (G, p, L) then

Wi-Zj=x(j, ) Wi -Zi+W-Zj=2x(,D7%

forall1 < j,l <k.
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3.3 Active NBAC-Colourings

Active NAC-colourings for finite simple graphs were first introduced in [8]. We shall
now give an analogue of them for Z*-gain graphs.

Definition 3.7 Let (G, p, L) be a k-periodic framework in R2,C C V:(G, p, L) be an
algebraic curve, and § an NBAC-colouring of G. We define § to be an active NBAC-
colouring of C if there exist a valuation v of C(C) and o € R such that for each
e € E(G),

red if v(W),) > a,
d(e) = : v
blue if v(Wyy) < a;

if this is the case, we shall say that § is the NBAC-colouring generated by v and o. For
a k-periodic framework (G, p, L) in R2, we define 8 to be an active NBAC-colouring
of (G, p, L) if itis an active NBAC-colouring of an algebraic curve C C V;(G, p, L).
We define § to be an active NBAC-colouring of G if it is an active NBAC-colouring
of a full k-periodic framework (G, p, L) in R2.

Remark 3.8 If § is an active NBAC-colouring of an algebraic curve C C V;(G, p, L)
and &’ is an NBAC-colouring with 8’'(e) # 8(e) for all e € E(G), then & is also
an active NBAC-colouring of C; this can be shown in a similar way to the proof of
[8, Lem. 1.13].

Lemma 3.9 Let (G, p, L) be a k-periodic framework in R? and e1, ey € E(G), with
e1 = (v1, wi, 1) and ey = (v2, w2, y2). Then the map

fel,q: Vel(Gv p, L) — Vez(Gy p, L),
(q. M) = ((Re, - (q(v) — g(v2))vev(G), Rey M)

is biregular, where

€2

— 1 Xwy — Xvy  Ywr — Yup
T a(e2) L= Owy = Vo) Xup — X, |

Furthermore, for any algebraic curve C C Ve, (G, p, L) and any v,w € V(G),
y € ZK, we have that C' := fe1.e,(C) is an algebraic curve and

WKw'C, ofé’],ez = Wl))/,w|c Z}’Z |Cv

A(e2) v22 @)

Z wler o fee, = Z e Wiz e

v2, w2

1
Are2)
Proof We note that the transform z — R., - (z — q(v2)) will preserve distance under

Il - ||2 in C2. It follows that (G, Ser,e;(q, M)) will be an equivalent framework to
(G, g, M), except now the edge e» (not e1) has been fixed, with vy at the origin and
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wy on the y-axis, Hence fe, ¢, (¢, M) € V., (G, p, L) for all (¢, M) € V,,(G, p, L),
i.e., the map f, ., is well defined. It is clear that the map f, ., is regular. To see that
fei.e, 18 biregular, we note that the map f, ¢, is the inverse of f;, .,. Since f,, ¢, is
biregular, C’ will be an algebraic curve. Equation (4) now holds by direct computation.

O

Proposition 3.10 Let (G, p, L) be a k-periodic framework in R2 ¢, e € E(G) with
e1 = (vi, w1, Y1) and e = (v2, w2, ¥2), and C C V,, (G, p, L). If § is an active
NBAC-colouring of C then there exists an algebraic curve C' C V,,(G, p, L) such
that § is an active NBAC-colouring of C'.

Proof LetC' := f,, ., (C), where fo, ., is the map defined in Lemma 3.9. Let v be the
valuation of C(C) and @ € R be chosen so that they generate §. Define v’ to be the
valuation of C(C") where v'(f) := v(f o fe,.e,) foreach f € C(C’). By Lemma 3.9,

1
V’(Wifwlo) = u(Wl{w|C, o fwz) = v(k(ez) WY, le Z,{;wzw)

= U(sz/,w|c) + V(ZI))/;W2|C)'
If we define o’ := & + v(Z}; u,|¢), then v’ and o’ will generate 5. O

Lemma3.11 Let (G, p, L) and (G', p’, L) be gain equivalent frameworks with gain
equivalence ¢ Vfé(G) — V%(G/). Ife € E(G) and &' = ¢ (&), then ¢ is a biregular
map with $(Vz(G, p, L)) = Va(G', p’, L). Furthermore, for any algebraic curve
C CcV,(G,p,L)and any v,w € V(G), y € ZK, we have that C' = ¢(C) is an
algebraic curve and

Wrplerod =W, le,  Z,leod =27 ,lc. )
Proof As ¢ is a bijective map that is the restriction of an invertible linear map, it is a
biregular map; hence, ¢ (C) is an algebraic curve. Equation (5) now follows by direct
computation. O

Proposition 3.12 Let G and G’ be gain equivalent Z*-gain graphs. Then § is an active
NBAC-colouring of G if and only if § is an active NBAC-colouring of G'.

Proof Let § be an active NBAC-colouring of C C Vi(G, p, L) generated by the
valuation v of C(C) and o € R. Let ¢ be the gain equivalence from G to G'. We
define the gain equivalent framework (G, p’, L) := ¢(G, p, L), the algebraic curve

C' := ¢(C) (Lemma 3.11), and the valuation v’ of C(C") where v'( f) := v(f o ¢) for
each f € C(C). By Lemma 3.11,

V/(lewb) = U(th/,w|c’ °¢) = V(Wrxwm)*

thus v’ and o generate 8§ for G'. O
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3.4 Key Tools

We are now ready to outline the key tools that shall help us throughout the rest of the
paper.

Lemma 3.13 Let (G, p, L) be a k-periodic framework in R?. Then the following holds:

(1) If (G, p, L) is flexible, there exists an algebraic curve C C Vs(G, p, L).
(i) If (G, p, L) is fixed lattice flexible, there exists an algebraic curve C C
v/ (G.p. L)

Proof (i): If (G, p) is flexible then V;(G, p, L) cannot be finite. As every algebraic
set that is not finite contains a variety with positive dimension and every variety with
positive dimension contains an algebraic curve, the result holds. (ii): This follows by
a similar method. m|

Lemma 3.14 Let (G, p, L) be k-periodic andC C Vs(G, p, L) be an algebraic curve.
Suppose G contains a spanning tree T that contains e and has trivial gain for all of
its edges. If rank G = k, then there exists (v, w, y) € E(G) such that WKw takes an
infinite amount of values on C.

Proof Suppose that for each (v, w, y) € E(G), the map Wﬁf w takes a finite amount
of values. By Lemma 2.2, each map Wy, ,, is constant. As W,/ ,, Z} ,, is constant, Z}, ,,
is also constant. Choose any two vertices v, w € V(G) with v # w. Then there exists

a unique walk v, ..., v, fromvtowin T. As
n—1 n—1
0o _ 0 0o _ 0
Wv,w - Z W'Uj,'l}j+1’ Zv,w - Zvj,vj+]’
j=1 j=1

both W3 » and zgw are constant; furthermore, as

1 i
Xy — Xy = E(Wl?,w + Zg,w)» Vv = Yw = E(Zg,w - Wl(J),w)’

then x, — x,, and y, — y,, are also constant on C. Since xj, V3, X3, y§ are constant on
C and both v and w are contained in T, both x,, y, are constant on C for every v € V
also.

Suppose k = 1 and let e = (v, w, ) be any edge with y # 0. By observing the
maps ngw and Z}f,w, we note that x; and y; are constant on C (since xy, Xy, Yy, Yy are
all constant on C). It now follows that C is a single point, contradicting that dim C > 0.

Now suppose k = 2. As rank G = k, there exist edges (v, w, ¥) and (v, w’, y')

’ Zy/

U/,w/’

such that y, y’ are independent. By observing the maps W) v, Z1 w, W) .
we note that the polynomials

S =vix1 + v, g = Y1y1 +y2y2,
/

ff=yxi+wnx, & =yyt+rn
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are constant on C. As both x| and x, can be formed by linear combinations of f, f’,
both are constant on C; similarly, as both y; and y, can be formed by linear combi-
nations of g, g’ then both y; and y, are also constant on C. It now follows that C is a
single point, contradicting that dim C > 0. O

Lemma3.15 Let (G, p, L) be a full k-periodic framework in R?, rank G = k for
k € {1,2}, and C C V;(G, p, L) be an algebraic curve. Suppose there exists a 1=
(a1, a2, a) € E(G) such that Wg, ,, takes an infinite amount of values on C. Then
there exists a valuation v of C(C) such that the colouring §: E(G) — {red, blue}
given by

red ifv(W),) >0,
é(e) = ; ¥
blue if v(Wy ) <0,

for each e = (v, w, y), is an NBAC-colouring of G, furthermore, §(¢) = blue and
S(a) = red.

Proof By Lemma 2.2, W7, .
exists a valuation v of C(C) such that v(W,

is transcendental over C, thus, by Proposition 2.4, there
o .ar) > 0. As e is fixed and A(e) # 0, we

have v(Wgw) = (. We note that v(Wv,wZziw) = 0 for each (v, w, y) € E(G) since
W wZY . is constant, hence V(W[ ) = —v(Z} ).

