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Abstract We characterise finite and infinitesimal rigidity for bar-joint frameworks in
R? with respect to polyhedral norms (i.e. norms with closed unit ball P, a convex
d-dimensional polytope). Infinitesimal and continuous rigidity are shown to be equiv-
alent for finite frameworks in R? which are well-positioned with respect to 7. An
edge-labelling determined by the facets of the unit ball and placement of the frame-
work is used to characterise infinitesimal rigidity in R in terms of monochrome
spanning trees. An analogue of Laman’s theorem is obtained for all polyhedral norms
on R2.

Keywords Bar-joint framework - Infinitesimally rigid - Laman’s theorem -
Polyhedral norm
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1 Introduction

A bar-joint framework in R? is a pair (G, p) consisting of a simple undirected graph
G = (V(G), E(G)) (i.e.noloops or multiple edges) and a placement p : V(G) — R4
of the vertices such that p, and p,, are distinct whenever vw is an edge of G. The graph
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G may be either finite or infinite. Given a norm on R? we are interested in determining
when a given framework can be continuously and non-trivially deformed without
altering the lengths of the bars. A well-developed rigidity theory exists in the Euclidean
setting for finite bar-joint frameworks (and their variants), which stems from classical
results of Cauchy [6], Maxwell [17], Alexandrov [1] and Laman [14]. Of particular
relevance is Laman’s landmark characterisation for generic minimally infinitesimally
rigid finite bar-joint frameworks in the Euclidean plane. Asimow and Roth proved
the equivalence of finite and infinitesimal rigidity for regular bar-joint frameworks
in two key papers [2,3]. A modern treatment can be found in works of Graver et
al. [9] and Whiteley [24,26]. More recently, significant progress has been made in
topics such as global rigidity [7,8,11] and the rigidity of periodic frameworks [5,16,
20,21] in addition to newly emerging themes such as symmetric frameworks [22] and
frameworks supported on surfaces [19]. In this article, we consider rigidity properties
of both finite and infinite bar-joint frameworks (G, p) in R? with respect to polyhedral
norms. A norm on R? is polyhedral (or a block norm) if the closed unit ball {x € RY :
[lx]| < 1} is the convex hull of a finite set of points. Such norms form an important
class as they are computationally easy to use and are dense in the set of all norms on
R?. While classical rigidity theory is strongly linked to statics, it has also provided
valuable new connections between different areas of pure mathematics and this latter
property is one of the emerging features of non-Euclidean rigidity theory. In particular,
the rigidity theory obtained with polyhedral norms is distinctly different from the
Euclidean setting in admitting new edge-labelling and spanning tree methods. There
are potential applications of this theory to physical networks with inherent directional
constraints, or to abstract networks with a suitable notion of distance imposed. Non-
Euclidean norms, and in particular polyhedral norms, have been applied in this way to
optimisation problems in location modelling (see the industry which has resulted from
[23]) and, more recently, machine learning with submodular functions [4]. A study
of rigidity with respect to the classical non-Euclidean ¢” norms was initiated in [12]
for finite bar-joint frameworks and further developed for infinite bar-joint frameworks
in [13]. Among these norms the £!' and £°° norms are simple examples of polyhedral
norms and so the results obtained here extend some of the results of [12].

In Sect. 2, we provide the relevant background material on polyhedral norms and
finite and infinitesimal rigidity. In Sect. 3, we establish the role of support functionals
in determining the space of infinitesimal flexes of a bar-joint framework (Theorem 5).
We then distinguish between general bar-joint frameworks and those which are well-
positioned with respect to the unit ball. The well-positioned placements of a finite
graph are open and dense in the set of all placements, and we show that finite and
infinitesimal rigidity are equivalent for these bar-joint frameworks (Theorem 7). We
then introduce the rigidity matrix for a general finite bar-joint framework, the non-
zero entries of which are derived from extreme points of the polar set of the unit
ball. In Sect. 4, we apply an edge-labelling to G which is induced by the placement
of each bar in RY relative to the facets of the unit ball. With this edge-labelling we
identify necessary conditions for infinitesimal rigidity and obtain a sufficient condition
for a subframework to be relatively infinitesimally rigid (Proposition 12). We then
characterise the infinitesimally rigid bar-joint frameworks with d induced framework
colours as those which contain monochrome spanning trees of each framework colour
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(Theorem 13). This result holds for both finite and infinite bar-joint frameworks and
does not require the framework to be well-positioned. In Sect. 5, we apply the spanning
tree characterisation to show that certain graph moves preserve minimal infinitesimal
rigidity for any polyhedral norm on R?. We then show that in two dimensions a
finite graph has a well-positioned minimally infinitesimally rigid placement if and
only if it satisfies the counting conditions |E(G)| = 2|V(G)| — 2 and |E(H)| <
2|V(H)| — 2 for all subgraphs H (Theorem 23). This is an analogue of Laman’s
theorem [14] which characterises the finite graphs with minimally infinitesimally
rigid generic placements in the Euclidean plane as those which satisfy the counting
conditions |E(G)| =2|V(G)| —3and |[E(H)| < 2|V (H)| — 3 for subgraphs H with
at least two vertices. Many of the results obtained hold equally well for both finite and
infinite bar-joint frameworks.

2 Preliminaries
Let P be a convex symmetric d-dimensional polytope in R where d > 2. Following
[10] we say that a proper face of P is a subset of the form P N H, where H is a
supporting hyperplane for P. A facet of P is a proper face which is maximal with
respect to inclusion. The set of extreme points (vertices) of P is denoted by ext(P).
The polar set of P, denoted by P~ is also a convex symmetric d-dimensional polytope
in R?:

PAr={yeR?:x-y<1foral x € P}. (1)

Moreover, there exists a bijective map which assigns to each facet F' of P a unique
extreme point F of P2 such that

F={xeP:x-F=1}. )

The polar set of P2 is P.
The Minkowski functional (or gauge) for P defines a norm on R4,

lx|lp =inf{A > 0:x € AP}.

