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Abstract Let P be a set of n points in the plane, not all on a line. We show that
if n is large then there are at least n/2 ordinary lines, that is to say lines passing
through exactly two points of P. This confirms, for large n, a conjecture of Dirac and
Motzkin. In fact we describe the exact extremisers for this problem, as well as all sets
having fewer than n — C ordinary lines for some absolute constant C. We also solve,
for large n, the “orchard-planting problem”, which asks for the maximum number of
lines through exactly 3 points of P. Underlying these results is a structure theorem
which states that if P has at most K» ordinary lines then all but O(K) points of P lie
on a cubic curve, if n is sufficiently large depending on K.
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1 Introduction

The Sylvester—Gallai theorem is a well-known theorem in combinatorial geometry. It

was proven by Gallai [18] in response to a question of Sylvester [33] from 40 years
earlier (Fig. 1).
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QUEBTIONS FOR SOLUTION.

11851, (Professor Syrvesteir.)—Prove that it is not possible to
arrange any finite number of real points so that a right line through
every two of them shall pass through « third, unless they all lie in the
same right line.

Fig. 1 Sylvester’s question [33]

Theorem 1.1 (Sylvester—Gallai theorem) Suppose that P is a finite set of points in
the plane, not all on one line. Then there is an ordinary line spanned by P, that is to
say a line in P containing exactly two points.

Several different proofs of this now appear in the literature. We will be particularly
interested in a proof due to Melchior [25] based on projective duality and Euler’s
formula, which we will recall in Sect. 3. It is natural to wonder how many ordinary
lines there are in a set P of points, not all on a line, when the cardinality |P| of P
is equal to n. Melchior’s argument in fact shows that there are at least three ordinary
lines, but considerably more is known. Motzkin [26] was the first to obtain a lower
bound (of order n'/?) tending to infinity with n. Kelly and Moser [22] proved that there
are at least 3n/7 ordinary lines, and Csima and Sawyer [11] improved this to 6n/13
when n > 7. Their work used ideas from the thesis of Hansen [20], which purported
to prove the n/2 lower bound but was apparently flawed. An illuminating discussion
of this point may be found in the MathSciNet review of [11]. There are several nice
surveys on this and related problems; see [4], [15, Chap. 17], [27] or [28].

One of our main objectives in this paper is to clarify this issue for large n. The
following theorem resolves, for large n, a long-standing conjecture which has been
known as the Dirac—Motzkin conjecture. Apparently neither author formally conjec-
tures this in print, though Dirac [12] twice states that its truth is “likely”. Motzkin [26]
does not seem to mention it at all.

Theorem 1.2 (Dirac—Motzkin conjecture) Suppose that P is a finite set of n points
in the plane, not all on one line. Suppose that n > ny for a sufficiently large absolute
constant ng. Then P spans at least n/2 ordinary lines.

We will in fact establish a more precise result obtaining the exact minimum for all
n > ng as well as a classification of the extremal examples. One rather curious feature
of this more precise result is that if n is odd there must be at least 3|n /4] ordinary
lines. See Theorems 2.2 and 2.4 below for more details. When 7 is even, one can attain
n/2 ordinary lines by combining n /2 equally spaced points on a circle with n/2 points
at infinity; see Proposition 2.1 below.

For small values of n, there are exceptional configurations with fewer than n/2
ordinary lines. Kelly and Moser [22] observe that a triangle together with the midpoints
of its sides and its centroid has n = 7 and just 3 ordinary lines. Crowe and McKee
[10] provide a more complicated configuration with n = 13 and 6 ordinary lines.
It is possible that Theorem 1.2 remains true for all n with the exception of these
two examples (or equivalently, one could take ng as low as 14). Unfortunately our
method does not give a good bound for ng; we could in principle compute such
a bound, but it would be of double exponential type and, we think, not worth the
effort.
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Fig. 2 Jackson’s question [21] 2. Fain would I plant a grove in rows,
But how must I its form compose
With three trees in each row ;
To have as many rows as trees;
Now tell me, artists, if you please;
’Tis all I want to know.

Our methods also apply (in fact with considerably less effort) to resolve sufficiently
large instances of a slightly less well-known (but considerably older) problem referred
to in the literature as the orchard problem. This was first formally posed by Sylvester
[32] in 1868 (Fig. 3), though the 1821 book of Jackson [21] has a whole section
containing puzzles of a similar flavour, posed more eloquently than any result in this
paper (Fig. 2).

Theorem 1.3 (Orchard problem) Suppose that P is a finite set of n points in the plane.
Suppose that n > ng for some sufficiently large absolute constant ng. Then there are
no more than |n(n — 3)/6] + 1 lines that are 3-rich, that is they contain precisely 3
points of P. (Here and in the sequel, | x| denotes the integer part of x.)

This theorem is tight for large 7, as noted by Sylvester [32], and also subsequently
by Burr et al. [5], who discuss this problem extensively. We will give these examples,
which are based on irreducible cubic curves, in Proposition 2.6 below. In fact these are
the only examples where equality occurs for large n: see the remarks at the very end
of Sect. 9. Again, there are counterexamples for small n. In particular, the example of
a triangle, the midpoints of its sides and its centroid has » = 7 but 6 lines containing
precisely three points of P; by contrast, the bound of Theorem 1.3 is 5 in this case.

As observed in [5], lower bounds for the number N; of ordinary lines can be
converted into upper bounds for the number N3 of 3-rich lines thanks to the obvious
double-counting identity > ;_, (g) Ni = (5) (with Ny denoting the number of k-rich
lines). In particular, previously known lower bounds on the Dirac—Motzkin conjecture
can be used to deduce upper bounds on the orchard problem. However, one cannot
deduce Theorem 1.3 in this fashion from Theorem 1.2; this is related to the fact that
the extremal examples showing the sharpness of the two theorems are quite different,
as we shall see in Sect. 2 below.

Underlying the proof of both of these results are structure theorems for sets with
few ordinary lines, which are perhaps of independent interest. The most basic such
resultis the following. We use the asymptotic notation X = O(Y) or X < Y to denote
the bound | X| < CY for some absolute constant C.

Theorem 1.4 (Weak structure theorem) Suppose that P is a finite set of n points in
the plane. Suppose that P spans at most Kn ordinary lines for some K > 1. Suppose
also that n > exp exp(C K ©) for some sufficiently large absolute constant C. Then all
but at most O(K °W) points of P lie on an algebraic curve y of degree at most 3.

In fact we establish a slightly more precise statement, see Proposition 6.14 below.
Note that we do not require the algebraic curve y to be irreducible; thus y could be
an irreducible cubic, the union of a conic and a line, or the union of three lines. As

@ Springer



412 Discrete Comput Geom (2013) 50:409-468

QUESTIONS FOR SOLUTICN.

2572, (Proposed by Professor SYLVESTER.)—1. If 7,7, 1... ave the dis-
tinet prime factors of #, prove that the number of points (which I term plu-
perfect points of the #th order) at which a cubic curve can bave the highest
degree of contact with a curve of the dearee 2 (not composed of repetitions
of a curve of lower derree) is 9u(1—7%-%) (1—%-%) (L—I-9).

_2. Show that if the first tree in the solution to Quest. 2478 (Repiint, Vol.
VIIL, p. 106) be planted at a pluaperfect point of the ath order in a cubic,
the sequence of tree-mmrks 1, 2. 4, 5, 7... may be replaced by recurring
periods of 2z numerals, and that the two halves of each period will consist of
the snme » namerals arrunged in reverse order, that in fact only the first 2
of the numerals 1, 2, 4.. .. need appear in the result. i

3. Hence prove that 2 trees may be so arranged as to contain between
them B {%u (:;—1)} -E {l‘nj rows of three in a row, where E (the symbol
of entirety) denotes that the integer part only is to e taken of the function
which it governs. - N

Nore.— Thus, for 81 trees the number will be 1053 instead of 8§00, &he
number obtuined when the fivst tree is at a non-pluperfect poiut; and for 15
trees the number is 30 instead of 26, the nwmnber stated in the Editorial
reference at the end of the solution above cited as applicable to 15 points,
but which is, in fact, the number for 14, according to the formula stated
above. It must. however, be observed, that this formula, does not in seneral
give the absolute maximum. Thus, for =9 the formula gives only 9
rows, whereas the true maximum (denling with real trecs) is 10. In fact,
E{%ii (n— l)} is the arithmetical limit obtained by dividing the number
of duads of # by 3, the numUer of them in each row. Thus, B (e‘l;if\" is the dif-
ference between this limit and the actual number of the formuly, which may
also be expressed as equal to X (u#2—3x) when this is an inte:’ve:-, and the
integer immedintely supevior to it when it is fractionnl. Thus we see in &
moment that with 1000 trees, the number of rows containine three in a
row may be made equal to 166167. In a word, when the first tree is planted
at an ordinary point in the cubic, the number of rows given b y the formule

in Quest. 2473 is E {;-(:r—l)?} » when at a pluperfect point the number ie
D ) | }
_ F{r (r=1) (n~2)}.
Another method of placing points on a cubic which gives 10 rows for 9

points, and possibly in ull cases the true maximum, will form the subject of
a fulure guestion.

Fig. 3 Sylvester’s question [32]

we shall see in later sections, cubic curves arise naturally in the study of point-line
configurations with few ordinary lines, in large part due to the well-known abelian
group structure (or pseudo-group structure) defined by the collinearity relation on such
curves (or equivalently, by Chasles’s version of the Cayley—Bacharach theorem, see
Proposition 4.1). The lower bound n > expexp(CK©) is present for rather artificial
reasons, and can likely be improved substantially.

