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Abstract

Let X be a nonempty finite subset of R and X = /L, X; a coloring with m < d.
In this paper we study the number of monochromatic lines generated by X. More
specifically we give three results which establish that, under nontrivial assumptions,
the number of monochromatic lines generated by X is & (| X 12).

Keywords Monochromatic lines - Coloring - Szemerédi—Trotter theorem - Generated
hyperplanes
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1 Introduction

In this paper N, Z and R denote the set of natural numbers, integers and real numbers,
respectively; we consider 0 ¢ N. From now on, d € N and R? is equipped with
its usual euclidean structure. Let X be a nonempty subset of RY and m € N. A

coloring of X is a family of pairwise disjoint subsets {X1, X2, ..., X;z} of X such
that X = (J'_, X; and we will denote the coloring by X = (J/_, X;. For each
i €{l,2,...,m}, X; will be called a chromatic class. A translation F of a vector

subspace V of R4 will be called a flat. We write dim F' := dim V, and also if V is a
d’-dimensional subspace, we say that F is a d’-flat; in particular 1-flats will be called
lines and (d—1)-flats will be called hyperplanes. For technical reasons, we will also
consider the empty set a flat with dim ¢ := —1 and we will say that ¢ is a (—1)-flat.
We denote by FI1(X) the smallest flat (with respect to ) which contains X and we
write dim X := dim F1(X). Given a coloring X = [J/_, X;, we say that a line L of
RY is monochromatic if X N L is contained in a chromatic class and I XNL|>2
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the family of monochromatic lines with respect to the coloring X = 7~ X; will be
denoted by M (UL, X;). We write |[M (UL, X;)| = ©(X|?) if there are ¢, ¢’ > 0
such that |X|?/c < |./\/l(U:":l Xl)| < ¢|X|?> whenever | X| > ¢’ if ¢ and ¢’ depend
on the parameters cy, ¢z, . . ., we write |[M (UL, X;i)| = O, e, (IX[?).

One of the most famous and fruitful theorems in discrete geometry is the Sylvester—
Gallai Theorem, see [3]. The colorful version of Sylvester—Gallai Theorem was proven
independently by Motzkin and Rabin.

Theorem 1.1 Let X be a nonempty finite subset of R* and a coloring X = X1 U X».
Ifdim X = 2, then M(X1 U X3) # 0.

Proof See [3,7]. O

For higher dimensions, Theorem 1.1 was generalized by Shannon.

Theorem 1.2 Let X be a nonempty finite subset of R? with dim X = d and a coloring
X = U;'n:1 Xi. Ifm < d, then M(Ul’.”zl Xi) £ (.

Proof See [2,8]. O

There are more results related to the existence of monochromatic lines, see for instance
[2,3,7,8]. However, in this paper we will be interested in quantitative results. One
important quantitative result in this area was obtained by Dvir and Tessier-Lavigne in
[5]. Here we will be more interested in the number of monochromatic lines that can be
generated rather than the dimension of the Motzkin—Rabin configurations. The main
motivation of this paper is the following. Let X be a nonempty finite subset of R? such
that dim X = d and a coloring X = (J/_, X;. It is not difficult to see that if most of
the points of X are in a line, it is possible to have |M(U,m: 1 X 1)| & | X|?. Moreover,
if almost all the points of X are in a hyperplane H of R?, then X N H (and therefore
X) may not have a lot of monochromatic lines (for instance, if X = X; U X» is a
finite subset of R? with X 1 a singleton and X» contained in a line, there is only one
monochromatic line). Thus we want to study under which conditions, if there are no
hyperplanes in R? with a lot of points of X, we have that |./\/l(Uf”:l X,)| =0(X).
The first result of this paper is the following.

Theorem 1.3 Let X be a nonempty finite subset of R? with dim X = d, a coloring
X=UL Xiwithm <d, 0 <c <1and0 < ¢ < 1. If there is a chromatic class
X; such that |X;| > ¢'|X| and |X; N H| < c|X;| for any hyperplane H of RY, then

'M(U X)‘ = Oc.c'ma(IX1).
i=1

The assumption m < d is necessary. Theorem 1.3 can be extended readily to RP¢, and
here we give an example which shows that m < d is fundamental. Take m = d = 2,
n > 3 and the Boroczky example X = X, with the coloring X = X; U X, where
the chromatic classes are
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2nj . 2mj .
X1 :=43|cos—=:sin—=:1|:je{0,1,....,n—1}¢,
n n

. 2mj 2w j .
Xy :=4q|—sin—=:cos—:0| : je{0,1,...,n—1};.
n n

X and the chromatic class X satisfy all the conditions of Theorem 1.3 forc = ¢/ = 1/2
except for m < d. Nevertheless, the unique monochromatic line is Lo = {[x : y :
0] :x,y e R}

Theorem 1.3 needs the existence of a chromatic class which satisfies certain prop-
erties. However, even if we do not have information about a specific chromatic class,
we are able to obtain an interesting result.

Theorem 1.4 Let X be a nonempty finite subset of R? with dim X = d, a coloring
X =U/L, Xiwith2m <dand0 < ¢ < 1. If|X N H| < c¢|X| for any hyperplane H
of RY, then

‘M(U Xi) ‘ = @c,m,d(|X|2)-
i=1

The condition 2m < d in Theorem 1.4 is necessary. Indeed, take 2m — 1 = d,
Li,Lo,..., L, linesin R4 suchthatdimU’j:l L;=2i—1foralli € {1,2,...,m},
X asubset of (i, L; such that [X N Ly| = |[XNLy] =+ =|XNLy| >2m
and ¢ = (2m—1)/(2m). Define the coloring X = |Ji; X; with X; :== X N L;
foralli € {1,2,...,m}. Since |X;| > 2m foralli € {1,2,...,m}, we have that
|[H N X| < (m—1)|X|/m + 1 < c|X]| for any hyperplane H of R?. However, the
monochromatic lines are just L1, Ly, ..., Ly,.

Another fundamental result in discrete geometry is Beck’s Theorem, see Theo-
rem 2.2. Here we state a weak colorful version of it.