This is what is known as a polyhedral norm or a block norm. The dual norm of || - ||p
is also a polyhedral norm and is determined by the polar set P%,

Iyl = max x -y =inf(2 2 0:y e APAY = |lyllpa.
X

In general, a linear functional on a convex polytope will achieve its maximum value at
some extreme point of the polytope and so the polyhedral norm || - || p is characterised
by
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Ixlp = lIxI5 = lxIps = max x-y= max x-y. 3)
P P yepPA yeext(P2)

A point x € R? belongs to the conical hull cone(F) of a facet F if x = Z’;:l Ajx;j
for some non-negative scalars A; and some finite collection x1,x3...,x, € F. By
formulas (1), (2) and (3) the following equivalence holds:

x econe(F) < |x|p=ux-F. )

Each isometry of the normed space R, - Ip) is affine (by the Mazur—Ulam
theorem) and hence is a composition of a linear isometry and a translation. A linear
isometry must leave invariant the finite set of extreme points of P and is completely
determined by its action on any d linearly independent extreme points. Thus there
exist only finitely many linear isometries on (RY, || - ).

A continuous rigid motion of a normed space @R [-Disa family of continuous
paths,

ap (=8,8) > RY, x e R,

with the property that a, (0) = x and for every pair x, y € R? the distance ||t (f) —
ay (1) || remains constant for all values of ¢. In the case of a polyhedral norm || - || p, if §
is sufficiently small, then the isometries I : x — «,(¢) are necessarily translational
since by continuity the linear part must equal the identity transformation. Thus we
may assume that a continuous rigid motion of R, | - Ip) is a family of continuous
paths of the form

a(t) =x+c(®), xeR?

for some continuous function ¢ : (=8, §) — R< (cf. [13, Lemma 6.2]).

An infinitesimal rigid motion of a normed space (R, || - ||) is a vector field on
R? which arises from the velocity vectors of a continuous rigid motion. For a poly-
hedral norm || - ||, since the continuous rigid motions are of translational type, the
infinitesimal rigid motions of R, || - |Ip) are precisely the constant maps

y:]Rd—>Rd, X a,
for some a € R (cf. [12, Lemma 2.3]).
Let (G, p) be a (finite or infinite) bar-joint framework in a normed vector space

R4, || - ). A continuous (or finite) flex of (G, p) is a family of continuous paths

oy (=8,8) > RY, v eV(G),

such that o, (0) = p, foreach vertex v € V(G) and ||ay (1) — oty () || = || pv — pw || for
all |t| < é andeachedge vw € E(G). A continuous flex of (G, p) is regarded as trivial
if it arises as the restriction of a continuous rigid motion of (Rd - 1D to p(V(G)). If

every continuous flex of (G, p) is trivial then we say that (G, p) is continuously rigid.
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An infinitesimal flex of a (finite or infinite) bar-joint framework (G, p) in a normed
space (Rd, I-1)isamapu: V(G) — R, v > u, which satisfies

[(pv + tuy) — (pw + tu)ll = |py — puwll = 0(t) ast —0 )

for each edge vw € E(G). We will denote the collection of infinitesimal flexes of
(G, p) by F(G, p). An infinitesimal flex of (G, p) is regarded as trivial if it arises as
the restriction of an infinitesimal rigid motion of (R4, I to p(V (G)). In other words,
in the case of a polyhedral norm, an infinitesimal flex of (G, p) is trivial if and only
if it is constant. A bar-joint framework is infinitesimally rigid if every infinitesimal
flex of (G, p) is trivial. Regarding F (G, p) as a real vector space with component-
wise addition and scalar multiplication, the trivial infinitesimal flexes of (G, p) form
a d-dimensional subspace 7 (G, p) of F(G, p).
The interior of a subset A C R? will be denoted by A°.

3 Support Functionals and Rigidity

In this section, we begin by highlighting the connection between the infinitesimal flex
condition (5) for a general norm on R? and support functionals on the normed space
(R, |- |I). We then characterise the space of infinitesimal flexes for a general (finite or
infinite) bar-joint framework in (R, || - |I») in terms of support functionals and prove
the equivalence of finite and infinitesimal rigidity for finite bar-joint frameworks which
are well-positioned in (R?, | - ||p). Following this, we describe the rigidity matrix for
general finite bar-joint frameworks in R4, || - |l2) and compute an example.

3.1 Support Functionals

Let || - || be an arbitrary norm on R¢, and denote by B the closed unit ball in (R?, || - ).
A linear functional f : R — R is a support functional for a point xog € R? if
f(x0) = |lxoll>and || £]I* = [|lxo]l- Equivalently, f is a support functional for x if the
hyperplane

H={xeR": f(x)=|xl)
is a supporting hyperplane for B which contains ﬁ

Lemma 1 Let || - || be a norm on R and let xo € R4 If f : RY — R is a support
functional for x, then

llxo + 2yl — Ilxoll

SO =< lxoll ; forallt >0

and

t —
&) > ol llxo + ytll llxoll forall t <0

forall y e RY.
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Proof Since f is linear and f (xo) = ||xol/>, we have for all y € R¢,

|
f = ;(f(xo +1y) — [Ixo1%).

If r > 0, then since f(x) < ||xo|||lx] for all x € R? we have

llxo + 2yl = llxoll

F») = lxoll ;

If t < 0, then applying the above inequality

llxo 4 2yl — [lxoll

JO) =—=f(=y) =z —lxol

lxo — 1 (=1l = %ol
- = |lxol

m}

Let (G, p) be a (finite or infinite) bar-joint framework in (R, || - D, and fix an
orientation for each edge vw € E(G). We denote by supp(vw) the set of all support
functionals for p, — py,. (The choice of orientation on the edges of G is for convenience
only and has no bearing on the results that follow. Alternatively, we could avoid
choosing an orientation by defining supp(vw) to be the set of all linear functionals
which are support functionals for either p, — py, or py, — py.)