Let §: E(G) — {red, blue} be as described in the statement of the lemma for the
valuation v. It follows that a is red and e is blue, thus § is surjective. Suppose there
exists a balanced almost red circuit C of length n in G with §(e,,) = blue. Then

(Wl ) =v ZWK]{UM zmin{v(Wlf_/lf,vj+]):j:l,...,n—l}>0,

however this contradicts that v(WUl Un ) < 0. Now suppose instead that C is a balanced
almost blue circuit with & (e;) = red. Then

v vl”vn =v X:ZUJ,,,Jrl Zmin{v(ZZf)UHl):j:l,...,n—l}zO,

however this contradicts that v(Zf,/;’)vn) < 0. O
Definition 3.16 For any two edges e1, e of a k-periodic framework (G, p, L) in R2

with e; := (v;, w;, y;) foreach i € {1, 2}, we define the angle function of e1, e, to be
the map

Aey e VE(G) — C,
(P L) = (p'(w) = p'(w) =L y1) - (p(v2) = p'(w2) = L' - ya).
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Remark 3.17 For any ¢ € E(G) and any algebraic curve C C V;(G, p, L),

(W)/l e +ZNn w2 )

vV, wp U2, w2 v, wp T v2,w2

N =

Ael,eg|C =

Furthermore, if (p, L) ~ (p', L), then A, ¢, (p, L) = A, e, (p', L'); this is since
linear isometries of (C2, | - |?) will preserve the bilinear form associated to | - ||2.

Lemma 3.18 Let (G, p, L) be a k-periodic framework in R? fork € {1,2}, C C
V:(G, p, L) be an algebraic curve, and ey, e; € E(G), withej := (vj, wj, y;) for
Jj € {1,2}. If 8(e1) = 8(e2) for all active NBAC-colourings of C, then A¢, o, |c is
constant.

Proof As A, ., is invariant for congruent placement-lattices, by Proposition 3.10, we
may assume e = e¢1. We note the map

(P, LY p'(v)—p'(w) =L - (6)

is constant on C, and W} ,,, is constant also. Suppose A, .,|c is not constant, then
as (6) is constant,

(P LY p'(v2) —p'(wp) =L -y

is not constant on C. This in turn implies that W7, takes an infinite amount of
values over C. By Lemma 3.15, there exists an active NBAC-colouring § of C with

d(e1) # é(e2). O

Lemma3.19 Let (G, p, L) be a k-periodic framework in R* for k € {1,2} and
e,e1,er € E(G). If A, o, takes an infinite amount of values on Vi(G, p, L) then
there exists an algebraic curve C C V3(G, p, L) such that A, ,|c is not constant.

Proof As A, ., takes an infinite amount of values on V;(G, p, L), there exists a
variety V C Vi(G, p, L) and points (p’, L"), (p”, L") € Vi(G, p, L) such that
Aci.ey(P' L") # Aey e, (p”, L"). By [15, Lem., p.56], there exists an algebraic curve
C that contains (p’, L) and (p”, L"). O

Proposition 3.20 Let (G, p, L) be a k-periodic framework in R for k € {1, 2} and
e,e1,er € E(G). Then §(e1) = 8(e2) for all active NBAC-colourings § of (G, p, L)
if and only if A., ¢, takes only finitely many values on V;(G, p, L).

Proof Suppose 3(e;) = &(ep) for all active NBAC-colourings § of (G, p, L). By
Lemma 3.18, A, ¢,|c is constant for any algebraic curve C C V;(G, p, L). By
Lemma 3.19, it follows that A, ., takes only a finite amount of values on V;(G, p, L).
Suppose there exist an algebraic curve C and active NBAC-colouring § of C gen-
erated by v, a, such that §(e1) # 6(e2). Lete; = (vj, wj, y;) for j € {1, 2}. Without
loss of generality we may assume v(WJ/ll,wl) <a< v(Wﬁwz). We now note
V(Aeyerlc) = v(W] o Z02 0+ Z0 W W) =v(W) ) —v(W)2,,) <0,

v, wp T u2, w2 v, wp T v2,w2 v, Wi v2, w2
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o .

Fig.9 A vertex addition of (G, p, L) at vy by y

thus A, ¢, |c must be transcendental over C when considered as an element of C(C).
It follows from Proposition 2.4 that A., ., takes an infinite amount of values on
V:(G, p, L) as required. O

We shall end this section by defining a graph operation we shall use later in Lemmas
5.4 and 6.4.

Definition 3.21 Let (G, p, L) be a k-periodic framework in R2 and y € 7K be a
non-zero element. We define a k-periodic framework (G’, p’, L) in R2 to be a vertex
addition of (G, p, L) at v1 by y if

V(G):=V(G)U{v}, E(G):=E(G)U{(vo,v1,0), (vo, v1, ¥)}

and p'(v) = p(v) forall v € V(G); see Fig. 9.

Remark 3.22 The graph operation that takes G to G’ in the vertex addition described
above is the first of the two gain-preserving Henneberg moves; we refer the reader to
[16] for more information.

Lemma3.23 Ler (G, p, L) be a k-periodic framework in R* with non-trivial flex
(pt, Ly), t € [0, 1]. Assume that |L; - y|| # O for all t € [0, 1]. Then there exists a
vertex addition (G', p’, L) of (G, p, L) at vy by y with non-trivial flex (p}, L) such
that p| restricted to V(G) is the placement p, for each t € [0, 1].

Proof As [0, 1] is compact, we may choose r > 0 such that r > ||L; - y||/2 for all
t € [0, 1]. By our choice of r, there exist for each ¢ € [0, 1] exactly two points that
satisfy the equation

Iz — peDII* = llz — pr1) + L - y|I* = 2. (7)

As (p:, Ly)is continuous, it follows that there exists a continuous path z; : [0, 1] — R2
that satisfies (7). We now set p;(v) := p; for all v € V(G) and p{,o = z;(vo). O

4 Characterising Fixed Lattice Flexible Frameworks

In this section we shall prove the following result.
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Theorem 4.1 Let G be a connected ZF-gain graph for k € {1, 2}. Then there exists a
placement-lattice (p, L) of G in R? such that (G, p, L) is a fixed lattice flexible full
k-periodic framework if and only if either

(1) G has a fixed lattice NBAC-colouring, or
(1) G is balanced.

We shall first need to prove four results: Lemma 4.3 for k = 1, Lemma 4.6 for k = 2,
and Lemmas 4.7 and 4.8 for any k € {1, 2}. The latter two will also explicitly show
how to construct a fixed lattice flexible framework when either G has a fixed lattice
NBAC-colouring or is balanced.

4.1 Necessary Conditions for Fixed Lattice Flexibility

Lemma4.2 Let (G, p, L) be a full 1-periodic framework in R? where G is connected

and unbalanced, and let C C Véf (G, p, L) be an algebraic curve. Then every active
NBAC-colouring of C is a fixed lattice NBAC-colouring.

Proof Let§ be an active NBAC-colouring of C generated by the valuation v and @ € R.
As C C Vg(G, p, L), we have W;Z, = ||L - 1||>. Since W;Z; is constant, then
v(W1) = —v(Z1). We shall assume v(W;) > « as the proof for the case V(W) < «
follows by a similar method.

Suppose there exists an almost red circuit C of length n in G with §(e,) = blue.
As § is an NBAC-colouring, we must have that y := ¥ (C) # 0. It then follows that

v(W2n, )= ZW i YW
zmln{v(W&/j v]+1) v(Wp) :j=1,. n—l} >«

however this contradicts that v (WJ/I", Un) < a. Now suppose there exists an unbalanced
blue circuit C of length n in G with y := ¥ (C). We note

v(—yZ1) =v ZZ”J Vit zmin{v(Z,)}/;,le):j=1,...,n}zot,
j=1

contradicting that v(Z;) < «. O

We are now ready to prove our first necessity lemma.

Lemma 4.3 Let (G, p, L) be a full 1-periodic framework in R>. If (G, p, L) is fixed
lattice flexible then either G has an active fixed lattice NBAC-colouring, G is balanced,
or G is disconnected.

Proof Suppose G is unbalanced and connected. It follows from Proposition 2.7 that
we may assume G contains a spanning tree 7 where every edge has trivial gain
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and ¢ € T, since by Proposition 3.12, if an equivalent graph to G has an active
NBAC-colouring then so does G. By Lemma 3.13 (ii), there exists an algebraic curve

C € V! (G, p, L). By Lemma 3.14, there exists a := (a1, a2, @) € E(G) such that

Wj‘l @ is not constant on C. By Lemma 3.15, there exists an active NBAC-colouring

8 of C, thus by Lemma 4.2, § is a fixed lattice NBAC-colouring as required. O

Lemma4.4 Let (G, p, L) be a full 2-periodic framework in R?, C C Vg(G, p, L)
be an algebraic curve, and suppose the function field C(C) has valuation v. Then the
following holds:

1) v(W1) = —v(Z1), v(W2) = —v(Z2), and v(Wy - Zo + W2 - Z1) = 0.
(i) v(W1) = v(W2) and v(Z1) = v(Z>).
(iii) Forally € 7%, v(yZ) = —v(y W).
(iv) Foranyy € Z* and o € R, if v(W}) > «, then v(y W) > a, and if v(W1) < «a,
then v(y W) < a.

Proof (i): As C C V/ (G, p, L) then
WiZi=A(1,1)2, WaZy =2(2,2)°, Wi Za+ Wy Z1 =24(1,2)%
thus all are non-zero and constant. Since v(f) = 0 for all non-zero and constant

f € C(C), the result follows.