Projective geometry Much of the paper is best phrased in the language of projective
geometry. We recall for the convenience of the reader the notion of the projective
plane RP? as (R3 \ {0})/ ~, where (x,y,z) ~ (x',y’, 7)) if and only if there is
some A # O such that x’ = Ax,y = Ay and 7’ = Az. We denote points of RP?
with square brackets, thus [x, y, z] is the equivalence class of (x, y, z) under ~. We
have the embedding R> < RP? given by (x, y) — [x, y, 1]; in fact RP? may be
thought of as R? together with the line at infinity consisting of points [x, y, 0] (modulo
the equivalence relation ~). For the point-line incidence problems considered in this
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paper, the projective and affine formulations are equivalent. Indeed given a finite set of
points P in RPP?, we may apply a generic projective transformation so as to move all
points of P to the affine plane R? if desired, without affecting the number of ordinary
lines or 3-rich lines. This is illustrated in the figures in Sect. 2.

For our purposes, there are two main advantages of working in projective space
instead of affine space. The first is to allow the use of projective transformations to
normalise one’s geometric configurations, for instance by moving a line to the line at
infinity, or transforming a non-singular irreducible cubic curve into an elliptic curve in
Weierstrass normal form. The other main advantage is the ability to utilise point-line
duality. Given a point p = [a, b, c], one may associate the line p* := {[x, y, z] : ax +
by+cz = 0}, and conversely given a projective line £ = {[x, y, z] : ax+by+cz = 0}
one may associate the point £* = [a, b, c]. Itis clear that p € ¢ if and only if £* € p*.
Working in the dual can provide us with information that is difficult to access otherwise.
We shall see this twice: once in Sects. 3 and 4, when we apply Euler’s formula in the
dual setting following an argument of Melchior [25], and then again in Sect. 6 where
we will employ a convexity argument, due to Luke Alexander Betts, in the dual setting.

Next, we give a structure theorem which is more precise than Theorem 1.4.

Theorem 1.5 (Full structure theorem) Suppose that P is a finite set of n points in the
projective plane RP?. Let K > 0 be a real parameter. Suppose that P spans at most
Kn ordinary lines. Suppose also that n > exp exp(CK ) for some sufficiently large
absolute constant C. Then, after applying a projective transformation if necessary, P
differs by at most O (K) points (which can be added or deleted) from an example of
one of the following three types:

(i) n — O(K) points on a line;
(i1) The set

2 j 2mj
Xom = {[cos—J,sin—J, 1] 0<j< m}
m m

T mj :

U{[—51n—,cos—,0],0<] <m} (1.1)

m m
consisting of m points on the unit circle and m points on the line at infinity, for
somem = 5 + O(K);

(iii) A coset H & g,3g € H, of a finite subgroup H of the non-singular real points
on an irreducible cubic curve, with H having cardinality n + O(K) (the group
law @ on such curves is reviewed in Sect. 2 below).

Conversely, every set of this type has at most O (Kn) ordinary lines.

We have the following consequence, which can handle slowly growing values
of K.

Corollary 1.6 Suppose that P is a finite set of n points in the projective plane RIP?.
Suppose that P spans at most n(loglogn)¢ ordinary lines for some sufficiently small
constant ¢ > 0. Then, after applying a projective transformation, P differs by at most
o(n) points from one of the examples (1), (ii), (iii) detailed in Theorem 1.5 above. In
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particular, we may add/remove o(n) points to/from P to get a set with atmostn+ O (1)
ordinary lines.

Here, of course, o(n) denotes a quantity which, after dividing by #, tends to zero
as n goes to infinity.

Remark This corollary may, for all we know, be true with a much weaker assumption,
perhaps even that P spans o(n?) ordinary lines. Very likely, if one could weaken
the hypothesis n > expexp(CK€) in Theorem 1.4 then one could do so also in
Theorem 1.5.

Proof methods As mentioned previously, the starting point! of our arguments will
be Melchior’s proof [25] of the Sylvester—Gallai theorem using duality and the Euler
formula V — E + F = 1 for polygonal decompositions of the projective plane RP?.
Melchior’s argument uses at one point the obvious fact that all polygons have at least
three sides to obtain an inequality implying the existence of ordinary lines. The same
argument also shows that if a point set P spans very few ordinary lines, then almost all
of the polygons in the dual configuration I p (cut out by the dual lines p* for p € P)
must in fact have exactly three sides. Because of this, it is possible to show in this
case that the dual configuration contains large regions which have the combinatorial
structure of a regular triangular grid.

The next key observation is that inside any triangular grid of non-trivial size, one can
find “hexagonal” configurations of lines and points (see Fig. 14) which are dual to the
configuration of lines and points arising in Chasles’s version of the Cayley—Bacharach
theorem (Proposition 4.1 below). From this observation and some elementary combi-
natorial arguments, one can start placing large subsets of P on a single cubic curve. For
instance, in Proposition 5.1 we will be able to establish a “cheap structure theorem”
asserting that a set of n points with fewer than Kn ordinary lines can be covered by
no more than 500K cubic curves. This observation turns out not to be new—a closely
related technique is used in a paper of Carnicer and Godés [7] concerning generalised
principal lattices, which arise in interpolation theory.

In principle, this cheap structure theorem already reduces the underlying geometry
from a two-dimensional one (the projective plane RIP?) to a one-dimensional one (the
union of a number of cubic curves). Unfortunately, the collinearity relation between
distinct cubic curves is too complicated to handle directly. Because of this, we must
refine the previous combinatorial analysis to strengthen the structural control on a point
set P with few ordinary lines. By studying the lines connecting a typical point p in P
with all the other points in P using the triangular grid analysis, one can obtain a more
complicated partition of P into cubic curves passing through p. A detailed statement
may be found in Lemma 5.2. Comparing such a partition with the reference partition
coming from the cheap structure theorem, one can obtain Proposition 5.3, a structure
theorem of intermediate strength. Roughly speaking this result asserts that most of
the points in P lie on a single irreducible cubic curve, on a union of an irreducible

1 One defect of this approach is that it breaks down totally in the complex case, and so we have nothing
new to say here about ordinary lines or 3-rich lines for configurations of complex lines in CP2.
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conic and a bounded number of lines (with the points shared almost evenly between
the conic and the lines), or on the union of a bounded number of lines only.

The next stage is to cut the number of lines involved down to one. The key proposi-
tion? here is Proposition 6.3. It asserts, roughly speaking, that a set of n points on two
or more lines, which contains >> n points on each line, must generate > n” ordinary
lines. This is a statement that fails in finite field geometries, and must use at some
point the torsion-free nature of the real line R [see Sect. 2 for more discussion of this
point, particularly with regards to the “near-counterexamples” (2.1) and (2.2)]. There
are two key cases of the proposition which need to be established. The first is when the
lines involved are all concurrent or, after a projective transformation, all parallel. In
this case we use an argument of Betts, Proposition 6.4, involving projective duality and
convexity. The use of convexity here is where the torsion-free nature of R is implicitly
used. In the case when the lines are not concurrent, we instead rely on Menelaus’s
theorem to introduce various ratios of lengths, and then exploit a sum-product esti-
mate of Elekes et al. [14]. This latter result, stated in Proposition A.9, also implicitly
exploits the torsion-free nature of R.

The result of the above analysis is a yet stronger structure theorem for sets P
with few ordinary lines: P is mostly placed in either an irreducible cubic curve, the
union of an irreducible conic and a line, or on a single line. A detailed statement
may be found in Proposition 6.14. The latter case, in which almost all points lie on
a line, is easily studied. To deal with the other two cases one uses the abelian group
structure on irreducible cubics, as well as the analogous pseudo-group structure on
the union of a conic and a line. The information that P contains few ordinary lines
can then be converted to an additive combinatorics property on finite subsets of an
abelian group. Fairly standard tools from additive combinatorics then show that P is
almost a finite subgroup of that abelian group. This allows us to rule out “essentially
torsion-free” situations, such as that provided by singular cubic curves (except for the
acnodal singular cubic curve), and eventually leads to the full structure theorem in
Theorem 1.5.

To solve the Dirac—Motzkin conjecture and the orchard problem for large n, we
observe that potential counterexamples P to either conjecture will have few ordinary
lines and hence can be described by Theorem 1.5. This quickly implies that P is
close, up to projective transformation, to one of the known extremisers coming from
roots of unity or from subgroups of elliptic curves, with a small number of additional
points added or removed. The remaining task is to compute the effect that these
added/removed points have on the number of ordinary lines or 3-rich lines in P.
Here, to get the strongest results, we will need a slight variant of a result of Poonen
and Rubinstein [29] in order to control the number of times a point may be concurrent
with two roots of unity. See Proposition 7.5 for details.

Of the two problems, the orchard problem turns out to be somewhat easier, and can
be in fact established using only the intermediate structure theorem in Proposition 5.3
rather than the more difficult structure theorem in Theorem 1.5.

2 Unfortunately, our reduction to this key proposition is somewhat expensive with regards to the quantitative
bounds, and is responsible for the double exponential lower bound required on 7.
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2 The Key Examples

The aim of this section is to describe the various key examples of sets with few ordi-
nary lines or many 3-rich lines. In particular we describe the sets X»,, in (1.1) and
the Sylvester examples appearing in the various cases of the main structure theorem,
Theorem 1.5. We will also mention some important “near-counterexamples” which do
not actually exist as finite counterexamples to the structure theorem, but nevertheless
are close enough to genuine counterexamples that some attention must be given in the
analysis to explicitly exclude variants of these examples from the list of possible con-
figurations. All of these examples are connected to the group (or pseudo-group) struc-
ture on a cubic curve, or equivalently to Chasles’s version of the Cayley—Bacharach
theorem as described in Proposition 4.1 below. The main variation in the examples
comes from the nature of the cubic curve being considered, which may or may not be
irreducible and/or nonsingular.

Boroczky and near-Bordczky examples We begin with the sets X5, from (1.1),
together with some slight perturbations of these sets described by Boroczky (as cited
in Ref. [10]). These sets, it turns out, provide the examples of non-collinear sets of n
points with the fewest number of ordinary lines, at least for n large.

Proposition 2.1 (Boroczky examples) Let m > 3 be an integer. Then we have the
following.

(1) The set X, contains 2m points and spans precisely m ordinary lines.
(ii) The set X4, together with the origin [0, 0, 1] contains 4m + 1 points and spans
precisely 3m ordinary lines.
(iii) The set X, minus the point [0, 1, 0] on the line at infinity contains 4m — 1 points
and spans precisely 3m — 3 ordinary lines.
(iv) The set Xam+2 minus any of the 2m + 1 points on the line at infinity contains
4m + 1 points and spans 3m ordinary lines.