Proposition 2 If (G, p) is a (finite or infinite) bar-joint framework in (RY, || - ||) and
u: V(G) — R? is an infinitesimal flex of (G, p), then

Uy — Uy € ﬂ ker f

fesupp(vw)
for each edge vw € E(G).

Proof Let vw € E(G) and suppose f is a support functional for p, — py,. Applying
Lemma 1 with xo = p, — py and y = uy, — uy,, we have

bxo + eyl = lixoll _ fG) . llxo + 291 = llxoll

lim =< =

=0~ t Ixoll — t—0* t
Since u is an infinitesimal flex of (G, p), lim;—o %(on + ty|| — llxoll) = 0 and so
fy)=0. O

Let || - | be a polyhedral norm on R?. For each facet F of P, denote by ¢ the
linear functional

<pF:Rd—>R, x> x-F.
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Lemma 3 Let || - ||p be a polyhedral norm on RY, let F be a facet of P and let
xo € RY. Then xo € cone(F) if and only if the linear functional

9Fx R =R, x> |xollp or(x),

is a support functional for x.

Proof If xo € cone(F), then by formula (4) ¢r x, (x0) = ||x0||%). By (1), we have
@F.x(x) < llxollp for each x € P, and it follows that ¢F y, is a support functional
for xo. Conversely, if xo ¢ cone(F'), then by (4) ¢F »,(x0) < ||xo||% and so ¢F x, 1S
not a support functional for x. O

For each oriented edge vw € E(G), we denote by suppg (vw) the set of all linear

functionals ¢ which are support functionals for %.
v w

Proposition 4 Let (G, p) be a finite bar-joint framework in (R?, || - ||p). If a mapping
u: V(G) — R satisfies

Uy — Uy € ﬂ ker o

@Fesuppg (Vw)

for each edge vw € E(G), then there exists § > O such that the family
oy (=8,8) = RY ay(t) = py + tuy,

is a finite flex of (G, p).

Proof Letvw € E(G) and write xo = py — py and ug = uy — uy,. If ¢F is a support
functional for Hx)é_(l)lp’ then by the hypothesis ¢ (19) = 0. By Lemma 3, x( is contained

in the conical hull of the facet F. Applying formulas (3) and (4),

lxollp = max xp-y=x-F.
yeext(P2)

By continuity, there exists &y, > 0 such that for all || < 8,y

lxo + tuollp = max (xo + fug) -y
yeext(PL)
= (x0 + tug) - F
= llxollp + t ¢F (uo)
= Ixollp-

Since G is a finite graph, the result holds with § = minyywegG) Svw > 0. O

The following is a characterisation of the space of infinitesimal flexes of a general
bar-joint framework in (RY, || - ).
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Theorem 5 Let (G, p) be a (finite or infinite) bar-joint framework in (RY, || - || p).
Then a mapping u : V(G) — R< is an infinitesimal flex of (G, p) if and only if

Uy — Uy € ﬂ ker o

@ €suppg (Vw)
for each edge vw € E(G).

Proof If u is an infinitesimal flex of (G, p), then the result follows from Proposition 2.
For the converse, let vw € E(G) and write xg = py, — pw and ug = uy — Uy.
Applying the argument in the proof of Proposition 4, there exists §,,, > 0 with
llxo + tugllp = ||xollp for all || < &yy. Hence u is an infinitesimal flex of (G, p). O

3.2 Equivalence of Finite and Infinitesimal Rigidity

A placement of a simple graph G in R? isamap p : V(G) — R? for which p, # py,
whenever vw € E(G). A placement p : V(G) — R? is well-positioned with respect
to a polyhedral norm on R? if p, — p,, is contained in the conical hull of exactly one
facet of the unit ball P for each edge vw € E(G). We denote this unique facet by Fiy,.
In the following discussion, G is a finite graph and each placement is identified with
apoint p = (py)vev(c) in the product space Hvev(G) R? which we regard as having
the usual topology. The set of all well-positioned placements of G in (R, || - || p) is an
open and dense subset of this product space. The configuration space for a bar-joint
framework (G, p) is defined as

VG p={re ] R :ln —xullp =llpy = pullp forall vw e E@G)}.
veV(G)

Proposition 6 Let (G, p) be a finite and well-positioned bar-joint framework in
(Rd, II - [lp) with py, — pw € cone(Fyy) for each vw € E(G). Then there exists
a neighbourhood U of p in Hvev(c) R4 such that

(1) if x € U, then x, — xy, € cone(Fyy) for each edge vw € E(G),
(i1) (G, x) is a well-positioned bar-joint framework for each x € U and
(i) V(G, p)NU = {x € U : ¢, (xs —xu) = 9r0 (ps — pu) for all vw € E(G)},

In particular, V(G, p) NU = (p + F(G, p)) N U.

Proof Let vw € E(G) be an oriented edge and consider the continuous map

Tow: [[ RY=>RY Godvevie) = o — Xu.
v eV(G)

Since (G, p) is well-positioned, p, — py, 1S an interior point of the conical hull of a
unique facet F,,, of PP. The preimage 7, (cone(F,,)°) is an open neighbourhood of
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p. Since G is a finite graph, the intersection

U= (] T, (cone(Fy)°)
vweE(G)

is an open neighbourhood of p which satisfies (i), (ii) and (iii).

Since (G, p) is well-positioned, by Lemma 3, there is exactly one support functional
in suppg (vw) for each edge vw and this functional is given by ¢f,,. If x € U,
then define u = (uy)yev(G) by setting u, = x, — p, for each v € V(G). By (iii),
x € V(G, p) N U if and only if x € U and

DPFyw Uy — uy) = PFyy (Xy — X)) — DFyy (pv—pPw) =0

for each edge vw € E(G). By Theorem 5, the latter identity is equivalent to the
condition that u is an infinitesimal flex of (G, p). Thus x € V(G, p) N U if and only
ifx e Uand x — p € F(G, p). O

We now prove the equivalence of continuous rigidity and infinitesimal rigidity for
finite well-positioned bar-joint frameworks.