(i1): We see that
v(Wi - Zy+ Wa - Z1) = min {v(W)) — v(W3), v(W2) — v(Wy)}

with equality if v(Wy) # v(Wa). If (W) # v(Wa), thenv(W; - Zo + Wa - Z1) <O,
contradicting that v(W - Zy + W, - Z1) = 0, thus v(W;) = v(W>) (and similarly
v(Zy) = v(Z£2)).

(iii): Let y := (y1, y2) and define

g:= Wi+ W) Zi + 12 = yiWiZ1 + vs WaZo + niya(Wi Za + Wa Z))
= (y1x1 + 12x2)* + (N1 + v2y2).

As W1 Z, WoZ,, and W Z, + W, Z; are all constant (since C C Véf (G, p, L)), then

g is constant. We further note that if g = O then the vectors (x1, y;) and (x2, y») are

linearly dependent for all points in C. As this would contradict that (G, p, L) is full,
we have v(g) = 0. The required equality will now follow.

@iv): Let y := (1, y2)- By (i) and (ii), v(W1) = v(Wr). If v(W7) > «, then
v(yi Wi + 2 W2) = min {v(Wy), v(W2)} > «a,
while if v(W]) < «, then by (iii),

viriWi +»W2) = —v(1Z1 + y22Z2) < —min {v(Zy), v(Z2)}
=max {v(Wy),v(Wr)} < . O
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Lemma4.5 Let (G, p, L) be a full 2-periodic framework in R* where G is connected
graph withrank G = 2, and let C C Vef(G, p, L) be an algebraic curve. Then every
active NBAC-colouring of C is a fixed lattice NBAC-colouring.

Proof Let § be an active NBAC-colouring of C with corresponding valuation v and
non-zero o € R. By Lemma 4.4, (i) and (ii), v(W1) = v(W3), v(Z1) = —v(W7), and
V(Z2) = —v(W>). We shall assume v(W;) > « as the proof for the case V(W) < «
follows by a similar method.

Suppose there exists an almost red circuit C of length n in G with y := ¢ (C) and
8(e,) = blue. Then

n—1

Yo — Vj
Wity = Z Wi v W.
j=1

By Lemma 4.4 (iv),

v(W2 ) > min{v(Wz,;/f,v,-H)’ yW:j=1,...,n— 1} > o,

U1,V

however this contradicts that v (W', ) < &. Now suppose there exists an unbalanced
blue circuit C of length n in G with y := 1 (C). We note

n
v(—yZ)=v X:Z,JJ/_ij_l.+I > min{v(Z,Jf_f,vH,) j=1, n} > .
j=1

However, by Lemma 4.4, (iii) and (iv), we have v(—y Z) < «, a contradiction. O

We are now ready to prove our final necessity lemma.

Lemma 4.6 Let (G, p, L) be a full 2-periodic framework in R>. If (G, p, L) is fixed
lattice flexible then either G has an active fixed lattice NBAC-colouring, G is balanced,
or G is disconnected.

Proof Supposerank G = 1 and G is connected. We note that any 2-periodic framework
with rank 1 is fixed lattice flexible if and only if it is fixed lattice flexible when
considered as a 1-periodic framework. By Lemma 4.3, G has an active fixed lattice
NBAC-colouring.

Suppose rank G = 2 and G is connected. It follows from Propositions 2.7 and 3.12
that we may assume G contains a spanning tree 7' where every edge has trivial gain
and ¢ € T. By Lemma 3.13 (ii), there exists an algebraic curve C C Véf (G, p,L).By
Lemma 3.14, there exists a := (ay, ar, @) € E(G) such that Wt‘f]’az is not constant
onC.ByLemma 3.15, there exists an active NBAC-colouring § of C, and by Lemma 4.5,
4 is a fixed lattice NBAC-colouring as required. O
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4.2 Constructing Fixed Lattice Flexible Frameworks

Lemma 4.7 Let G be a connected ZF-gain graph for k € {1, 2). If G has a fixed lattice
NBAC-colouring 8, then there exists a full placement-lattice (p, L) of G in R?* such
that (G, p, L) is fixed lattice flexible.

Proof The proof for k = 1 is identical to that for k = 2 except we have L := [¢ 017
for some irrational ¢ > 0. Due to this, we shall only prove the case for k = 2.

We may assume without loss of generality that Gfed is balanced; furthermore, by
Proposition 2.7, we may assume all edges of Gfed have trivial gain. Let Ry, ..., R,
be the red connected components and By, ..., By, be the blue connected components.
As § is an NBAC-colouring, there exists a blue edge ¢ € E(G); by reordering the blue
components we may assume the end points of ¢ lie in Bj.

Choose any two points c1, co > 0 so that Ac; + Bcy ¢ Z forall A, B € Z \ {0};
it is sufficient that the set {cy, c»} is algebraically independent over Q. We define the

placement-lattice (p, L) of G with

L L C1l 0
p) =y, L= [O CZ]

for v € V(Ry) N V(By). We shall now prove (G, p, L) is a well-defined k-periodic
framework.

Suppose there exists a red edge e := (v, w, y) € E(G) such that p(v) = p(w) +
L -vy.As eisredthen y = (0,0), thus p(v) = p(w). It follows that for some
l<x<nand1l <y <m,wehavev,w € V(R) N V(By), thus there exists a blue
path (eq, ..., e,) that starts at w and ends at v. We note, however, that (eq, ..., e,, e)
is an almost blue circuit, contradicting that § is a fixed-lattice NBAC-colouring.

Now suppose there exists a blue edge e := (v, w, y) € E(G) with y = (y1, y2)
such that p(v) = p(w) + L - y, then p(v) = p(w) + (yic1, y2¢2). By our choice
of ¢1, co we must have y; = y» = 0, thus p(v) = p(w). This implies that for some
l<x<mnand1l <y <m,wehave v, w € V(Ry) N V(B,), and there exists a red
path (eq, ..., e,) that starts at w and ends at v. We note, however, that (eq, ..., e,, e)
is a balanced almost red circuit (since all red edges have trivial gain), contradicting that
8 is an NBAC-colouring. It now follows that (G, p, L) is a full k-periodic framework.

Define the motion (py, L), t € [0, 1], where for p(v) = (x, y),

pi(v) == (x + ysintz, ycosr),
and L; = L. Choose any t € [0, I]and e = (v, w, y) € E(G), with y = (y1, 2),

p(v) = (x,y) and p(w) = (x’, y"). Suppose §(¢) = red. Then x’ = x and y = (0, 0)
(as all red edges have trivial gain), and it follows that

e () — pr(w) — Ly - ylI* = (v — y)sint)?* + (v — y) cos 1)? = (y — y)*.
Now suppose §(e¢) = blue. Then y’ = y and we note that
Ipe(v) — pr(w) — Ly - v [I* = (x = X' + yic1)* + (202)%.
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Fig. 10 (Left): A Z2—gain graph G with a fixed lattice NBAC-colouring. (Right): The constructed full
2-periodic framework (G, p, L) in R2. We note that even though we place (2) and (7) at the same point
inR?, p(2) # p(M) +L-(1,1)

It follows that (G, p;, L;) ~ (G, p, L) forall ¢t € [0, 1], thus (p;, L;) is a fixed lattice
flex of (G, p, L). As the edge ¢ is fixed then (p;, L;) is non-trivial, thus (G, p, L) is
fixed lattice flexible as required. We refer the reader to Fig. 10 for an example of the
construction described. O

Lemma 4.8 Let G be a ZF-gain graph fork € {1, 2}. If G is balanced, then there exists
a full placement-lattice (p, L) of G in R? such that (G, p, L) is fixed lattice flexible.

Proof By Proposition 2.7, we may assume every edge of G has trivial gain. Choose
any injective map p and any full lattice L. We may now define the fixed lattice flex
(p:, Ly) fort € [0, 1], where p; = p and

cost —sint
Ll - . L
sint  cost O
We may now combine the results of this section to prove Theorem 4.1

Proof of Theorem 4.1 If (G, p, L) is a fixed lattice flexible full k-periodic framework,
then by Lemma 4.3 if k = 1 or Lemma 4.6 if k = 2, either G has a fixed lattice
NBAC-colouring or G is balanced.

If G has a fixed lattice NBAC-colouring, then by Lemma 4.7, there exists a fixed
lattice flexible full k-periodic framework (G, p, L) in R?. If G is balanced, then by
Lemma 4.8, there exists a fixed lattice flexible full k-periodic framework (G, p, L)
in R, O

5 Characterising Flexible 1-Periodic Frameworks

In this section we shall prove the following theorem.

Theorem 5.1 Let G be a connected Z-gain graph. Then there exists a full placement-
lattice (p, L) of G in R? such that (G, p, L) is a flexible full 1-periodic framework if
and only if either:
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(1) G has a fixed lattice NBAC-colouring,
(i) G has a flexible 1-lattice NBAC-colouring, or
(ii1) G is balanced.

Fortunately, much of the required work has been dealt with in Sect. 4, since fixed lattice
flexible 1-periodic frameworks are a subclass of flexible 1-periodic frameworks. Due
to this, we only need to prove two results: a necessity lemma that proves a flexible
1-periodic framework will have one of the required properties (see Lemma 5.2), and
a construction lemma to prove that we can construct a flexible 1-periodic framework
given a graph with a flexible 1-lattice NBAC-colouring (see Lemma 5.7).

