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Abstract We consider the problem of optimality in manifold reconstruction. A ran-
dom sample X, = {Xy,..., X} C RPD composed of points close to a d-dimensional
submanifold M, with or without outliers drawn in the ambient space, is observed.
Based on the tangential Delaunay complex (Discrete Comput Geom 51(1):221-267
2014), we construct an estimator M that is ambient isotopic and Hausdorff-close to M
with high probability. The estimator M is built from existing algorithms. In a model
with additive noise of small amplitude, we show that this estimator is asymptotically
minimax optimal for the Hausdorff distance over a class of submanifolds satisfying a
reach constraint. Therefore, even with no a priori information on the tangent spaces
of M, our estimator based on Tangential Delaunay Complexes is optimal. This shows
that the optimal rate of convergence can be achieved through existing algorithms. A
similar result is also derived in a model with outliers. A geometric interpolation result
is derived, showing that the Tangential Delaunay Complex is stable with respect to
noise and perturbations of the tangent spaces. In the process, a decluttering procedure
and a tangent space estimator both based on local principal component analysis (PCA)
are studied.
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1 Introduction

Throughout many fields of applied science, data in R” can naturally be modeled
as lying on a d-dimensional submanifold M. As M may carry a lot of information
about the studied phenomenon, it is then natural to consider the problem of either
approximating M geometrically, recovering it topologically, or both from a point
sample X, = {X1, ..., X;,;}. [tis of particular interest in high codimension (d < D)
where it can be used as a preliminary processing of the data for reducing its dimension,
and then avoiding the curse of dimensionality. This problem is usually referred to as
manifold reconstruction in the computational geometry community, and rather called
set/support estimation or manifold learning in the statistics literature.

The computational geometry community has now been active on manifold recon-
struction for many years, mainly in deterministic frameworks. In dimension 3, [18]
provides a survey of the state of the art. In higher dimension, the employed meth-
ods rely on variants of the ambient Delaunay triangulation [4,13]. The geometric and
topological guarantees are derived under the assumption that the point cloud—fixed
and nonrandom—densely samples M at scale e, with ¢ small enough or going to 0.

In the statistics literature, most of the attention has been paid to approximation
guarantees, rather than topological ones. The approximation bounds are given in terms
of the sample size n, that is assumed to be large enough or going to infinity. To
derive these bounds, a broad variety of assumptions on M have been considered. For
instance, if M is a bounded convex set and X,, does not contain outliers, a natural
idea is to consider the convex hull M = Conv(X,,) to be the estimator. Conv(X,,)
provides optimal rates of approximation for several loss functions [20,29]. These rates
depend crudely on the regularity of the boundary of the convex set M. In addition,
Conv(X,,) clearly is ambient isotopic to M so that it has both good geometric and
topological properties. Generalizations of the notion of convexity based on rolling
ball-type assumptions such as r-convexity and reach bounds [15,24] yield rich classes
of sets with good geometric properties. In particular, the reach, as introduced by
Federer [22], appears to be a key regularity and scale parameter [11,24,28].

This paper mainly follows up the two articles [4,24], both dealing with the case of
a d-dimensional submanifold M C RP with a reach regularity condition and where
the dimension d is known.

On one hand, [4] focuses on a deterministic analysis and proposes a provably faithful
reconstruction. The authors introduce a weighted Delaunay triangulation restricted
to tangent spaces, the so-called Tangential Delaunay Complex. This paper gives a
reconstruction up to ambient isotopy with approximation bounds for the Hausdorff
distance along with computational complexity bounds. This work provides a simplicial
complex based on the input point cloud and tangent spaces. However, it lacks stability
up to now, in the sense that the assumptions used in the proofs of [4] do not resist
ambient perturbations. Indeed, it heavily relies on the knowledge of the tangent spaces
at each point and on the absence of noise.
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On the other hand, [24] takes a statistical approach in a model possibly corrupted
by additive noise, or containing outlier points. The authors derive an estimator that
is proved to be minimax optimal for the Hausdorff distance dy. Roughly speaking,
minimax optimality of the proposed estimator means that it performs best in the worst
possible case up to numerical constants, when the sample size n is large enough.
Although theoretically optimal, the proposed estimator appears to be intractable in
practice. At last, [28] proposes a manifold estimator based on local linear patches that
is tractable but fails to achieve the optimal rates.

1.1 Contribution

Our main contributions (Theorems 2.7, 2.8 and 2.9) make a two-way link between the
approaches of [4] and [24].

From a geometric perspective, Theorem 2.7 shows that the Tangential Delaunay
Complex of [4] can be combined with local PCA to provide a manifold estimator that
is optimal in the sense of [24]. This remains possible even if data is corrupted with
additive noise of small amplitude. Also, Theorems 2.8 and 2.9 show that, if outlier
points are present (clutter noise), the Tangential Delaunay Complex of [4] still yields
the optimal rates of [24], at the price of an additional decluttering procedure.

From a statistical point of view, our results show that the optimal rates described
in [24] can be achieved by a tractable estimator M that (1) is a simplicial complex of
which vertices are the data points, and (2) such that M is ambient isotopic to M with
high probability.

In the process, a stability result for the Tangential Delaunay Complex (Theorem
4.4) is proved. Let us point out that this stability is derived using an interpolation result
(Theorem 4.1) which is interesting in its own right. Theorem 4.1 states that if a point
cloud & lies close to a submanifold M, and if estimated tangent spaces at each sample
point are given, then there is a submanifold M’ (ambient isotopic, and close to M for
the Hausdorff distance) that interpolates &7, with T, M’ agreeing with the estimated
tangent spaces at each point p € &. Moreover, the construction can be done so that
the reach of M’ is bounded in terms of the reach of M, provided that &2 is sparse,
points of &2 lie close to M, and error on the estimated tangent spaces is small. Hence,
Theorem 4.1 essentially allows to consider a noisy sample with estimated tangent
spaces as an exact sample with exact tangent spaces on a proxy submanifold. This
approach can provide stability for any algorithm that takes point cloud and tangent
spaces as input, such as the so-called cocone complex [13].

1.2 Outline

This paper deals with the case where a sample X, = {Xi,...,X,} C RP? of
size n is randomly drawn on/around M. First, the statistical framework is described
(Sect. 2.1) together with minimax optimality (Sect. 2.2). Then, the main results are
stated (Sect. 2.3).

Two models are studied, one where X, is corrupted with additive noise, and one
where X, contains outliers. We build a simplicial complex A?TDC (X,,) ambient isotopic
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to M and we derive the rate of approximation for the Hausdorff distance d iy (M, MTDC),
with bounds holding uniformly over a class of submanifolds satisfying a reach regu-
larity condition. The derived rate of convergence is minimax optimal if the amplitude
o of the additive noise is small. With outliers, similar estimators MTDCs and MTpc+
are built. A//?TDC, A//]TDC(; and MTDc+ are based on the Tangential Delaunay Complex
(Sect. 3), that is first proved to be stable (Sect. 4) via an interpolation result. A method
to estimate tangent spaces and to remove outliers based on local Principal Component
Analysis (PCA) is proposed (Sect. 5). We conclude with general remarks and possible
extensions (Sect. 6). For ease of exposition, all the proofs are placed in the Appendix.

1.3 Notation

In what follows, we consider a compact d-dimensional submanifold without boundary
M C RP tobereconstructed. Forall p € M, T, M designates the tangent space of M at
p. Tangent spaces will either be considered vectorial or affine depending on the context.
The standard inner product in RP is denoted by (-, -) and the Euclidean distance ||-]|.
We let A(p, r) denote the closed Euclidean ball of radius » > 0O centered at p. We
let A and Vv denote respectively the minimum and the maximum of real numbers.
As introduced in [22], the reach of M, denoted by reach(M) is the maximal offset
radius for which the projection mys onto M is well defined. Denoting by d (-, M) the
distance to M, the medial axis of M med(M) = {x € RP |da #be M, |x —al| =
llx — b|| = d(x, M)} is the set of points which have at least two nearest neighbors on
M. Then, reach(M) = inf ,cps d(p, med(M)). We simply write 7 for 7rps when there
is no possibility of confusion. For any smooth function ®: R? — R, weletd, ® and
d? @ denote the first and second order differentials of ® ata € R”. For a linear map A,

A’ designates its transpose. Let | Allop = supy IAx] 5nqg |A|l # = «/trace(A’ A) denote

: . flell .
respectively the operator norm induced by the Euclidean norm and the Frobenius norm.

The distance between two linear subspaces U, V. C RP of the same dimension is

measured by the sine Z(U, V) = max,cy maxv/evl”gi"—m = |7y — 7w llop of their
largest principal angle. The Hausdorff distance between two compact subsets K, K’
of R? is denoted by dy (K, K') = sup,cgp |d(x, K) — d(x, K')|. Finally, we let =
denote the ambient isotopy relation in R”.

Throughout this paper, C,, will denote a generic constant depending on the param-
eter «. For clarity’s sake, ¢, and K, may also be used when several constants are
involved.

2 Minimax Risk and Main Results

2.1 Statistical Model

Let us describe the general statistical setting we will use to define optimality for
manifold reconstruction. A statistical model 7 is a set of probability distributions on

RP. In any statistical experiment, & is fixed and known. We observe an independent
and identically distributed sample of size n (or i.i.d. n-sample) X,, = {Xy, ..., X}
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drawn according to some unknown distribution P € 2. If no noise is allowed, the
problem is to recover the support of P, that is, the smallest closed set C € R? such
that P(C) = 1. Let us give two examples of such models & by describing those of
interest in this paper.

Let #p.a., be the set of all compact d-dimensional connected submanifolds M C
RP without boundary satisfying reach(M) > p. The reach assumption is crucial
to avoid arbitrarily curved and pinched shapes [15]. From a reconstruction point of
view, p gives a minimal feature size on M, and then a minimal scale for geometric
information. Every M € .#p 4,, inherits a measure induced by the d-dimensional
Hausdorff measure on R”? S M. We denote this induced measure by vj;. Beyond the
geometric restrictions induced by the lower bound p on the reach, it also requires the
natural measure vy, to behave like a d-dimensional measure, up to uniform constants.
Denote by % ( fmin, fmax) the set of probability distributions Q having a density f
with respect to vy such that 0 < fipin < f(x) < fiax < oo forall x € M. In
particular, notice that such distributions Q € %p;(fmin, fmax) all have support M.
Roughly speaking, when Q € % (fmin, fmax), points are drawn almost uniformly
on M. This is to ensure that the sample visits all the areas of M with high probability.
The noise-free model ¥p g, foin, fmax,p CONSists of the set of all these almost uniform
measures on submanifolds of dimension d having reach greater than a fixed value
p > 0.

Definition 2.1 (Noise-free model) 9p.a. fuin. fuax.r = Unme.atp g, “m(fmin: fmax)-

Notice that we do not explicitly impose a bound on the diameter of M. Actually, a
bound is implicitly present in the model, as stated in the next lemma, the proof of
which follows from a volume argument.

Lemma 2.2 There is Cq > 0 such that for all Q € 9p 4, foin, fuae.p With associated
M,

diam(M) < — & K
iam < ———— =Ky, fuin.p-
047! finin Jmins

Observed random variables with distribution belonging to the noise-free model
9D.d, fin, foax.p i€ €Xactly on the submanifold of interest M. A more realistic model
should allow some measurement error, as illustrated by Fig. 1 (a). We formalize this
idea with the following additive noise model.

Definition 2.3 (Additive noise model) For o < p, we let 9p g, fou. fax.p,0 denote
the set of distributions of random variables X = Y + Z, where Y has distribution
O € 9D d, fmin, fmax,p» aA0A | Z]| < o almost surely.

Let us emphasize that we do not require ¥ and Z to be independent, nor Z to be
orthogonal to Ty M, as done for the “perpendicular” noise model of [24,30]. This
model is also slightly more general than the one considered in [28]. Notice that the
noise-free model can be thought of as a particular instance of the additive noise model,
SINCE ID d. fin. fnax-0 = ID.d. fsin. frnax.p.0=0-

Eventually, we may include distributions contaminated with outliers uniformly
drawn in a ball %, containing M, as illustrated in Fig. 1 (b). Up to translation, we can
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Fig. 1 Point clouds X, drawn from distributions in ¥p g #, . o 0.0 (eft)y and Op 4 ¢ . 2 56
(right). (a) Circle with noise: d = 1, D = 2, ¢ > 0. (b) Torus with outliers: d =2, D =3, >0

always assume that M > 0. To avoid boundary effects, %y will be taken to contain
M amply, so that the outlier distribution surrounds M everywhere. Since M has at
most diameter Ky, .. , from Lemma 2.2 we arbitrarily fix %y = %(0, Ko), where
Ko = K4, fuin,p + p. Notice that the larger the radius of %, the easier to label the
outlier points since they should be very far away from each other.