Theorem 1.5 Let X be a nonempty finite subset of R? with dim X = d and a coloring
X =UL, X;withm < d.If|X N H| < |X|/(2d) for any hyperplane H of R%, then

’M<U X,-)) = Oma(IX]). e)
i=1

As it was kindly remarked by the reviewers, a number of questions arise in connection
with the above results. We have chosen three of them.

e In Theorem 1.3, if we assume that all the chromatic classes X; satisfy that | X;| >
c|X| and |X; N H| < c|X;| for any hyperplane H of R4, can we weaken the
assumption m < d?

e In Theorem 1.3, can we weaken the assumption m < d for d > 0? The exam-
ple given immediately after Theorem 1.3 shows that the assumption cannot be
weakened for d = 2.
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e Let X be a nonempty finite subset of RY with dim X = d and a coloring X =
U;”Zl X; suchthatm < d and |X N L| < |X|/(2d) for any line L of R?. Is it true
that (1) holds?

We want to make two remarks. The first one is that the constants of the main results can
be found explicitly although we think that they are far of being optimal. The second
point is that if X is a finite subset of RY, then it generates at most (‘)2( ‘) lines. Thus, in
the proofs of the theorems, it suffices to show that there are ¢”, ¢’ > 0 such that if
IX| > ¢”, then M(UL, X;i) = "X~

We describe briefly the organization of this paper. In Sect. 2 we state some results
that will be needed in the forthcoming sections. The key ingredient in the proof of
the main results is Proposition 3.2 and it is proven in Sect. 3. The proofs of the main
theorems are completed in Sect. 4. The proof of Theorem 1.3 depends on the number
of hyperplanes generated by X;. If X; generates a lot of hyperplanes, the statement
is a consequence of Proposition 3.2. If X; does not generate a lot of hyperplanes,
Corollary 2.6 implies that X; (and therefore X) has a special structure; with this
information about the structure of X;, we can find a number of monochromatic lines
as well. The proof of Theorem 1.4 is done by induction on the number of chromatic
classes. In the induction step we follow similar ideas to the ones of the proof of
Theorem 1.3, however we have to be very careful with the parameters to be able
to use the induction hypothesis. The proof of Theorem 1.5 is the easiest one due to
Corollary 2.4 and Proposition 3.2.

2 Preliminaries

In this section we state some auxiliary results that will be needed later. For a subset X
of R? and F, G families of subsets of RY, set

I(X,F)={x,F)e X x F:xeF},
1G,F)={(G,F)eGxF:GCF}.

The first result that we will need is the Szemerédi—Trotter Theorem.

Theorem 2.1 Let X be a finite subset of R and L a finite family of lines in R. Then
11X, D) < 4IXIPPIL1P7 + 41X+ |L].

Proof See [9, Thm. 8.3]. O

Let F be aflat of R?. For a subset X of RY, we say that X generates F if there is a subset
X' of X such that FI(X’) = F. More generally, for a family F of subsets of R?, we say
that F generates F if there is a subfamily F” of F such that F1 (| zcz F') = F. We
state now Beck’s Theorem which is a consequence of the Szemerédi—Trotter Theorem.

Theorem 2.2 There are two absolute constants ¢, ¢’ > 0 such that for any finite subset
X of R? one of the following statements holds:
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(i) There is a line L in R? such that |X N L| > ¢|X|.
(ii) X generates at least c'|X|? lines.

Proof See [1, Thm. 3.1]. O

Using Beck-type results and other tools, Do and Lund obtained independently the
following result.

Theorem 2.3 Forany0 < ¢ < 1, there is 0 < ¢’ < 1 such that for any finite subset X
of RY one of the following statements holds:

(i) There is a finite family of nonzero dimensional flats {F1, F», . .., Fy} of R such
that Zf:l dim F; < d and | X N Uf;l Fi| = c|X].
(ii) X generates at least c'|X|¢ hyperplanes.

Proof See [4, Thm. 1.6], [6, Thm. 2]. O

We shall consider two corollaries of Theorem 2.3.

Corollary 2.4 Foranyd > 2 and 0 < ¢ < 1/(d—1), there is 0 < ¢’ < 1 such that for
any finite subset X of R? one of the following statements holds.

(i) There is a hyperplane H of R such that |X N H| > c|X]|.
(ii) X generates at least c'| X |¢ hyperplanes.

Proof See [4, Corr. 1.9]. O

We say that two flats F7 and F; of R? are skew if dim (F1 U F,) =dim Fi+dim F+1,;
in particular skew flats do not intersect. We will need two trivial facts.

Remark 2.5 Let F; and F> be flats of RY.

(i) The dimension of F| U F; is bounded above as follows:
dim (F; U F2) < min {dim F| + dim F> + 1, d}.
Moreover, if F| and F> are not skew, then
dim (F1; U F,) < min {dim F| + dim F>, d}.

(ii) Let F| and F; be flats such that F{ C Fj and F;, C F,.If Fi and F> are skew,
then F| and F are skew.

Under the assumptions and notation of Corollary 2.4, we have that there is a hyperplane
H of R4 suchthat |[XNH| > ¢|X|or X generates atleast ¢'| X | hyperplanes. However,
¢’ may be very small for our purposes (i.e., the assumption of Proposition 3.2). Thus,
when X generates a lot of hyperplanes but not enough, we need to know a little bit
about the structure of X. The next corollary provides this information.
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Corollary 2.6 Forany0 < ¢ < 1, there is 0 < ¢’ < 1 such that for any finite subset X
of RY with

2d
1 X| = (1 = cV/@d+D)yed+2)/(d+1)” @

one of the following statements holds:

(1) There is a hyperplane H ofIRd such that | X N H| > c|X]|.

(ii) There s afinite family of nonzero dimensional pairwise skew flats { F1, F3, . .., Fy}
ofRd with d; := dim F; foralli € {1, 2, ..., k} such that
- Zf‘(:l di <d,

— |x UL F| = elx),
— foralli € {1,2,...,k}, |X N F| < ¥4tV \X N Fj| for each (d;—1)-flat F
contained in F;.

(iii) X generates at least ¢'|X|¢ hyperplanes.

Proof Theorem 2.3 implies that for ¢!/@*D there is 0 < ¢’ < 1 such that one of the
following occurs:

(I) There is a finite family of nonzero dimensional flats {F 1, F12, ..., F1 ,} of R4
such that Y7, dim Fy; < d and |X N{J/_, Fyi| = ¢!/@HD|x].
(II) X generates at least ¢/| X|¢ hyperplanes.