5.1 Necessary Conditions for 1-Periodic Flexibility

Lemma5.2 Let (G, p, L) be a 1-periodic framework in R* with edge (v, w,y) €
E(G) for some y #0,C C V;(G, p, L) be an algebraic curve, and v a valuation of
C(C). Suppose x, — xy, and y, — yy, are constant on C. Then W,}’, w is constant if and

only if C C Vg(G, p, L).

Proof We note that W,/ ,, is constant if and only if Z} ,, is also constant as W, ,, Z} .,
is constant. As x, — x,, and y, — y,, are constant then W,}f w and Z,’f,w are constant if
and only if both x| 4+iy; and x| — iy; are constant, which in turn is equivalent to both
X1, y1 being constant. The result now follows. O

Lemma5.3 Let (G, p, L) be afull 1-periodic framework inR?. Suppose that (G, p, L)
is flexible, G is connected and unbalanced, and G contains a pair of parallel edges
¢, f. Then G either has an active fixed lattice NBAC-colouring where &, f are of the
same colour, or G has an active flexible 1-lattice NBAC-colouring where &, f are of
opposite colours.

Proof We may assume ¢ and f are the pair of parallel edges on 9, i, with ¥ (f) =
w # 0. It follows from Propositions 2.7 and 3.12 that we may assume G contains a

spanning tree 7" where every edge has trivial gain and ¢ € 7. By Lemma 3.13 (ii),
there exists an algebralc curve C C V;(G, p, L).

Suppose C C V~ (G, p, L). By Lemma 4.3, G has an active fixed lattice NBAC-
colouring §. By Lemma 5.2, we note that we must have §(e) = §( f ). Now suppose
C¢g Vg (G, p, L).ByLemma5.2, Wéfw is not constant on C(C). Let v be the valuation
of C(C) and 8 the NBAC-colouring given by Lemma 3.15 with a := f. By our
choice of valuation, v(W0 ) = 0and v(W“ ) > 0; it follows immediately that
v(ZgJD) = 0 and v(Z5 ;) < 0 as both WY ~Zgu~) and Wf‘~Z’f _ are constant. As
Wy =wg . —wk. then v(W)) = v(Wv’w) = 0. Similarly, as le Z}5—Zhs
then v(Zy) = v(zgw) <0.

Suppose G has an unbalanced monochromatic circuit C of length n. If C is red,
then

n
V(W) =v(=y¢ ()W) =v Z W'z/jj,vjﬂ > min{v(Wﬁ’j/val) t1<j<n}>0,
Jj=1
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contradicting that v(Wp) = 0. If C is blue, then

n
W(Z) = (=¥ () Z) = v[ D Zy 0y | Z min {v(Z0]0,) 1<) <0} 20,
j=1

contradicting that v(Z;) < 0. It now follows that § is an active flexible 1-lattice
NBAC-colouring. O

We are now ready to state our necessity lemma.

Lemma 5.4 Let (G, p, L) be a full 1-periodic framework in R>. If (G, p, L) is flexible
then G either has an active fixed lattice NBAC-colouring, an active flexible 1-lattice
NBAC-colouring, G is balanced, or G is disconnected.

Proof We may suppose G is connected and unbalanced. If G contains a pair of parallel
edges then the result holds by Lemma 5.3, thus we shall also assume that G does not
contain a pair of parallel edges.

By Lemma 3.23, there exists a vertex addition (G’, p’, L) of (G, p, L) at vy by 1
such that (G’, p’, L) has a non-trivial not fixed lattice flex; we shall define these new
edges by &, f, with ¥ (¢) = 0 and ¥ (f) = 1. As G’ contains a pair of parallel edges
then by Lemma 5.3, either G’ has an active flexible 1-lattice NBAC-colouring 8" with
8'(¢) = blue and 8'(f) = red, or G’ has an active fixed lattice NBAC-colouring 8"
with 8”(¢) = 8”(f) = blue.

Suppose G’ has a colouring 8’ as described above. Let § be the colouring of G with
8(e) := §'(e) for all e € E(G). We note that § is a flexible 1-lattice NBAC-colouring
if and only if 8’ is not monochromatic on the subgraph G of G’. As G is unbalanced,
8’ cannot be monochromatic on G, thus § is a flexible 1-lattice NBAC-colouring of G.

Now suppose G’ has a colouring 8 as described above. Let § be the colouring of G
with §(e) := 8”(e) forall e € E(G). We note that § is a fixed lattice NBAC-colouring
if and only if §’ is not monochromatic on the subgraph G of G’. If §’ is monochromatic
on G, then as &'(¢) = 8'(f) = blue and G is unbalanced, we must have §(G) = blue,
however this would contradict that §'(G’) = {red, blue}. It now follows that § is a
fixed lattice NBAC-colouring of G. O

5.2 Constructing Flexible Frameworks from Flexible 1-Lattice NBAC-Colourings

Lemma5.5 Let G be a Z-gain graph with a flexible 1-lattice NBAC-colouring. Then
there exists G' ~ G such that each blue edge has trivial gain and no red edge has
trivial gain.

Proof As Gglue is balanced, by Proposition 2.7, we may suppose all blue edges of G
have trivial gain. Let By, ..., By be the blue components of G and choose ;& € N such
that u > |y| for all (v, w, y) € E(G). We now define

G =\[I]]¢*]|©.

i=1veB;
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We first note that any blue edge of G’ will have trivial gain since both of its ends will
lie in the same blue component. Choose a red edge (v, w, y) € E(G) and suppose
v € B; and w € B;. We note that

n

[T % | @ w. vy =6 odiww y) =@ wy+G—jw.

i=1veB;

Aspu > |ylandi — j € Z, then y + (i — j)u = 0 if and only if y = 0 and
i =j.If v,w € B; and y = 0 then there would exist a balanced almost blue circuit
as v, w are connected by a blue path and all blue edges of G have trivial gain, thus
y + (@ — j)pr # 0 as required. O

Lemma5.6 Let H be a balanced Z-gain graph. Then there exists a placement q of H
in Z such that for all (v, w,y) € E(H), g(w) — q(v) = 2y.

Proof We may suppose without loss of generality that H is connected. Choose a
spanning tree 7 of H. It is immediate that we may choose a placement g of T that
satisfies the condition g (w) — g(v) = 2y for all (v, w, y) € E(T). Choose an edge
e = (a,b,n) € E(H)\ E(T), then there exists a path (ey,...,e,—1) in T with
ei = (vi, Vi+1, Vi), v1 = b and v, = a. As H is balanced, ¥ (ey,...,ep—1) = —U,
thus by our choice of ¢,

n—1

q(b) — q(a) = — (Zq(vim - q(w)) = —2Y(er.....enm1) = 2.

i=1
We our now ready to prove our construction lemma.

Lemma 5.7 Let G be a Z-gain graph with a flexible 1-lattice NBAC-colouring 8. Then
there exists a full placement-lattice (p, L) of G in R* such that (G, p, L) is a flexible
Sull 1-periodic framework. O

Proof By Lemma 5.5, we may assume all blue edges of G have trivial gain and all red
edges have non-trivial gain. Let Ry, ..., R, be the red components of G and define
E to be the set of edges (v, w, y) in Gfed with v, w € R;. By Lemma 5.6, for each
R there exists a placement ¢ ; in R where g (w) —¢q;(v) = 2y forall (v, w, y) € E;.
We now define for each ¢ € [0, 2] the full placement-lattice (p;, L;) of G in RZ,
with

pi(v) == (qj(),j), L;-1:=(=2+cost,sint)

forv € Rjand ¢ € [0, 2 ]. We shall denote (p, L) := (po, Lo).

To see that (p, L) is a well-defined placement-lattice, choose any e = (v, w, y) and
suppose that p(v) = p(w)+L-y.Itfollowsthatv, w € Rjandgq;(v) —q;(w) = y.If
d(e) =red then y # 0, however this contradicts that ¢ (v) —¢g;(w) = —2y. Suppose
d(e) = blue. Since every blue edge has trivial gain, y = 0. As v, w € R}, there exists
ared path (eq,...,e,—1) withe; = (v, v;11,¥;) € Ej, vi = w and v, = v. Since
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4‘\ /‘\ p= |
\/ \V N S

Fig. 11 (Left): A Z-gain graph with a flexible 1-lattice NBAC-colouring. (Right): The constructed full
1-periodic framework in R?

qj(v) = q;(w), we have Z;’;} y; = 0. However, this implies (e1,...,e,—1,€) is a
balanced almost red circuit, contradicting that § is an NBAC-colouring.

Choose any e = (v, w, y). If §(e) = blue then y = 0. As p; = p then for each
t € [0, 2],

Ipe(v) — pr(w) — Ly - ¥ 1> = I p) — p) 1%

If §(e) = red then v, w € R}, thus for each ¢ € [0, 27],

Ip:(v) = pr(w) — L -y 1> = (—(qj(w) — qj () + 2y — y cost)? + (y sin1)?
2

It follows that (p;, L;) is aflex of (G, p, L) as required. We refer the reader to Fig. 11
for an example of the construction. O

We are now ready to prove the main theorem of this section.

Proof of Theorem 5.1 Suppose (G, p, L) is flexible. By Lemma 5.4, either G is
balanced, G has a fixed lattice NBAC-colouring, or G has a flexible 1-periodic NBAC-
colouring. If G is balanced, then by Lemma 4.8, G has a flexible full placement-lattice
in R2. If G has a fixed lattice NBAC-colouring, then by Lemma 4.7, G has a flexible
full placement-lattice in R?. If G has a flexible 1-lattice NBAC-colouring, then by
Lemma 5.7, G has a flexible full placement-lattice in R2. O

6 Characterising Flexible 2-Periodic Frameworks

Unlike with 1-periodic frameworks, a full characterisation of Z?-gain graphs with
flexible 2-periodic full placements in the plane via NBAC-colourings is unknown. We
would conjecture the following.