Theorem 7 Let (G, p) be a finite well-positioned bar-joint framework in a normed
space (RY, || - |p), where | - ||p is a polyhedral norm. Then the following statements
are equivalent:

(1) (G, p) is continuously rigid.

(i1) (G, p) is infinitesimally rigid.

Proof (i) = (ii). If u = (uy)vev(c) € F(G, p) is an infinitesimal flex of (G, p),
then by Theorem 5 and Proposition 4, the family

@y (—e,8) = R, (1) = py +1uy, veV(G),

is a finite flex of (G, p) for some ¢ > 0. Since (G, p) is continuously rigid, this finite
flex must be trivial. Thus there exist § > 0 and a continuous path ¢ : (=48, §) — R4
such that o, () = p, +c(¢t) forall [f| < §and allv € V(G). Now uy = o, (0) = ¢’ (0)
forall v € V(G) and so u is a constant, and hence trivial, infinitesimal flex of (G, p).
We conclude that (G, p) is infinitesimally rigid.

(i) = (). If (G, p) has a finite flex given by the family

ay :(—g,8) > R, veV(G),
then consider the continuous path
a:(e,e) > V(G p), t (@u(®))evG)-
By Proposition 6, V(G, p) NU = (p + F(G, p)) N U for some neighbourhood U of

p. Since «(0) = p, there exists § > 0 such that «(¢) € V(G, p) N U forall |¢t| < §.
Choose 7y € (—§, §) and define
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u:V(G) — Rd, uy = oy(fo) — po-

Then u = «a(ty) — p € F(G, p) is an infinitesimal flex of (G, p). Since (G, p) is
infinitesimally rigid, # must be a trivial infinitesimal flex. Hence u, = c(#o) for all
v € V(G) and some c¢(zg) € RY. Apply the same argument to show that for each
|t| < & there exists c(¢) such that «,(#) = py + c¢(¢) for all v € V(G). Note that
c:(-4,6) —> R is continuous and so {ay : v € V(G)} is a trivial finite flex of
(G, p). We conclude that (G, p) is continuously rigid. O

The non-equivalence of finite and infinitesimal rigidity for general finite bar-joint
frameworks in (R?, || - || p) is demonstrated in Example 9.

3.3 The Rigidity Matrix

We define the rigidity matrix Rp(G, p) for a finite bar-joint framework (G, p) in
(R4, || - |lp) as follows: Fix an ordering of the vertices V(G) and edges E(G) and
choose an orientation on the edges of G. For each vertex v, assign d columns in
the rigidity matrix and label these columns p, 1, ..., py 4. For each directed edge
vw € E(G) and each facet F' with p, — p,, € cone(F), assign a row in the rigidity
matrix and label this row by (vw, F). The entries for the row (vw, F) are given by

Pv,l - Pvd Pw,1 Pw.d
[0~-~0F1 i Fg 0 o 0 —Fp .- —Fd0~-~0], 6)

where p, — py € cone(F) and F= (13"1, o, I:"d) e R4.If (G, p) is well-positioned,
then the rigidity matrix has size |E(G)| x d|V(G)|.

Proposition 8 Ler (G, p) be a finite bar-joint framework in (R%, || - || p). Then

(1) F(G, p) = ker Rp(G, p).
(1) (G, p) is infinitesimally rigid if and only if rank Rp(G, p) =d|V(G)| —d.

Proof The system of equations in Theorem 5 is expressed by the matrix equa-
tion Rp(G, p)uT = 0 where we identify u : V(G) — R4 with a row vector
(Uyys ..., Uy,) € RAVDI Thus F(G, p) = ker Rp(G, p). The space of trivial infin-
itesimal flexes of (G, p) has dimension d and so in general we have

rank Rp(G, p) <d|V(G)|—d
with equality if and only if (G, p) is infinitesimally rigid. O
If F is a facet of P and y1, y2, ..., yq € ext(P) are extreme points of P which
are contained in F, then for each column vector y; we compute [1 - - - 1] Al v =1,

where A = [y - - - yq] € M?*4(R). Hence,

F=[1---11A"". (7)
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Moreover, if y1, y2, ..., yq are pairwise orthogonal, then

Al = [y_IY_d]T
lIy1113 llyal3

and so

d
Z:: ||YJ ”2 (8)

where || - ||2 is the Euclidean norm on R¥.

Example 9 Let P be a crosspolytope in RY with 2d many extreme points ext(P) =
{fer :k=1,...,d},whereey, ey, ..., eqisthe usual basis in RY. Then each facet F
contains d pairwise orthogonal extreme points y1, ya, ..., Y4 each of Euclidean norm
1. By (8), F = Z(;:I v; and the resulting polyhedral norm is the 1-norm

d

Ixlp = max x-y=>"|xl=lxl.
yeext(P2) im

Consider for example the placements of the complete graph K> in (R?, ||-||1) illustrated
in Fig. 1. The polytope P is indicated on the left with facets labelled F and F5. The
extreme points of the polar set P~ which correspond to these facets are Fi =ej4e =
(1, 1) and F2 = e1 —ey = (1, —1). The first placement is well-positioned with respect
to P and the rigidity matrix is

Pv.l Pv2 Pw.l Pw2
oury[ 11 [=1 1]

Evidently, this bar-joint framework has a non-trivial infinitesimal flex. The second
placement is not well-positioned and the rigidity matrix is

Pv,l Pv2 Pw]l Pw?2
wFy| 1 1 ]—-1—1
ww k)| 1 —1|—-1 1 |
As the rigidity matrix has rank 2, this bar-joint framework is infinitesimally rigid in
(R2, || - [I1), but continuously flexible.