If (I) holds, then we are in (iii). From now on we assume that (I) occurs. Since
Y ' ,dim Fy ; < d and the flats are nonzero dimensional,

n<d. 3)

Starting with the family of flats {F; 1, F12..., F1,,}, we construct recursively fam-
ilies of nonzero dimensional flats {F,, 1, Fn2, ..., Fsmn—m+1} of RY such that
St dim F ;< d and |X N Ut Fp.i| = ¢/@+D]X] as follows. Given
a family of nonzero dimensional pairwise nonskew flats {Fin 1, Fin.2, ..., Fin.n—m+1}
of R? such that 72" dim F,; < d and | X NS Fi| = ¢/@HD|X), we
construct { £, 41,1, Fint1.2, - - - » Fut1,n—m ) inthe following way. Assume without loss
of generality that F}, ,—,, and F,,; ,—m+1 are not skew. Foreachi € {1,2, ..., n—m}
set

o F.i ifi #n—m,
L Fl (Fm,n—m U Fm,n—m+l) ifi =n—m.

From Remark 2.5(i), we have that ) /_{" dim F;,41,; < d and ‘X NUZ Futt,i| =
¢!/@+D|X|. The construction of these families of flats proceeds until one of the fol-
lowing two cases occurs.
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Case 1. Assume that we can construct the families until m = n. Then we get a flat
Fy, 1 such that dim F,, | < d and |X N F, 1| > ¢!/@+D|X| > ¢|X|. Thus we are in (i)
and are done.

Case 2. Assume that there is m < n and a family of nonzero dimensional pairwise
skew flats {Fy, 1, Fn2. ..., Fynm1) of R? such that Z?;f"“ dim F,,; < d and
|x N R |> c!/@+D]x]|. Assume without loss of generality that

XN Fnil Z X0 Fppal = = XN Fyp—msil,

andletk € {1,2,...,n—m++1} be such that
2
|XmFm,l| = = |XmFm,k| > ; > |XﬂFm,k+1| == |XmFm,n—m+1|-(4)

Set Fl’l = Fy,; withd] := dim Fl’ foreachi € {1,2,...,k}.Fori € {1,2,...,k},
we construct recurswely a family of flats F| ; D F,, 2 --- D F/, as follows. leen
a (d/—I1+1)-flat F/’l, if there exists a (dl/—l) -flat F C F/.l such that | X N F| >
@+ x n Fl/,i|’ then we choose one of those flats F and we call it Fl/+1,i' Let n;

be the greatest number / € {1,2,...,d/+1} such that le, ; can be constructed and
write F; := F,; jandd; :=dim F; = d —n; + 1. We shall show that Fy, F», ..., Fx
satisfy (ii). First, since F; € F|, = F,; foreachi € {1,2,...,k}, we have that
F1, F», ..., Fy are pairwise skew by Remark 2.5@ii); in partlcular Fl, F>, ..., Fpare
pairwise dls]omt and Fy, 1, Fin.2, ..., Fijn.n—m+1 are pairwise disjoint, so
k k
'meFi =Y IxnFlL
i=1 i=1
n—m+1 n—m+1 (5)

‘x N | Fni

i=1

> IX N Fuil.

i=1

Second, from (4), |X N Fl”l.| > 2/c for all i < k. Then we have that for all i €
(1,2,..., k),

|XﬂF|>C 1)/(d+1)|XmF/ |>2c(l’l, —d— 2)/(d+l)>2

Thus Fy, F», ..., F; are nonzero dimensional. Third,

n—m+1

Zd < Zd’ > dim Fy < d.

i=1 i=1
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Moreover, for alli € {1, 2, ..., k}, we already know that F; is nonzero dimensional
so n; < d;; this leads to

and hence
X N Fy| = "=V x n Fl > c@D/ED X F L (6)
Fourth,
k n—m+1 )
DX Filz 3 X0 Fuil = (r—m+1-0)~ (by (4))
i=1 i=1
n—m+1

2
—=mt 1=k (by (5))

= ‘Xﬂ U Fon.i

i=1

2
>cV/AFDIX ) —(n—m 41— k)=
&

2d
> /@ g - 24 (by (3))
C
and then, from (2), we get that
k
D) el N () )
i=1
Hence
k k
‘XﬂUF,-': |X N F| (by (5))
i=1 i=1
k
> cd=D/d+1) Z X N F{ (by (6))
i=1
k
= =D/E@ED N X A ] > elX]. (by (7))

i=1
Finally, for each i € {1, 2, ..., k}, the maximality of n; implies that |[X N F| <
/@D x N Fy| for any (d; —1)-flat F contained in F;. Then all the conditions of (ii)

are satisfied. O

The reason why we are interested in skew flats is the following.
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Lemma 2.7 Let X and Y be disjoint finite subsets of R. For any skew flats Fi and
F>, the number of lines generated by X N (F1 U F,) that do not intersect Y is at least
XN Fi|-1XNF|—|Y|.

Proof Setd; := dim F; fori € {1, 2} and the family of lines
L:={FI({x1,x}):x1 € XNF[, xo € XN F}.

Translating if necessary, assume that the origin is contained in F.Let {y, y2, ..., ya,}
be a basis of Fi. Fix yg,4+1 € F> and let {y4,4+2, Y4,+3, - - - » Yd,+d>+1} be a basis of
F> — {ya,+1}. Take X1, x| € X N Fj and x5, X, € X N F,. Then

di di+dr+1
X| =Z?~jyj, X2 = Yd;+1 + Z AjYjs
j=1 j=d1+2
di di+dr+1
X =Y My;. X =yari+ . My
j=1 j=di+2
and hence
dj di+dy+1
Fl ({x1, x2}) = {Z Wiy + (= wWyai+ Y (I—whjyj : pe R},
j=1 j=di+2
dj di+dr+1
FI({x]. x3)) = {Z PRy A= w¥ae+ Y =iy e R}.
j=1 j=di+2

®)

Since F| and F; are skew, {y1, ¥2. ..., Yd,+d,+1} 1s a basis of Fl (F| U F>). Thereby
if x; # x/1 and xp # x/z, we get from the explicit formulas of the lines in (8) that
Fl ({x1, x2}) and FI ({x], x}}) are distinct, so || > |X N Fi| - |X N F>|. Moreover,
since X and Y are disjoint, the previous claim implies that each point of ¥ can be in
at most one line of £; therefore the number of lines in £ that do not intersect Y is at
least |[X N F1| - |X N F>| — |Y|, and this implies statement of the lemma. O