Definition 2.4 (Model with outliers/Clutter noise model) For 0 < fumin < fmax <
00,0 < B < 1,and p > 0, we define Op 4, foin, fuax.p.p t0 bE the set of mixture
distributions

P=B0+(1—-pUg,

where Q € 9p 4, fuin. fmax,p 1128 support M such that 0 € M, and Ug, is the uniform
distribution on %y = A(0, Ky).

Alternatively, a random variable X with distribution P € Op 4, fyin, fuax.p.p CaN bE
represented as X = VX' + (1 — V)X” , where V € {0, 1} is a Bernoulli random
variable with parameter 8, X" has distribution in 9p 4. f,.. fuax.p and X” has a uniform
distribution over %, and such that V, X', X" are independent. In particular for 8 = 1,

ﬁD,d».ﬂnin,fmax»Paﬂzl = E4D,d,fmin’fma)h)o'

2.2 Minimax Risk

For a probability measure P € &, denote by Ep—or simply E—the expectation
with respect to the product measure P . The quantity we will be interested in is the
minimax risk associated to the model Z. Forn > 0,

Ry(2) = inf sup Ep [dy (M, M)],
M peg

where the infimum is taken over all the estimators M = M (X1, ..., X,) computed

over an n-sample. R, (2) is the best risk that an estimator based on an n-sample can
achieve uniformly over the class 2. It is clear from the definition that if 2" C 2
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then R,(2') < R,(2). It follows the intuition that the broader the class of consid-
ered manifolds, the more difficult it is to estimate them uniformly well. Studying
R, (2) for a fixed n is a difficult task that can rarely be carried out. We will focus on
the semi-asymptotic behavior of this risk. As R, (%) cannot be surpassed, its rate of
convergence to 0 as n — 0o may be seen as the best rate of approximation that an
estimator can achieve. We will say that two sequences (ay,), and (b,), are asymptot-
ically comparable, denoted by a, < by, if there exist ¢, C > 0 such that for n large
enough, cb,, < a, < Cbh,.

Definition 2.5 An estimator M is said to be (asymptotically) minimax optimal over
2 if

sup Ep [dy (M, M)] < Ru(2).
Pe9

In other words, M is (asymptotically) minimax optimal if it achieves, up to constants,
the best possible rate of convergence in the worst case.

Studying a minimax rate of convergence is twofold. On one hand, deriving an upper
bound on R, boils down to provide an estimator and to study its quality uniformly on
2. On the other hand, bounding R, from below amounts to study the worst possible
case in 2. This part is usually achieved with standard Bayesian techniques [27]. For
the models considered in the present paper, the rates were given in [24,26].

Theorem 2.6 ([26, Thm. 3]) We have

lo 2/d
Ry (gD,dafminvfmaXsp) = < fn) (Noise—free)
and for 0 < B < 1 fixed,
1 2/d
Rn(ﬁD,d,fminsfmaXspsﬁ) = < (/;gnn> . (Clutter noise)

Since the additive noise model ¥p 4, f,in, finax.p,o Nas not yet been considered in the
literature, the behavior of the associated minimax risk is not known. Beyond this the-
oretical result, an interesting question is to know whether these minimax rates can
be achieved by a tractable algorithm. Indeed, that proposed in [24] especially rely
on a minimization problem over the class of submanifolds .#p 4, ,, which is compu-
tationally costly. In addition, the proposed estimators are themselves submanifolds,
which raises storage problems. Moreover, no guarantee is given on the topology of the
estimators. Throughout the present paper, we will build estimators that address these
issues.

2.3 Main Results

Let us start with the additive noise model ¥p 4, fyn, funax, 0,0+ that includes in par-
ticular the noise-free case ¢ = 0. The estimator Mrpc is based on the Tangential
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Delaunay Complex (Sect. 3), with a tangent space estimation using a local PCA
(Sect. 5).

Theorem 2.7 MTDC = MTDC (X)) is a simplicial complex with vertices included in
X, such that the following holds. There exists Aq o fuax > O Such that if o <
A(logn/m)V/4 with » < Ad, fin, fona> then

n—oo

. ~ logn 2/d 2 "~
lim P dH(M, MTDC) < Cd’fminsfmamﬂ VA and M = MTDC =1.
n

Moreover, for n large enough,

~ logn\*?
sup EQdH(M, MTDC) < Cl/iyfmin»fmax,ﬂ { (i> \4 )\.2}

Q€YD d, fyin. fmax.p:0 n

It is interesting to note that the constants appearing in Theorem 2.7 do not depend
on the ambient dimension D. Since Ry (¥p.d, fuin, fias0.0) = Rn(D.d. fin. finanop )
we obtain immediately from Theorem 2.7 that MTDC achieves the minimax opti-
mal rate (logn/n)*/? over DD d, fuin, foax.p.0 When o < cq z. ¢ (log n/n)?/4.
Note that the estimator of [28] achieves the rate (logn/ n)#@+2) when o <
Cd. fuin. forx 10g1/1)¥ @+ 50 does the estimator of [25] for o < p if the noise is
centered and perpendicular to the submanifold. As a consequence, MTDC outperforms
these two existing procedures whenever o < (logn/n)*“@+?  with the additional
feature of exact topology recovery. Still, for o > (logn/n)'/4, MTDC may perform
poorly compared to [25]. This might be due to the fact that the vertices of MTDC are
sample points themselves, while for higher noise levels, a pre-process of the data based
on local averaging could be more relevant.

In the model with outliers Op 4, fo. fuax, 0. 8> With the same procedure used to derive
Theorem 2.7 and an additional iterative pre-processing of the data based on local PCA
to remove outliers (Sect. 5), we design an estimator of M that achieves a rate as close
as wanted to the noise-free rate. Namely, for any positive § < 1/(d(d + 1)), we build
A//}TDC(S that satisfies the following similar statement.

Theorem 2.8 A?TDC(S = MTDC(; (Xy) is a simplicial complex with vertices included in
X, such that

R logn '\ 2/4-2 R
lim ]P’<dH(M7 Mrpes) < Cd,f}nin,fmax.p<_) and M = MTDCS) = 1.
n— 00 ’ ’ IBn

Moreover, for n large enough,

logn)z/dzs

sup Epdy (M, Mrpcs) < Cé’fminvfmamp (ﬂ_n

PEOD d, fin. fmax.0.8

MTDQ; converges at the rate at least (logn/ n)z/ d—28’ which is not the minimax
optimal rate according to Theorem 2.6, but that can be set as close as desired to it.
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To our knowledge, MTDC(S is the first explicit estimator to provably achieve such a
rate in the presence of outliers. Again, it is worth noting that the constants involved
in Theorem 2.8 do not depend on the ambient dimension D. The construction and
computation of MTDca is the same as MTDC, with an extra pre-processing of the
point cloud allowing to remove outliers. This decluttering procedure leads to com-
pute, at each sample point, at most log(1/6) local PCA’s, instead of a single one for
Mrpc.

From a theoretical point of view, there exists a (random) number of iterations of
this decluttering process, from which an estimator MTDc+ can be built to satisfy the
following.

Theorem 2.9 MTDC+ = MTDc+(Xn) is a simplicial complex of vertices contained in
X, such that

lo 2/d R
lim P(dH(M Mrpes) < Ca o frme. p< ﬁg ”> and M = MTDH) —1.
n—o00 n

Moreover, for n large enough,

~ logn\ /4
Sup Epdu(M, MTDC+)5C3,fmm,fm,p<ﬁin> :

PEﬁD.d,fmimfmaxvﬂvﬁ

MTDc+ may be thought of as a limit of MTDC(S when § goes to 0. As it will be
proven in Sect. 5, this limit will be reached for § close enough to 0. Unfortunately
this convergence threshold is also random, hence unknown.

The statistical analysis of the reconstruction problem is postponed to Sect. 5.
Beforehand, let us describe the Tangential Delaunay Complex in a deterministic
and idealized framework where the tangent spaces are known and no outliers are
present.

3 Tangential Delaunay Complex

Let & be a finite subset of R?. In this section, we denote the point cloud & to
emphasize the fact that it is considered nonrandom. For ¢, § > 0, &7 is said to be &-
densein M if sup,. .y, d(x, &) < ¢, and §-sparse if d(p, Z\{p}) = éforall p € 2.
A (6, €)-net (of M) is a §-sparse and e-dense point cloud.

3.1 Restricted Weighted Delaunay Triangulations

We now assume that &2 C M. A weight assignment to &2 is a function w: & —
[0, 00). The weighted Voronoi diagram is defined to be the Voronoi diagram associated
to the weighted distance d (x, p“’)2 =|lx — p||2 — w(p)z. Every p € & is associated
to its weighted Voronoi cell Vor®(p). For T C £, let
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Vor®(t) = ﬂ Vor®(p)

peET

be the common face of the weighted Voronoi cells of the points of 7. The weighted
Delaunay triangulation Del® () is the dual triangulation to the decomposition given
by the weighted Voronoi diagram. In other words, for t C &2, the simplex with vertices
7, also denoted by t, satisfies

7 € Del?(&?) < Vor“(zr) # ¢.

Note that for a constant weight assignment w (p) = wy, Del® () is the usual Delaunay
triangulation of &7. Under genericity assumptions on & and bounds on w, Del” (&) is
an embedded triangulation with vertex set & [4]. The reconstruction method proposed
in this paper is based on Del® (&) for some weights @ to be chosen later. As it is a
triangulation of the whole convex hull of &2 and fails to recover the geometric structure
of M, we take restrictions of it in the following manner.

Given a family R = {R},c o of subsets R, C RP indexed by 2, the weighted
Delaunay complex restricted to R is the sub-complex of Del® (<) defined by

T € Del?(#, R) < Vor®(t) N (U R,,) # 0.

PET

In particular, we define the Tangential Delaunay Complex Del® (<, T) by taking
R =T = {T,M},c », the family of tangent spaces taken at the points of & C M [4].
Del® (£, T) is a pruned version of Del®(£?) where only the simplices with directions
close to the tangent spaces are kept. Indeed, T), M being the best linear approximation
of M at p, itis very unlikely for a reconstruction of M to have components in directions
normal to 7, M (see Fig.2). As pointed outin [4], computing Del® (<, T') only requires
to compute Delaunay triangulations in the tangent spaces that have dimension d. This
reduces the computational complexity dependency on the ambient dimension D > d.
The weight assignment w gives degrees of freedom for the reconstruction. The extra
degree of freedom w permits to stabilize the triangulation and to remove the so-called
inconsistencies, the points remaining fixed. For further details, see [4,5].

3.2 Guarantees

The following result sums up the reconstruction properties of the Tangential Delaunay
Complex that we will use. For more details about it, the reader is referred to [4].

Theorem 3.1 ([4, Thm. 5.3]) There exists ¢q > 0 such that for all ¢ < e4p and
all M € Mpa,p if P C M is an (g, 2¢)-net, there exists a weight assignment
ws = w1 depending on & and T = {T,M} e such that

— du(M, Del” (2, T)) < Cae?/p,
— M and Del®* (£, T) are ambient isotopic.
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Fig. 2 Construction of Del®? (£, T) at p for @ = 0: p has three incident edges in the ambient Delaunay
triangulation, but only two (bold) have dual Voronoi face intersecting 7p M

Computing Del®* (7, T) requires to determine the weight function wy, = w, 2 7.
In [4], a greedy algorithm is designed for this purpose and has a time complexity
O(Dn? + D20@y).

Given an (g, 2¢)-net & for ¢ small enough, Del®* (<, T') recovers M up to ambient
isotopy and approximates it at the scale £. The order of magnitude > with an input
& of scale ¢ is remarkable. Another instance of this phenomenon is present in [14] in
codimension 1. We will show that this £2 provides the minimax rate of approximation
when dealing with random samples. Therefore, it can be thought of as optimal.

Theorem 3.1 suffers two major imperfections. First, it requires the knowledge of the
tangent spaces at each sample point — since wy = w, 5 r—and itis no longer usable
if tangent spaces are only known up to some error. Second, the points are assumed to lie
exactly on the submanifold M, and no noise is allowed. The analysis of Del“+ (2, T')
is sophisticated [4]. Rather than redo the whole study with milder assumptions, we
tackle this question with an approximation theory approach (Theorem 4.1). Instead of
studying if Del®* (', T') is stable when &’ lies close to M and T’ close to T, we
examine what Del®*(£?’, T’) actually reconstructs, as detailed in Sect. 4.

3.3 On the Sparsity Assumption

In Theorem 3.1, &7 is assumed to be dense enough so that it covers all the areas
of M. It is also supposed to be sparse at the same scale as the density parameter ¢.
Indeed, arbitrarily accumulated points would generate non-uniformity and instability
for Del®* (£, T) [4,5]. At this stage, we emphasize that the construction of an (e, 2¢)-
net can be carried out given an ¢-dense sample. Given an ¢-dense sample &, the
farthest point sampling algorithm prunes & and outputs an (g, 2¢)-net 2 C & of M
as follows. Initialize at £ = {p} C &, and while max ,c » d(p, Z) > ¢, add to £
the farthest point to 2 in &, thatis, 2 < 2U {argmax ,c »» d(p, 2)}. The output 2
is e-sparse and satisfies dy (¥, 2) < ¢, so itis an (g, 2¢)-net of M. Therefore, up to
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the multiplicative constant 2, sparsifying &2 at scale ¢ will not deteriorate its density
property. Then, we can run the farthest point sampling algorithm to pre-process the
data, so that the obtained point cloud is a net.