Fig. 1 An infinitesimally flexible and an infinitesimally rigid placement of K7 in (Rz, 1)
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4 Edge-Labellings and Monochrome Subgraphs

In this section, we describe an edge-labelling on G which depends on the placement of
the bar-joint framework (G, p) in (R4, || - ) relative to the facets of P. We provide
methods for identifying infinitesimally flexible frameworks and subframeworks which
are relatively infinitesimally rigid. We then characterise infinitesimal rigidity for bar-
joint frameworks with d framework colours in terms of the monochrome subgraphs
induced by this edge-labelling.

4.1 Edge-Labellings

Let (G, p) be a general bar-joint framework in R, | - I) (i.e. it is not assumed
here that (G, p) is finite or well-positioned). Since P is symmetric in RY, if Fisa
facet of P then —F is also a facet of P. Denote by @ (P) the collection of all pairs
[F] = {F, —F}. For each edge vw € E(G), define

D(vw) ={[F] € ®(P) : py — pw € cone(F) U cone(—F)}.

We refer to the elements of @ (vw) as the framework colours of the edge vw. For
example, if p, — py, lies in the conical hull of exactly one facet of P, then the edge
vw has just one framework colour. If p, — p,, lies along a ray through an extreme
point of P, then vw has at least d distinct framework colours. By Lemma 3, [F]
is a framework colour for an edge vw if and only if either ¢ or —@F is a support
functional for ”l’i;"’“’
Pv—PuwllP

For each vertex vy € V(G), denote by @ (vg) the collection of framework colours

of all edges which are incident with vg:

& (vo) = U @ (vow).

voweE(G)

Proposition 10 [f a (finite or infinite) bar-joint framework (G, p) is infinitesimally
rigid in (R, || - || p), then |® (v)| > d for each vertex v € V(G).

Proof If vg € V(G) and |®(vg)| < d, then there exists non-zero

X € ﬂ ker ¢F.
[Fle®(vo)

By Theorem 5, if u : V(G) — R? is defined by

| x ifv =y,
Y0 if v # .

then u is a non-trivial infinitesimal flex of (G, p). m|
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We now consider the subgraphs of G which are spanned by edges possessing a
particular framework colour. For each facet F of P, define

Er(G,p)={vw € E(G) : [F] € ®(vw)}

and let G be the subgraph of G spanned by Er (G, p). We refer to G as a mono-
chrome subgraph of G.
Denote by @ (G, p) the collection of all framework colours of edges of G:

»G.p)= ] oww.
vweE(G)

We refer to the elements of @ (G, p) as the framework colours of the bar-joint frame-
work (G, p).

Proposition 11 Let (G, p) be a (finite or infinite) bar-joint framework which is infin-
itesimally rigid in (R?, || - || p). If C is a collection of framework colours of (G, p)
with |@ (G, p)\C| < d, then

U or

[FleC
contains a spanning tree of G.
Proof Suppose that U[ rlec GF does not contain a spanning tree of G. Then there
exists a partition V (G) = V1 U V; for which there is no edge vivy € E(G) with frame-

work colour contained in C satisfying vy € V| and vy € V5. Since |@ (G, p)\C| < d,
there exists non-zero

X € ﬂ ker ¢F.
[Fle®(G,p)\C

By Theorem 5, if u : V(G) — R is defined by

- x ifveV,
V710 ifve Vs,

then u is a non-trivial infinitesimal flex of (G, p). We conclude that J;zjcc GF
contains a spanning tree of G. O

It is possible to construct examples which show that the converse to Proposition 11

does not hold in general. In Theorem 13, we show that a converse statement does hold
under the additional assumption that |® (G, p)| = d.
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4.2 Edge-Labelled Paths and Relative Infinitesimal Rigidity

Let (G, p) be a finite bar-joint framework in R, || - ll») and, for each edge vw €
E(G), let X,,, be the vector subspace of R:

Xow = ﬂ ker op = ﬂ ker ¢F.
@FeEsuppgy (Vw) [Fle® (vw)
If y = {viva, vav3, ..., v,—1v,} is a path in G from a vertex v; to a vertex vy, then

we define
Xy = levz + Xv2v3 +- 4+ XUn—lUn'

For each pair of vertices v, w € V(G), denote by ' (v, w) the set of all paths y in G
from v to w.

A subframework of (G, p) is a bar-joint framework (H, p) obtained by restricting
p to the vertex set of a subgraph H. We say that (H, p) is relatively infinitesimally
rigidin (G, p) if the restriction of every infinitesimal flex of (G, p) to (H, p) is trivial.

Proposition 12 Let (G, p) be a finite bar-joint framework in (R?, | - lp) and let
(H, p) be a subframework of (G, p). If for each pair of vertices v, w € V(H)

N x, =10},

yelg(v,w)
then (H, p) is relatively infinitesimally rigid in (G, p).

Proof Let u € F(G, p) be an infinitesimal flex of (G, p) and let v, w € V(H).
Suppose y € I'g(v, w), where y = {vjvy, ..., Vy—1V,} is a path in G with v = v
and w = v,. Then by Theorem 5,

Uy — Uy = Uy, — uvz) + (Uy, — uv3) +---+ (uv,,,l — Uy,) € Xy'

Since this holds for all paths in I'G (v, w), the hypothesis implies that u, = u,,.
Applying this argument to every pair of vertices in H, we see that the restriction of
u to V(H) is constant and hence a trivial infinitesimal flex of (H, p). Thus (H, p) is
relatively infinitesimally rigid in (G, p). O

4.3 Monochrome Spanning Subgraphs

Applying the results of the previous sections, we can now characterise the infinites-
imally rigid bar-joint frameworks in (RY, || - l») which use exactly d framework
colours.

Theorem 13 Let (G, p) be a (finite or infinite) bar-joint framework in (R?, | - ||p)
and suppose that |® (G, p)| = d. Then the following statements are equivalent:
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(1) (G, p) is infinitesimally rigid.
(i1) GF contains a spanning tree of G for each [F] € @ (G, p).