Conjecture 1 Let G be a connected Z>-gain graph. Then there exists a full placement-
lattice (p, L) of G in R? such that (G, p, L) is a flexible full 2-periodic framework if
and only if either:

(i) G has atype 1 flexible 2-lattice NBAC-colouring,
(i) G has a type 2 flexible 2-lattice NBAC-colouring,
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(iii) G has a type 3 flexible 2-lattice NBAC-colouring,
(iv) G has a fixed lattice NBAC-colouring, or
(v) rank G < 2.

We are able to obtain the required necessity lemma and most of the required construc-
tion lemmas, however a construction of a flexible full 2-periodic framework from a
type 3 flexible 2-lattice NBAC-colouring is still currently unknown. In this section
we shall, however, outline some partial results regarding Z?-gain graphs, in particular,
Lemmas 6.4, 6.5, 6.8, and 6.11. We shall discuss some other possible conjectures at
the end of the section, and later in Sect. 7 we shall obtain analogues of Theorem 5.1
for certain types of graphs; see Theorems 7.5 and 7.8.

6.1 Necessary Conditions for 2-Periodic Flexibility

For any y = (a,b) € Z?, we recall the notation y W := aW; + bW, and yZ :=
aZi+bZ,.

Lemma 6.1 Let (G, p, L) be a 2-periodic framework in R* with edge (v, w,y) €
E(G) for some y = (y1,y2) # (0,0), C C Vs(G, p, L) be an algebraic curve, and
v a valuation of C(C). Suppose x, — x, and y, — y,, are constant on C. If W, is
constant then

ix1 + v2x2)” + (11 + v232)
is constant.
Proof We note that Wl’,f w 1s constant if and only if Z,},/)w is also constant as Wﬁ/, wa,/,w
is constant. As x, — x,, and y, — y,, are constant, both (y1x1 + y2x2) +i (Y1y1 + Y22)
and (y1x1 + y2x2) — i(y1y1 + y22) are constant. The result now follows from the
observation that (a + ib)(a — ib) = a? + b>. O
Lemma 6.2 Let (G, p, L) be a full 2-periodic framework in R*> and C C V3(G, p, L)
be an algebraic curve. Suppose the function field C(C) has valuation v and for some
€ Z2\ {(0,0)},

v(uW) =0, v(uZ) < 0.
Then one of the following cases holds:
() Forally € Z*\ {(0,0)},
v(yW) =<0, v(y2) <0.

(ii) Thereexista, B € 72, at least one non-zero, such that forally € Z*\ (Za UZB),

v(yW) <0, v(yZ2) <0,
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forally € Za \ {(0,0)},
viyW) >0, v(yZ) <0,

and for all y € 7B \ {(0, 0)},
v(yW) <0, v(yZ2)=0.

(iii) There exists a € Z*\ {(0, 0)} such that for all y € 7>\ Za,

v(yW) =0, v(yZ) <0,

and for all y € Za \ {(0,0)},
viyW) >0, v(yZ)=0.

Proof Choose A € Z? so that x and A are linearly independent.

Ifv(uW) # v(AW), then we note that forall y € Zz\{(O, 0)} with y = au + ba,
v(yW) =v((an +br)W) = min {v(uW), v(AW)} < 0;

similarly, if v(uZ) # v(LZ), then v(y Z) < Oforall y € Z2.

If v(uW) = v(LW), then there can exist @ € 7 \ {(0, 0)} that is pairwise inde-
pendent with . and A such that v(e W) > 0. We note that « is unique up to scalar
multiplication, as if there exists y € Z? \ Za such that v(y W) > 0 also, then we may
choose A, B € R such that Ao + By = i, and note

v(uW) = min {v(@W), v(y W)} > 0,
contradicting that v(uW) = 0. Likewise, if v(uZ) = v(AZ), then there can exist at
most one B € Z? \ {0} such that v(8Z) > 0.
We now check the cases:
— Suppose v(uW) # v(AW) and v(uZ) # v(AZ).

— Case (i) holds if v(AW), v(AZ) < 0.
— Case (ii) holds if vV(AW) < 0 < v(AZ) orv(LZ) < 0 < v(AW).
— Case (iii) holds if v(AW), v(AZ) > 0.

— Suppose v(uW) = v(AW) and v(nZ) # v(AZ).

— Case (i) holds if o does not exist and v(uZ) < 0.
— Case (ii) holds otherwise.

— Suppose v(uW) #v(AW) and v(uZ) = v(AZ).
— Case (i) holds if v(uW) < 0 and B does not exist.
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— Case (ii) holds otherwise.
— Suppose v(uW) = v(AW) and v(nZ) = v(LZ).

— Case (i) holds if «, B do not exist.

— Case (ii) holds if « exists and 8 does not exist, o« does not exist and 3 exists,
orif «, B exist and o # B.

— Case (iii) holds if «, B exist and ¢ = . O

Lemma 6.3 Let (G, p, L) be a full 2-periodic framework in R* and C € Vi(G, p, L)
be an algebraic curve. Further, suppose G contains a pair of parallel edges (v, w, y)
and (v, w, y') such thaty — y' = (A1, A2) and

(a1x1 + 22x2)% + (hiy1 + Aay2)?

is not constant on C. Then one of the following holds:

(1) G has an active type 1 flexible 2-lattice NBAC-colouring,
(i1) G has an active type 2 flexible 2-lattice NBAC-colouring, or
(iii) G has an active type 3 flexible 2-lattice NBAC-colouring.

Proof By our choice of ¢, we may assume & and f are the pair of parallel edges on 9, W,
with w(f) = p for some p = (1, n2) € Z*\ {(0, 0)}. It follows from Propositions
2.7 and 3.12 that we also may assume G contains a spanning tree 7" where every edge
has trivial gain and e € T. Since p is the difference in gains of ¢, f , then

(1x1 + 1222)% + (11 + p2y2)?

is not constant. By Lemma 6.1, Wlff ;5 18 not constant on C(C). Let v be the valuation

of C(C) and 8 be the active NBAC-colouring given by Lemma 3.15 with a := f.
We note that v(WY .) = O and v(W ) > 0. As uW = W9 — W

VW’
V(W) = v(Wy ;) = 0.

Similarly, as uZ = Zg’w - Zg’w then
v(uZ) = v(zg{w) <0.

Let case (i), case (ii), and case (iii) refer to the three possibilities given by Lemma 6.2.
We shall now proceed to prove that case (i) implies G has a type 1 flexible 2-lattice
NBAC-colouring, case (ii) implies G has either a type 1 or type 2 flexible 2-lattice
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NBAC-colouring, and case (iii) implies G has either a type 1, type 2, or a type 3
flexible 2-lattice NBAC-colouring.

(Case (i) holds): Suppose G has an unbalanced monochromatic circuit C of length n
and define y := ¢ (C). If C is red, then

n
v(yW)=v _Z W’i/}'j,vm z min{"(W&/)‘j»UHl) tl<j<nf>0,
=1

contradicting that v(y W) < 0. If C is blue, then
n
v(iyZ)=v _ZZZJ{’Uf+l > min {U(Z,))/jyvjﬂ) 1l<j< n} >0,
j=1

contradicting that v(yZ) < 0. It now follows that § is a type 1 flexible 2-lattice
NBAC-colouring.

(Case (ii) holds): Let C be an unbalanced monochromatic circuit of length n with
y =y (C). If Cisred and y ¢ Z«, then

n
viyW) =v| — Z W&'j)v_m > min{v(W{f,UjH) 1<j< n} > 0,
j=1
contradicting that v(y W) < 0. Likewise, if C is blue and y ¢ Zg, then
n
viyZ)=v| - ZZZ;’U_/H > min {”(Zl}g’v_m) t1<j=n}=0
j=1

contradicting that v(y Z) < 0.

Now let C be an almost monochromatic circuit of length n where §(e,) # 3(e;)
foralli € {1,...,n — 1}. If C is almost red and ¥ (C) = ca for some ¢ € Z, then

> min {v(aW), v(Wf,_/,."‘ij) 1<j<n-— 1} > 0,

contradicting that v(W,}',,) < 0. Similarly, if C is almost blue and ¥ (C) = ¢ for
some ¢ € Z, then

n—1
v(zw};;l,vn) =V Z Zl}’/}{vvvjﬂ +cBZ

J=1
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> min {v(BZ),v(Z}]4,,,) 1< j<n—1}>0,
contradicting that v(Z}} ,,) < 0.
It now follows that if G has no unbalanced monochromatic circuits then § is a type 1

flexible 2-1attice NBAC-colouring, and if G has an unbalanced monochromatic circuit
then § is a type 2 flexible 2-lattice NBAC-colouring.

(Case (iii) holds): Let C be an unbalanced monochromatic circuit of length n with
y =Y (C) ¢ Za. If C is red, then

viyW)=v ZW/”/H zmin{v(ngj,le):15j§n}>0,
contradicting that v(y W) < 0. Likewise, if C is blue, then
v(yZ)=v ZZU, v | Zmin {V(Zy]00) 1< j<n} 20,

contradicting that v(y Z) < 0.