4 Stability Result
4.1 Interpolation Theorem

As mentioned above, if the data do not lie exactly on M and if we do not have the
exact knowledge of the tangent spaces, Theorem 3.1 does not apply. To bypass this
issue, we interpolate the data with another submanifold M’ satisfying good properties,
as stated in the following result.

Theorem 4.1 (Interpolation) Let M_€ .#p 4. Let = {pi., ..., py} C RP be a
finite point cloud and T = {Tl, .. T } be a family of d-dimensional linear subspaces
ofRD. For6 < /64 and 18n < 8 < p, assume that

— P is 8-sparse: min; ;| p; — pill =6,
— the p;j’s are n-close to M: max1<]<qd(p], M) <n,
- maxi<j<q LTy (pjM, T ) < siné.

Then, there exist a universal constant cy < 285 and a compact d-dimensional con-
nected submanifold M' C RP without boundary such that

P M,

reach(M) (1 —co( +6) )
ijM’: T foralll < j <gq,
dy (M, M’) <80 +n,

M and M’ are ambient isotopic.

Dk w =

Theorem 4.1 fits a submanifold M’ to noisy points and perturbed tangent spaces
with no change of topology and a controlled reach loss. We will use M’ as a proxy
for M. Indeed, if 71, .. T are estimated tangent spaces at the noisy base points
DPls -y Pgs M’ has the Vlrtue of being reconstructed by Del®+ (2, T) from Theorem
3.1. Since M’ is topologically and geometrically close to M, we conclude that M is
reconstructed as well by transitivity. In other words, Theorem 4.1 allows to consider
a noisy sample with estimated tangent spaces as an exact sample with exact tangent
spaces. M’ is built pushing and rotating M towards the p;’s locally along the vector
(pj —m(pj)), as illustrated in Fig. 3. Since the construction is quite general and may
be applied in various settings, let us provide an outline of the construction.

2 . .
Let ¢(x) = exp(”)lc‘rf—ZH_l)]llle2<l' ¢ is smooth and satisfies ¢(0) = 1, [|[¢]l o <
1 and do¢p = 0. For j = 1,...,q, it follows easily from the definition of
Z(Tn(p yM, Tj)—e.g. by induction on the dimension—that there exists a rotation
R; of RD mapping 77 (p;)M onto T that satisfies ||R; — Ipllop < 2sin(6/2) < 0.

For ¢ > 0 to be chosen later, and all a € R?, let us define ®: RP? — R? by
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TP/

Pj

Tﬂ(pj)M ﬁ(pj)

Fig. 3 An instance of the interpolating submanifold M’. Dashed lines correspond to the image of vertical
lines by the ambient diffeomorphism ® defining M’ = ® (M)

q p— .
®@)=a+ Zsb(L(p’)) [(R; — Ip)(@ —7(pp) + (pj — w(p)].

, 14
/= Vi@

@ is designed to map 77 (p;) onto pj withdyr(p,)® = R;. Roughly speaking, in balls of
radii £ around each 7 (p;), ® shifts the points in the direction p; — 7 (p;) and rotates
it around 7 (p;). Off these balls, ® is the identity map. To guarantee smoothness, the
shifting and the rotation are modulated by the kernel ¢, as |la — 7w (p;)| increases.
Notice that d,; = (R; — Ip) and ||y (a)]| < €6 + n whenever ¢(“"22) £ 0.
Defining M’ = ®(M), the facts that M’ fits to &2 and T and is Hausdorff-close to
M follow by construction. Moreover, Theorem 4.19 of [22] (reproduced as Lemma
7.1 in this paper) states that the reach is stable with respect to €>-diffeomorphisms of
the ambient space. The estimate on reach(M’) relies on the following lemma stating
differentials estimates on .

Lemma 4.2 There exist universal constants C1 < 7/2 and Cy < 28 such that if
6n < € <8/3and b < m/64, &: RP — RP is a global €*®-diffeomorphism. In
addition, for all a in RP,

n _ 1
lda®llop < 1+ cl(Z +9>, Ida® " llop < 7—

Ci(n/€+6)
2 n 0
”daq)”op = C2<Z_2 + Z)

The ambient isotopy follows easily by considering the weighted version ®)(a) =

a+t(®(a) —a) for0 <t <1 and the same differential estimates. We then take the
maximum possible value £ = §/3 and M’ = ®(M).
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Remark 4.3 Changing slightly the construction of M’, one can also build it such that
the curvature tensor at each p; corresponds to that of M at 7 (p;). For this purpose
it suffices to take a localizing function ¢ identically equal to 1 in a neighborhood
of 0. This additional condition would impact the universal constant c¢o appearing in
Theorem 4.1.

4.2 Stability of the Tangential Delaunay Complex

Theorem 4.1 shows that even in the presence of noisy sample points at distance 1 from
M, and with the knowledge of the tangent spaces up to some angle 6, it is still possible
to apply Theorem 3.1 to some virtual submanifold M". ’. Denoting M = Del® (2, T)
sincedy (M, M) <dy(M, MY+dy(M', M) and since the ambient isotopy relation is
transitive, M = M’ = M. We get the following result as a straightforward combination
of Theorems 3.1 and 4.1.

Theorem 4.4 (Stability of the Tangential Delaunay Complex) There exists 5 > 0
such that for all ¢ < eqp and all M € Mp 4., the following holds. Let & C RP be
a finite point cloud and T = {Tp} ,c o be a family of d-dimensional linear subspaces
of R? such that

— max,cp d(p, M) <,

- max,ep L(TrypyM, Tp) < sinb,

- P is e-sparse,

— maxyey d(x, P) < 2e.
If0 < ¢/(1140p) and n < €*/(1140p), then

— dy (M, Del* (2, T)) < Cq*/p,
— M and Del®+ (£, T) are ambient isotopic.

Indeed, applying the reconstruction algorithm of Theorem 3.1 even in the presence
of noise and uncertainty on the tangent spaces actually recovers the submanifold M’
built in Theorem 4.1. M’ is isotopic to M and the quality of the approximation of M is
at most impacted by the term dy (M, M’) < €6 + n. The lower bound on reach(M")
is crucial, as constants appearing in Theorem 3.1 are not bounded for arbitrarily small
reach.

It is worth noting that no extra analysis of the Tangential Delaunay Complex was
needed to derive its stability. The argument is global, constructive, and may be applied
to other reconstruction methods taking tangent spaces as input. For instance, a stability
result similar to Theorem 4.4 could be derived readily for the so-called cocone complex
[13] using the interpolating submanifold of Theorem 4.1.

5 Tangent Space Estimation and Decluttering Procedure
5.1 Additive Noise Case

We now focus on the estimation of tangent spaces in the model with additive noise
9D, d, fuin, fax,p,o - Lhe proposed method is similar to that of [2,28]. A point p € M
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being fixed, T, M is the best local d-dimensional linear approximation of M at p.
Performing a Local Principal Component Analysis (PCA) in a neighborhood of p is
likely to recover the main directions spanned by M at p, and therefore to yield a good
approximation of T,M. For j = 1,...,n and h > 0 to be chosen later, define the
local covariance matrix at X ; by

1
n—1

Ej(h) = D X = X)X = X)) Do, (X0,

i#]j

where X ; ji= N Zl# i Xilgp(x; n(X;) is the barycenter of sample points contained
in the ball %(X j.h),and Nj = |B(X;, h) ap. X, |- Let us emphasize the fact that the
normalization 1/(n — 1) in the definition of 2 stands for technical convenience. In
fact, any other normalization would yield the same guarantees on tangent spaces since
only the principal directions of bof j play arole. Set T (h) to be the linear space spanned
by the d eigenvectors associated with the d largest e1genvalues of $; j(h). Computing
a basis of T j (h) can be performed naively using a singular value decomposmon of the
full matrix E j(h), although fast PCA algorithms [31] may lessen the computational
dependence on the ambient dimension. We also denote by TSE(., &) the function that
maps any vector of points to the vector of their estimated tangent spaces, with

Tj(h) = TSE(X,, h) ;.

Proposition 5.1 Set h = (ca, fuin. i ]:g'f)]/ ¢ Jor cq g fnax large enough. Assume

that o/ h < 1/4. Then for n large enough, for all Q € 9p 4, fuin. fnax,p.0

h o
lgljax Z( 7y (X )M T (h)) = Cd Jmin» fmax<p + _>’

with probability larger than 1 — 4(1/n)?/4.

An important feature given by Proposition 5.1 is that the statistical error of our
tangent space estimation procedure does not depend on the ambient dimension D. The
intuition behind Proposition 5.1 is the following: if we assume that the true tangent
space Tx; M is spanned by the first d vectors of the canonical basis, we can decompose
/i j as

Aj(h)0>+A

where R comes from the curvature of the submanifold along with the additive noise,
and is of order N;(h)(h®/(p(n — 1)) + ho) < h¥*2(h/p + o/ h), provided that h
is roughly smaller than (log(n)/(n — 1))!/¢. On the other hand, for a bandwidth /z
of order (log(n)/(n — 1))1/d A j(h) can be proved (Lemma 9.5) to be close to its
deterministic counterpart
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A () = E( (i (X = Bty 00) (7,1 (X) = By 1 (0) Lasor, iy (X)),

where Ty, M denotes orthogonal projection onto Tx; M and expectation is taken

conditionally on X ;. The bandwidth (log(n)/(n — 1))1/4 may be thought of as the
smallest radius that allows enough sample points in balls to provide an accurate
estimation of the covariance matrices. Then, since fpnin > 0, Lemma 9.4 shows
that the minimum eigenvalue of A(h) is of order h9*2. At last, an eigenvalue per-
turbation result (Proposition 10.1) shows that T"j(h) must be close to Tx; M up to
(W93 /p + 1) /(h9T?) ~ h/p + o/ h. The complete derivation is provided in
Sect. 1.

Then, it is shown in Lemma 9.1, based on the results of [12], that letting ¢ =
Cd, fuins fnax (B p0 /) for cq g0 7 large enough, entails X, is e-dense in M with
probability larger than 1 — (1/n)*/?. Since X,, may not be sparse at the scale ¢, and
for the stability reasons described in Sect. 3, we sparsify it with the farthest point
sampling algorithm (Sect. 3.3) with scale parameter ¢. Let Y,, denote the output of the
algorithm. If o < h/4, and ¢y, f,... fmex 1S large enough, we have the following.

Corollary 5.2 With the above notation, for n large enough, with probability at least
1 —5(1/n)%4,

2
— Maxy;ey, d(X;, M) < 1140p
maxy; ey, L (Try x,) M. Tj(h)) <
— Y, is e-sparse,
— maxXyepy d(x,Y,) < 2e.

2280p

In other words, the previous result shows that Y,, satisfies the assumptions of The-
orem 4.4 with high probability. We may then define Mypc to be the Tangential
Delaunay Complex computed on Y, and the collection of estimated tangent spaces
TSE(X,, h)y,, thatis elements of TSE(X,, &) corresponding to elements of Y,,, where
h is the bandwidth defined in Proposition 5.1.

Definition 5.3 With the above notation, define ]\//iTDc = Del®*(Y,, TSE(X,, h)y,).

Combining Theorem 4.4 and Corollary 5.2, it is clear that MTDC satisfies Theorem
2.7.

5.2 Clutter Noise Case

Let us now focus on the model with outliers Op g, f,in, fumax.p. 8- We address the problem
of decluttering the sample X,,, that is, to remove outliers (see Fig. 4). We follow
ideas from [24]. To distinguish whether X ; is an outlier or belongs to M, we notice
again that points drawn from M approximately lie on a low dimensional structure.
On the other hand, the neighborhood points of an outlier drawn far away from M
should typically be distributed in an isotropic way. Let k1, k>, h > 0, x € RP and
T c RP a d-dimensional linear subspace. The slab at x in the direction 7T is the
set S(x, T, h) = {x} & $r(0, kih) & HBr.(0, kah?) c RP, where @ denotes the
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Fig. 4 Local PCA at an outlier point X ; € X,

Minkowski sum, and %y, %y, are the Euclidean balls in 7 and T+ respectively
(Fig. 5).

Following notation of Sect. 2.1, for P € Op 4, v, fumax,p. - 160 US Write P = SO +
(I — B)Uz,. For h small enough, by definition of the slabs, Ug, (S(x, Tz ()M, h)) <
(ki) (kyh*)P=? =< h?P—4_ Furthermore, Fig. 5 indicates that for k| and k small
enough, Q(S(x, Ty(xyM, h)) < Vol(S(x, Tr(xyM, h)NM) =< hdifd(x, M) < h?,and
OSx, TyyM,h)) =0ifd(x, M) > h2. Coming backto P = BQ + (1 — B)U,,
we roughly get

P(S(x, TrxyM, 1)) < Bhd +(1 — B)n*P~4 < pd if d(x, M) < h?,
P(S(x, ToyM, h) < 0 +(1 — Bn*P=4 < 2P~ if d(x, M) > h?,

as h goes to 0, for k1 and kp small enough. Since h2b—-d « hd, the measure
P(S(x, T, h)) of the slabs clearly is discriminatory for decluttering, provided that
tangent spaces are known.