Thus, if we define a function f : N — N by setting f(2m) :=m, f(4m + 1) :=3m
and f(4m — 1) := 3m — 3, then there is an example of a set of n points in RP?, not
all on a line, spanning f (n) ordinary lines.

Proof This is a rather straightforward check, especially once one has drawn suitable
pictures. Whilst the unit circle together with the line at infinity form a pleasant context
for calculational work, drawing configurations involving the line at infinity is prob-
lematic. In the four diagrams below, Figs. 4, 5, 6 and 7, we have applied a projective
transformation to aid visualisation. First of all we applied a rotation about the origin
through /12, and followed this by the projective map [x, y, z] — [—y, x, 2z + x].
The unit circle is then sent to the ellipse whose equation in the affine plane is
4x% +3(y + %)2 = %, while the line at infinity is sent to the horizontal line y = 1.
The origin is mapped to itself, and the point [0, 1, 0] at infinity now has coordinates
(—cot(m/12), 1) =~ (—3.73, 1). In the pictures, ordinary lines are red and lines with
three or more points of P are dotted green.
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Fig. 4 The Boroczky example X 17, a set with n = 12 points and 6 ordinary lines. The ordinary lines (in
red) are just the tangent lines to the 6th roots of unity on the unit circle (Color figure online)

It is helpful to note that the line joining

2xj . 2mj
[cos —,sin ——, l]
m m

and

2nj’ . 2mj’
[cos—,sm , 1]
m m

passes through the point

[ (i + ) (j+j") ]
— sin , COS ,0
m m

on the line at infinity (cf. the proof of Proposition 7.3).

For case (i), the ordinary lines are the m tangent lines to the mth roots of unity. The
case m = 6 is depicted in Fig. 4.

In case (ii), the ordinary lines are the 2m tangent lines to the 2mth roots of unity
together with the m lines joining the origin [0, 0, 1] to [— sin g—,{l, cos 727—,{,, 0], j even.
The case m = 6 is depicted in Fig. 5.

In case (iii), the ordinary lines are the 2m tangent lines to the 2mth root of unity
except for those at the points [£1, 0, 1], whose corresponding point at infinity has
now been removed. However we do have m — 1 new ordinary lines, the vertical lines
joining [cos 7;_] sin %j, 1] and [cos ”(2:"’17].), sin ”(zf;m), Iforj=1,....,m—1.
The case m = 6 is illustrated in Fig. 6.

Finally, in case (iv) the ordinary lines are the 2m 4 1 tangent lines to the (2m 4 1)th
roots of unity except for one whose corresponding point at infinity has been removed,
together with m new ordinary lines joining pairs of roots of unity. This is illustrated
in Fig. 7 in the case m = 2. O
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Fig.5 The Boroczky example X1, together with the origin [0, 0, 1], aset withn = 13 points and 9 ordinary
lines. The ordinary lines (in red) are just the tangent lines to the 6th roots of unity on the unit circle, plus 3
extra lines through the origin and 3 of the points on the line at infinity (Color figure online)

Fig. 6 The Boroczky example X1, minus the point at infinity [0, 1, 0], a set with n = 11 points and 6
ordinary lines. The ordinary lines (in red) are the 4 tangent lines to the 6th roots of unity on the unit circle
not through the point at infinity, plus 2 extra lines passing through the point at infinity (Color figure online)

We remark that Proposition 2.1 illustrates a basic fact, namely that if one adds or
removes K points to an n-point configuration, then the number of ordinary lines (or
3-rich lines) is modified by at most O (Kn + K 2. this can be seen by first considering
the K = 1 case and then iterating. This stability with respect to addition or deletion
of a few points is reflected in the conclusions of the various structural theorems in this
paper.

We may now state our more precise version of the Dirac—-Motzkin conjecture for
large n.

Theorem 2.2 (Sharp threshold for Dirac—Motzkin) Let the function f : N — N be
defined by setting f 2m) :=m, f(4m + 1) :=3m and f(4m — 1) := 3m — 3. There
is an no such that the following is true. If n > no and if P is a set of n points in RP?,
not all on a line, then P spans at least f(n) ordinary lines. Furthermore if equality
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Fig. 7 The Boroczky example X o minus the point at infinity [0, 1, 0], a set with n = 9 points and 6
ordinary lines. The ordinary lines (in red) are the 4 tangent lines to the 6th roots of unity on the unit circle
not through the point at infinity, plus 2 extra lines passing through the point at infinity (Color figure online)

occurs then, up to a projective transformation, P is one of the Boroczky examples
described in Proposition 2.1 above.

Remark Note in particular that there is an essentially unique extremal example unless
n = 1(mod 4), in which case there are two, namely examples (ii) and (iv) above. Note
that, all of the examples in (iv) are equivalent up to rotation.

Let us record, in addition to the Boéroczky examples mentioned in Proposition 2.1,
the following near-extremal example.

Proposition 2.3 (Near-Boroczky example) The set X4, minus the point [— sin %,

cos 5, 0] on the line at infinity contains 4m — 1 points and spans 3m ordinary lines.

Proof This is illustrated in Fig. 8 in the case m = 3. The ordinary lines are the 2m
tangent lines to the 2mth roots of unity as well as m lines joining [cos ’fn—], sin 7:n—f, 1]

and [cos ”—j/, sin ”—j,, 1] with j + j/ = 1(mod 2m).
m m
We may now state a still more precise result, which asserts that all configurations
not equivalent to one of the above examples must necessarily have a significantly
larger number of ordinary lines than f(n), when n is large. In fact there must be at
least n — O(1) ordinary lines in such cases.

Theorem 2.4 (Strong Dirac—Motzkin conjecture) There is an absolute constant C
such that the following is true. If P is a set of n points in RIP%, not all on a line,
spanning no more than n — C ordinary lines then P is equivalent under a projective
transformation to one of the Boroczky examples or to a near-Boroczky example.

The threshold n — C is sharp except for the constant C. Indeed we will shortly
see that finite subgroups of elliptic curves of cardinality n give examples of sets with
n— O(1) lines. This gives infinitely many new examples of sets with few ordinary lines
which are inequivalent under projective transformation due to the projective invariance
of the discriminant of an elliptic curve.
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Fig. 8 The near-Boroczky example with n = 11 points and 9 ordinary lines. The ordinary lines (in red)
are the 6 tangent lines to the 6th roots of unity on the unit circle plus 3 lines passing through the removed
point [—sin %, cos &, 0] (Color figure online)

Sylvester’s cubic curve examples We turn now to Sylvester’s examples of point sets
coming from cubic curves, as further discussed by Burr et al. [5]. While these do not
provide the best examples of sets with few ordinary lines, it appears that consideration
of them is essential in order to solve the Dirac—Motzkin problem. Of course, they also
feature in the statement of our main structural result, Theorem 1.5, and are optimal for
the orchard problem (see Sect. 9). Finally, they provide essentially different examples
of sets with n + O(1) ordinary lines to any of those considered so far.

For a leisurely discussion of all the projective algebraic geometry required in this
paper, including an extensive discussion of cubic curves, we recommend the book [3].

Let y be any irreducible cubic curve. It is known (see [3, Chap. 12]) that y has
a point of inflection, that is to say a point where the tangent meets y to order 3. By
moving this to the point [0, 1, 0] at infinity, we may bring y into the form y* = f(x)
in affine coordinates, where f (x) is a cubic polynomial. If y is smooth then it is called
an elliptic curve. An elliptic curve may have one or two components; these two cases
are illustrated in Fig. 10. If y has a singular point then it may be transformed into one
of the following three (affine) forms:

e (nodal case) y? = x2(x + 1);
e (cuspidal case) y* = x3;
e (acnodal case) y2 =x2(x = 1.
See [3, Theorem 8.3] for details. These three singular cases are illustrated in Figure 9.

We remark that the classification of cubic curves over R has a long and honourable
history dating back to Isaac Newton.

The group law Suppose that y is an irreducible cubic curve, and write y* for the
set of nonsingular points of y. If y is smooth then of course y = y*, and in this case
y is an elliptic curve. We may define an abelian group structure on y* by taking the
identity O to be a point of inflection on y* and, roughly speaking, P & Q & R = O
if and only if P, O, R are collinear. The “roughly speaking” refers to the fact that we
must take appropriate account of multiplicity, thus P & P & Q = O if the tangent
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y? = a° y?=2%(z+1) y? = 2(z — 1)
cuspidal nodal acnodal

Fig. 9 The three different types of singular cubic curve

V=2 —z Y= —z+1

Fig. 10 Two elliptic curves, illustrating the group law and showing the two possibilites for the group
structure

to y at P also passes through Q. The inverse ©P of P is defined using the fact that
6P, O and P are collinear. See [3, Chap. 9] for more details, including a proof that
this does indeed give y* the structure of an abelian group.

We have the following theorem regarding the nature of y* as a group.

Theorem 2.5 Let y be an irreducible cubic curve, and let y* be the set of its nonsin-
gular points. Then we have the following possibilities for y*, considered as a group:

e (elliptic curve case) R/Z or R/Z x 7/27Z, depending on whether y has 1 or 2
connected components;

e (nodal case) R x Z/27Z;

e (cuspidal case) R;

e (acnodal case) R/Z.

Once again, details may be found in [3]. Thinking about the curves topologically, the

theorem is reasonably evident. In the three singular cases isomorphisms ¢ : G — y*
can be given quite explicitly, as detailed in the following list.
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e In the nodal case y> = x*(x + 1), the map ¢ : R x Z/27 — y* defined by
d(x,e) = (12 —1,1(t* — 1)), where t = cothx if¢ = O and t = tanhx if & = 1
provides an isomorphism;

e In the cuspidal case y> = x>, the map ¢ : R — y* defined by ¢ (x) = (%, é)
provides an isomorphism;

e In the acnodal case y> = x?(x — 1), the map ¢ : R/Z — y* defined by ¢ (x) =
2 4+ 1,1(t* + 1)), where t = cot(mx), provides an isomorphism.