Now let C be an almost monochromatic circuit of length n where ¥ (C) := ca for
some ¢ € Z and 8(e,,) # 8(e;) foralli € {1,...,n — 1}. If C is almost red, then

W&flnvn =V ZWU R +CaW
> min {v(aW), v(Wl)):f,vj+1) l<j<n- 1} > 0,

contradicting that v(W,l/]", v,) < 0. Similarly, if C is almost blue, then

v zm Un =V ZZ vy teaZ
> mm{v(aZ), W(ZY v) 1< j<n—1}>0,

contradicting that v(Z}} ,,) < 0.

It now follows that if G has no unbalanced monochromatic circuits then § is a type 1
flexible 2-lattice NBAC-colouring, if G only has unbalanced monochromatic circuits
for a single colour then § is a type 2 flexible 2-lattice NBAC-colouring, and if G has
unbalanced monochromatic circuits for both colours then § is a type 3 flexible 2-lattice
NBAC-colouring. O

We are now ready for our necessity lemma.
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Lemma 6.4 Let (G, p, L) be a full 2-periodic framework in R%. If (G, p, L) is flexible
then one of the following holds:

(1) G has an active type 1 flexible 2-lattice NBAC-colouring,
(i) G has an active type 2 flexible 2-lattice NBAC-colouring,
(iii) G has an active type 3 flexible 2-lattice NBAC-colouring,
(iv) G has an active fixed lattice NBAC-colouring,

(v) rank G < 2, or
(vi) G is disconnected.

Proof Suppose rank G = 2 and G is connected. Choose any ¢ € E(G). By Lemma
3.13(ii), there exists an algebraic curve C C V;(G, p, L). We now have three possible
outcomes:

(@) CCV{(G.p.L).
(b) G contains a pair of parallel edges (v, w, ¥) and (v, w, y') such that y — y' =
(A1, A2) and

(1x1 + 22x2)% 4 (hiy1 + A2y2)?

is not constant on C.
(c) Possibilities (a) and (b) do not hold.

(Possibility (a) holds): If C C Véf (G, p, L) then by Lemma 4.3, G has an active fixed
lattice NBAC-colouring.

(Possibility (b) holds): By Lemma 6.3, G has either an active type 1, type 2, or type 3
flexible 2-lattice NBAC-colouring.

(Possibility (c) holds): As C ¢ Véf(G, p, L), we may choose u := (u1, n2) € 72
such that

(Mx1 + 22x2)? + (A y1 + Aayn)?

is not constant. By Lemma 3.23, there exists a vertex addition (G’, p’, L) of (G, p, L)
at v; by A such that (G’, p’, L) has a non-trivial not fixed lattice flex. As (b) holds
for (G', p’, L), then by Lemma 6.3, G’ has an active type k flexible 1-lattice NBAC-
colouring & for some k € {1, 2, 3}.

Suppose G’ has a colouring & as described above. Let § be the colouring of G with
8(e) := §'(e) for all e € E(G). We note that § is an active type k' flexible 2-lattice
NBAC-colouring for some k&’ € {1, 2, 3} if and only if 8’ is not monochromatic on
the subgraph G of G’. As rank G = 2 and &' is a type k flexible 2-lattice NBAC-
colouring, 8" is not monochromatic on G, thus G has an active type k’ flexible 2-lattice
NBAC-colouring for some k' € {1, 2, 3}. O

6.2 Constructing Flexible Frameworks: Low Rank Graphs

Our first construction lemma is the simplest one, as the framework is not connected.
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Lemma 6.5 Let G be a Z2-gain graph. Ifrank G < 2 then there exists a full placement-
lattice (p, L) of G in R? such that (G, p, L) is flexible.

Proof If rank G = 0 then this holds by Lemma 4.7, so we may suppose rank G = 1,
i.e., span G = Za for some non-zero o € Z>. By Proposition 2.7, we may assume
every edge of G has gain in Za. Choose any injective map p, any full lattice L, and
any element 8 € Z? that is linearly independent of «. We may now define the fixed
lattice flex (py, L;) fort € [0, 2], where p, = p and

Li-a:=L-a, L;-B:={0+1t)L-B. O

6.3 Constructing Flexible Frameworks: Type 1 Flexible 2-Lattice NBAC-Colourings

We recall that a type 1 flexible 2-lattice NBAC-colouring is an NBAC-colouring §
where all monochromatic circuits are balanced.

Lemma 6.6 Let G be a Z2-gain graph with a type 1 flexible 2-lattice NBAC-colouring.
Then there exists G' ~ G such that each blue edge has trivial gain and no red edge
has trivial gain.

Proof The proof follows a similar method as Lemma 5.5. O

Lemma 6.7 Let H be a balanced 7.*-gain graph with no multiple edges and no loops.
Then there exists a placement q of H in 7% such that for all (v, w,y) € E(H),

q(w) —q(v) =2y.
Proof The proof follows the same method as Lemma 5.6. O

We are now ready for our construction lemma for type 1 flexible 2-lattice NBAC-
colourings. We note that it is essentially the same as the construction given in
Lemma 5.7.

Lemma 6.8 Let G be a 7>-gain graph with a type 1 flexible 2-lattice NBAC-
colouring 8. Then there exists a full placement-lattice (p, L) of G in R? such that
(G, p, L) is a flexible full 2-periodic framework.

Proof By Lemma 6.6, we may assume all blue edges of G have trivial gain and all red
edges have non-trivial gain. Let Ry, ..., R, be the red components of G and define E;
to be the set of edges (v, w, y) in Gfed with v, w € R;. By Lemma 6.7, for each R;
there exists a placement g in R? where qj(w) —q;(v) =2y forall (v, w, y) € Ej.
By applying translations to each of the placements g, we may assume that for any
blue edge (v, w, 0) € E(G) withv € R;,w € Ry and j # k, wehave g;(v) # gr(w).
We now define for each ¢ € [0, 2] the full placement-lattice (p;, L;) of G in R2,
with

L;-(1,0) := (=2 4+ cost,sint), L;-(0,1) := (sint, —2 — cost)
and p;(v) := g;(v) for v € R;. We shall denote (p, L) := (po, Lo).
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Fig.12 (Left): A 72 -gain graph with a type 1 flexible 2-lattice NBAC-colouring. (Right): The constructed
full 2-periodic framework in R

To see that (p, L) is a well-defined placement-lattice, choose any e = (v, w, y)
with ¥y = (y1, y2) and suppose that p(v) = p(w) + L - y. If §(e) = red, then
y #(0,0) and v, w € R; for some j. It follows that

—L-y=gqjw)—q;{) =2y.

However as —L - y = (y1,3y2), then —L - y = 2y if and only if y = (0,0),
contradicting that all red edges have non-trivial gain. If §(e) = blue, then y = (0, 0).
By our choice of placements {g; : 1 <i < n}, we must have v, w € R; for some j;
furthermore, as y = (0, 0) then g;(v) = g;(w). Let (e, ..., e;,—1) be ared path from
wtov withe; = (v, vj11,¥;) € Ej,v1 = wand v, = v. Since g;(v) = g;(w), we
have Z;’;% y;j = 0. However, this implies (e, ..., e,—1, ) is a balanced almost red
circuit, contradicting that § is a type 1 flexible 2-lattice NBAC-colouring.

Choose any edge e = (v, w, y) with y = (y1, y2). If 6(e) = blue then y = 0. As
p: = p then for each ¢ € [0, 27 ],

I pe(v) — pr(w) — Ly -y I* = I p(v) — p(v) — L - y||*.

If §(e) =red then v, w € R}, thus for each ¢ € [0, 27],

Ipe(v) — pr(w) — Ly - ¥ > = (y1cost + yasint)> + (y1 sint — y cos 1)
=vi+v;

It follows that (p;, L) is aflex of (G, p, L), as required. We refer the reader to Fig. 12
for an example of the construction. O
6.4 Constructing Flexible Frameworks: Type 2 Flexible 2-Lattice NBAC-Colourings

We recall that a type 2 flexible 2-lattice NBAC-colouring is an NBAC-colouring §
where there exist «, 8 € 72 such that:
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— either «, B are linearly independent or exactly one of «, B is equal to (0, 0),

span G‘Sed is a non-trivial subgroup of Za, or @ = (0, 0) and Gfed is balanced,
span Gy, . is a non-trivial subgroup of Zg, or 8 = (0, 0) and Gglue is balanced,

— there are no almost red circuits with gain in Za, and

there are no almost blue circuits with gain in Z}.

Lemma 6.9 Let G be a Z*-gain graph and § a type 2 flexible 2-lattice NBAC-colouring
of G with a, B as described previously. Suppose o # (0, 0). Then there exists G' ~ G
such that each red edge has gain aa + bf for some a, b € Z with a # 0, and each
blue edge has gain cf for some c € Z.

Proof As span Gglue = 7B, by Proposition 2.7, we may suppose all blue edges of G
have gain in Zg. Let By, ..., B, be the blue components of G and choose N € N
such that N > |a| for all (v, w, y) € E(G) with y = ax + b. We now define the
gain equivalent graph

G = \[I1]¢N] .

i=1veB;

We first note that any blue edge of G’ will have gain in Zg since both of its ends will lie
in the same blue component. Choose a red edge (v, w, y) € E(G) withy = ao +bp
and suppose v € B; and w € B;. We note that

[TTT e | @ wy)=¢"0pi¥ @, w,y)

i=1veB;

=W, w, (NG —j)+a)a+bp).