Let F be a d’-flat of R?. For any (d—d’'—1)-flat G of R? disjoint from F, define the
projection

mrG:RINF - G, {mr.c(x)}=GNFI(FU I{x}).
The projection gives a bijective correspondence between the (d’+1)-flats that contain
F and the points of F’ ~ R4~ ~1,

Lemma2.8 Let F, G, and H be flats of R? such that F € G C H and set d’ =
dim H — dim G. Take F a family of (dim F+1)-flats in RY such that G and H are
generated by F, and K contains F forall K € F. Then there are Fy, F», ..., Fy € F

such that H = F1 (G U Ufl/zl F).
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Proof First assume that F' = . In this case the proof is by induction on d’. If d’ = 0,
G = H. Assume that the claim holds for all 0 < d” < d’. Since d’ > 0 and
G, H are generated by F, there is x € R? such that {x} € Fandx € H \ G. Set
Fy :={x} and K := FI (G U Fp). Note that dim K = dim G + 1. Clearly F € K C
H and K is generated by 7. Thus we can apply the induction, and therefore there
exist F, F», ..., Fy_y € F such that H = Fl (K U Ufl/:_ll Fi). This completes the
induction since

d'-1 d'-1

H:Fl(KuiLZJIE>=F1<GUUF,»).

i=0

Now we show the general case. If dim F' > d — 1, the statement is trivial. Thus, from
now on, we assume thatdim F < d — 1. Let Fbea (d— dim F—1)-flat disjoint from
F and the projection 7w := T p- We have that § C 7(G) € w(H). Set 7 (F) =
{m(K) : K € F} and note that it is a family of O-flats in F ~ RI=dmF~1 guch that
7 (G) and 7w (H) are generated by 7 (F). Applying the case we solved in the previous
paragraph, there are Fy, F3, ..., Fy € F such that

v
7(H) = Fl (n(G)UUn(F,-)). 9)

i=1
Since F1, F», ..., Fy, G, H contain F, we get from (9) that

d

H:Fl(GUUFi),

i=1
and this concludes the proof. O

Lemma 2.9 Let X be a nonempty subset, 0 < ¢ < landk € {0,1,...,d—1}. If X
generates at least c|X|¢ hyperplanes, then it generates at least ¢| X |**' k-flats.

Proof The proof is done by a double induction first on d and thenond — k. If d = 1,
then k = d — 1 = 0 and there is nothing to prove. We assume that the claim is true
forall 1 < d < d from now on. If k = d — 1, we are done. We assume that the
claim holds for all k < k' < d — 1. Let F be the family of k-flats generated by
X and F’ be the family of (k+1)-flats generated by X. For any F’' € F’, there are
X1,X2,...,Xu € X such that F/ = FI({X1,X2,...,Xy}). Letn € {1,2,...,m} be
the minimum number satisfying F’ = Fl ({X], X2, ..., X,11}). On the one hand, the
minimality of n leads to Fl ({x1, X2, . .., X,}) € F’. On the other hand, if we drop one
point x; from F’ = Fl ({x, X2, ..., Xy+1}), we lose at most one dimension; thereby
dim FI ({x1, X2, ...,X,}) = k — 1. We have proven that for any F’ € F’, there is
F € Fsuchthat F C F’. Therefore |I(F, F')| > |F’|, and the induction hypothesis
applied to F' leads to

[[(F, F)| = |F'| > c|X|F+2. (10)
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Let F € F and take F’ € F’ such that F C F’. Lemma 2.8 (applied to the flats
¢ C F C F’ and the family F := {{x} : x € X}) implies the existence of x € X such
that F’ = F1 (F U {x}). Then

\I{F}, F)l < |X]. (11)
This yields that
ol XM < |1(F, 7)) (by (10))
= Y U{F}LF) < |F]-1X], (by (11))
FeF
and hence |F| > ¢|X|**! completing the induction. m]

3 A Key Ingredient

The purpose of this section is to prove Proposition 3.2. In order to do it, we need a
technical lemma.

Lemma3.1 LetO <c < 1/4, k € {—1,0,...,d—3}andn € Nwithn > 53/c>. Take
— ak-flat X of R%;

— afamily F of (k+1)-flats of R? such that | F| < n and all its elements contain X ;

— afamily H of hyperplanes of R? such that |H| > cn®=*~1 and all its elements are
generated by F;

— afamily M of (k+2)-flats of R? such that each element of M is generated by F
and contained in some element of 'H.

If IM| < ¢>n?/53, then there exists X' € F with the following two properties.

() If F' is the family of (k+2)-flats F of R¢ such that F contains X', F is generated
by Fand F ¢ M, then |F'| < n.

(i) fM ={MeM:MD2DX'}and H is the family of elements H € H which
contain X' and such that M ¢ H for all M € M’, then |H'| > cnd=k=2/4,

Proof Set F| :={F € F : I({F},H) = cn®*=2/2}. Forany H € H, H is generated
by F so it contains at least one element of . Hence

[1(F, )| = H]. (12)
Let F € F and H € H be such that F C H. Since the elements of F and H
are generated by F and the elements of F contain X, we can apply Lemma 2.8 to

X C€ F C H and F. Hence there are Fi, F>, ..., Fj_r_>» € F such that H =
FI (F U/ % F;). Therefore

(F)H)| < ( ot 2) < ndh2, (13)
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Then we have that

en?™ N < M| < | I(F, 1) (by (12))
= Y UAFLHI+ Y [H{F}LH)
FeF FeF\Fi
<|ART2 e Y I(F)L ) (by (13))
FeF\Fi
d—k—2
<|1Fin 2 1P A D
2
< (1A + 50 = 17D )n' =2, (since || < n)
2
and thereby
Fil = 5

(14)

Let Fy be a (d—k—1)-flat disjoint from X and write 7 := mx g, (recall that wx g, (X) is
the intersection of Fy and FI (X U {x}) foranyx € R4\ X).SetY := {n(F) : F € F},

Y1 :={xw(F): F € F1} and the family of lines
L :={Llinein Fy: 7~ (L) € M}.
The projection 7 has the property that
IFI=1 A=l IMI=IL].
Theorem 2.1 implies that
11, O < 4(1LPPV1PP + 1L+ 1D41).