Based on this intuition, we define the elementary step of our decluttering procedure
as the map SD(., ., h), that sends a vector & = (p1,..., p;) C RP? and a corre-
sponding vector of (estimated) tangent spaces T = (71, ..., T;-) onto a subvector of
& according to the rule

pj € SDI(P, Ty, h) > |S(p;, Tj,h)N 2P| = t(n — Hi?,

where 7 is a threshold to be fixed. This procedure relies on counting how many sample
points lie in the slabs in direction of the estimated tangent spaces (see Fig. 5).

Since tangent spaces are unknown, the following result gives some insight on the
relation between the accuracy of the tangent space estimation and the decluttering
performance that can be reached.
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. ko h?
T/f.///”-l//—“:\ T yM
|

Fig. 5 The slab S(X s T'j h) is centered at Xj and has size k14 in the d directions spanned by T’j, and
size k2h2 in the D — d directions normal to 7:]

Lemma 5.4 Let K > 0 be fixed. There exist constants k1 (K) and k2(p, K) such that
foreveryh < 1andx inRP, S(x, T, h) C PB(x, h/2). Moreover, for everyh < hy Al
we have

h/N2 = d(x, M) > h*/p and [(Ty,yM,T) < Kh/p
= S(x,T,h) C §'(x, TruyoyM, ),
where S'(x, T, )M, h) is a larger slab with parameters k' (p, K) and ky(p, K),
which are such that S'(x, Tr,,yM, h) N M = @. In addition, there exists k3(p, K)
such that for all x and y in M,

LT:M,T) < Kh/p and |lx =yl <ksh — yeSx, T, h).

Possible values for k| and ky are, respectively, 16(1év1) and 16(pv1Kv1), and k3 can be

Pk
taken as ki A TR

The proof of Lemma 5.4, mentioned in [24], follows from elementary geometry,
combined with the definition of the reach and Proposition 8.1.

Roughly, Lemma 5.4 states that the decluttering performance is of order the square
of the tangent space precision, hence will be closely related to the performance of the
tangent space estimation procedure TSE. Unfortunately, a direct application of TSE
to the corrupted sample X, leads to slightly worse precision bounds, in terms of angle
deviation. Typically, the angle deviation would be of order n~!/(@+1 However, this
precision is enough to remove outliers points which are at distance at least n~2/(@+1
from M. Then running our TSE on this refined sample SD; (X,,, TSE(X,,), n~1/@+D))
leads to better angle deviation rates, hence better decluttering performance, and so on.

Letus introduce an iterative decluttering procedure in a more formal way. We choose
the initial bandwidth ho = (cd, fin. finax. p%)m, with y9 = 1/(d + 1), and define
the first set X~ = X, as the whole sample. We then proceed recursively, setting

his1 = (Cd, fuin, fnacs ,31((,),{"1))”“, with g4 satisfying yer1 = Qe + 1)/(d + 2).
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This recursion formula is driven by the optimization of a trade-off between imprecision
terms in tangent space estimation, as may be seen from (5). An elementary calculation
shows that

1 1 2\
"TaTaa+n\a+2)
With this updated bandwidth we define
XD = sp, (X®, rSEXD, higr), hisr).

In other words, at step k + 1 we use a smaller bandwidth /4 in the tangent space
estimation procedure TSE. Then we use this better estimation of tangent spaces to
run the elementary decluttering step SD. The performance of this procedure is guar-
anteed by the following proposition. With a slight abuse of notation, if X ; is in X®),
TSEX®, h) ;j will denote the corresponding tangent space of TSE(X®, h).

Proposition 5.5 In the clutter noise model, for t, cg, f,.. fu.x.p and n large enough,
k1 and ko small enough, the following properties hold with probability larger than
1 —70/n)*? forall k > 0.

Initialization

— Forall Xj € XV such that d(X j, M) < ho/~/2, L(TSEX D, ho)j, Tx(x;) M)
= Cd»fmin’fmaxho/lo'

— Forevery X; e M NXED, X;e X,

— For every X e X(=D zfd(X], M) > h? o/ P, then X ; ¢ XO,

Iterations

— ForallX; e XK suchthatd(X ;, M) <hie1/V2, Z(TSE(XU‘), hiest) Tn(Xj)M)
< Cd. fuin. fruax th41/ -

— Forevery X;j e M NnxX®, X;e k+D

— Forevery X; € X®, ifd(X;, M) > hi,,/p, then X j ¢ X*+D.

This result is threefold. Not only can we distinguish data and outliers within a decreas-
ing sequence of offsets of radii /2 /P around M, but we can also ensure that no point
of M is removed during the process with high probability. Moreover, it also provides
a convergence rate for the estimated tangent spaces TSE(Xg, hx+1). Now fix a preci-
sion level §. If k is larger than (log(1/8) —log(d(d + 1))/(log(d +2) —log(2)), then
1/d > yx > 1/d — 5. Let us define ks as the smallest integer satisfying yx > 1/d — 6,
and denote by Y‘s the output of the farthest point sampling algorithm applied to X(k”
with parameter &€ = ¢4, fyin fumax ks> O Cd, fuin finax large enough. Define also 7° as the
restriction of TSE(X("” his) to the elements of Y

According to Proposition 5.5, the decluttering procedure removes no data point
on M with high probability. In other words, Xk N M = X, N M, and as a conse-
quence, maxyep d(x, X*)) < ¢4 7 (logn/(Bn))"/? < hy, with high probability
(see Lemma 9.1). As a consequence, we obtain the following.
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Corollary 5.6 With the above notation, for n large enough, with probability larger
than 1 — 8(1/n)/4,
2
— maxxjeyéld(Xj, M) < 1151_0,0’
- maxy, ey £(TryyxpM. T)) < 5505
- Yﬁ is e-sparse,
— maxyey d(x, Y2) < 2e.

We are now able to define the estimator MTch.

Definition 5.7 With the above notation, define MTDC(; = Del®* (Yfl, 7‘\5).

Combining Theorem 4.4 and Corollary 5.6, it is clear that MTDC& satisfies Theorem 2.8.
Finally, we turn to the asymptotic estimator MTDc+. Set hoo = (cd, Fonins fonas

ﬁl(‘:lg_ "1))1/ ¢ and let & denote the smallest integer such that min{d (X ;, M) | d(X;, M)

> hgo /p} > h%/ p. Since X,, is a (random) finite set, we can always find such a ran-

dom integer ¥ that provides a sufficient number of iterations to obtain the asymptotic
decluttering rate. For this random iteration k, we can state the following result.

Proposition 5.8 Under the assumptions of Corollary 5.6, for every X ; € X @H), we
have

Z(TSE(X(kH), hoo) s Tn(x_,-)M) = Cd, fin, frmax Moo/ -

As before, taking Y, as the result of the farthest point sampling algorithm based on
X®*+D "and T the vector of tangent spaces TSE(X*D h1,.); such that X;Hl) €
Y}, we can construct our last estimator.

Definition 5.9 With the above notation, define Mrpcy = Del® (Y, TT).

In turn, Proposition 5.8 implies that MTDc+ satisfies Theorem 2.9.

6 Conclusion

In this work, we gave results on explicit manifold reconstruction with simplicial com-
plexes. We built estimators MTDC, MTch and A’/iTDC+ in two statistical models. We
proved minimax rates of convergence for the Hausdorff distance and consistency
results for ambient isotopic reconstruction. Since MTDC is minimax optimal in the
additive noise model for o small, and uses the Tangential Delaunay Complex of [4],
the latter is proven to be optimal. Moreover, rates of [24] are proven to be achievable
with simplicial complexes that are computable using existing algorithms. To prove
the stability of the Tangential Delaunay Complex, a generic interpolation result was
derived. In the process, a tangent space estimation procedure and a decluttering method
both based on local PCA were studied.

In the model with outliers, the proposed reconstruction method achieves a rate
of convergence that can be as close as desired to the minimax rate of convergence,
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depending on the number of iterations of the decluttering procedure. Though this
procedure seems to be well adapted to our reconstuction scheme—which is based
on tangent spaces estimation—we believe that it could be of interest in the context
of other applications. Also, further investigation may be carried out to compare this
decluttering procedure to existing ones [9,19].

As briefly mentioned below Theorem 2.7, our approach is likely to be suboptimal in
cases where noise level o is large. In such cases, with additional structure on the noise
such as centered and independent from the source, other statistical procedures such as
deconvolution [24] could be adapted to provide vertices to the Tangential Delaunay
Complex. Tangential properties of deconvolution are still to be studied.

The effective construction of A//iTch can be performed using existing algorithms.
Namely, Tangential Delaunay Complex, farthest point sampling, local PCA and point-
to-linear subspace distance computation for slab counting. A crude upper bound on
the time complexity of a naive step-by-step implementation is

0 (nD[2°“") +10g(1/8)D(D + n)]),

since the precision § requires no more than log (1/§) iterations of the decluttering
procedure. It is likely that better complexity bounds may be obtained using more
refined algorithms, such as fast PCA [31], that lessens the dependence on the ambient
dimension D. An interesting development would be to investigate a possible pre-
cision/complexity trade-off, as done in [3] for community detection in graphs for
instance.

Even though Theorem 4.1 is applied to submanifold estimation, we believe it may
be applied in various settings. Beyond its statement, the way that it is used is quite
general. When intermediate objects (here, tangent spaces) are used in a procedure,
this kind of proxy method can provide extensions of existing results to the case where
these objects are only approximated.

As local PCA is performed throughout the paper, the knowledge of the bandwidth
h is needed for actual implementation. In practice its choice is a difficult question and
adaptive selection of & remains to be considered.

In the process, we derived rates of convergence for tangent space estimation. The
optimality of the method will be the object of a future paper.
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Appendix

A Interpolation Theorem

This section is devoted to prove the interpolation results of Sect. 4.1. For the sake
of completeness, let us state a stability result for the reach with respect to %>-
diffeomorphisms.
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Lemma 7.1 ([22, Thm. 4.19]) Let A C R with reach(A) > p > 0and O R —
RP be a €'-diffeomorphism such that ®,®~', and d® are Lipschitz with Lipschitz
constants K,N and R respectively. Then

1
reach(®(A)) > m
Writing ¢¢(-) = ¢(-/£), we recall that ;(a) = (R; — Ip)(a — n(p;)) + (pj —
(p;)) and

q
Q@) =a+ Yy ¢ila—m(p))v;a). ey

j=1

Let us denote by = sup, ||dx@ll, b2 = sup, ||d§¢>||op, and write C; = 1 + by, Cp =
by + 2by. Straightforward computation yields C; < 7/2 and Cy < 28.

Proof of Lemma 4.2 First notice that the sum appearing in (1) consists of at most
one term. Indeed, since ¢ = 0 outside Z(0, 1), if ¢¢e(a — w(pj)) # 0 for some
J€{l,...,q}, then |la — m(p;)|| < £. Consequently, for all i # j,

la—7(p)l = lpj — pill = llpj —w(p)I = llw(p;) —all — 7 (pi) — pill
=8—n—L—n
>85—20>¢,

where we used that 6n < £ < §/3. Therefore, ¢p¢(a — w(p;)) = Oforalli # j.In
other words, if a p; actually appears in ® (a) then the others do not.

Global diffeomorphism: As the sum in (1) is at most composed of one term, chain
rule yields

lda® — Ipllop = max |dyl¢e(a — n(pj))iﬁj(a)]llop
1<j=q

o)
0 b=

max
1<j=q

(M+D9+h%<L

Vi@ T e + d0la =7 R; = 1)
7 O]

IA

where the last line follows from b < 5/2, 6n < £ and 0 < 7/64. Therefore, d, P is
invertible for all a € R?, and (d,®)~! = 322 (Ip — d,®). ® is a local diffeomor-
phism according to the local inverse function theorem. Moreover, ||®(a)|| — oo as
lall = oo, so that ® is a global ¥"*°-diffeomorphism by the Hadamard—Cacciopoli
theorem [17].

Differentials estimates: (i) First order: From the estimates above,

Ui
”daq)”op = ”ID”op + ”daq) - ID”op <1+ (bl + 1)9 +blz-
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(il) Inverse: Write for all € RP:

oo
Idot@® lop = 1da®) " lop = | >0 = da®)
i=0

op
1 1

=< =< )

L —I|lIp —da®llop — 1 = (b1 + 1O —bin/t

where the first inequality holds since [[dg® — Ipllop, < 1, and ||[|op is sub-multi-
plicative.
(iii) Second order: Again, since the sum (1) includes at most one term,

Idg @llop = max Ildg[ge(a =7 (p)Vj @]lop

IA

% lop lldéllop
121?;{5—2 I (@l +2 7 IR; — Ipllop

n 0
<by— + (b +2by) —.
by o3+ (b2 +2b1) 5

Proof of Theorem 4.1 Set{ =§/3 and M’ = ®(M).