AsN > |alandi — j € Z,wehave N(i — j)+a =0ifandonlyifa = 0andi = j.
If this holds, then as v, w € B;, we can define an almost blue circuit containing v with
red edge (v, w, bB) and gain in Zf (as every blue edge has gain in Z ), contradicting
that ¢ is a type 2 flexible 2-lattice NBAC-colouring. It now follows that a # 0 as
required. O

Lemma 6.10 Ler o, B € Z? be linearly independent and let H be a 7>-gain graph
where span H is a subgroup of Za. Then there exists a placement q of H in 7 such
that for all (v, w, ax + bB) € E(H), q(v) — qg(w) = b.

Proof Define the Z-gain graph H' with vertex set V(H’) := V(H) and edge set
E(H') :={(v,w,bB) : (v, w,ax + bp) € E(H)};

we delete any loops with trivial gain that may arrive, and note that multiple edges may
become a single edge. By Lemma 5.6, we may define a placement ¢’ of H' in Z such
that ¢’ (v) — q’(w) = —2b for all (v, w,bB) € E(H'). We now define g to be the
placement of H where g(v) := —q’(v)/2. O
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We are now ready for our construction lemma for type 2 flexible 2-lattice NBAC-
colourings.

Lemma6.11 Let G be a 7Z>-gain graph with a type 2 flexible 2-lattice NBAC-
colouring 8. Then there exists a full placement-lattice (p, L) of G in R? such that
(G, p, L) is a flexible full 2-periodic framework.

Proof Without loss of generality we may assume span Gfed = Za and span Gglue =
7B, with a # (0,0). If B = (0, 0) then § is a fixed-lattice NBAC-colouring and the
result holds by Lemma 4.6, thus we may assume «, B are linearly independent.

By Lemma 6.9, we may assume all red edges have gain ao + b for some a, b € Z
with a # 0, and all blue edges have gain ¢f for some ¢ € Z. Let Ry, ..., R, be
the red components of G and define E; to be the set of edges (v, w, ¥) in Gfed with
v,w € R;. By Lemma 6.10, for each R; there exists a placement ¢; in R where
qj(v) —gj(w) = bforall (v, w,y) € E; withy = aa + bfB. We now define for each
t € [0, 27] the full placement-lattice (p;, L;) of G in R? with

L; -« := (sint, cost), L;-B:=(1,0)

and p;(v) := (g (v), j) for v € R;. We shall denote (p, L) := (po, Lo).

To see that (p, L) is a well-defined placement-lattice, choose any e = (v, w, )
and suppose that p(v) = p(w) + L - y. If 6(e) = red, then y = aa + bp for some
a,beZ\{0}and v, w € R; for some j. We note

p() =(qjW), j) =(gj(w)+b,j+a)=pw)+L-vy,

which implies ¢ = 0, a contradiction. If §(¢) = blue, then y = bg for some b € Z.
If v e Rjand w € Ry then

p() =(qjW), j) = (gk(w) + b, k) = p(w) + L -y,

therefore j = k. Let P := (eq,...,e,—1) be a red path from w to v with ¢; =
(vi, Vi1, Vi) € Ej,vi = w, vy, = v,y = aja + b . Define C := (e, ..., ep_1, €).
As

n—1 n—1
b=q;)—qjw) =Y (g;wis1) —q;w)) =—Y b
i=1 i=1

we have ¢ (C) = aoa for some a € Z. This contradicts that § is a type 2 flexible
2-lattice NBAC-colouring, as C is an almost red circuit with ¥ (C) € Za.

Choose any edge e = (v, w, y) with y = aa + b. If §(e) = blue then a = 0. As
pr=pand L;-B = (1,0), || p:(v) — p;(w) — L; - y||* is constant. If §(¢) = red then
v,w € Rj, thus for each ¢ € [0, 27],

P (v) — pr(w) — Ly - yII* = (q;(v) — q;(w) — b —acost)® + (asint)? = a*.
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Fig. 13 (Left): A Zz—gain graph with a type 2 flexible 2-lattice NBAC-colouring («¢ = (1, 0), 8 = (0, 1)).
(Right): The constructed full 2-periodic framework in R2

It follows that (p;, L;) is a flex of (G, p, L) as required. We refer the reader to Fig. 13
for an example of the construction. O

6.5 Conjectures Regarding Type 3 Flexible 2-Lattice NBAC-Colourings

We recall that an NBAC-colouring § of a Z?-gain graph G is a type 3 flexible 2-lattice
NBAC-colouring if there exists o € 72\ {(0, 0)} such that

— span Gfed and span Gfed are non-trivial subgroups of Za, and
— there are no almost monochromatic circuits with gain in Zo.

It is an open question whether the existence of a type 3 flexible 2-lattice NBAC-
colouring implies the existence of a flexible placement of a Z2-gain graph in R?. As
this is the case for all other types of flexible 2-lattice NBAC-colourings, we would
conjecture the following.

Conjecture2 Let G be a Z>-gain graph with type 3 flexible 2-lattice NBAC-colouring.
Then there exists a full placement-lattice (p, L) of G in R2 such that (G, p,L)isa
flexible full 2-periodic framework.

All examples of Z?-gain graphs with a type 3 flexible 2-lattice NBAC-colouring dis-
covered so far will also have either a type 1 or type 2 flexible 2-lattice NBAC-colouring,
a fixed lattice NBAC-colouring, or have a low rank. Due to this, we would also con-
jecture the following.

Conjecture 3 Let G be a Z2-gain graph with type 3 flexible 2-lattice NBAC-colouring.
Then G has either a type 1 or type 2 flexible 2-lattice NBAC-colouring, G has a fixed
lattice NBAC-colouring, or rank G < 2.

If Conjecture 2 is true, then by Lemmas 6.4, 6.8, 6.11, 4.7, and 6.5, we can deduce that
Conjecture 1 would be also true. If Conjecture 3 is true, then we obtain the slightly
stronger result.

Conjecture 4 Let G be a connected Z2-gain graph. Then there exists a full placement-
lattice (p, L) of G in R? such that (G, p, L) is a flexible full 2-periodic framework if
and only if either:

(i) G has atype 1 flexible 2-lattice NBAC-colouring,
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(i1) G has a type 2 flexible 2-lattice NBAC-colouring,
(ili) G has a fixed lattice NBAC-colouring, or
(iv) rank G < 2.

7 Special Cases of Flexible 2-Periodic Frameworks
We shall now focus on 2-periodic frameworks with loops. With this added assumption,

we can fully characterise whether a Z>-gain graph has a flexible placement-lattice by
observing the graph’s NBAC-colourings.

7.1 2-Periodic Frameworks with Loops

Lemma 7.1 Let (G, p, L) be a k-periodic framework in K¢ and suppose G has a loop
(w, w, @). If G’ is the Z*-gain graph with

V(G) :=V(G), E(G):=EG) U{w,v,ca):veV(G),ceN}
then
Vk(G', p, L) =V (G, p, L).

Proof First note that Vx(G’, p, L) C Vk(G, p, L). Choose any placement-lattice
(p/, L") € Vk(G, p, L). As (w, w, o) € E(G), then

I -l = lIp'w) = p'(w) = L' a|® = | p(w) — pw) = L -a|* = |IL - a|)*.
We note that for any v € V(G) and non-zero ¢ € Z,

Ip' () — p'(v) =L -call® = IL - a|* = AL - a|?
= lp(v) — p(v) — L - ca?,

thus (p/, L) € Vk(G’, p, L) as required. O

Lemma 7.2 Let G be a connected 72-gain graph and suppose that there exists some
o € Z2\ {(0, 0)} such that for every vertex v € V(G) and ¢ € N, we have (v, v, ca) €
E(G). If § is an NBAC-colouring of G, then every loop with gain co for some ¢ € N
is of the same colour.

Proof We first note that every loop at a vertex must have the same colour. To see this,
suppose there exists a loop (v, v, car) for some integer ¢ > 1, where (v, v, no) #
8(v, v, o). This would imply the circuit

¢ times

(v, v, =), ..., (v,v, =), (v, v, ca))
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is balanced and almost monochromatic, contradicting that § is an NBAC-colouring.

Suppose not all loops are of the same colour. As G is connected, there must exist
distinct vertices v, w € V(G) connected by an edge (v, w, y) where §(v, v, o) #
8(w, w, o). Without loss of generality we may assume §(v, v, @) = §(v, w, y). The
circuit

((U, w, y)s (ws w, O[)v (w’ v, _V)9 (U, v, —Ol))

is balanced and almost monochromatic, contradicting that § is an NBAC-colouring. O

Lemma7.3 Let G be a connected 7.*-gain graph. Suppose that there exists some
a €72 \ {(0, 0)} such that for every vertex v € V(G) and c € N, we have (v, v, ca) €
E(G). Then there are no type 1 or type 3 flexible 2-lattice NBAC-colourings of G.