We leave the reader to provide the details. In the nodal case (for example) we recom-
mend first proving that (12 — 1, 1(t> — 1), u*> — 1, u(u?® — 1)) and (v*> — 1, v(v? — 1))
are collinear if and only if —v = (1 + fu)/(t + u).

The following maps in the other direction, described in Silverman [30, III. 7] (the
acnodal case is described in [30, Exercise 3.15]) are perhaps even tidier. Here co =
[0, 1, 0].

e In the nodal case the map (x,y) — (y — x)/(y + x) and co +— 1 gives an
isomorphism from y* to R* Z R x Z/27Z;

e In the cuspidal case the map (x, y) + x/y and oo +— 1 gives an isomorphism
from y* to R;

e In the acnodal case the map (x,y) — —(x + iy)z/)c3 and oo +— 1 gives an
isomorphism from y* to the unit circle S' in the complex plane.

Sylvester’s examples By a Sylvester example E, we mean a set of n points P in the
plane which corresponds to a subgroup of order n of an irreducible cubic curve y. If
n > 2 the existence of such an example requires y to be either an elliptic curve or
an acnodal® cubic curve, by the classification of the group structure of y described in
Theorem 2.5. A Sylvester example coming from an elliptic curve is depicted in Fig. 11.

As it turns out, Sylvester examples have somewhat more ordinary lines than the
Boroczky examples, namely n + O(1) instead of n/2 4+ O(1) or 3n/4 + O(1), and
are thus not extremisers for the Dirac—Motzkin conjecture. However, due to the more
evenly distributed nature of the Sylvester examples, they have significantly more 3-rich
lines. Indeed, the following is essentially established in Ref. [5].

Proposition 2.6 Let n > 3, and let E,, be a subgroup of order n in y*, the group of
nonsingular points of an irreducible cubic curve y (which must be an elliptic curve or
an acnodal cubic). Then E, spans n—1—2-13, ordinary lines and L@J +1 3-rich
lines, where 13}, is equal to 1 when 3 divides n and zero otherwise. Furthermore, if
x € Eissuchthatx € E,, andx & x ® x € E, then E,, ® x has n — 1 ordinary lines
and L”<n—673)J 3-rich lines.

Proof Let N> be the number of ordinary lines, and N3 be the number of 3-rich lines.
From Bézout’s theorem no line can meet E, in more than three points, and so by
double counting we have the identity

Mo+ ()N = (3):

3 We do not know whether Sylvester himself was interested in the acnodal case. We thank Frank de Zeeuw
for correcting an oversight in the first version of this paper by drawing it to our attention.
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Fig. 11 A Sylvester example
with n = 8, the subgroup being
isomorphic to Z/27 x Z/4Z.
The labels reflect the group
structure, thus 03 corresponds to
the element

(0,3) € Z/2Z x Z/AZ. This
comes from an elliptic curve
with equation y2 =
x3—%x2—%x+%:0
to which we have applied the
projective transformation
[x,y,z2l = [x,y,x +y+z],s0
that the point at infinity maps to
the point (0, 1) in the affine
plane (which is then an
inflection point for the curve).
There are 7 ordinary lines,
marked in red, and also 7 3-rich
lines, marked in dotted green
(Color figure online)

A brief computation (splitting into three cases depending on the residue of » modulo
3) then shows that N3 = L"("—6_3)J + 1if and only if No = n — 1 — 2 13),. But
from the group law the number of ordinary lines is precisely equal to the number of
elements a € E, such that —2a is distinct from a, or in other words the number n
of elements in E, minus the number of third roots in E,. But y* is isomorphic as a
group to either R/Z or (R/Z) x (Z/27Z), and so E, is isomorphic to either Z/nZ or
to (Z/(n/2)Z) x (Z/27Z). 1t has 1 + 2 - 13, third roots in either case, and the claim
follows.

The analysis in the shifted case E,, & x is analogous, the only difference being that
E, ® x does not contain any third roots of unity. O

Remarks For the sake of comparison, the n-point examples in Proposition 2.1 can all
be computed to have n? /8 + O (n) 3-rich lines instead of n> /6 + O (n) for the Sylvester
examples. This discrepancy can be explained by the existence of a high-multiplicity
line with n/2 4+ O(1) points in those examples. This absorbs many of the pairs of
points that could otherwise be generating 3-rich lines.

We note also that the acnodal case allows for a quite explicit construction of a set of
n points defining ~ n2/6 3-rich lines, without the use of the Weierstrass g-function
which would be necessary in the elliptic curve case. We leave the reader to supply the
details, using the parametrisation detailed after the statement of Theorem 2.5. We are
not sure whether this point has been raised in the literature before.

Near-counterexamples In addition to the actual examples coming from Boroczky’s
constructions and from elliptic curve subgroups, there are also some important “near-
counterexamples” which do not directly enter into the analysis (because they involve
an infinite number of points, rather than a finite number), but which nevertheless appear
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to indirectly complicate the analysis by potentially generating spurious counterexam-
ples to the structural theory of points with few ordinary lines. These then need to be
eliminated by additional arguments.

As with the previously discussed examples, the near-counterexamples discussed
here will lie on cubic curves. But whilst the actual examples were on an elliptic curve,
an acnodal singular cubic curve, or on the union of a conic and a line, the near-
counterexamples will lie on three lines (which may or may not be concurrent), or on
a non-acnodal singular cubic curve.

We first consider a near-counterexample on three concurrent lines. Up to projective
transformation, one can take the lines to be the parallel lines

L1 :={[x1,0,1]: x; € R}U{[1, 0, 0]},
= {[xz,1,1]: xp € R}U({[1, 0, 0]},
3 :={[x3,2,1]: x3 e R}U{[1, 0, 0]}

Observe that [x1, 0, 1], [x2, 1, 1]and [x3, 2, 1] are colinear if and only if x| +x3 = 2x>.
Thus, if we consider the infinite point set

P:={[n,0,11:n € Z}U{[no, 1,11 : ns € 37}
U{[n3,2, 1] :n3 € Z} (2.1

then there are no ordinary lines whatsoever; every line joining a point in P N £; with
a point in P N > meets a point in P N £3, and similarly for permutations. If Z could
somehow have a non-trivial finite subgroup, then one could truncate this example into
a counterexample to the Sylvester—Gallai theorem, i.e. a finite set with no ordinary
lines. Of course, this cannot actually happen, but this example strongly suggests that
one needs to somehow use the torsion-free nature of the additive group R at some
point in the arguments, for instance by exploiting arguments based on convexity,
or by using additive combinatorics results exploiting the ordered nature of R. One
such example, a variant of which we prove in Lemma A.3, is the trivial inequality
|A 4+ B| > |A] + |B| — 1 for finite subsets A, B of R. This can be viewed as a
quantitative version of the assertion that R has no non-trivial finite subgroups.

There is a similar near-counterexample involving three non-concurrent lines. Again,
after applying a projective transformation, we may work with the lines

1 :={[x,0,1]: x € R} U{[1,0,0]},
={0y, :y € R}U{[0, 1, 0]},
= {[—z,1,0] : z e R} U{[1, 0, 0]}.

Observe that if x, y,z € R* := R\{0}, then [x, 0, 1], [0, y, 1] and [—z, 1, 0] are
concurrent precisely when z = x/y. Thus, if we consider the infinite point set

P :={2",0,11:n1 € ZYU{[0,2",1] : ny € Z}
U{[-2",1,0] : n3 € Z}, 2.2)
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then again there are no ordinary lines: every line joining a point in P N £; with a point
in P N ¢ meets a point in P N ¢3, and similarly for permutations. As before, this
example suggests that the (essentially) torsion-free nature of the multiplicative group
R* must somehow come into play at some point in the argument.

Finally, we give an example that lies on a cuspidal singular cubic curve, which after
projective transformation can be written as

y = {lx, v, z]: yz2> = x>}

Removing the singular point at [0, 1, 0], we may parameterise the smooth points y*
of this curve by {[z, 13, 1] : t € R}. One can compute after a brief determinant
computation that three distinct smooth points [#1, t13, 1], [12, tg, 1] and [13, t33 , 1] on
the curve are concurrent precisely when #; 4+ 1> + t3 = 0. Thus, if one sets P to be the
infinite set

P:={n,n’ 1]:neZ) (2.3)

then there are very few ordinary lines—indeed only those lines that are tangent to
y at one point [n, n3, 1] and meet y at a second point [(—2n), (—2n)3, 1] for some
n € Z\{0} will be ordinary. This example can be viewed as a degenerate limit of the
Sylvester examples E, when the discriminant is sent to zero and n sent to infinity.
Again, finitary versions of this example can be ruled out, but only after one exploits
the torsion-free nature of the group associated to y*, which in this case is isomorphic
to R. Similar remarks also apply to nodal singular cubic curves such as {[x, y, z] :
y2z = x>+ x?%z}, the smooth points of which form a group isomorphic to R x (Z/27),
which is essentially torsion free in the sense that there are no large finite subgroups.
A variant of the example (2.3) lies on the union

{lx, 9,211 yz = x*} U{[x,y,2] : 2 =0}

of a parabola and the line at infinity. Observe that two points [¢1, tlz, 1], [12, t22, 1] on the
parabola and a point [0, #3, 1] on the line at infinity with #1, f2, 3 € R are concurrent
if and only if 13 = #; + t». Thus, the infinite set

Pi={nn1]1:neZU{0,n 1]:ne7Z), (2.4)

which can be viewed as a degenerate limit of a Bordczky example, has very few
ordinary lines (namely, the line tangent to the parabola at one point [z, n2, 1] and also
passing through [0, 2n, 1]).

The existence of these near-counterexamples forces us to use a somewhat ad hoc
case-by-case analysis. Tools such as Chasles’s version of the Cayley—Bacharach the-
orem, which are valid for all cubic curves, get us only so far. They must be followed
up by more specialised arguments exploiting the torsion or lack thereof in the group
structure. In this way we can rule out near-counterexamples involving triples of lines,
or singular irreducible cubics, until only the Bordczky and Sylvester type of examples
remain.