Since n > 53/¢, | Fi| < |F| < n,and |M| < c>n?/53, we get that

*n’ 2/3 2/3
-z 4(IMIPPIFRIE + M+ | FA).
Thus
c3n2
— = 4(IMPPIFPR + M|+ 1 R) (by (17))
= 4(ILPPI1P3 + 121+ 1)) (by (15))
> I, L) (by (16))
= > 1y} O = || min [I({y}, £)|
yeV

yeV
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= |F1| min [1({y}, £)] (by (15))
YEV

v

%;ngl 11({y}, L), (by (14))

and therefore there is x € ) such that |I({x}, £)| < ¢2n; fix such x € ). Set
X' := 7~ 1({x}). Since |1 ({x}, £)| < ¢*n, we get that

[1(X', M)| < c*n. (18)

X' is a (k+1)-flat and X’ € F since x € ). For any F' € F’, F’ is generated by
F. Thus, applying Lemma 2.8 to X € X’ C F’ and F, there is F € F such that
F’ = F1(F U X’). This implies that | F'| < |F| < n, and hence (i) holds.

The definition of H’ yields that H' € Hand M ¢ H forall H € H and M € M'.
For all H € 'H, there are Fy, F>, ..., Fy € F such that H = Fl (Ule F,~) since
H' € H and the elements of H are generated by F. Set F := FI (X' U F;) for all
i €{1,2,...,k}. Since H contains X', we get that H = FI (Ule Fi’). Moreover,
since M ¢ H forall M € M’ and F! € Hforalli € {1,2,...,k}, F/ ¢ M;
thereby F; € F' foralli € {1,2,...,k} and thus H is generated by F’. Finally, let
M € M’ and H € H be such that X’ € M C H. Since the elements of M and H are
generated by F and they contain X', we can apply Lemma 2.8 to conclude there are
Fi,F, ..., Fg__3 € Fsuchthat H = Fl (M U U?:_{{_S F,~). Therefore

(M) H)| < (d o 3) < nd k3, (19)

On the one hand, (19) implies each element of M’ is contained in at most n¢—%—3

elements of 7. On the other hand, (18) yields that [M’| < ¢?n. Therefore there are
at most ¢2n9=*=2 elements of H that contain an element of M’. Because x € Y, we
have that X’ € 7 and thereby it is contained in at least cn?=¥=2/2 elements of .
These claims lead to
d—k—2
cn
|H/| Z T _ cznd7k727

and then |H'| > cn? %72 /4 as ¢ < 1/4; we have shown that (ii) is satisfied. O

Proposition 3.2 Let X be a nonempty finite subset of R with dim X = d, a coloring
X =L, Xiwithm < dand0 < ¢ < 1/4.If X generates at least c| X|¢ hyperplanes
and |X| = 5% - ™=V /3 then

m 5
¢ 2
‘M(U X,’)' > mpﬂ .
i=1

Proof First we deal with the case m = d—1. In the first part of the proof, for k €
{—1,0,...,d—3}, we construct recursively a k-flat Xi, a family F; of (k+1)-flats,
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a family Hj of hyperplanes, and a family My of (k+2)-flats, using Lemma 3.1.
We start setting n := |X|, X_1 = @, F_1 := {{x} : x € X}, H_1 the family of

hyperplanes generated by X and M_; := M(Ulm:] Xi). If IM_1| < ¢>n?/5%, then
Lemma 3.1 implies the existence of X, Fo, and H satisfying (i) and (ii) of Lemma 3.1,
respectively. For k € {0, 1, ..., d—3}, assume that we have

(i) a k-flat X; of R4 such that X € Fi_1;

(ii) the family Fj of (k+1)-flats F of R? such that F contains X, F is generated by
Fr—1 and F ¢ My_y; in particular | Fi| < n;

(iii) a family Hy of hyperplanes of R? such that Hy € Hi_1, |Hx| = cnd %=1 /4k+1,
all its elements are generated by Fi, and also M Q H for all H € 'H; and
M € Mj_ satisfying M 2 Xi;

(iv) the family My of (k+2)-flats M of RY generated by Fj such that M is contained
in an element of Hy and M contains an element of M (UJ/, X;).

If IMg] < 2n?/(5° - 4% +D) then Lemma 3.1 implies the existence of X1, Fit1,
Hp 1, and My satisfying (i), (ii), (iii), and (iv), respectively (with k + 1 instead of
k in each case). The next step in the proof is to show that this recursion has to stop
before k = m — 1; in other words, we shall show that

5,2

M
| 1<|>5

m for some kK <m — 2. (20)

If there is k < m — 2 such that | My| > An* (53 ~45(k+1)), we are done. Hence we
assume that |[My| < ¢>n2/(5% - 4%+D) for all k < m — 2. Therefore there exist
Xm—2, Fm—2, Hm—2, and M,,_» satisfying (i), (ii), (iii), and (iv), respectively. We
shall show that

Mpy—2 = Hp—2. 2D
For all M € M,,,_», M is contained in H for some H € H,,_,. However,
dmH=d—-1=m=dmM
so M = H; thereby M,,_» < H,,,—». For all H € H,,—», H is generated by F;,,_».
Recall that foralli € {0,...,m—2}and F € F;, F is generated by F;_1; iterating

this fact, we conclude that H is generated by F_1, and thus H is generated by X; in
particular,

dm(XNH)=d—1=m. (22)

Notice that | J{~,(X; N H) is a coloring of X N H. Then, from (22), we can apply
Theorem 1.2 to the coloring X N H = |J7_(X; N H) in H ~ R~ to conclude
that there is L € M(U/L,(X; N H)). Since X N H € X and X; N H € X; for
all i € {1,2,...,m}, L contains at least two points of X and it is contained in a
chromatic class X;; in other words, L € M(U;"Zl X,-). Since L € H, we conclude
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that H € M,,_>. This proves H,,—» € M,,_» and it completes the proof of (21).
Because |H,,—o| > cn?/4™~1, (21) implies (20).

Letk € {—1,0, ..., m—2} be the minimum value satisfying (20). If k = —1, we
are done by the definition of M_;; hence we assume that k > —1 from now on. The
next step in the proof is to show that for all [ € {—1,0,...,k}, M € My and F
an ([+1)-flat generated by X such that X; € F € M, we have F € F;. We prove
this claim by induction on [. For [ = —1, the claim is trivial since F_; = {{x} :
X € X}. Assume that the claim holds for all —1 < I’ < [. Since F is generated
by X, X; € F and dim F — dim X; = 1, we get the existence of x € X such that
F = FI (X; U {x}). On the one hand, F1 (X;_; U {x}) is an /-flat generated by X such
that X;_1 € Fl1(X;—; U {x}) € M so, by induction, Fl (X;_; U {x}) € F;_1. On the
other hand, X; € F;_;. Then F is generated by F;_1 since

F=F1(X; U{x}) =FI(X; U (X;—1 U{x})).