— Interpolation: For all j, p; = ®(w(p;)) € M’ by construction since ¢;(0) = 1.
— Tangent spaces: Since dy¢y|x=0 = 0, for all j € {1,...,q}, dad>|a:,,(pj) = R;.
Thus,

Ty M = ToGu(p;) M) = daPla=r(p) Tr(ppM) = Rj(Tr(ppM) = T},

by definition of R;.
— Proximity to M: The bound on dg(M, M') = dy (M, @(M)) follows from the
correspondence

[®(a) —all < sup lglai(qm(a —2(p) @] < €0 +n <86 +n.

acRP '=J

— Isotopy: Consider the continuous family of maps

q
Dy(a)=a+1y dula—m(p)yja),

j=1

for0 <t < 1. Since ®) — Ip = t(P — Ip), the arguments above show that @)
is a global diffeomorphism of RP for all ¢ € [0, 1]. Moreover, ®) = Ip and
@1y = ®. Thus, M = ®y(M) and M’ = ®()(M) are ambient isotopic.

— Reach lower bound: The differentials estimates of order 1 and 2 of @ translate into
estimates on Lipschitz constants of ®, ®~! and d®. Applying Lemma 7.1 leads
to
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(1—Ci(n/t +6))*
+ C1(n/L+0))/p + Ca(n/€2 +0/0)
B (1—Ci(n/t +6))*
TR GG+ o) + /2 + 000

reach(M') > a

Now, replace ¢ by its value §/3, and write ¢y = 3Cy < 21/2 < 1l and ¢ =
32C;, < 252. We derive

reach(M’) > (1 - 2c1<2 + 9)) (1 —e (ﬁ +9) — cz(i i g)p)p
= 5 5 27
0
> (1 — 3¢y <g +9) = Cz(b% + 5)p>p
0
> (1 — (Bc1 + cz)((si2 + §>p>p,

where for the last line we used that §/p < 1. The desired lower bound follows
taking co = 3¢y + ¢p < 285. 0
B Some Geometric Properties under Reach Regularity Condition
B.1 Reach and Projection on the Submanifold
In this section we state intermediate results that connect the reach condition to orthog-
onal projections onto the tangent spaces. They are based on the following fundamental

result.

Proposition 8.1 ([22, Thm. 4.18]) For all x and y in M,

ly —xI1?
Iy —x)1ll = > ;
P
where (y — x) | denotes the projection of y — x onto Ty M=.

From Proposition 8.1 we may deduce the following property about trace of Eucli-
dean balls on M.

Proposition 8.2 Let x € R? be such thatd(x, M) = A < h < p/8, and let y denote
7w (x). Then,

By, r,) )M C Bx, )N M C B(y,r,[ )N M,
where r} + A* =12, (r;))? = (1 — %)ri, and (r;)* = (1+ ZTA)F'%'
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Proof Let z bein M N %A (x, h), and denote by § the quantity ||z — y||. We may write
Iz — x> =82 + A*+2(z — y, y — x), @)

hence 82 < h? — A2 — 2(z —y, y — x). Denote, for u in RPD, by u its projection onto
TyMl. Since (z —y,y — x) = ((z — y)1, y — x), Proposition 8.1 ensures that

32<1 - é) <r.
ol

Since A < h < p/8, it comes §% < (1 +2A/p)r}. On the other hand, (2) and Pro-
position 8.1 also yield

A
Iz — x| < 52<1 + —) + A2,
0
Hence, if 82 < (1 — %)rﬁ, we have

lz —x|? < r}+ A% =h% 0

Also, the following consequence of Proposition 8.1 will be of particular use in the
decluttering procedure.

Proposition 8.3 Let h and hy be bandwidths satisfying h? /P < h < hy. Let x be

such thatd(x M) < h/ﬁ and mty(x) = 0, and let z be such that ||z — x|| < h and
d(z, M) < h/p. Then

6h?
lzoll < —£

where 7z denotes the projection of z onto TyM=.

Proof Lety denote 1y (z). The triangle inequality yields || y|| < ||y —zll + ||Z — x|+
x|l <h /,0+(1+1/«/—)h < 3h. Pr0p0s1t10n8 1 ensures that ||y || < ||y||? /2p) <
(9h)/(2p). Since |lzL || < llyLll + hg/p, we have [lzo || < 6hj/p . O

At last, let us prove Lemma 5.4, which gives properties of intersections of ambient
slabs with M.

Proof of Lemma 5.4 Setki = g1y k2 = a0y and k3 = S

allh > 0,and z € S(x, T, h), the triangle inequality yields ||z — x| < |77 (2 —x)|| +

lmri(z—x)|| < (k1 +kah)h.Since h < 1and k1 +ky < 1/2,we getz € B(x, h/2).
Now, suppose that h/ﬁ >dx, M) > hz/,o and Z(TrxyM,T) < Kh/p. For

short we write Ty = T;(,)M. Let z € S(x, T, h), since h < 1, it comes

Iz, (z =0l < llz = x|l < (ki +ka)h = kih,
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with k| = ki 4 k2. On the other hand
7 (2 = Ol < lgmr @ = 0l + gy (2= 2l
< (Kh/p)(kih) + kah® = k5h?,
with k), = k1K /p + ko. Hence S(x, T, h) C S'(x, Ty, h), for the constants k| and
ké defined above. It remains to prove that §'(x, Tp, h) N M = (. To see this, let

z € 8'(x, To, h), and y = (x). Since k| + k, < 1/4, we have ||y —z|| < [y — x|l +
lx —z| < h(l/«/z+ 1/4). For the normal part, we may write

7 2= W = e (v = ) = 7 (= 2l = K21/ p = k).

Since k5 < 1/(8p), we have ||71T0¢ (z— I > lly — zl>/(2p), hence Proposition 8.1
ensures that z ¢ M.

At last, suppose that x € M and y € A(x, k3h) N M. Since k3 < ki, we have
lrr(y — x)|| < k1h. Next, we may write

w7 ey =0l = llwpimn (v = Ol + llwpiwg (v = 0.

Since y € M, Proposition 8.1 entails |71 (v — )|l < |y — x12/(2p) < k3h*/(2p).
It comes

h? k3
l7re(y =0 = — (ksK + —3> < koh?.
P 2
Hence y € S(x, T, h). O

B.2 Reach and Exponential Map

In this section we state results that connect Euclidean and geodesic quantities under
reach regularity condition. We start with a result linking reach and principal curvatures.

Proposition 8.4 ([30, Prop. 6.1]) For all x € M, writing Il for the second funda-
mental form of M at x, for all unitary w € Ty M, we have Il (w, w)| < 1/p.

Forall x € M and v € T, M, let us denote by exp, (v) the exponential map at x of di-
rection v. According to the following proposition, this exponential map turns out to
be a diffeomorphism on balls of radius at most 7 p.

Proposition 8.5 ([1, Corr. 1.4]) The injectivity radius of M is at least 7 p.

Denoting by dy (-, -) the geodesic distance on M, we are in position to connect geodesic

and Euclidean distance. In what follows, we fix the constant« = 1 + ﬁi'
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Proposition 8.6 Forall x,y € M such that ||x — y|| < p/4,
lx =yl =dm(x,y) <ellx—yl.
Moreover, writing y = exp,.(rv) forv e T.M with ||v|| = 1l andr < p/4,
y=x-+rv—+ R, v)

with || R(r, v)|| < r?/(2p).

Proof The first statement is a direct consequence of Proposition 6.3 in [30]. Let us
define u(z) = exp, (tv) —exp,(0) — tv and w(t) = exp,(tv) forall 0 < < r. It
is clear that #(0) = 0 and «’(0) = 0. Moreover, |[u” (1)|| = 1L (W' (), w ()] <
1/p. Therefore, a Taylor expansion at order two gives ||R(r, v)|| = u(r) < r2/(2p).
Applying the first statement of the proposition gives r < « ||x — y||. O

The next proposition gives bounds on the volume form expressed in polar coordinates
in a neighborhood of points of M.

Proposition 8.7 Let x € M be fixed. Denote by J(r, v) the Jacobian of the volume
form expressed in polar coordinates around x, for r < p/4 and v a unit vector in
Ty M. In other words, if y = exp, (rv), dyV = J(r,v) drdv. Then

d

card™! < J(r,v) < Cgri=1,

where cqg = 2= and Cq = 24 Asa consequence, if By (x, r) denotes the geodesic
ball of radius r centered at x, then, if r < p/4,

yrd < Vol(By (x,r)) < Cyr,

with C:z =cqVgand C 4/1 = C4Vy, where V; denotes the volume of the unit d-dimen-
sional Euclidean ball.

Proof Denoting A,, = dy, exp,, the Area Formula [23, Sect. 3.2.5] asserts that
J(@r,v) = rd-1 det(AL,vA,,v). Note that from Proposition 6.1 in [30] together with
the Gauss equation [10, p. 130], the sectional curvatures in M are bounded by |« | <
2/ ,02. Therefore, the Rauch theorem [21, Lemma 5] states that

2 2
<1 - §> lwll < A w| < <1 + ?) lwll

for all w € Ty M. As a consequence,

2

d r2\? / r2\¢ d
279 < (1 - 3_/)2> = det(Ag‘,vAr,v) = (1 + p) <2%

Since Vol(ZBy(x,r)) = fsr:o ve s J (s, v)dsdv, where .¥;_ denotes the unit
(d — 1)-dimensional sphere, the bounds on the volume easily follow. O
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C Some Technical Properties of the Statistical Model

C.1 Covering and Mass

Lemma 9.1 Let Q¢ € %y (fmins fmax)- Then forall p € M andr < p/4,
Qo(Z(p. 1) = ag fminr®,

where aq > 0. As a consequence, forn large enough andforall Q € 9p 4. foin. foac 0.0
with probability larger than 1 — (1/n)*/?,

logn\ /¢
dH<M,Xn>scd,fmin< - ) +o.

Similarly, for n large enough andforall P € Op g f.. fua,p. > With probability larger
than 1 — (1/n)*/4,

logn\ /4

dH(M,XnnM)SCd,f'min i .
y ﬁn

Proof The first statement is a direct corollary of Proposition 8.7, since for allr < p/4,

Qo(#(p.r)) = /g( )fd%”d > fuinVol(B(p,r) N M) > aq fminr,
B(p,r

where a4 can be taken to be equal to ¢/, of Proposition 8.7. Let us now prove the second
statement. By definition, sample X; € X,,, that has distribution Q € ¥p 4, 1,0, fnax,p.0 5
can be written as X; = Y; 4 Z;, with ¥; having distribution Qo € ¥p 4, fuin. fnax,p» a0
IZi || < o.From the previous point, letting a = a4 fmin, Qo fulfils the so-called (a, d)-
standard assumption of [12] for » < p/4. Looking carefully at the proof of Lemma 10
in [12] shows that its conclusion still holds for measures satisfying the (a, d)-standard
assumption for small radii only. Therefore, writing Y,, = {Yy,..., Y,}, forr < p/8
we obtain

44 a 4
Po,(dy(M,Y,) >r) < —aexp|—n ).

The claim follows using that dy (X,,, Y,) < o, and setting r = Cy, f,., (log n/n)l/d

with Cf s > 1+2/d.
To prove the last point, notice that for all k = 0, .. ., n, conditionally on the event
{IX,, " M| =k}, X;, N M has the distribution of a k-sample of Q¢. Therefore,

Pp(du (M, X, 0 M) > r | [X, 0 M| = k) = Poy(du (M, X 0 M) > r)
4 a 4
< mexp(—kz—dr )
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Hence,

Pp(dg(M,X, " M) > r) = ZPP(dH(M,Xn NM) >r|[X, " M| =k)Pp(X, N M| =k)
k=0

n 4d
= Z ol exp(—k 2% rd) (Z)ﬁk(l — Bk

T oar
44 a 4
o exp[—nﬁ(l — exp(—z—d r >>]

=
44 a 4
= e Rl v A B
whenever r < p/8 and ar? < 27, Taking r = C); fm(lﬁn)l/[l with Céﬂ{fmm 2‘3& >
1 + 2/d yields the result. ' ‘ a

We now focus on proving Lemma 2.2. For its proof, we need the following piece
of notation. For all bounded subsets K C R” and ¢ > 0, we let cvg (¢) denote
the Euclidean covering number of K. That is, cvg (¢) is the minimal number k of
Euclidean open balls of radii ¢ and centered at elements of K that are needed to cover
K.

Lemma 9.2 Let K C RP be a bounded subset. If K is path connected, then for all
e > 0, diam(K) < 2ecvg (e).