@ Springer



426 Discrete Comput Geom (2013) 50:409-468

3 Melchior’s Proof of the Sylvester—Gallai Theorem

In this section, we review Melchior’s proof [25] of the Sylvester—Gallai theorem. As
mentioned in the Sect. 1, this is the starting point for all of our arguments.

Theorem 1.1 (Sylvester—Gallai, again) Suppose that P is a finite set of points in the
plane, not all on one line. Then P spans at least one ordinary line.

Proof Let P be a set of n points in RP?. Consider the dual collection P* := {p* :
p € P} of n lines in RP?. These lines determine a graph* I'p in RP? whose vertices
are the intersections of pairs of lines p}, p; (or equivalently points £*, where £ is a
line joining two or more points of P), and whose edges are (projective) line segments
of lines in P* connecting two vertices of I'p with no vertex in the interior. Note that
as the points in P were assumed not to lie on one line, every line in P* must meet at
least two vertices of I"p; in particular, the graph I' p contains no loops. (It is however
possible for a line to meet exactly two vertices in I" p, in which case those two vertices
are joined by two edges, rather than one.) Also, by construction, each vertex of I'p is
incident to at least two lines in P*. As such, the graph I" p partitions the projective plane
RIP? into some number V of vertices, some number E of edges, and some number F
of faces, each of which is the projective image of a polygon. In particular, each face
has at least three edges, and any edge is incident to two distinct faces.
By Euler’s formula in the projective plane RP? we have’

V-_E+4+F=1. 3.1
To proceed further, suppose that for each k = 2,3,4,... the set P has N lines

containing precisely k points of P. Then V, which by duality is the number of lines
defined by pairs of points in P, satisfies

V= Z Np. (3.2)
k=2

Furthermore the degree d(£*) of a vertex £* in our graph is twice the number of lines
in P* passing through £*, which is 2| P N £|. Thus, summing over all lines ¢,

2E:Zd(£*):22|Pﬁ£|:i2ka. (3.3)
4 4 k=2

Finally, fors = 3,4, 5, ... write M, for the number of faces in I" p with s edges. Since
each edge is incident to exactly two faces, we have

4 Strictly speaking, I' p determines a drawing of a graph in the projective plane, because we are viewing
the edges as curves in RIP2 rather than abstract pairs of vertices, but we shall abuse notation by identifying
a graph with its drawing.

5 The Euler characteristic X (RP?) = 1 of the projective plane is of course half of the Euler characteristic
x(S 2) = 2 of the sphere, as the latter is a double cover of the former.
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n
2F = ZSMS. (3.4)
s=3

Combining (3.1), (3.2), (3.3) and (3.4) gives the following expression for N3, the
number of ordinary lines:

Ny =3+ > (k=3)Ne+ D (s — 3)M,. (3.5)
k=4 s=4

It follows immediately that N; > 3, which of course implies the Sylvester-Gallai
theorem. O

After discarding the non-negative term » :_,(s — 3)M,, Eq. (3.5) implies
Melchior’s inequality

n
Ny >34 (k—3)Ns.
k=4

In this paper, however, we will need to save the term > s _, (s —3) M, as it gives crucial
control on the geometry of the dual configuration I" p, ensuring that this configuration
resembles a triangulation when N; is small. More precisely, we have the following
proposition.

Proposition 3.1 (Few bad edges) Suppose that P is a set of n points in the projective
plane RP2, not all on a line, and suppose that P has at most Kn ordinary lines.
Consider the planar graph T p obtained by dualising P as described above. Then I p
is an “almost triangulation” in the following sense. Say that an edge of T p is good if
both of its vertices have degree 6, and if both faces it adjoins are triangles. Say that it
is bad otherwise. Then the number of bad edges in T p is at most 16K n.

Proof From (3.5) we have
n n
D sMy <4 (s — )M, < 4Ny < 4Kn. (3.6)
s=4 s=4

Secondly, let us observe that

> dwr) < 12Kn. (3.7)
£:d(£*)#6

To see this, recall that d(£*) = 2| P N £|. We thus obtain

> den=2 > PN

£:d(%)>6 | PNEI>3
- ZZka < 8Z(k —3)N; < 8Kn.
k>4 k>4
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Noting also that

> diH=2 D PNt =4N, <4Kn,
L:d(*)=4 £:|PNE|=2

(3.7) follows.

Now we can place an upper bound on the number B of bad edges. Each face with
s > 3 sides gives s bad edges, and each vertex £* with degree d(£*) # 6 gives d(£*)
bad edges. As these are the only sources of bad edges, we have

B< ) sMy+ > d(t*) < 16Kn,
§>3 £:d(0%)£6

by (3.6) and (3.7). O

4 Triangular Structure in the Dual and Cubic Curves

In general, the number of edges overall in I"p is expected to be of the order of n? (cf.
Beck’s theorem [2]). Thus, when K is small, Proposition 3.1 should be viewed as an
assertion that almost all the edges of I"p are good. For instance, it shows that any dual
line p*, p € P should contain at most O(K) bad edges on the average. Intuitively,
this suggests that I' p is an “almost triangulation” in which most vertices have degree
6 and most faces are triangles. In Sect. 5 we will use this information to put the points
of P on a small number of cubic curves, which will be our starting point for more
powerful structural theorems on P.
By a cubic curve we mean a set of points in RP? of the form

([X,Y,Z]: a1 X> + ax X*Y + a3 XY? + a4Y> + asX*Z
+agXYZ +arY?Z + agXZ? + agY Z* + a10Z> = 0}

for some coefficients ay, ..., aj9 € R, not all zero, or in other words the locus of
a nontrivial homogeneous polynomial of degree 3. Note that, we do not assume this
polynomial to be irreducible. In particular, we consider the union of three lines, as
well as the union of a conic and a line, to be examples of cubic curves.

A key observation in our arguments will be the fact that pockets of true triangular
structure in the dual I p signify a collection of points of P lying on a single cubic curve.
Results of this type may be found in Lemmas 4.4 and 4.5 below. A key ingredient will
be the following incredibly classical fact from projective geometry, usually known as
the Cayley—Bacharach theorem (although the case we require was proven by Chasles
[9], prior to the more general results of Cayley [8] and Bacharach [1]).

Proposition 4.1 (Chasles) Suppose that two sets of three lines define nine distinct

points of intersection in RIP2. Then any cubic curve passing through eight of these
points also passes through the ninth.
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Fig. 12 Chasles’s theorem. There are two sets of three lines: the solid lines
{ro.g—1,r1h {p1, 90, r—1}, {P—1.90. 71} and the dotted lines {po.q1,r—-1} {p1.q9-1,r0} and
{p—1,4q1,r0}. The nine points of intersection p_1, po, P1,49—1-490,41,7—1,r9 and ry are all dis-
tinct. Any cubic curve passing through 8 of these points also passes through the 9th; one such curve is
shown

This situation is shown in Fig. 12 below. See [13] or the blog post [34] for a
discussion of this result, including its link to Pappus’s theorem, Pascal’s theorem, and
the associativity of the group law on an elliptic curve.

Proposition 4.1 allows one to establish some duality relationships® between tri-
angular grids and cubic curves. We first define what we mean by a triangular grid:

Definition 4.2 (Triangular grid) Let I, J, K be three discrete intervals in Z (thus
I takes the form {i € Z : i_ < i < i;} for some integers i_, iy, and similarly
for J and K). A triangular grid with dimensions I, J, K is a collection of lines
(P)ier> (q;.‘)jej, (rfkek in RP2, which we will view as duals of not necessarily

distinct points p;, g, r¢ in RP?, obeying the following axioms:

(1) Ifi el, jeJ ke K areintegers with i + j + k = 0, then the lines p;‘,q;‘,r,f
are distinct and meet at a point P;j. Furthermore, this point P;j; is not incident
to any line in the grid which is not already identical to one of the lines p, q;‘.‘, e
Thus, for instance, if i’ € I is such that pi*/ # pf, q;‘, r, then p?‘, cannot contain
Pijk.

6 Let us note once again that rather similar results were obtained earlier, in a completely different context,
by Carnicer and Godés [7].
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(i) Ifi eI, j,j' € J,k,k' € Karesuchthati + j +k =i+ j'+k = 0 and
0 < |j — j'| < 2 (or equivalently 0 < |k — k’| < 2), then the intersection
points P;j; and P; ;s are distinct. In particular, this forces q;f # q;‘.‘/ and rjf # rf.
Similarly for cyclic permutations of i, j, k and of j’, k’.

An example of a triangular grid is depicted in Fig. 13.
The following basic consequence of Proposition 4.1 drives our whole argument.

Lemma 4.3 (Completing a hexagon) Let iy, jo, ko be integers with io + jo + ko = 0,
let I .= {ip — 1,ip,i0+ 1}, J := {jo— 1, jo, jo + 1}, K := {ko — 1, ko, ko + 1}, and
let (pi)ier. (qj) jes, (ri)kek be triples of points whose duals form a triangular grid
with dimensions I, J, K. Then the nine points (p;)ic1, (q;)jes, (ri)kek are distinct,
and any cubic curve which passes through eight of them passes through the ninth.

Proof By relabeling, we may assume that ip = jo = ko = 0, thus the nine points
are p_i, po, P1,9-1, 90, 41, '—1, ro, 1. Once it is shown that these nine points are
distinct, their duals form a “hexagon” as depicted in Fig. 14 below as part of a larger
triangular grid. The configuration in Fig. 14, however, is precisely the dual of the
configuration of 9 points appearing in Chasles’s theorem (see Fig. 12), and the claim
then follows.