Proof The implication (i) = (ii) follows from Proposition 11. To prove (ii) = (i),
letu € F(G, p). If v, w € V(G), then for each framework colour [F] € @ (G, p)
there exists a path in G ¢ from v to w. Hence

N Xy (] kergr=1{0)

yelc(v,w) [Fle®(G,p)

and, by Proposition 12, u, = u,,. Applying this argument to all pairs v, w € V(G),
we see that u is a trivial infinitesimal flex and so (G, p) is infinitesimally rigid. O

A bar-joint framework (G, p) is minimally infinitesimally rigid in R4, || - [Ip)ifit
is infinitesimally rigid and every subframework obtained by removing a single edge
from G is infinitesimally flexible.

Corollary 14 Let (G, p) be a(finite or infinite) bar-joint framework in (R?, ||-||p) and
suppose that |® (G, p)| = d. If GF is a spanning tree in G for each [F] € @ (G, p),
then (G, p) is minimally infinitesimally rigid.

Proof By Theorem 13, (G, p) is infinitesimally rigid. If any edge vw is removed from
G, then G is no longer a spanning tree for some [F] € & (G, p). By Theorem 13,
the subframework (G\{vw}, p) is not infinitesimally rigid and so we conclude that
(G, p) is minimally infinitesimally rigid. O

There exist bar-joint frameworks which show that the converse statement to Corol-
lary 14 does not hold in full generality. In the following corollary, the converse is
established for bar-joint frameworks that are well-positioned.

Corollary 15 Let (G, p) be a (finite or infinite) well-positioned bar-joint framework
in (R, || - lp) and suppose that |D (G, p)| = d. Then the following statements are
equivalent:

(1) (G, p) is minimally infinitesimally rigid.
(i) GF is a spanning tree in G for each [F] € ®(G, p).

Proof (i) = (ii). Let [F] € @ (G, p). If (G, p) is minimally infinitesimally rigid,
then by Theorem 13 the monochrome subgraph G ¢ contains a spanning tree of G.
Suppose vw is an edge of G which is contained in Gr. Since (G, p) is minimally
infinitesimally rigid, (G\{vw}, p) is infinitesimally flexible. Since (G, p) is well-
positioned, vw is contained in exactly one monochrome subgraph of G and so G is
the only monochrome subgraph which is altered by removing the edge vw from G.
By Theorem 13, Gfr\{vw} does not contain a spanning tree of G. We conclude that
G r is a spanning tree of G. The implication (ii) = (i) is proved in Corollary 14. O
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5 An Analogue of Laman’s Theorem

In this section, we address the problem of whether there exists a combinatorial descrip-
tion of the class of graphs for which a minimally infinitesimally rigid placement exists
in (RY, || -||p). We restrict our attention to finite bar-joint frameworks and prove that in
two dimensions such a characterisation exists (Theorem 23). This result is analogous
to Laman’s theorem [14] for bar-joint frameworks in the Euclidean plane and extends
[12, Thm. 4.6] which holds in the case where P is a quadrilateral.

5.1 Regular Placements

Let w(G,R?, P) denote the set of all well-positioned placements of a finite simple
graph G in R4, || - I?). A bar-joint framework (G, p) is regular in R4, || - |p) if the
function

w(G,RY, P) > {1,2,...,d|V(G)| —d}, x> rank Rp(G,x)

achieves its maximum value at p.

Lemma 16 Let G be a finite simple graph.

(i) The set of placements of G in (RY, || - \l2) which are both well-positioned and
regular is an open set in HveV(G) R4

(ii) The set of placements of G in (RY, || - |p) which are well-positioned and not
regular is an open set in HveV(G) R,

Proof Let p be a well-positioned placement of G and let U be an open neighbourhood
of p as in the statement of Proposition 6. The matrix-valued function x — Rp(G, x)
is constant on U and so either (G, x) is regular for all x € U or (G, x) is not regular
forallx € U. O

A finite simple graph G is (minimally) rigid in (RY, || - ||p) if there exists a well-
positioned placement of G which is (minimally) infinitesimally rigid.

Example 17 The complete graph K4 is minimally rigid in (R2, || - ||p) for every
polyhedral norm | - ||p. To see this, let Fy, F>, ..., F, be the facets of P and let
xp € ext(P) be any extreme point of P. Then x¢ is contained in exactly two facets,
F1 and F; say. Choose a point x; in the relative interior of F and a point x; in the
relative interior of F,. Then by formulas (3) and (4),

max B < =x - F = 1, 9
) (x1 - Fr) < llxillp = x; 1 9
max (x; - Fp) < X2 = x2~IA7 =1. 10
i) (x2 - Fr) < llx2llp 2 (10)
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Since (xg - ﬁl) = (xq- ﬁz) = |lxollp = 1, if x1 and x7 are chosen to lie in a sufficiently
small neighbourhood of x( then by continuity we may assume

X1 2 IIlaX] (x1 x) > an
. F _— . I’;\‘ 0. 12
X2 1 IkllaX (x2 k) > (12)

We may also assume without loss of generality that
x1-F=x3- Fy. (13)
Define a placement p : V(K4) — R? by setting
Py =(0,0), py =x1, py, =0 —-8)x2, py =x1+ 1 +&)x2,
where 0 < ¢ < 1. The edges vov1, vovz and vjv3 have framework colours
@ (vovi) = [F1], P(vov2) = [F2], P(viv3) = [F2].
To determine the framework colours for the remaining edges, we will apply the above
identities together with formulas (3) and (4). Consider the edge vov3. If k % 1 and ¢
is sufficiently small, then applying (9)
(Puy = Pu) - Fi = (a1 - Fi) +2¢ (x2 - F) < 1.
Also by (9) and (12), we have
(Poy = Pu) - Fr = (v - FD) + 26 (v - F1) = 1 426 (k2 - F) > 1.
We conclude that F is the unique facet of P for which || pu; — pu, [l = (Pos — Puy) - Fi
and so py; — py, € cone(F1)°. Thus @(vov3) = [Fi]. Consider the edge vovs.
Applying (10) and (11), for k # 1, 2 we have
(Pus — Puo) - F = (x1 - F) + (14 &) (2 - Fi) < (x1 - F2) + 1 + &
By applying (13),
(P = Pog) - Fi = (1 - F) + (L + &) (2~ F1) < (- Fo) + 1 4 ¢
and by (10),

(Pos — Pwg) - Fr= (1 - F) + (1 4+ 8)(x2- F2) = (x1 - F2) + 1 + .