Proof Suppose there exists an NBAC-colouring § of G that is either a type 1 or
type 3 flexible 2-lattice NBAC-colouring. As one of Gfed or Gglue must contain a loop
(and thus be unbalanced), § must be a type 3 flexible 2-lattice NBAC-colouring. By
Lemma 7.3, every loop of the form (v, v, cy) has the same colour, and without loss
of generality we shall assume they are all red. We note immediately that there cannot
be any unbalanced blue circuits; indeed, if C was a blue circuit containing v with gain
ca, then the circuit formed by C followed by (v, v, —ca) will be balanced and almost
blue. However this implies rank Gglue = 0, contradicting that § is a type 3 flexible
2-lattice NBAC-colouring. O

Lemma 7.4 Let G be a connected 7.*-gain graph with a loop. Then there are no active
type 1 or type 3 flexible 2-lattice NBAC-colourings of G.

Proof Let (w, w, ) be a loop of G. By Lemma 7.1, we may assume that for every
vertex v € V(G) and ¢ € N, we have (v, v, ca) € E(G). The result now follows from
Lemma 7.3. o

We may now prove a special case of Conjecture 2.

Theorem 7.5 Let G be a connected 7>-gain graph with a loop. Then there exists a full
placement-lattice (p, L) of G in R?* such that (G, p, L) is a flexible full 2-periodic
framework if and only if either:

(1) G has a type 2 flexible 2-lattice NBAC-colouring,
(i) G has a fixed lattice NBAC-colouring,
(iii) rank G = 1.

Proof Suppose there exists a full placement-lattice (p, L) of G in R? such that
(G, p, L) is aflexible full 2-periodic framework. Since G contains aloop, rank G > 1.
By Lemmas 6.4 and 7.4, either G has an active type 2 flexible 2-lattice NBAC-
colouring, G has an active fixed lattice NBAC-colouring, or rank G = 1.

Now suppose that either G has a type 2 flexible 2-lattice NBAC-colouring, G has
a fixed lattice NBAC-colouring, or rank G = 1. Then by Lemmas 6.11, 4.7, or 6.5,
there exists a full placement-lattice (p, L) of G in R2 such that (G, p, L) is a flexible
full 2-periodic framework. O
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7.2 Scissor Flexes

We now define a special class of flexes.

Definition 7.6 Let (p;, L;) be a flex of a 2-periodic framework (G, p, L) in R2. If
there exist linearly independent «, 8 € 7? such that ||L, - «||* and ||L; - B||* are
constant but (L; - @) - (L; - B) is not constant, then (p;, L;) is a scissor flex.

If rank G < 2, then it can be seen that some placement-lattice of G will have a scissor
flex. We shall show in Theorem 7.10 that we can characterise the Z>-gain graphs with
scissor flexes by their NBAC-colouring. We first prove the following lemmas.

Lemma 7.7 Let G be a connected 72-gain graph and o, B € 7 be linearly indepen-
dent. Suppose that (v, v, ca), (v,v,cp) € E(G) forallv € V(G) and c € N. If § is
an NBAC-colouring of G then either:

(1) Allloops of G are in the same colour.
(i1) All loops of G with gain in Za are red (respectively, blue), all loops of G with
gain in ZB are blue (respectively, red), and all loops of G have gain in Zo U Zg.

Proof By Lemma 7.2 we have (without loss of generality) two possibilities:

(a) All loops with gain in Za U Zg are red.
(b) All loops with gain in Z« are red and all loops with gain in Zg are blue.

Suppose (a) holds. If G only has loops with gain y € Za UZg, then (i) holds. Suppose
G hasaloop!/ := (v,v,y) withy ¢ Za UZB. Leta, b € Z \ {0} be any pair where
cy = aa + bp for some ¢ > 0. If §(I) = blue then we note that the circuit

¢ times

——
((v, v, —aa), (v,v, —apP),l, ..., l)
is balanced and almost red, contradicting that § is an NBAC-colouring. Hence §(I) =
red and (i) holds.

Suppose (b) holds but G has a loop [ := (v, v, y) with y ¢ Za U Z. Choose
a,b € Z such that cy = aa + bp for some ¢ > 0. If §(I) = blue then the circuit

¢ times

e e
C = (v, —aw), (v, v,=ap), 1. 1)

is balanced and almost blue, while if §(/) = red then C is balanced and almost red.
As both possibilities contradict that § is an NBAC-colouring, then no such loop may
exist and (ii) holds. O

Lemma 7.8 Let G be a connected 7.%-gain graph with loops ly = (v, v, @), lg =

(v, v, B), where a and B are linearly independent. Then all active NBAC-colourings
of G with 8(ly) # §(lg) are type 2 flexible 2-lattice NBAC-colourings.
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Proof Let § be an active NBAC-colouring of G with §(ly) # 8(lg). Without loss of
generality, we may assume 6(/,) = red and §(/g) = blue. By Lemma 7.1, we may
assume that (v, v,cy) € E(G) forall v € V(G) and ¢ € N, where y € {«, 8}. By
Lemma 7.7, all loops with gain in Z« are red, all loops with gain in Zg are blue, and
there are no loops with gain y ¢ Za U Zg.

Suppose there exists a red circuit C containing v with ¥ (C) = ax+bB.1fa, b # 0,
then the circuit formed from C followed by (v, v, —a«), (v, v, —ap) is balanced and
almost red, while if @ = 0, b # 0, then the circuit formed from C followed by
(v, v, —ap) isbalanced and almost red. As both contradict that 6 is an NBAC-colouring
of G, then ¥ (C) € Za. We similarly note that for any blue circuit C’, ¥ (C’) € Zp.

Let C be an almost monochromatic circuit of length n where 8(e,,) # (e;) for all
ief{l,...,n—1}If Cis almost red and ¥ (C) = ca for some ¢ € Z, then

(e1,...,en, (v1,v1, —ca))

is a balanced almost red circuit, contradicting that § is an NBAC-colouring. If C is
almost blue and ¥ (C) = c¢f for some ¢ € Z, then

(elv cees €, (vla vi, _Cﬂ))

is a balanced almost blue circuit, contradicting that § is an NBAC-colouring. It now
follows that § is a type 2 flexible 2-lattice as required. O

Lemma7.9 Let G be a connected 7*-gain graph with loops ly = (v, v, @), lg =
(v, v, B), where a and B are linearly independent. If § (Io) = 8(lg) for all active NBAC-
colourings of G, then for any 2-periodic framework (G, p, L), every non-trivial flex
of (G, p, L) is a fixed-lattice flex.

Proof Let (G, p, L) be aflexible 2-periodic framework with a flex (p, L;),t € [0, 1].
Since we have loops Iy, I € E(G),itfollows that ||L;-«||* = ||L-«||* and || L;-B||*> =
L - B forall r € [0, 1]. For each t € [0, 1] we have

(L-a)-(L-B)=(p)—p)—L-a) (p(v) —p)—L-p),
(Ly-a) - (L - B) = (pr(v) — ps(v) — Ly - ) - (pr(v) — pr(v) — Ly - B).

By Proposition 3.20 and the continuity of the flex (p;, L;), we must have (L - «) -
(L-B)=(L;-«a)-(L;-pB) forall t € [0, 1]. It now follows that L, ~ L for all
t € [0, 1] as required. O

Theorem 7.10 Let G be a connected 72-gain graph with rank G = 2. Then there
exists a full 2-periodic framework (G, p, L) in R* with a scissor flex if and only if
either:

(1) G has a type 2 flexible 2-lattice NBAC-colouring, or

(ii) G has a type 1 flexible 2-lattice NBAC-colouring where, for some linearly inde-
pendent pair o, B € 72, there are no almost red circuits of G with gain in Za and
there are no almost blue circuits of G with gain in Z8.
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Proof If G has a type 2 flexible 2-lattice NBAC-colouring, then there exists a full
2-periodic framework (G, p, L) with a scissor flex by Lemma 6.11. Suppose G has a
type 1 flexible 2-lattice NBAC-colouring § with no almost red circuits with gain in Zo
and no almost blue circuits with gain in Z 8. We note that if we add the loops (v, v, @)
and (v, v, B) to G to form the graph G’, then we can extend § to a type 2 flexible
2-lattice NBAC-colouring 8’ of G’ by setting 8’ (v, v, @) = red and §' (v, v, B) = blue.
A full 2-periodic framework (G’, p, L) with a scissor flex can now be constructed
by Lemma 6.11. We finish by noting that (G, p, L) will also have a scissor flex as
required.

Now suppose there exists a full 2-periodic framework (G, p, L) with a scissor flex
(pi, Ly); we shall assume that o, B € Z2 are linearly independent gains where || L, - o IR
and ||, - B||* are both constant. Choose any v € V(G) and define G’ to be the Zz-gain
graph formed from G by adding the loops l := (v, v, a) and lg := (v, v, B). We note
that (p;, L;) is a flex of (G’, p, L) also, hence as rank G’ = 2, we have that G’ has an
active NBAC-colouring by Lemma 6.4.

If all active NBAC-colourings 8" of G’ have §'(lo) = 8'(lg), then by Lemma 7.9,
(G’, p, L) is fixed lattice flexible, a contradiction. It follows that G’ has an active
NBAC-colouring 8" with &'(l4) # 8'(lg). By Lemma 7.8, §' is a type 2 flexible 2-
lattice NBAC-colouring. If we define § to be the restriction of 8’ to G, then § is a type
k flexible 2-lattice NBAC-colouring for some k € {1, 2}, as rank G = 2 and §’ cannot
be monochromatic on any subgraph of rank 2. We finish by noting that if § is a type 1
flexible 2-lattice NBAC-colouring, then (with respect to §) there are no almost red
circuits of G with gain in Z« and there are no almost blue circuits of G with gain in
7B. O
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