It remains to establish the distinctness of the nine points. By applying Defin-
ition 4.2(ii) to the intersections of p¥,qg,r*; for i = —1,0,1 we see that the
P—1, po, p1 are distinct; similarly for ¢_1, qo, g1 and r_1, ro, r1. Next, from Defini-
tion 4.2(i) we see that p; and g are distinct as long as —1 < i + j < I, and similarly
for cyclic permutations. The only remaining claim left to check, up to permutations
and reflections, is that p and ¢ are distinct. But if these two points coincided, then the
intersections of p}, ¢*,,ry and p* |, ¢}, r§ would then also coincide, contradicting
Definition 4.2(ii). O

We now iterate the above proposition.
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Fig. 14 The dual of the
configuration in Chasles’s
theorem, showing a “hexagon”
formed by the duals of two sets
of three lines. The light grey
lines are duals of other points on
the cubic curve shown in

Fig. 12, specifically those points
in longer arithmetic progressions
(in the group law on y)
containing the p;, g, ri.. We
have included them mainly for
aesthetic interest, but also as a
more complicated example of a
triangular grid

Lemma 4.4 Suppose that m > 4 is an integer and that i_, iy are integers with
2<ips <m—2and2 —m < i_ < —1. Suppose that we have a collection of points
(Pi_<i<iy» @) —mi<—1and (rp) 1<e<m in RP? whose duals form a triangular grid
with the indicated dimensions (The case i_ = —2,i1 =2 and m = 10 is illustrated
in Fig. 13). Then all of the points p;, qj, i lie on a single cubic curve y.

Proof Consider the nine points p_1, po, P1, P2, 4—3, 4—2, 4—1, '1, r2. The space of
cubic homogeneous polynomials is a vector space of dimension 10, and so by
straightforward linear algebra there is a cubic curve y containing these nine points
P—1, Pos P1, P2, 9-3,q4—2,q—1,r1 and r>. (Note that it is not necessary for the nine
points to be distinct in order to obtain this claim.) We will now claim that all the
remaining points p;, g, rx in the configuration also lie on y.

Firstly, by applying Lemma 4.3 to the set

p-1, Pos P1.9-3:9-2,9—-1,T1,12,713

we see that as eight of the points already lie in y, the ninth point r3 must also. We now
know that the 10 points

P-1, po, P1, P2,49-3,49-2,49—-1,11,12,13

all lie on y. Now apply Lemma 4.3 to the set

po, P1, P2:9-4,9-3,49-2,11,12,73.

We conclude that g_4 also lies on y, so now the 11 points

P-1, Po, P1, P2,9-4,9-3,9-2,4—1,V1,12, 13

all lie on y.

@ Springer



432 Discrete Comput Geom (2013) 50:409-468

Next apply Lemma 4.3 to the set

pP—-1, P0s P1.94—4,9-3,4-2,12,13,74

to conclude that r4 lies on y. We now know that the 12 points

P-1, Po> P1, P2,4-4,9-3,4-2,9—1,71,12,13,74

all lie on y.

By shifting the ¢ indices down by one and r indices up by one repeatedly, we
may then inductively place g_j and r¢ in y for all 4 < k < m. Finally, by applying
Lemma 4.3 inductively to the sets

Pi—1, Pi> Pi+1,9—i-3,9—i—-2,4—i—1,11,12,13

fori =2,...,i; — 1 (noting that —i —3 > —iy —2 > —m) we may place p; in y
for all 2 < i < i4, and similarly by applying Lemma 4.3 inductively to

P—i—1, P—i> P—i+1-9-3,4-2,4—1,Fi+1,Fi4+2,Ti+3

fori =1,...,—i_—1wecanalsoplace p_; in y forall 1 < i < —i_. This concludes
the proof of the claim. O

This lemma is already enough to imply our most basic structural result for sets with
few ordinary lines, Proposition 5.1. To get stronger results, such as Proposition 5.3,
we need to perform a deeper analysis. The new feature in the following lemma is the
last statement.

Lemma 4.5 Suppose that L > 10 and that m > 10L. Suppose that we have a
collection of 4L+ 1+2m points (p;)—21.<i <21+ (@) —m<j<—1 and (1)1 <x<m in RP?
whose duals form a (4L + 1) x m x m triangular grid with the indicated dimensions.
Assume furthermore that the points p;, q;, ry are all distinct. Then all of the points
Di» 4qj, Tk lie on a single cubic curve y, each irreducible component of which contains
at least L of the points p;, q;, .

Proof Note from Definition 4.2 and the distinctness of the p;, ¢;, rx that the intersec-
tion points P;jx = p;' N q;‘f N r; in the grid are all distinct.

That all the p;, g, r lie on a single cubic curve y follows from Lemma 4.4.

If y is already an irreducible cubic then we are done. By enlarging y via the addition
of extra lines if necessary, we may otherwise suppose that we are in one of the following
two cases:

Case 1: y is the union of three distinct lines £, £/, £,
Case 2: y is the union of an irreducible conic ¢ and a line £.
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In each case, we are to show that all irreducible components contain at least L
points p;, q;, 1.

In Case 1, consider a triple of points p;, g, ri withi + j +k = 0. Since p;, q;, 1%
are collinear and lie on £ U £/ U £”, one of the following two possibilities holds:

(i) One of the three lines ¢, ¢', £” is incident to all three of p;, g;, r (i.e. the line
{pi,qj,re}isoneof £, ¢, or £");

(ii) pi,qj, rr lie on one of each of the lines ¢, ¢’, £ (for instance, one could have
pi € U',q; € £, € £, or any of the other five possible permutations). Note
that we allow a point to lie on more than one of the lines ¢, ¢/, £”.

First of all note that (i) cannot hold for more than three triples (i, j, k) withi+j+k =
0. Indeed, as observed previously, the intersection points P;j; := p; N q;'f N ry are all
distinct, and so the lines containing {p;, ¢;, r} are distinct for distinct triples (7, j, k).

Let 2 be the set of triples (i, j, k) withi + j+k =0,—L < i < L,-2L <
j < —Land L < k < 2L. Suppose that (i) holds for some triple (i, j, k) € Q2 and
that p;, g, rx all lie on £ (say). We now consider the triples (i’, j', k") € Q with
i #i',j # j',k # k'. With at most two exceptions, (ii) holds for any such triple.
Fix one of these triples for which (ii) holds. One of the points p;/, g/, ri then lies on
£. Suppose that p;s lies in €. But, noting that 1 < —i’ — j < m, we see that p;/, g,
and r_;_; are collinear and so r_;_; lies on £ as well. That is, the lines containing
{pi.qj, i} and {p;’, q;,r_y_;} are the same. This is a contradiction as we noted
above. Similarly, if g lies in £, then 1 < —i — Jj < m and we can conclude that the
lines containing {p;, q;, r} and {p;, g, r_;_ j/} are again coincident, a contradiction.
Finally, if r lies in €, then —m < —i — k’ < 1 and the lines containing {p;, g;, i}
and {p;, g_; i, ry} are coincident, again a contradiction.

It follows that, whenever (i, j, k) € €2, we are in case (ii) and not in (i), that is to
say the points p;, ¢;, ri lie on one of each of the lines £, £, £”, but do not all lie on
one of the lines £, £/, or £”. Suppose without loss of generality that py € £,q_»; €
U ryp € €. If g_pp4+1 € £ then the concurrent lines p_j, g_27+1, r2, all lie in
£";as (=1, —2L + 1,2L) € €, we obtain a contradiction. Similarly, if g_»711 € ¥,
then po, g—or+1, r2r+1 all lie in £, again a contradiction. Thus g_p;+1 € £, which
implies rpr—1 € £”. Repeating this argument we see that in fact all of the points
qj, —2L < j < —L,lie on ¢’ and all of the points ry, L < k < 2L, lie on ¢”. Finally,
considering the triple (i, —2L —i, 2L) € 2, we see that all of the points p;, 0 <i < L,
lie on £. We have established that each of the lines £, £/, " contains at least L of the
points p;, q;, r, concluding the proof of the lemma in Case 1.

We turn now to Case 2, where the argument is very similar. Consider once again a
triple of points p;, g, ry withi + j +k = 0. These lie on a line. By Bézout’s theorem,
there are two cases:

(1) pi,qj, i alllie on ¢;
(ii) two of p;, qj, r lie on o and the other lies on £.

If (i) ever holds for some triple (i, j, k) then there is at most one such triple. Suppose
it holds for some triple (i, j, k) € . There are again many triples (i’, j’, k') € Q
with i # i’, j # j',k # k'. For any such triple, two of p;/, g, ri lie on o and the
other lies on £. Suppose, without loss of generality, that p;; € €. Then, noting that
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1 < =i’ — j < m, wesee that p;, q;, r_y_j are collinear and so r_;/_; lies on £ as
well, and thus (i) also holds for the triple (i’, j, —i’ — j). This leads to a contradiction
exactly as before.

It follows that, whenever (i, j, k) € €, two of the points p;, g;, 7 lie on o and the
other lies on £. If pg € o then one of g_;, r; lies on o and the other lies on £, for each
J with L < j < 2L. Thus both o and £ contain at least L of the points p;, g;, r¢. If,
on the other hand, py € ¢, then all the g_;,r; with L < j < 2L lie on o. But for
each i, |i| < L — 1, there are some j, k with —2L < j < —L and L < k < 2L such
that (i, j, k) € 2, and so p; € £ for all these i too. Thus both £ and o contain at least
L of the points p;, q;, r in this case also. O

We remark that this analysis can be pushed further in order to say something about
the distribution of the points p;, g;, rr on (for example) three lines £, ¢', £”. One
could most probably give some kind of complete classification of (say) 100 x 100 x
100 triangular grids. However it is also possible to take a self-contained additive-
combinatorial approach, leading to better bounds, and this is the technique we pursue
in Sect. 6.

To conclude this section let us remark that a number of beautiful pictures of trian-
gular structures arising from cubic curves (for various different types of cubic) may
be found in the paper [6], another work in the interpolation theory literature.

5 Almost Triangular Structure and Covering by Cubics

Recall that if P C RIP? is a set of points then I'p is the graph defined by the dual
lines p*, p € P. We now know (Proposition 3.1) that if P has few ordinary lines then
I' p has a highly triangular structure. We also understand (Lemma 4.4) that triangular
structure in " p corresponds to points of P lying on a cubic curve. In this section, we
put these facts together to prove some of the structural results stated in the introduction.