Hence F is the unique facet of P for which || pu, — pulP = (pus — Puy) - F2. Thus
DPv; — Puy € cone(f2)° and so @(vovz) = [F2]. Finally, consider the edge viv;.
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U3
Uzq/.

vo.—".vl

Fig. 2 A framework colouring for an infinitesimally rigid placement of K4 in RZ, | - Ip)

Applying (13), we have
(Poy = po) - Fr= (1 —e)(x2- F2) = (x1 - F2) = 1 — 6 — (x2 - F)
and this value is positive provided ¢ is sufficiently small. By (9), we have
(Po = Po) - (—F) = —=(1 = &)(x2 - F1) + (1 - F1) = 1 +e(xa - F1) — (x2 - FY).

We conclude that (py, — py,) - (£F2) < ||pv, — P, lp. Hence py, — py, ¢ cone(F?>).
By making a small perturbation, we can assume that p,, — p,, is contained in the
conical hull of exactly one facet of P and so @ (vjv2) = [Fy] for some [Fy] # [F2].
Thus (G, p) is well-positioned. This framework colouring is illustrated in Fig. 2 with
monochrome subgraphs G, and G, indicated in black and grey, respectively, and
G f, indicated by the dotted line. Suppose u € F(Ky, p). To show that u is a trivial
infinitesimal flex, we apply the method of Proposition 12. The vertices vy and v
are joined by monochrome paths in both G, and G, and so uy, = u,,. Similarly,
Uy, = Uy,. The vertices vy and v are joined by monochrome paths in G, and G f,
and so uy, = uy,. Thus u is a constant and hence trivial infinitesimal flex of (K4, p).
We conclude that (K4, p) and all regular and well-positioned placements of K4 are
infinitesimally rigid.

5.2 Counting Conditions

The Maxwell counting conditions [17] state that a finite minimally infinitesimally rigid
bar-joint framework (G, p) in Euclidean space R? must satisfy |E(G)| =d|V(G)| —
(dgl) with inequalities |E(H)| < d|V(H)| — (d;l) for all subgraphs H containing at

least d vertices. The following analogous statement holds for polyhedral norms.

Proposition 18 Let (G, p) be a finite and well-positioned bar-joint framework in
RE, || - lp). If (G, p) is minimally infinitesimally rigid, then

1) |E(G)| =4d|V(G)| —d and
(i) |E(H)| <d|V(H)| —d for all subgraphs H of G.

Proof If (G, p) is minimally infinitesimally rigid, then by Proposition 8 the rigidity
matrix Rp(G, p) is independent and

|E(G)| = rank Rp(G, p) =d|V(G)| —d.
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The rigidity matrix for any subframework of (G, p) is also independent and so
|E(H)| = rank Rp(H, p) <d|V(H)| —d

for all subgraphs H. O

A graph G is (d, d)-tight if it satisfies the counting conditions in the above propo-
sition. The class of (2, 2)-tight graphs has the property that every member can be
constructed from a single vertex by applying a sequence of finitely many allowable
graph moves (see [18]). The allowable graph moves are:

1. The Henneberg 1-move (also called vertex addition, or O-extension).
2. The Henneberg 2-move (also called edge splitting, or 1-extension).
3. The edge-to-K3 move (also called vertex splitting).

4. The vertex-to-K4 move.

A Henneberg 1-move G — G’ adjoins a vertex vp to G together with two edges
vov1 and vgvy where vy, v2 € V(G).

Proposition 19 The Henneberg 1-move preserves infinitesimal rigidity for well-
positioned bar-joint frameworks in (R?, || - ||p).

Proof Suppose (G, p) is well-positioned and infinitesimally rigid and let G — G’ be a
Henneberg 1-move on the vertices v, vy € V(G). Choose distinct [ F1], [F2] € @(P)
and define a placement p’ of G’ by p, = p, forallv € V(G) and

p:)O € (pu1 + (cone (F1)° U —cone (F1)°)) N (pv2 + (cone (F»)° U —cone (Fz)o)) .

Then (G, p’) is well-positioned and the edges vov; and vov, have framework colours
[F1] and [F>], respectively. If u € F(G’, p’), then the restriction of u to V(G) is
an infinitesimal flex of (G, p). This restriction must be trivial and hence constant. In

particular, u,, = u,,. By Theorem 5, ¢f, (1y, — uy;) = 0 and @p, (y, — ty,) =
©r, (Uyy — ty,) = 0 and 80 uy, = uy,. We conclude that (G, p’) is infinitesimally
rigid. O

A Henneberg 2-move G — G’ removes an edge vjv; from G and adjoins a vertex
vp together with three edges vovi, vov2 and vovs3.

Proposition 20 The Henneberg 2-move preserves infinitesimal rigidity for well-
positioned bar-joint frameworks in (R%, || - ||p).

Proof Suppose (G, p) is well-positioned and infinitesimally rigid and let G — G’ be
a Henneberg 2-move on the vertices v, v2, v3 € V(G) and the edge vivy € E(G). Let
[F] be the unique framework colour for the edge v v, and choose any [F>] € @ (P)
with [F2] # [F1]. Define a placement p’ of G’ by setting p, = p, forall v € V(G)
and choosing pf)o to lie on the intersection of the line through p,, and p,, and the
double cone p,, + (cone(F>)° U —cone(F2)°). (If py,, pv,, pv, are collinear, then
choose pgo to lie in the intersection of this double cone and a small neighbourhood
of py;.) Then (G’, p’) is well-positioned. Both edges vov; and vov, have framework
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colour [F}] and the edge vgv3 has framework colour [F>]. If u € F(G’, p’), then by
Theorem 5

PF, (uvl - uvz) = QR (”vl - uvo) + o (uvo - Mvz) =0.