Since M € My, thereis H € Hj containing M.Now H € Hy C Hjand F C M C H
so F cannot be in M;_; by the definition of H;. Therefore F' € F; and the induction
is complete.

For each M € My, fix Ly € M(UJ', X;) contained in M and Hy € Hy that
contains M. To complete the proof of the proposition when m = d — 1, the last step
is to show the injectivity of the correspondence

My — M(Uxi), M Ly.

i=1

Suppose that there are M, M’ € M suchthat Ly; = L. Set M" :=Fl (X U Ly).
We claim that

dim M" = k + 2. (23)

If dim M” < k + 1, we get a contradiction as follows. Set [ := dim M” — 1. Recall
that the elements of F;_ are generated by Fj_», the elements of Fj_, are generated
by Fi_3, etc.; hence X € Fji_1 is generated by X. On the one hand, M” is generated
by X since X; and Ly are generated by X. Also note that X; C Xy € M” C M.
Thus the previous paragraph implies that M” € F;. On the other hand, the following
three claims prove that M” € M;_1:

* M" is generated by elements of F;_; (since M"” € F).
*M" C M C Hy with Hy € H, € Hi—1.
*Ly C M.

However, this is impossible since F; and M;_; are disjoint; thereby (23) is true.
Since M N M’ contains Xy and Ly, M N M’ contains M”. However, (23) implies
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that dimM” = k+2 = dimM = dim M’ so M = M’. Thus the correspondence
M +— Ly is injective and, as a consequence,

H(U)

Finally we show the general case using the case m = d — 1. Because X is finite,
we can find an (m+1)-flat Fy and 7: R? — F, its orthogonal projection such that
dim 7 (F) = dim F for any flat F' generated by X such that dim F < m; in particular
|7 (X)| = |X|. Set X" := 7w (X) and X] := 7 (X;) foralli € {I,2, ..., m}. Because &
is the orthogonal projection and dim X = d, notice that dim X’ = m + 1. Since X gen-
erates at least ¢| X |¢ hyperplanes, X generates at least ¢| X |""*! m-flats by Lemma 2.9.
Therefore X’ generates at least ¢|X’|""+! hyperplanes in Fyy. Then X’ with its coloring
X' =UL, X| satisfies all the assumptions of the case m = d — 1, so

ASn? 5,2

cn
> M| = 5345041 = 53 450m—1) "

m 5 5
/ C 12 C 2
‘M<U Xi)‘ = 53 . 45(m—1) X" = 33 _45(m—1)|X| : 24
i=l1

Forany L' € M(U/L, X!), fix x|, x5 € L' N X’ with x| # x} and x|, X2 € X such
that 7(x;) = x| for j € {1,2}. Set L := Fl({x1,X2}). Since L € M(UL, X)),
notice that L € M(Uf”: 1 X i). Also note that 7 (L) = L'. Clearly the correspondence

is injective, so
m
M(Ux)
i=1

and the result follows from (24). O

4 Proofs of the Main Results

In this section we complete the proofs of the main results.
Proof of Theorem 1.3 Assume that

2d

X > b
X1 = (1 _Cl/(d+1)2)c(d+2)/(d+1)2

so the conditions of Corollary 2.6 are satisfied by X; for the value c¢'/“@*D Let¢” > 0
be the number corresponding to ¢!/@+1D as in Corollary 2.6; assume without loss
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of generality that ¢’ < 1/4. The proof will depend on which case of Corollary 2.6
is satisfied by X;. Since no hyperplane H of R? contains more than ¢|X;| points of
X;, Corollary 2.6(i) is impossible. If Corollary 2.6(iii) holds, then X; generates at
least ¢”’|X;|? hyperplanes in R?. Because X; is contained in X and ¢/|X| < |X;|,
we have that X generates at least ¢”¢’|X|¢ hyperplanes. Then the assumptions of
Proposition 3.2 are satisfied by X, so

‘M<U XJ)‘ = @c”c/d,m(|X|2) = @C,c’,m,d(|X|2)-

It remains to prove the claim when X; is as in Corollary 2.6(ii). Let Fy, F», ..., Fy be
nonzero dimensional pairwise skew flats of R such that

k
Zdim Fj <d (25)
and | X; N U'}=1 Fj| = ¢"/@+D|x;|. Forall j € {1,2,...,k}, we have
k
dim F; <) " dim F; <d.

=1

For any hyperplane H of R¢, we have that | X; N H| < c|X;|; in particular this is true
for any hyperplane containing F; so

1Xi N Fj| < clXil. (26)
Rearranging if necessary, assume that
IXiNFil < [XiNF| <... < |Xi N Fl.

From (26) applied to j = k, we conclude that

k—1 k
‘X,- NJA|=xinJA|-1Xn0Fl = /Y —olx),
=1 =1
and thereby
1 cl/d+h _ .
|X,-an_1|sz‘X nUFl — Xl
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Thus
A+ _ .

1Xi 0 F 2 1Xi 0 Bt 2 ——

|Xi . (27)
Let £ be the family of lines generated by X; N (Fi—1 U Fy) without elements in X \ X;.
Applying Lemma 2.7 to the sets X; and X \ X; and the skew flats Fj_; and Fy, we
get that

L] = 1X; N Fq] - 1X 0 Fe| = 1X\ X5 (28)
Hence
m
‘M<U X,») > L] 2 |X; N F| - 1Xi 0 Fil = X\ Xi|  (by (28))
j=1
M@+ _ o\2 5
> -1 [ X7 — X\ X;| (by (27))
M@+ _ o\2 5
> — [ X" — X\ Xi| (by (25))
C/(Cl/(d+l) —0) 2
> <f> X > —1X],

and then also in this case

‘M(U X,)‘ = Oc.c'ma(IX). O
j=1

Remark 4.1 With the notation as in Theorem 1.3, it can be obtained explicitly from
the proof that if | X| is at least

2d 5% . 45m=D) 4d?
max { (1 — /@) c@+D/@+D2" (V)5 2 (1@ — C)Z}
2d 5% . 43m=1D 4d?