The main result is Lemma 5.2, whose statement and proof are somewhat technical.
To convey the main idea (and because we will need it later, and because it may be of
independent interest) we first establish the following much easier result. This result
also comes with better bounds—indeed it says something even if one only knows that
P spans o(n?) ordinary lines—than our more technical later result.

Proposition 5.1 (Cheap structure theorem) Suppose that P is a finite set of n points
in the plane. Suppose that P spans at most Kn ordinary lines for some K > 1. Then
P lies on the union of 500K cubic curves.

Proof We first dispose of a degenerate case. Suppose that one of the dual lines
p*, p € P, meets fewer than 500K points in I'p. Then every dual line meets one
of these points, which means that P is covered by at most 500K lines. As every line is
already a cubic curve, we are done in this case. Thus we may assume that each dual line
p* meets at least S00K points in I"p. In particular, it meets at least three points of I'p.

Recall the definition of a “good edge” of I' p: an edge both of whose vertices have
degree 6, and where both faces adjoining it are triangles.

Let us say that an edge is really good if all paths of length two from both of its
endpoints consist entirely of good edges. If we have a segment S of / > 1 consecutive
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edges on p*, all of which are really good, then the structure of I' p is locally that of a
triangular grid with dimensions {—2,...,2},{—/ —4, ..., —1}, {1, ..., + 4}; note
that the distinct intersection property of Definition 4.2(i) is automatic since every dual
line is assumed to meet at least three points in I"p. Applying Lemma 4.4, we conclude
that if S is such a segment of consecutive really good edges, containing at least one
edge, then the set of ¢ € P \ {p} for which ¢* meets S all lie on a cubic curve yg
(which also contains p).

If an edge is not really good, we say that it is somewhat bad. We know, by Propo-
sition 3.1, that the number of bad edges is at most 16Kn. Now associated to any
somewhat bad edge e is a path of length 1, 2 or 3 whose first edge is e and whose last
edge is bad, and which is furthermore the only bad edge on that path (take a minimal
path starting in e and ending in a bad edge). The number of paths of length 3 of the
form bad—good—-good is at most 16Kn x 5 x 5, since each vertex of a good edge has
degree 6. Taking account of paths of length 2 and 1 as well, we obtain an upper bound
of 500K n for the number of somewhat bad edges.

By the pigeonhole principle there is a line p* which contains r < 500K somewhat
bad edges. These somewhat bad edges partition p* into 7 segments of consecutive
really good edges (a segment may have length zero). Let the segments with at least
one edgebe S1, ..., Sy, and let the segments of length zero, which are simply vertices,
consist of vertices vy 1, ..., v;.

If g € P\ {p}, then ¢* meets p* either in a vertex of one of the S;, or in one of the
additional vertices v;. In the former case, as discussed previously, Lemma 4.4 places
q in a cubic curve ys, depending on S;. In the latter case, g lies in the dual line v;’.‘.
Such a dual line can be thought of as a (degenerate) cubic curve. Taking the union
of all these cubic curves, of which there are at most ¢’ + (t — t') < 500K, gives the
result. O

Proposition 5.1 is already a fairly strong structure theorem for sets with few ordinary
lines. It is possible that the ordinary lines in a union of O (1) cubics can be analysed
directly, though this certainly does not seem to be straightforward. Fortunately, there
is much more to be extracted from Proposition 3.1 and the results of Sect. 4, enabling
us to prove more precise statements that refine Proposition 5.1, albeit with somewhat
worse explicit constants.

The next lemma is the main technical result of this section. In an effort to make the
paper more readable, we have formulated it so that, once it is proven, we will have no
further need of the dual graph I' p and consequences of Melchior’s inequality.

Lemma 5.2 Suppose that P is a set of n points in the plane. Suppose that P spans at
most K n ordinary lines for some K > 1, and let L > 10 be a parameter. Suppose that
P cannot be covered by a collection of 4L concurrent lines. Then for every p € P
there is a partition P = {p} U X p U---U X,  with the following properties:

(i) Fori =1,...,cp the points of Z; , lie on a (not necessarily irreducible) curve
Vi,p of degree at most three, which also contains p;

(ii) If yi,p is not a line, then each irreducible component of it contains at least L
points of P;
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(iii) If yi,p is not a line, then the points of L; , may be partitioned into pairs (q, 1)
such that p, q, r are collinear, and no other points of P are on the line joining
p,qandr;

(iv) We have the upper bound Zpep cp < 21913 Kn on the average size of cp.

Proof The proof of this lemma is basically the same as the last one, except now we
work with a considerably enhanced notion of what it means to be a “really good edge”.
Call an edge extremely good if all paths of length 2L from both of its endpoints consist
entirely of good edges. In the last proposition, we only needed paths of length 2. If an
edge e is not extremely good, let us say that it is slightly bad.

We now count the number of slightly bad edges by an argument similar to that used
to prove the previous proposition. Let e be a slightly bad edge, and let » be the length of
the shortest path from an endpoint of e to a vertex of abad edge. Thus 0 < r < 2L —1,
and there is a vertex v of a bad edge ¢’ that is at distance exactly r from an endpoint w
of e. Then all paths of length up to r from either of the vertices of e are good, which
means that the r-neighbourhood of e has the combinatorial structure of a triangular
grid, and also that v lies on the boundary of this neighbourhood and has degree six.
Among other things, this implies that among all the paths of length r from v to w,
there is a path that changes direction only once. To describe this path, as well as the
slightly bad edge e, one could specify the bad edge ¢’, followed by an endpoint v of
that bad edge of degree six, followed by an edge emanating from v, which is followed
along for some length r; to a vertex of degree six, at which point one switches to one
of the other four available directions and follows that direction for a further length r»,
with 71 + r» < r (so in particular O < ry, 72 < 2L — 1), until one reaches a vertex
w, at which point the slightly bad edge e is one of the six edges adjacent to w. From
Proposition 3.1 and simple counting arguments, we may thus bound the total number
of slightly bad edges e crudely by

16Kn x2 x 6 x2L x4 x2L x6 <2PKL*n

and so we conclude that the number of slightly bad edges is at most 2!3 K L2n. One
could save a few powers of two here by being more careful, but we will not do so.
Suppose that there are b, slightly bad edges on p*. Then

> b, <2PL7Kn. (5.1)
peP

If we have a segment of m > 10L consecutive edges on p*, all of which
are extremely good, and with p* containing at least 4L additional edges beyond
these m, then the structure of I'p is locally that of a triangular grid of dimensions
{—=2L,...,2L}, {—m, ..., —1}, {1, ..., m}. Note that as we are assuming that P can-
not be covered by 4L concurrent lines, every dual line p* meets at least 4L + 1 distinct
points in I' p, ensuring the disjointness property in Definition 4.2(ii). Indeed, the fact
that each dual line meets at least 4L + 1 distinct points, and that p* contains at least
4L additional edges beyond the m consecutive edges, ensures that all the lines in this
triangular grid are distinct.
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Thus if § is such a segment then, by Lemma 4.5, the set Xg of allg € P \ {p} for
which ¢* meets S all lie on a cubic curve ys which contains p, and each component
of which contains at least L points of P. Furthermore, since the lines ¢* meet the
vertices of S in pairs (since each such vertex certainly has degree 6) the points of Xg
may be divided into pairs (g, r) such that p, g, r are collinear, and no other point of
P lies on the line joining p, ¢ and . Compare with conclusion (iii) of this lemma.

The line p* is divided into b, segments, each containing one or more vertices, by
the slightly bad edges. We then create some subsegments Sy, ..., S; by the following
rule:

(i) If p* contains at most 14L edges in all, then we set = 0, so no subsegments
S1, ..., S; are created;

(ii) If p* contains more than 14L edges, and one of the segments S cut out by the
slightly bad edges contains all but at most 4L of the edges, we set t = 1, and
define S to be a subsegment of S omitting precisely 4L edges;

(iii) In all other cases, we set Sy, .. ., S; be those segments cut out by the slightly bad
edges with at least 10L edges.

We then let viyq, ..., Ve, be the vertices not contained in any of the Sy, ..., S;.
By construction, we see that we always have ¢ < b, and that the number ¢, — ¢ of
remaining vertices v; is at most max(14L, 4L, (10L + 1)b,) < (10L + 1)b, + 14L.
We thus have

¢p < (10L +2)b, + 14L. (5.2)

Define %; , := Xg; and y; , := ys; fori <t,andfori >t + 1let y; , be the line v}
and take ¥; j, to consist of the points of P \ {p} lying on this line.

This collection of cubics and lines has properties (i), (ii) and (iii) claimed in the
lemma. The bound (iv) follows immediately from (5.1) and (5.2) and the crude bound
(10L +2)2L%2K +14L < 2YL3K, validfor L > 10and K > 1. o

We are now in a position to prove a result which is still not quite as strong as our
main structure theorem, Theorem 1.5, but is still considerably more powerful (albeit
with worse explicit constants) than the rather crude statement of Proposition 5.1.

Proposition 5.3 (Intermediate structure theorem) Suppose that P is a finite set of n
points in the plane. Suppose that P spans at most K n ordinary lines for some K > 1.
Then one of the following three alternatives holds:

(i) P is contained in the union of an irreducible cubic y and an additional 27 K
points.
(i) P lies on the union of an irreducible conic o and an additional 204K*4 lines.
Furthermore, o contains between % —27°K5 and % + 2765 points of P, and
P\ o spans at most 2°>K*n ordinary lines.
(iii) P is contained in the union of 2'K lines and an additional 287 K® points.

Remark The explicit expressions such as 272K in the above proposition could of
course be replaced by the less specific notation O (K ©(D) if desired, and the reader
may wish to do so in the proof below as well.
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Proof If P can be covered by 60000K < 2'°K concurrent lines then we are of course
done, so we will assume that this is not the case.

By Proposition 5.1 we know that P is covered by at most SO00K cubic curves. By
breaking each of these curves up into irreducible components, we may thus cover P
by distinct irreducible cubic curves y1, ..., ¥, for some

m < 1500K. (5.3)

By Bézout’s Theorem, no pair of distinct irreducible curves intersects in more than 9
points, and so there is a set P’ C P, with

m

/
IP\P| <9()

) <2%K2,

such that each point of P’ lies on just one of the curves y;.