Proof Let p,q € K and y: [0, 1] — K be a continuous path joining y (0) = p and

y(1) = g. Writing N = cvg(e), let x1, ..., xy € RP be the centers of a covering
of K by open balls of radii . We let U; denote {z, ||y (¢) — x;|| < ¢} C [0, 1]. By
construction of the covering, there exists x(1y € {x1, ..., xy} such that [[p —x)ll <

e.Then U(1y > y(0) = pisanon-empty open subsetof [0, 1], so that #(;) = sup Uy is
positive. If #(1) = 1, then ||g — x(1)|| < &, and in particular ||g — pl|l < 2. If 1) < 1,
since U1y is an open subset of [0, 1], we see that y (1)) ¢ U(. But U,N:1 U; is an
open cover of [0, 1], which yields the existence of U ) such that y (¢(1)) € U2), and for
all t < t(1y, y(t) ¢ U(2). Then consider 2y = sup U2y, and so on. Doing so, we build
by induction a sequence of numbers 0 < #(1y < --- < fx) < 1 and distinct centers
X(1)s -5 X(k) € {x1,...,xn} (k < N) such that |p — X(1)|| <e,lqg— X(k)” <e,
with ||)/(l‘(l‘)) - x(i)” <eforl <i <kand ||)/(t(,')) _x(i+l)|| <eforl <i <k-—1.
In particular, ||x¢) — x4+l < 2¢forall 1 <i <k — 1. To conclude, write

Ilp =gl =llp—xwll + llxqay —x@ll + llg — x@l
k—1
<e+ Y llxe — xarnll + & < 2ke < 2ecvk (e).

i=1

Since this bound holds for all p, g € K, we get the announced bound on the diameter
of K. O
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We are now in position to prove Lemma 2.2.

Proof of Lemma 2.2 Let & < p/4, and x1, ..., Xcv,,(¢) be a minimal covering of M.
According to Lemma 9.1, for all %,

O (B (xx, €)) > aq fnine®

for some a; > 0. A straightforward packing argument [12, Sect. B.1] yields that the
covering number of the support M of Q satisfies

Cd

cvm(e) < v
in€
min

forall e < p/4, where ¢y = 2¢/ay. Applying this bound with ¢ = p/4, together with
Lemma 9.2 yields

< B Cd = Cd
-2 fmin(p/4)d fmin)odi1 '

diam(M) < 2 % Vi (%)

where Cy = 23d—1/ad. O

Now we allow for some outliers. We consider a random variable X with distribution
P, that can be written as X = V(Y + Z) + (1 — V)X”, with || Z|| < sh,s < 1/4,
such that P(V = 1) = B and V is independent from (Y, Z, X”), Y has law Q
iN 9D d, fuin, fua,p» A0d X" has uniform distribution on Z(0, Ko) (recall that Ky is
defined below Lemma 2.2). Note that s = 0 corresponds to the clutter noise case,
whereas = 1 corresponds to the additive noise case.

For a fixed point x, let p(x, k) denote P(A(x, h)). We have P(VY € ZAB(x, (1 —
$)h)) <P(VX € B(x,h)) <P(VY € B(x,2h)). Hence we may write

Ba(x,3/4h) + (1 — B)g'(x, h) < p(x, h) < Bq(x,2h) + (1 = B)g’(x, h),

where ¢ (x, h) = Q(%(x,h)), and ¢’ (x, h) = (h/Ko)P. Bounds on the quantities
above are to be found in the following lemma.

Lemma 9.3 There exists hy (0, B, fmins fmax>d) < p/~/12d such that, if h < hy,
for every x such that d(x, M) < h, we have

- Bx,2h)NM C B(my(x),4h) N M,
- CI(x, Zh) = Cdfmaxhd.

Moreover, ifd(x, M) < h/ﬁ, we have

- By x),h/8) NM C B(x,3h/4),
- Cdfminhd < q(x,3h/4),
- p(x, h) <2Bq(x,2h).
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Proof Set h1(p) = p/(16a), and let x be such that d(x, M) < h, and h <
hy. According to Proposition 8.2, Z(x,2h) N M C %(nM(x),rz‘Z) N M, with
ry, = JAF2A7p)ran < 2ra, < 4h. According to Proposition 8.6, if y €
By (x),4h) N M, then dyy(mwpr(x), y) < dah < p/4. Proposition 8.7 then yields
q(x,2h) < Cdfmaxhd

Now if d(x, M) < h//2, (%(nM(x),r;hM) NM C Ax,3h/4) N M from
Proposition 8.2, with r371/4 = (I = A/p)r3p4 > r3na/2 > h/8. Since we have
By (y(x),h/8) C B(ry(x),h/8) N M, a direct application of Proposition 8.7
entails ¢g fminh? < q(x,3h/4).

Applying Proposition 8.7 again, there exists h2( fmin, d, D, B, p) such thatif 1 <
hi A ha, then for any x such that d(x, M) < h/~/2 we have (1 — B)q’(x, h)
Bea, foinh?, along with g (x, 2h) > q(x, 3h/4) > cq, . h?. We deduce that p(x, h)
2Bq(x, 2h). Taking hy = hy A hy A p/+/12d leads to the result.

O IAIA

C.2 Local Covariance Matrices

In this section we describe the shape of the local covariance matrices involved in
tangent space estimation. Without loss of generahty, the analysis will be conducted for
El (at sample point X 1), abbreviated as . We further assume that d (X1, M) <h/ V2,
wy(X1) = 0, and that Ty M is spanned by the d first vectors of the canonical basis of
RP.

The two models (additive noise and clutter noise) will be treated jointly, by con-
sidering a random variable X of the form

X=V¥+2)+1-V)X",

where P(V = 1) = B and V is independent from (Y, Z, X”), Y has distribution in
9D .d, froins frax.po0» 1 Z1 < o, and X" has uniform law on %(0, Ko) (recall that K is
defined above Definition 2.4). For short we denote by s the quantity o/ h, and recall
that we take s < 1/4, along with & < h (defined in Lemma 9.3).

Let U(X;, h),i = 2,...,n, denote 1»x, n(X;),let¥; € M and Z; such that
Xi =Y, + Z;, with | Z;|| < sh, and let V;, ...V, denote random variables such that
Vi = 11if X; is drawn from the signal distribution (see Sect. 2.1). It is immediate
that the (U (X, h), V;)’s are independent and identically distributed, with distribution
UX,h),V).

With a slight abuse of notation, we will denote by P and E conditional probability
and expectation with respect to X;. The following expectations will be of particular
interest.

m(h) = E(XUX,h)V)/E(VU(X, h)),
B(h) = EX —mm)T(X —mh)TUX, bV,

where for any x in R x1 and x| denote respectively the projection of x onto ToM
and ToM+.
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The following lemma gives useful results on both m (k) and X (h), provided that
X1 is close enough to M.

Lemma 9.4 [fd(Xy, M) < h/\2, for h < h, then

S(h) = (Ag” 8)

with

Hmln(A(h)) 2 ﬁcdyfminvfmaxhd+2’

where min(A(h)) denotes the smallest eigenvalue of A(h). Furthermore,

lmr ()| < 2h,
2h?
lmi(W)| < 7 + sh.

Proof Letx = y 4+ z be in B(X1, h), with y € M and |z|]| < sh. Since s < 1/4,
lyll < 2h. According to Proposition 8.2 combined with Proposition 8.6, we may
write, for 4 < hy and y in B(X(,2h) N M,

y =rv+ R(r,v),

in local polar coordinates. Moreover, if y € A(X1, (1 — s)h), then x € B(Xy, h).
Then, according to Proposition 8.2, we have Z(mp(X1), r3_h/4) NMc BXq, (-

$)h) N M. Let u be a unit vector in ToM. Then (u, x — mT(h))* = (u, rv+ R(r, v) +
z—m1(h)? > (u,rv —mr()?*/2 = 3(R(r,v) + 2)* > (u,rv — m7(h))?*/2 —

6r*/(4p%) — 6s>h? according to Proposition 8.6. Hence we may write

(Au,uy =g (u,rv+ R(r,v) — mT(h))ZJ(r, v) f(r,v)drdv
B(X1,hHNM

T34

> B fminca /

/ 7 (u ro = mr ()2 /2 = 3 2p?) — 65%h*] drdov,
=0 a1

according to Proposition 8.7 (bound on J(r, v)) and Proposition 8.2 (the geodesic
ball By (p(X1), r3_h/4) is included in the Euclidean ball Z(mwy (X1), ’"3_},/4) C
HB(X1, (1 —s)h) N M). Then

r=0 2

P d—1 2
. /‘ / / r¢=(u, rv) drdv
r=0 Sa-1 2

- — \d+2
O4—1 /r3h/4 At g, o‘d—l(”g,h/4) +
r

2d J—o  2d(d+2)

’%/4/ rd’l(u,rv—mr(h))zd d
rdv
Fi-1

’
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where o1 denotes the surface of the (d — 1)-dimensional unit sphere. On the other
hand,

3(r34)° 6s2h2)

r3_”/4f 3rdt3 2,2 d—1 - \d+2
+6s*h*r Vdrdv = 041Gy )T
Say 207 WA \2d+4p? T d

r=0 2
Since r;h/4 < h < hy < p/+/12d, we conclude that
(Au,u) = Bea fnin(ry ) = Bea fminh®*?,

since, for d(X{, M) < h/ﬁ and h < ho, "3_;,/4 > r3p/a/2 = h/8, according to
Proposition 8.2.

Now, since for any x = y +z € B(X1,h), y € M N A0, 2h) and ||z|| < sh,
we have |y || < 2h%/p, according to Proposition 8.1. Jensen’s inequality yields that
lm(h) LIl < 2h%/p + sh and [m(R)T|| < [lm()|| < 2h. m

The following Lemma 9.5 is devoted to quantifying the deviations of empirical
quantities such as local covariance matrices, means and number of points within balls
from their deterministic counterparts. To this aim we define Ny(%) and Ny (h) as the
number of points drawn from respectively noise and signal in #(X1, h) N M, namely

No(h) =Y UXi, (1 = Vy),

i>2

Ni(h) =Y U(Xi, h)Vi.

i>2

Lemma 9.5 Recall that hg = (K loi)l/(d—H) (as defined in Sect. 5.2), and hoo =

B(n—1)
hg”l)/d,for K to be fixed later.
If ho < hy and d(X1, M) < hy /2, then, with probability larger than 1 —
4(1/n)*4+1 ] the following inequalities hold, for all h < hy,.

No(hl) <201 = B)g' () + 102 + 2/ci) logn’
n— n—
Nl_(hl) < 2B42h) + 10(2+2_/ai) logn'

Moreover, for all (heo V \/Ed(Xl, M)) < h < ho, and n large enough,

1

D Xi = m)T(X; —m)UX;, Vi — E(h)” , =G LI eIAVEY

n—1 = Sminv/k
1 o . finax
Pa— izzz(xl m(h)TU(X;, h)V; Hy‘ <=Cy T Bq(2h)h.
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Proof The first two inequalities are straightforward applications of [6, Thm. 5.1].
The proofs of the two last results are detailed below. They are based on Talagrand—
Bousquet’s inequality (see, e.g., [8, Thm. 2.3]) combined with the so-called peeling
device.

Defineh_ = (hoo VvV V2d (X1, M)), where we recall that in this analysis X is fixed,
and let fr 5 denote the function

fra@e.v) =(T, (x = m(h)1(x —m(h)5U (x, h)v),
forh_ < h < ho, T ad x d matrix such that |T|# = 1, x in R?, v in {0, 1}, and

(T, B) = trace(T"'A), for any square matrices T and A. Now we define the weighted
empirical process

frnXi, Vi) =Efrp(X, V)
7 , , ’
up r(h)

i>2
with r(h) = Bq(2h)h?, along with the constrained empirical processes

Zw) = sup Y fra(Xi, Vi) = Efra(X, V),
T,h<u i>2

for h_ < u < ho. Since || fr.nlloo < supyep IIx —m()||?U (x, h) < 4h?, and

Var(fr.a(X, V) < E(IX —m(W|*U(X, h)V)
< 16Bh*P(VX € B(X1, h))
< 16Bh*P(VY € B(X,,2h)),

A

for s < 1/4, a direct application of Theorem 2.3 in [8] yields, with probability larger

4 2

than 1 — e™*,

To get a bound on EZ (1), we introduce some independent Rademacher random vari-
ables 03, ...,04, 1.6, P(o; = 1) = P(o; = —1) = 1/2. With a slight abuse of
notation, expectations with respect to the (X;, V;)’s and o;’s, i = 2,...,n, will be
denoted by E(x,v) and E, in what follows. According to the symmetrization principle
(see, e.g., [7, Lem. 11.4]), we have

(n = DEZ(u) < 2E(x v)Eq; sup Y (T, 03V;U(X;, D((X; = m(W)T(X; —m()'p))

=u.T >

<2Ex.v)Es sup Zol-(viU(xi,h)x,»x;,T)

=u,l ;59

+2Ex,v)Bo sup Y oi(ViU(X;, i) X;m(h)', T)

S
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+2Ex,v)Es sup Y oy(V;U(X;, ym(h) X}, T)

h=u.T j>)
+2Ex,v)Bo sup Y oi(V;U(Xi, ym(hym(h)', T)
=u.T j>)

= ZE(X’V)(E] + E2 + E3 + E4).