= /(1 — M/@+D?)c(d+2)/(d+1)? ’ (c"c'd)3 ' c2(cl/d+D) — )2’

then

m d\5 YRV I Ry
(c"c'h) c“(c c) )
‘M(U Xj) 53 45m=1)" 2d? 1Xl

J=1

Zmin{

(c”c’d)S C/Z(Cl/(d+1) _ c)2

2
z 53 ,45(m—1) ’ 2d2 ) |X| '

We prove Theorem 1.4.
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Proof of Theorem 1.4 First we establish some notation and parameters that will be used
in the proof. Corollary 2.6 states that for any 0 < » < 1 and Y nonempty finite subset
of R¢ with

Y| > 2¢ ,
= (1 = pl/e+D)plerd)/(e+D)

there is 0 < b’ < 1 such that at least one of the three statements there holds. For any b
and e as above, we will fix one of those 0 < b’ < 1 and we will denote it by ¢ (b, e).
ForeachO < b < land n,e € NU {0}, set 7, .(b) := bl/(”‘l)n; more generally, for
n=ny,ny,...,ng),e=1_(r,e,...,ex) € (NU {O})k, write

Tn,e(b) = Tnk,ek(~ .. (Tnz,ez (Tnl,el (b))).

Set I, := {n = (n1,n2,...,nx) € NU{OH* : k € N, ZLI ng < n}. Define the
parameters

Gn.e(b) :=min{p(tne(b),€) nel,, ecl, e <e},
f4,e(fn,e(b))

TS,e(Tn,e(b))

6, (b e min | (e ®) = Tne(®) :
el 2e

0n,e(0) :=min {(1 = 71 o (tn,e (D)) 71 ¢/ (T (b) € TP/ EFD)

‘nel, ecl, e <e},

0n.0(b) .z(l>“6"”/ 16-0 (dmn,e(b) - pine(b) ~94n,e<b>>‘6”

2
Pn.e(D) ::min{min{ —1, 1} :neln,eele},

:neln,eele},

2 n4 .53 .456@n-1)
2e

nel) =—
Vne(®) ©n.e(D) - 04n,e(b)

Notice that for all n’ > n, ¢’ > ¢, and 0 < b < 1, we have that b < 1, .(b) <
Ty (b)) <landb < 7, .(b) < 7y, (b) < 1. ThenO < ¢, (D) < 1 and ¥, .(b) > 0.
Also

One(b) = @po(b)  ifn<n'
Gne(b) = @ (b)  ife<é,
Une(D) < Y o(b)  ifn<n',
Vne(d) <Y eb) ife<e.

(29)

Since

Dan—4,0(T4,6(D)) = Pan,e(b), Pan—4.,e(Ta,e (b)) = pan,e(D),
94n74‘e(f4,e(b)) = 04n,e(b)y Q4n74,e(7:4,e(b)) = Q4n,e(b),
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we have that

(Pnfl,e(f4,e(b)) > 2‘pn,e(b)1/16:

1/16 (30)
wn—l,e(f4,e(b)) < (pn,E(b) : 1//n,e(b)-
We will show by induction on m that if
1X| = Ym,a(c), €Y
then
m
‘M<U x,) > om.a(0) X%, (32)
j=1

and this will imply the proof of the theorem. First assume that m = 1. Then X has one
chromatic class which is precisely X. Since m < 2m < d, we can apply Theorem 1.3
to X. Notice that

1 ¢1a©° [(male) —c)?

<} (0 ),
© = 2d 53 < 2d )2
V14(0) 2 (1 — 11.4(c)TL.a(c9TD/E@DY " ¢y 4(0)S \t1a(c) —c)

Then Remark 4.1 yields that (31) implies (32) in this case.

From now on assume that (31) implies (32) for all 1 < m’ < m. Assume that
X satisfies (31); then we can apply Corollary 2.6 to X with the value 15 4(c). The
completion of the induction will depend on which case of Corollary 2.6 applies to
X. First, since no hyperplane of R¢ contains more than ¢|X| points of X, X is not in
Corollary 2.6(i). If X is in Corollary 2.6(iii), then Proposition 3.2 implies (32). Thus it

remains to complete the induction when X is in Corollary 2.6(ii). Let Fy, F», ..., F
be nonzero dimensional pairwise skew flats of RY. Set d; := dim F; for all i €
{1,2,...,k}. Then:

@ Y d <ad.

D [X nU, F| = 04X,
() For alli € {1,2,...,k}, | X N F| < 134(c)|X N F;| for each (d;—1)-flat F
contained in F;.

To abbreviate the notation, we write

. Pm.a(c)'/1 14 v Pma)'?
¢ = — + Om.alc)’”, =
min {t4 4(c)/13,4(c) — 1, 1} m

Assume without loss of generality that

XN F|=Z[XNF] == |XNF.
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Hence
1 & 1 k 7 .4(¢)
|XQF1|ZE;|XﬂFi|2z‘XOHFi > ’k |X] (by (I))
72,4(¢)
> TIXI- (by (D)
Because

1 1) . (144 6
¥m,a(c) < (5 T - min {m -1, 1}) )

we have 12 4(c)/d > ¢’. Then there is kK’ € {1, 2, ..., k} such that
IXNF| == |XNFu| = X]>[X0Fegl == XN Fl. (33)
Foreachi € {1,2,...,m}, set
Fi={Fj €{F1,..., Fu} 1 |X; 0 Fj| = "|X]};

since Zj’”zl |X;NFi| > |XNFy|,(33)yields that there is atleastone i € {1,2, ..., m}
such that F; # (. The conclusion of the induction is divided into two cases.