Hence the restriction of u to V(G) is an infinitesimal flex of (G, p) and must be

trivial. In particular, u,, = uy,. Now @p (iy, — tty;) = 0 and ¢p, (y, — Uy,) =
@OF, (Uyy, — y;) = 0 and so uy, = u,,. We conclude that u is a constant and hence
trivial infinitesimal flex of (G’, p’). O

Let vjv; be an edge of G. An edge-to-K3 move G — G’ (on the edge vjv; and the
vertex v1) is obtained in two steps: Firstly, adjoin a new vertex vy and two new edges
vov1 and vovy to G (creating a copy of K3 with vertices vg, v1, v2). Secondly, each
edge viw of G which is incident with v; is either left unchanged or is removed and
replaced with the edge vow.

Proposition 21 The edge-to- K3 move preserves infinitesimal rigidity for finite well-
positioned bar-joint frameworks in (R2, || - ||p).

Proof Suppose (G, p) is well-positioned and infinitesimally rigid and let G — G’ be
an edge-to- K3 move on the vertex v; € V(G) and the edge viv2 € E(G). Let [F] be
the unique framework colour for v v, and choose any [F2] € @ (P) with [F>] # [Fi].
Since v; has finite valence, there exists an open ball B(py,,r) such that if p,, is
replaced with any point x € B(py,, r), then the induced framework colouring of G is
left unchanged. Define a placement p’ of G’ by setting p} = p, forall v € V(G) and
choosing

Puy € (pyy + cone(F2)°) N B(py,, 7).

Then (G, p’) is well-positioned. Suppose u € F(G’, p’) is an infinitesimal flex
of (G', p’). The framework colours for the edges vov; and vgv, are [F>] and [Fi],
respectively. Thus there exists a path from vy to vy in the monochrome subgraph G/F1
given by the edges vj vz, v2vg, and there exists a path from vy to v{ in the monochrome
subgraph G’F2 given by the edge vgv;. By the relative rigidity method of Proposition 12,
Uy, = Uy,. I an edge vjw in G has framework colour [F] induced by (G, p) and
is replaced by vow in G’, then the framework colour is unchanged. Thus applying
Theorem 5,

QF Uy, — Uy) = QF Uy, — Uyy) + QF Uy, — Uy) =0,

and so the restriction of u to V(G) is an infinitesimal flex of (G, p). This restriction
is constant since (G, p) is infinitesimally rigid and so u is a trivial infinitesimal flex
of (G, p'). O

A vertex-to-K4 move G — G’ replaces a vertex vy € V(G) with a copy of the
complete graph K4 by adjoining three new vertices vy, vz, v3 and six edges vovy, Vov2,
Vo3, V12, V1V3, V2v3. Each edge vow of G which is incident with vy may be left
unchanged or replaced by one of vjw, vow or v3w.
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Proposition 22 The vertex-to- K4 move preserves infinitesimal rigidity for finite well-
positioned bar-joint frameworks in (R2, || - ||p).

Proof Suppose (G, p) is well-positioned and infinitesimally rigid and let G — G’
be a vertex-to-K4 move on the vertex vg € V (G) which introduces new vertices v,
vz and v3. Since v has finite valence, there exists an open ball B(py,, r) such that if
Duw, 1s replaced with any point x € B(py,, r), then (G, x) and (G, p) induce the same
framework colouring on G. Let (K4, p) be the well-positioned and infinitesimally
rigid placement of K4 constructed in Example 17. Define a well-positioned placement
p’ of G’ by setting p,, = p, forall v € V(G) and

Do, = Poo +EPvs Py, = Pog +EPvys Pry = Puy + EDuss

where & > 01is chosen to be sufficiently small so that p;, , p;, and p,, are all contained
in B(py,, r). Supposeu € F(G’, p’). By the argument in Example 17, the restriction of
u to the vertices vy, v1, v, v3 is constant. Thus if vow is an edge of G with framework
colour [F] which is replaced by viw in G, then applying Theorem 5,

§0F(“vo —Uy) = €0F(Mu0 - uvk) + (PF(”vk —uy) =0,

and so the restriction of u to V(G) is an infinitesimal flex of (G, p). Since (G, p)
is infinitesimally rigid, this restriction is constant, and we conclude that u is a trivial
infinitesimal flex of (G, p’). O

We now show that the class of finite graphs which have minimally infinitesimally
rigid well-positioned placements in (R, || - |Ip) is precisely the class of (2, 2)-tight
graphs. In particular, the existence of such a placement does not depend on the choice
of polyhedral norm on R?.

Theorem 23 Let G be a finite simple graph and let || - ||p be a polyhedral norm on
R2. The following statements are equivalent:

() G is minimally rigid in (R2, || - ||p).
(ii) G is (2,2)-tight.

Proof (i) = (ii). If G is minimally rigid, then there exists a placement p such that
(G, p) is minimally infinitesimally rigid in (R?, || - | ») and the result follows from
Proposition 18.

(i) = (). If G is (2, 2)-tight, then there exists a finite sequence of allowable
graph moves, K; — G, — G3 —> --- —> G. Every placement of K| is cer-
tainly infinitesimally rigid. By Propositions 19-22, for each graph in the sequence
there exists a well-positioned and infinitesimally rigid placement in (R?, I 1p). In
particular, (G, p) is infinitesimally rigid for some well-positioned placement p. If
a single edge is removed from G, then by Proposition 18 the resulting subframe-
work is infinitesimally flexible. Hence (G, p) is minimally infinitesimally rigid in
®2 11 Ip)- O
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