For a fixed sequence (X;, V;),i =2, ..., n, we may write
Ei < Eo sup( Y aViUXi, WX X{|  —Eo| Y oiViU(Xi, h)X;X] )
h=ulizs 7 i>2 7
+supBy | Y o ViU(X; W)X X}| = En+ En.
h<u i>2 F
Jensen’s inequality ensures that
2
En <sup |Eo| > oiViUXi, X X!| < 4u?Ni(w),
h<u ¢

i>2
hence

Ex.v)Erz < 4u>/B(n — 1)qQu).

UXi, hX; X! ||y —E, ”Zizz oi ViU(Xi, ) X; X! ||g) is in fact a supremum of at
most Np(u) processes. According to the bounded difference inequality (see, e.g.,
[7, Thm. 6.2]), each of these processes is subGaussian with variance bounded by
16h* N} (1) (see Theorem 2.1 of [7]). Hence a maximal inequality for sub-Gaussian
random variables (see Sect. 2.5, p. 31, of [7]) ensures that

E11 < 4h>\/2Ny(u) log(N1 (1)) < 4h*>\/2N1(u)log(n — 1).

Hence Ex vyEq1 < 4h2\/2/3(n — 1)g(2u) log(n — 1). E> may also be decomposed
as

E> = Eq sup <Z o ViU (X;, h)Xi)m(h)’
h=<u i=2 F
< 2B sup | Y01 ViU (Xi, )X H
h<u

i>2
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szu(Ea SuP< Zo,-v,-U<x,~,h)X,~‘ —Eq | 0iViU(Xi. )X )
h=u sy i>2
+ sup E, ZUiViU(Xi, hX; ') = 2u(E2 + E2).
h<u .
= i>2

Jensen’s inequality yields that E»» < 2u+/Ni(u), and the same argument as for E;
(expectation of a supremum of n — 1 sub-Gaussian processes with variance bounded
by 4u’Ni(u)) gives Exp < 2u\/2N;(u)log(n — 1). Hence

Ex,v)E2 < 4u®\/B(n — g 2u)(y/21og(n — 1) + 1).

Similarly, we may write

Ex,v)E3 < 4u®\/B(n — Dg()(y2log(n — 1) + 1).

At last, we may decompose E4 as

E4 < Eodu® sup |y V;U(X;, h)'
h=ulizy
< 4u2[JEo sup ( > viU<x,-,h>‘ =21 v,-U(X,»,h)D + sup E, > v,-U(X,»,mH
h<u <u

i>2 i>2 i>2

< 4u? /Ny () (y/21og(n — 1) + 1),

using the same argument. Combining all these terms leads to

EZ(u) < ———-(y/2log(n — 1) + 1),

324/ Bq(2u)
Jn—1

hence we get

1924/2u%,/Bq(2u) log(n — 1) 1 x 20u’x .
P(Z(u)z — (14—& llog(n—l)>+n—l>§e .

To derive a bound on the weighted process Z, we make use of the so-called peel-
ing device (see, e.g., [7, Sect. 13.7, p.387]). Set p = [log(ho/hoo)] < 1 +
log(ho/ hoo), so that e Phg < h_. According to Lemma 9.3, if I; denotes the slice
[e I ho, e~ Y=V hol N [h_, hol, then, for every hin I;, we have

f min
f max '

r(h) >r(hj_1)cq
where ¢4 depends only on the dimension, provided that iy < h.. Now we may write
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IP’(Z 192 fnax /2 (1 " 1 jx+ log(p)) + 20 fmax (x + log(p)) )
fminca/Bg2h_)(n — 1) 48 n—1 (n — 1) Bca fming (2h-)
( o Tia JraXi, V0 ~Efra(X. V)

T,hel; r(h)
- 192.fmaxﬁ (1 + i [x + 10g(/’)> + 20 fimax (x + log(p)) >
"~ fmincay/Bg2h-)(n — 1) 48 n—1 (n — 1) fmincaBq(2h-)
p . .
S ZP<Z(h/_1) _192V2r(hy0) (1 N log(p)) L 20r )G log(m))
o ’ VBgRh_)(n —1) 48 n—1 (n—1)Bq(2h_)
Since g(2hj_1) > q(2h_), we deduce that
]P(Z > 192fmax\/§ <1 4 L /X +108(P)> n 20fmax(x'+ log(p)) ) < pe_(XHOg(p))
Jmin€a+/Bg(2h_)(n — 1) 43 n—1 (n — Deg fminBg (2h-)

—X

v

=e

Now, according to Lemma 9.3, 8¢g(2h_) > cyxlogn/(n — 1). On the other hand,
p < 1+ log(hy/h) < log(B(n — 1)/k)/d < logn/d, for k > 1. For n large
enough, taking x = (1 4+ 2/d) log n in the previous inequality, we get

P<Z = Ca fmmﬁ) : (‘) '

The last concentration inequality of Lemma 9.5 may be derived the same way, con-
sidering the functions

gr.n(x,v) = {((x —m)U (x, h)v, T),

where 7T is an element of RY satisfying || T|| < 1. |

C.3 Decluttering Rate

In this section we prove that, if the angle between tangent spaces is of order A, then
we can distinguish between outliers and signal at order 2. We recall that the slab
S(x, T, h)isthe setof points y such that |77 (y—x)|| < kihand |71 (y—x)|| < koh?,
k1 and k, defined in Lemma 5.4, and where 77 denotes the orthogonal projection
onto 7.

Lemma 9.6 Recall that hy = (k 52245) """, and hoo = n§"*V/. Let K be fixed,
and ki, ky defined accordingly as in Lemma 5.4. If ho < h., for k large enough
(depending on d, p and fmin) and n large enough, there exists a threshold t such that,
forall hoo < h < ho, we have, with probability larger than 1 — 3(1/n)*/4+1,

X1 €M and L(T,Tx,M) < Kh/p=> |S(X1,T,h)N{Xa,..., X} > t(n — A4,
d(X1, M) > h*/p and L(T,Tyx)M) < Kh/p=> |S(X1,T,h)N{X2,..., X} < t(n — Dh?,
d(X1,M)>h/V2= |S(X1,T,h)N{Xs, ..., X} < t(n—Dnd.
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Proof Supposethatd (X, M) > h/ﬁ. Then, accordingto Lemma 5.4, S(X1, T, h) C
B(X1,h/2),with B(X1,h/2)NM = @, hence P,,(S(X1, T, h)) < P,(B(X1, h/2)).
Theorem 5.1 in [6] yields that, for all Ao, < h < hg, with probability larger than
1— (l/n)Z/d+l,

4(2/d + 1) log(8n)

Py(#(X1,h/2)) < 2P(A(X1,h/2)) + —

Since log(n)/(n — 1) < Bh“ /K, we may write

42/d + 1) log(8n)
-1
hP 4(2/d + 1)log(8n)
(2Ko)P n—1
4(2/d + 1)log(8n)
n—1

Py(S(X1, T, h) <20"(#(X1,h/2)) +

=2(1-p)

<{1- /3)Cd,D,p,fmmhd+l +
Cyq
<h? <(1 —B)Ca,D.p, frinh + Tﬁ)

for n large enough so that 1 < 1.

If h/v/2 > d(X\, M) > h*/p and L(Tyx,)M,T) < Kh/p, then Lemma 5.4
provides a big slab S'(x, Ty(xyM, h) so that S(x,T,h) C S'(x, Tx(xyM, h) and
S’ (x, TeeyM, h) N M = @. Thus, P,(S(x, T, h)) < P,(S'(x, Tx(xyM, h)). Another
application of Theorem 5.1 in [6] yields that, for all Ao < h < hg, with probability
larger than 1 — (1/n)?/4+1,

4(2/d + 1) log(8n)
n—1

Pu(S'(x, TreyM, 1)) < 2P(S'(x, TnyM, h)) +

9

hence, denoting by w, the volume of the r-dimensional unit ball, we get

4(2/d + 1)log(8n)

Py(S(X1, T, h)) <20 (#(X1,h/2)) + —

4(2/d + 1) log(8n)
n—1
4(2/d + 1) log(8n)
n—1

2(1 = B)wgwp—q

k/hdk/h2 D*d+
KPon (k)" (kyh™)

IA

(1= B)Ca.p, frmph T+

Cy
< hd<(1 —B)Ca.D.p. frinh + Tﬁ)

when n is large enough.

Now, if X1 € M and L(Trx)yM,T) < Kh/p, Lemma 5.4 entails that
B(X1,kshy N M C S(X1,T,h), hence P,(S(X1,T,h)) > P,(B(X1,ksh) N M).
The last application of Theorem 5.1 in [6] yields that, for all hoe < h < hg, with
probability larger than 1 — (1/n)%/+1,
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2(2/d + 1) log(8n)

n—1

Po(B(X1, ksh) O M) = % P(B(X1, ksh)) —

Thus we deduce that

2(2/d + 1) log(8
RS T 1) = B 0@ 0x, kayy — 2/ Do)
g &
z 5 q(ksh) — Cq 'BT > h* (ﬁcd,fmin,p - Cd§>,

according to Lemma 9.3 (since k3 < 1). Choosing « large enough (depending on d, p
and fmin) and then n large enough leads to the result. O

D Matrix Decomposition and Principal Angles

In this section we expose a standard matrix perturbation result, adapted to our frame-
work. For real symmetric matrices, we let u;(-) denote their i-th largest eigenvalue
and [4min () the smallest one.

Theorem 10.1 (Sin 0 theorem [16], this version from Lemma 19 in [2]) Let O €
RP*D B e R¥*4 pe positive semi-definite symmetric matrices such that

B0
O=<00>+E.

Let Ty (resp. T) be the vector space spanned by the first d vectors of the canonical
basis (resp. by the first d eigenvectors of O). Then

21E
[(Ty, T) < m.
Mmin(B)

E Local PCA for Tangent Space Estimation and Decluttering

This section is dedicated to the proofs of Sect. 5. We begin with the case of additive
noise (and no outliers), that is Proposition 5.1.

E.1 Proof of Proposition 5.1

Without loss of generality, the local PCA analysis will be conducted at base point
X1, the results on the whole sample then follow from a standard union bound. For
convenience, we assume that /(X)) = 0 and that TopM is spanned by the d first
vectors of the canonical basis of R”. We recall that X; = ¥; + Z;, with ¥; € M and
|Z;i]| < sh, fors < 1/4.In particular, | X1] < || Z1]| < sh < h/4.
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We adopt the following notation for the local covariance matrix based on the whole
sample X,.

—~ 1 _ _
X(h) = p— Z(Xj —X()(X; — X(h)'U(X;, h),
j=2
_ 1
X(h) = m 2 X;U(X;, h),
N(h) = ZU(X,-,h).
i>2

Note that the tangent space estimator TSE(X,,, /1)1 is the space spanned by the first d
eigenvectors of (k). From now on we suppose that all the inequalities of Lemma 9.5
are satisfied, defining then a global event of probability larger than 1 — 4(1/n)%/4+1,

We consider i = hg < h,, so that Lemmas 9.3 and 9.4 hold. We may then
decompose the local covariance matrix as follows.

= 1
() =-—— Z(Xi —m(m)(X; —m(h)'U(X;, h)
i=2
N(h) — — -~ =
- £ (X (h) —m(m)(X (h) —m(h))" := %) + 2. 3)

The first term may be written as

a 1
=T > (X —mm)(X; — m() U (X;, h)
i>2
1
=n_12;&—mmDﬂ&—mMDHK&J0+m

=32(h)+ R + Ry,
where

X(h) = (A(Oh) 8) :

According to Lemma 9.4 (with 8 = 1), stmin(A(R)) > ¢4 fminh®T?. On the other
hand, using Proposition 8.1 and Lemma 9.4 we may write

(n—=DIRillz/Nh) <2 sup  [[(y +z—m)Tll(y+z—m(h))Ll
y+zeB(X1,h)

+  sup (A z—m) |
y4zeB(X1,h)

<2 sup [y +z—mE)IU —mH)L]+ sh)
V+z€B(X1.h)
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+  sup (I —m@®) Ll + sh)?
yeZ(0,2h)NM

4h? 4h? :
<8h| — +2sh |+ | — + 2sh
o o

34h3
< T 4 20sh?,
1Y

since h < h4 and s < 1/4. In addition, we can write

(R O
Ry = ( 0 O) ,
with | R2]l# < C4 ﬁf‘:mn—ix/gq(%)hz according to Lemma 9.5 (with 8 = 1). In turn, the

term 3, may be decomposed as

s (R4 0
X = ( 0 0> + R3,
with
N(h)
—1
2h

n—1

I(X(h) = mm)TI(X (h) = m(h)]|

2Cqyq (Zh)hzfmax
fmin\/E '

A

[Rall.7 =<

IA

> (Xi —mm)TU (X, h) H <

i>2

according to Lemma 9.5. A similar bound on R3 may be derived,

NG — _
R3]l < n% (X (h) — m(h)) LINI(X (h) —m(h) ||
4h

“n-—1

8hN (h)(2h? K2 /1
(h)(2h /,0~|—sh)§N(h) (ﬂ”)’
n—1 n—1 0

Y Wi+ Zi —m() LU(X;, h)H

i>2

according to Proposition 8.1 and Lemma 9.4. If we choose h = (K 1:%;’) 1/ d, for k large
enough (depending on d, fmin and fmax), we have

R R4z
Rz + Rall 2 <14
Mmin (A (1))

Now, provided that ¥ > 1, according to Lemma 9.5, we may write

IR + R3ll.#

< Kp fond (/D +5),
(A = s in.t (B
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which, for n large enough, leads to
L(ToM, Tx, M) < V2K fy frina(h/p +9),

according to Proposition 10.1.