Case 1. Assume that |F;| < 1foralli € {1,2,...,m}. We already know that there
is an J; that is nonempty. Therefore, rearranging if necessary, we assume that there
ism’ € {1,2,...,m} such that |F|| = |F| = -+ = |Fw| = 1 and |Fy1| =
|Foanl = -+ = |Ful =0.Foreachi € {1,2,...,m’}, let (i) be the element of

{1,2,...,k'} such that F; = {F,;)}; also set
I'={c(j):je(l,2,...,m'}}.
Notice that
|X; N Fj| <c"|X| foralli € {1,2,...,m}suchthat F; ¢ F;. (34)

Thus

X; N U Fi| <mk'c"|X|. (35)

Je(l. k"N
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From (II), (33), and (35), we are able to bound |X \Uies Fi | from above as follows:

k k
‘X\UFi < X\UF,W+‘X nlJ F +‘X n J F
iel i=1 i=k'+1 Jell, o kNI (36)
< (I = a@)|X| 4 (k = k' |X| + mk'c"|X|
= (1 = 1,4(c) + (k — k' + mk'c")|X].
Note that
¢ me" < 20m a()V* < M_ (37)
’ 4d
Therefore
‘XﬂUFi = |X| - ’X\UF,
iel iel
> (12.a(c) = (k — k)¢’ —mk'¢")|X| (by (36))
> (12.4(c) —dc’ —mdc")|X]| (by (I))
> c|X|. (by (37))
This means that | J;.; F; cannot be contained in a hyperplane, and we conclude that
dim|_J Fi =d. (38)
iel
Foralli € I,set J; := {j € {1,2,...,k'} : o(j) = i} and m; := |J;|; then

Y icgmi =m’ andm; > 1foralli € I. From (I), we have that for all i € 1

k
di <) dj<d
j=1
so (38) implies that |7| > 1; this fact yields

mi=m’—2mj§m—2mj<m foralli e 1. (39)
Jjel\{i} Jjel\{i}

We claim that there is i € I such that 2m; < d; and we prove it by contradiction.
Assume that

2m; > d; foralli e I. (40)
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From Remark 2.5(i) and (38),
dim( JF <> di+111- 1. 41)
iel iel
Then
d>2m=>2m' =) 2m; > di+|I| (by (40))
iel iel
> dim|_J F; + 1 (by (41))
iel
=d+1, (by (38))
and this is the contradiction we were looking for. Fix i € [ such that
2m; < d;. (42)
Set X} = X;NF; forall j € J; and X' := Uje],- X} = (UjeJ,- Xj) N F;. From
(34),

XNF)\X| < > IX;NFl<@m—m)c|X| <mc"|X].  (43)

JEL.2,..m\J;

Thus (33) and (43) lead to

X' =IXNFl— (XN F)\X'| = (" —mc")|X].

Then

XN F| =X+ I(XNF)\X|
= IX'| + mc"|X|

mc//
= (1 + ﬁ>|x/|.
¢’ —mc”

Since ¢;,.4(c) < 1, we have (,om,d(c)l/16 > (pm,d(c)l/4 and thus

4
mc T. C
- 4,4(¢)

1+ .
¢ —mc" T 134(C)

(by (43))

(by (44))

(44)

(45)

(46)
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For any (d; —1)-flat F contained in F;, we get that

IX'NF <X NF|<134(0)|X N (by (ITD)
< r3,d(0)<1 + L) 1X'| (by@5) (47
Cc —mc
< 1a()X]. (by (46))

From (30),

P ()Y a(c)
min {74 4(c)/73,4(c) — 1,1

(" = mc"Ym,a(c) = | > Ym-1.d(t4.a(c)).  (48)

Thus
X' = (" —mc")|X]| (by (44))
> (¢" = mc")Ym,a(c) (by (31))
(49)
> Yim—1,a(t4,4(c)) (by (48))
> Ym; d; (Ta,0(C)). (by (29), (39))

From (39), (42), (47), and (49), we have that X" with the coloring X’ = | jed X;.
and the value 74 4(c) satisfy the conditions and we can apply the induction hypothesis.
Therefore

“(U)

JeJi

> Oy i (T4.0(0)|X|? (by (32))

> (¢ = mc") o, 4 (14.0(0) | X, (by (44)) (50
Let £ be the family of lines L such that L is contained in F;, generated by X and it
intersects (X N F;) \ X’. Then |£]| < [(X N F;)\ X'| - |X N F;|, and hence (43) implies
that

1L] < me”| X% (51)

Note that M (U, X;) \ £ € M(U7=; X;). Thus (50) and (51) yield

> ((c' = mc") Qm; 4, (ta,a(c)) — me")| X |%. (52)

()
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Notice that

Om; d; (T4,4(€)) = @m—1,4(T4,4(c)) (by (29), (39))
> 20m.a(c) /10 (by (30))  (53)
2
> 2 min {(’4"1(6) - 1>, 1} ma(@V1C.
73.4(c) ’
Then

> ((c' = mc") o, a, (taa(c)) —me") | XI* (by (52))

“(U)

1

1/16 2
B ((min {Ta f(’z)d/(;)d(c) -1 1}) #mid (24.a(€)) = (pm’d(6)1/4>|X|2
= 20m.a(©)*"® — @ a(0) /)| X ? (by (53))

1 2 2
= ¢ma (@ X P = gna @I X P,
and it completes the induction in this case.

Case 2.  Assume that there exists j € {1, 2,...,m} such that |[F;| > 1. Assume
without loss of generality that |F1| > 1, and take F;, and Fj,, elements of Fi, such
that F;, # Fj,. Let M be the family of lines L generated by X; N (F;, N F;,) such
that L N (X \ X1) = @. Then

MgM(U X,-). (54)

j=1

Since Fj, and F;, are skew, Lemma 2.7 yields that

M| = X1 N Fyy |- X0 Fy| = X\ X, (55)
Hence
‘M<U X,) > M| (by (54))
j=1
= XiNFy - IXiNFpl — X\ Xi|  (by(55)  (56)

> (21X = 1X\ X1| > ()*X]P — |X].
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On the one hand, |X| > ¥,,.4(c) > 2/c”. On the other hand, ¢, 4(c) < 1/2m*).
Hence (56) leads to

\

M ' X ) xp 2
Ux )|z 515 2 gnat@)IXP.
j=1

and it completes the induction in this case. O
We conclude this paper proving Theorem 1.5.

Proof of Theorem 1.5 Assume that | X| > 6d. Let 0 < ¢ < 1 be a value that satisfies
Corollary 2.4(ii) for 0 < 2/(3d) < 1/(d—1); assume without loss of generality that
¢ < 1/4. Notice that X is not in Corollary 2.4(i) since all the hyperplanes of R contain
atmost | X|/(2d) elements, but | X|/(2d) < 2|X|/(3d). Therefore X generates at least
¢|X |4 hyperplanes by Corollary 2.4(ii). Thus, from Proposition 3.2 applied to X and
c,if |X| = 5% - 45D /3 then

m 5
¢ 2
‘M<UX1>' > WWI .

i=1
This proves the theorem because ¢ depends only on d. O
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