E.2 Proof of Proposition 5.5

The proof of Proposition 5.5 follows the same path as the derivation of Proposition
5.1, with some technical difficulties due to the outliers (8 < 1). We emphasize that
in this framework, there is no additive noise (o = 0). As in the previous section, the
analysis will be conducted for X € X® for some fixed k > —1,k = —1 referring to
the initialization step. Results on the whole sample then follow from a standard union
bound. As before, we assume that 77 (X1) = 0 and that Ty M is spanned by the first d
vectors of the canonical basis of R”. In what follows, denote by 7 the map from R
to {0, 1} such that 7(X;) = 1 if and only if X; is in X® .

We adopt the following notation for the local covariance matrix based on X® (after
k + 1 iterations of the outlier filtering procedure).

S®m) = n%l > (X = X(mP)X; = X)) U X X)),
Jj=2

x® Zx UX;, T(X)).

X = N(k)(h)

N®m) => U, h)t(X,-).

i>2

Also recall that we define No(h) and Njp(h) as the number of points drawn from
respectively clutter and signal in %(X1, h) N M (based on the whole sample X,,). At
last, we suppose that all the inequalities of Lemmas 9.5 and 9.6 are satisfied, defining
then a global event of probability larger than 1 — 7(1/n)?/4+1,

We recall that we consider hoo < h < hy, k > —1 (with hi_; = hy), and X in X®
such that (X1, M) < h/~/2. We may then decompose the local covariance matrix as

5O (h) = —Z(x —m(h)(X; —m()' U(X;, I(X;)
i>2
N<k>(h> —(k) < ik
— X (h) —m(h) (X (W)® — m(h))’
= i —m)(X; —mh)'U (X, DTX)Vi(X;)
i>2
+ Z<X —m()(X; —m(h)'U(X;, h)(1 — Vi)T(X;)

i>2
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N h —
( L@ ® = min)®a® —mnyy'
n—
SIS O 2§">. “
The proof of Proposition 5.5 will follow by induction.

Initialization step (k = —1): In this case XX = X,,, h = ho, d(X1, M) < ho/~/2,
and 7 is always equal to 1. Then the first term f{k) of (4) may be written as

i —m(m)(X; —m(h)'U(X;, h)V;

i>2

= LS X = )T (Xi — () U X5, Vi + Ry
i>2

= X(h) + Ry + Ry,

X(h) = (Ag’) 8) .

According to Lemma 9.4, imin(A(h)) > cqfminBh4t?, and ||R1| 7z < 341Z1(V(Lh)i’)
according to Proposition 8.1. Moreover, we can write

R, 0
R2=<02 o)’

with |R2]loz < Cq ff e ,Bq(Zh)h2 according to Lemma 9.5. Term E )in inequality
(4) may be bounded by

where

16h%Ny(h)

b 7z =<
” 2 ”/ — n 1

In turn, term f)gk) may be decomposed as

N®
n— : )(X(k)ﬁl) m(m) (X () = m(h)' = (15)6 8) +Rs,

with
N® .
IRsllz < —— ( 1 &Y 1y = mmyr 11X ) = mny|
4h
= ( ;(Xi—m(h))TU(Xish)Vi + ;(X,»—m(h))TU(X,»,h)(l— ; )
_ 4CaBg@m)h? fmax 16k No(h)
- fminx//? n—1
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according to Lemma 9.5. We may also write

IRs|l 5 (h) = m() LINE ™ () = mn))|

| /\

NGO

( Ny @O

4h

— ( D (X —mm) LU Xi, Vi | +
i>2

- 16N (W)h>  16Ng(h)h?

(n—1p (n—1

D (Xi —m() LU (X;, (1 = Vi

i>2

)

)

according to Proposition 8.1 and Lemma 9.4. As in the additive noise case (see proof
of Proposition 5.1), provided that « is large enough (depending on d, fmin, and fiax),
we have

|R2 + Rell.#

<1/4.
Hmin(A(R))

Since (n — Dhd = Ki;’#, if we ask k > p, then for n large enough we eventually get

IZ5” + Ri + Rsll# ho
- (A(h = d, fmin, fmax,8 >
Mmin (A(h)) P

according to Lemma 9.5. Then, Proposition 10.1 can be applied to obtain

_ 0

L(PSEXD, hoy, ey M) < V2K o sho/p.
According to Lemma 9.6, we may choose « large enough (with respect to K =
V2KO g, fmin and ,o) and then a threshold 7 so that, if X; € M, then X; € X©,
and 1fd(X1 M) > h? o/p.then Xy ¢ XO,

Iteration step: Now we assume thatk > 0,and thatd (X;, M) > h? /P implies7(X;) =

0, with 7y = (k 51((;‘%”1))”, vk being between 1/(d+1) and 1/d. Lethoo < h < hy,and

suppose that d(X 1, M) < hy/~/2. As in the initialization step, /E\gk) may be written as

<A(h) 0

0 0>+R1+R2,

with min(A(R) = ca frinBRT2, IR 5 < 3450 and Ryl 5 < Cyploe
x Bq(2h)h?.
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We can decompose X, T a

i —m(h)(X; —m(h) U (X, hy(1 = V)1(X;)

i>2
= = D Xi = m))T(Xi = m))FU (X;. W)(1 = V)T(X7) + Ry
i>2
(R4 0
- (0 0) R,
2
with || R4 o M and || R3|| < —128(50(1};);]1" according to Proposition 8.3, for

n large enough so that 42 0/ P =< hoo. Term E( ) may also be written as

N® _
O &)~ mmy Xy~ minyy = (’ff O) + Rs.

0
with
N® (h -
1Rols = S0 &) —my XY )~ my |
4h .
= — ( l;‘(X[ —mm)TUXi, h)V; | + g(xi —m(h)TUX;, h)(1 — v,-)r<x,-)H>
_ 4CaBg@m)h® fmax 16k No(h)
- fminﬁ (n—1)
according to Lemma 9.5. We may also write
N® -
IRslz < =— ( DI &@O 0y = m) L 1EP () = mayl
4 ~
< ( D (X = m() LUXi, Vi | + ;= m(h) LU (X, h)(1 — v,-)r<x,-)H>
n—1

i>2
- 16N (h)h3  32No(h)hh3
(n—1p pn—1) °

according to Propositions 8.1, 8.3 and Lemma 9.4. As done before, we may choose «
large enough (depending on d, fmin and fimax, but not on k) such that

|R2 + R4 + Rell.7

< 1/4.
Mmin(A(h))
Now choose h = Iy = (kqeeis) ™" with « > 1. This choice

is made to optimize residual terms of the form A/p + h,%No(h) /h coming from

@ Springer



968 Discrete Comput Geom (2018) 59:923-971

IR1 + R3 + Rs5l|.% /timin(A(hk+1)). Then we get, according to Lemma 9.5,

IR +Rs+ Rsllz _ . foaxhar | Cy ( log n )”“*2”‘@”‘*”“
= L4 K
Mmin (A(Rk+1)) £fmin Bofmin \ B(n —1)
hie+1

S Kd» ‘mins fmax,B 3 (5)
JSmin, fmax . B 0

where again, Kg_ ...
10.1 to get

g does not depend on k. At last, we may apply Proposition

f ‘l’ﬂ'dX ’

Z(TSE(XU{)’ hk+1)1’ Tﬂ(Xl)M) = ﬁdefmin»fmaXaﬁhk+1/p
0
= \/E(defminﬁfmaxsﬂ Vv Kf(l»}min,fmax,ﬂ)hk""]/'o

= Cdyﬂsfmax»fminhk‘l’l/p’
Then, according to Lemma 9.6, we may choose « large enough (not depending on
k) and ¢ (not depending on k either) so that if X; € M, then X; € X*+D and if
dX,,M) > h]%/p, then X; ¢ X*+D_ Proposition 5.5 then follows from a straight-
forward union bound on the sample {X1, ..., X, }.
E.3 Proof of Proposition 5.8
Inthis case, wehave d (X ;, M) < hgo /p,forevery X ;in X®  The proof of Proposition
5.8 follows from the same calculation as in the proof of Proposition 5.5, replacing h,% /p
by its upper bound hgo /p and taking hy41 = hoo in the iteration step.

F Proof of the Main Reconstruction Results

We now prove main results Theorem 2.7 (additive noise model), and Theorems 2.8
and 2.9 (clutter noise model).

F.1 Additive Noise Model

Proof of Corollary 5.2 Let Q € 9p d, fuin, fmaxop.o - WIite & = cq. foi oo (W V po/h)
fOr €4, fuin, fmax 1arge enough, an consider the event A defined by

=~ h o
A= { (0%, Z(THM(X/')]W’ T/(h)) = Cd’fmin’fmax (; - _>}

XjEXn

1 1/d
ﬂ{ supd(x,Xn)fo}ﬂ{ sup d(XJ"M)ECd,fmin<0gn> }
xeM XjEX,, X n
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Then from Proposition 5.1 and Lemma 9.1, Po(A) > 1 — 5(1)2/ d, and from the
definition of ¢ and the construction of Y,,, for n large enough,

AcC { max (T, x )M, Tj(h)) <

m{ d(x,X,) < }
Xrex, D 2280,0} Sup d(x, &) < €

xeM

2
&
N dX;, M) <
{xi‘é%l (X M) = 1140p}

C { max Z(TnM(X )M T (h)) <

m{ d(x,Y <2]
X, 2280p } sup d(x, Yn) < 2¢

xeM

2

&
N{Y, is e- N dXj, M)< ,
el g, 460.% i |

which yields the result. O

Proof of Theorem 2.7 Following the above notation, we observe that on the event A,
Theorem 4.4 holds for ¢ = ¢y f,.. fuax (B V 00/ h), 0 = £/(1140p) (where we used
the fact that & < 2sin6) and n = £2/(1140p) with high probability, so that the first
part of Theorem 2.7 is proven. Furthermore, for n large enough,

IEQ[dH (M, MTDC)] = IEQ[dH (M, MTDC)HA] + IEQ[dH (M, MTDC)HAC]
2
< cd% + (1 = Po(A))diam(M) + o)

l 2
<
— Cd,fmin»fmaxﬂpg ’

where for the last line we used the diameter bound of Lemma 2.2. O

F.2 Clutter Noise Model

Proof of Corollary 5.6 Let P € Op g, fou., fmax.p.p- FOr 1 large enough, write & =
Cd, fmin fmax ks TOT €, fuin finex 1arge enough, and consider the event

h h?
Ad = { max (T, x) M, T%) < Cd. fuin. foas —"} N {sup d(x, X%y < ﬁ}
X eXks) 1% xeM 14

logn l/d
Ny sup d(X;, M) <Cq frn| — .
X;jex®) n

From Proposition 5.5 and Lemma9.1,Pp (A®%) > 1—8(1/n)*“and from the definition
of ¢ and the construction of Yfl, for n large enough,

~ €
A’ c{ max AT, .M,TFS < ﬂ{s d ,X(k") <s}
{X Mty “Trwoep M 170 = 2280p} Sup e 250 =
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82
ﬂ{ sup d(X;, M) < }
X jextks)

~ £
- L(Ty x M. T%) < m{ d ,Y5<2}
{XI??% rucxy f)—zzsop} Sup . Xp) =20

2
&
N{Y, is e-sparse} N sup d(X;, M) < ,
{ n P } {Xjeg){fl ( J ) 1140,0}

which yields the result. O

Proof of Theorem 2.8 Following the above notation, we observe that on the event A°,
Theorem 4.4 holds for € = ¢y, f, fina ks> @ = €/(1140p) and n = £2/(1140p), so
that the first part of Theorem 2.8 is proven. As a consequence, for n large enough,

Ep[dn(M, Mapcs)] = Ep[dy (M, Mrpes)Las] + Ep[du (M, Mancs) 1 g5)c]
2
<A AP x2K0 = Cl e
p sJmins./maxs

where for the second line we used the fact that M U MTDC(S C A, a ball of radius
Ko = Ko(d, fmin, p)- ]

Finally, Theorem 2.9 is obtained similarly using Proposition 5.8.
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