Suppose first of all that one of the y;, say y1, is an irreducible cubic and contains
at least 27K points of P. Then it also contains at least 27> K> points of P’. Write
no = | P’ Ny|: thus ng > 27 K.

By construction and (5.3), P is not covered by 40m concurrent lines. Applying
Lemma 5.2 with L := 10m, we see that for each p’ € P we may partition P as
{PYUZ U UZe, pr, where 3 p ey < 219(10m)3>Kn < 2°'K*n and each
X, is contained in some (not necessarily irreducible) cubic y; , containing p” which
is either a line, or has the property that each irreducible component of it contains at
least 10m points of P.

By the pigeonhole principle, there is some p’ € P’ N y; with the property that
¢y < 281K *n/ny. Fix this p’. By Bézout’s theorem, an irreducible curve of degree
at most three that is not already one of the y; meets P in no more than 9m points,
and so we infer that each y; , is either a line, or else every irreducible component of
it is one of the y;. Since p’ lies on y; but not on any other y;, we infer that all the
¥i,p’ are lines except that one of them, say y; ,/, may be y;. Furthermore, none of the
lines y; /. j = 2,...,cp, which all contain p’, coincides with any of v, ..., ¥n.
By another application of Bézout’s theorem, each of them contains at most 3m points
of P.

It follows that

Cp/

n=|P|<IPNyl+ D IPNy,,l
j=2
274 K5p

<no+2%K% 4 3mey <no+ —
0

Since ng > 27 K3, we conclude that ng > n /2, which when inserted again into the
above inequality gives ng > n — 279K, which is option (i) of Proposition 5.3.

The analysis of option (ii) goes along similar lines but is a little more complicated.
Suppose now that one of the y;, say yi, is an irreducible conic and contains at least
276K points of P. Once again, it also contains at least 27> K> points of P’. Write
no := |P' N y1|; thus ng > 27 K°.

@ Springer



Discrete Comput Geom (2013) 50:409-468 439

By Lemma 5.2 as before we may, for each p’ € P, partition P as {p’} U Xy
U U, p with zp, cp < 219(10m)>Kn < 2°'K*n and each %, contained
in some (not necessarily irreducible) curve y; , of degree at most three containing p’
which is either a line, or has the property that each irreducible component contains at
least 10m points of P.

By the pigeonhole principle as before, we may find p’ € P’ N y; such that ¢,y <
261 K4n /ng. Now fix this p’.

Suppose that y; , is notaline. Then, by Bézout’s theorem as above, each irreducible
component of y; , is one of the y;. Since p’ € y; ,y, and p’ lies on y| but not on any
other y;, one of the irreducible components of y; , is y1. Thus for each i one of the
following is true:

(i) %, is contained in a line through p’;
(ii) X%; ,r is contained in the conic yi;
(iii) X; , is contained in the union of the conic y; and a line y;.

Now recall Lemma 5.2. Item (iii) of that lemma asserts that in cases (ii) and (iii)
above the points of X; ,» may be divided into collinear triples (p’, ¢, r). This immedi-
ately rules out option (ii). For those i satisfying (iii) we see that |%; /| = 2|%; ,y Ny1].
For those i satisfying (i) it follows from Bézout’s theorem that |%; /| < 3m.

Let I be the set of indices i for which X%; , is not contained in a line through r,
that is to say for which option (iii) above holds. It follows that

C,r

P
n=IPl=14 3 18| <142 30150, Nl + 3mey

i=1 iel

However, any line through p’ meets y; (which contains p’) in at most one other point,
and so

DSy Nl <P Ol +cp.

iel
Since
PNyl < [P Nyi| +|P\P'| < ng+2*K?

we conclude that

274K5
n < 2no+ 25K+ Bm +2)cpy + 1 < 2n9 + iy
no

Since ng > 277K, this is easily seen to imply that ng > n/4, and hence ng >
n/2 — 276K and ¢ < 203 K4 In the converse direction, we have

n= D iy =2 Ty Nyl

iel iel
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and so

n
Pl < +1+1U S nnl
i¢l

Fori ¢ I, %; ,y Ny consists of at most one point, and so

n

PN <
| 71l >

+1+cy <3 +2°K°

and hence y; contains between 5 — 276K> and 5 — 276 K3 elements of P.

Looking back at the three possibilities (i), (ii) and (iii) above, we see that the
other points lie in the union of the lines y; ;7 and y;, of which there are at most
Cp +m < 204 g4,

To complete the proof that we are in case (ii) claimed in the proposition, we need to
give an upper bound for the number of ordinary lines spanned by the set P \ y;. Such
a line could be ordinary in P, but there are at most K n such lines. Otherwise, such a
line passes through a point p’ € P N yy, and contains precisely two points in P \ y;.
Let us say that such a line is bad. The number of bad lines arising from p’ € P\ P, a
set of cardinality at most 22* K2, is at most 223 K ?n. Suppose then that p’ € P’ N yy.
As above, for each such p’ we have a partition P = {p'} U X,y U--- U Ecp,’p/,
and we now know that %; ,/ is either contained in a line through p’ or is contained in
the union of y; and a line. Furthermore in the latter case we know from Lemma 5.2
(iii) that every line though p’ and a point of %; ,/ passes through precisely two other
points of P, one on y; and the other not. Therefore it is not bad. The number of bad
lines through p’ is thus at most ¢, and so the total number of bad lines arising from
p' € PNy isatmost Y, pCp S 261 K4n. Statement (ii) of the proposition follows
immediately.

We have now considered all cases in which any irreducible cubic or conic from
amongst the m curves y; contains more than 276 K3 points of P. If this is not the case,
the only curves among the y; containing more than 27° K> points of P are lines. Thus
P may be covered by m < 216K lines and at most 27°K3m < 287K© points, which
gives option (iii). O

6 Unions of Lines

Suppose that P is a set of n points spanning at most Kn ordinary lines. We know
from Proposition 5.3 that all but O (K (D) points of P lie on an irreducible cubic, an
irreducible conic and some lines, or some lines. The aim of this section is to reduce
the number of lines, in all cases, to at most one. The main result of this section is the
following theorem, which may again be of independent interest.

Proposition 6.1 Suppose that a set P C RP? of size n lies on a union £1 U - - - U £,

of lines, and that P spans at most Kn ordinary lines. Suppose that n > no(m, K) is
sufficiently large. Then all except at most 3K of the points of P lie on a single line.
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We first handle the (easy) case where one line has almost all the points. For this,
one does not need to know that P is contained in the union of a few lines.

Lemma 6.2 Suppose that P C RP? is a set of size n, that P spans at most Kn
ordinary lines, and that at least %n of the points of P lie on a single line £. Then in
fact all except at most 3K of the points lie on £.

Proof Let p € P\ £. Then p forms at least 2n/3 lines with the points of P N £. At
most /3 of these contain another point of P, and so at least n/3 of them are ordinary.
Therefore the number of ordinary lines is at least | P \ €|n/3, and the claim follows
immediately. O

Suppose now, and for the rest of the section, that P C £; U - -- U £,,. The opposite
extreme to that considered by the above lemma is when al// the lines ¢; contain many
points of P. The next result, which is the key technical step in the proof of Proposi-
tion 6.1 (and is in fact rather stronger than that proposition), may be of independent
interest.

Proposition 6.3 Suppose that m > 2 and that a set P C RP? of size n lies on a union
L1 U--- UL, of lines, and that at least en points of P lie on each of the lines £;.

1
Suppose that m, % < n1000., Then P spans at least €'*n*/m® ordinary lines.

Remark The exponent m could certainly be improved somewhat, but a really sig-
nificant improvement—beyond ﬁ, say—would require new methods.

The proof of this proposition is quite long. Before embarking upon it we show how
to derive Proposition 6.1 as a consequence.

Deduction of Proposition 6.1 from Proposition 6.3 and Lemma 6.2 Reorder the lines
sothat ny > ny > -+ = ny, where n; := [P N{;|. Set g := nj/n. If &5 <
1/3m then &1 > 2/3 and we are done by Lemma 6.2, so suppose that e, > 1/3m.
Write P; :== PN U---U¢;),j=2,3,...,m. By Proposition 6.3, the set P;
determines at least £ 1212 /m® ordinary lines (here we have used the trivial lower bound
|P;j| = |P1] =2 n/m). Since |P \ Pj| < me;jyn, the number of these which fail to
be ordinary lines in P is bounded above by me; 1n%. Let j be the least index such

that g4 < %s }2m—7 or, if there is no such index, set j := m. Then it follows that

the number of ordinary lines in P is at least %e?n2 /m?>. We have the lower bound
gj = exp(—e©™), and so P spans >> exp(—e®™)n? ordinary lines. If n > no(m, K)
is sufficiently large this is greater than K7, so we obtain a contradiction. O

Remark We note that no(m, K) can be taken to have the shape no(m, K) ~ K
expexp(Cm).

We may now focus our attention on establishing Proposition 6.3. We will divide
into two quite different cases, according as the lines ¢; all intersect at a point or not.

Proposition 6.4 Suppose thatm > 2 and that P lies on a union £1U- - - U, of lines,
all of which pass through a point, and that at least en points of P lie on each of the
lines ¢;. Then P spans at least €*n* /50 ordinary lines.
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Proof We are greatly indebted to Luke Alexander Betts, a second year undergraduate
at Trinity College, Cambridge, who showed us the following argument. For brevity
we give a slightly crude version of the argument he showed us.

Applying a projective transformation, we may assume without loss of generality
that all the lines pass through the origin [0, 0, 1] in the affine part of RP?. Dualising,
these m lines become points on the line at infinity, and the sets P N ¢; become sets of
parallel lines. If £ is a set of lines in R?, we say that a point is ordinary for L if it lies
on precisely two of the lines in £. We say that L is ¢-parallel if, for every line £ € L,
there are at least ¢ other lines parallel to it. Finally, we say that a point lying on three
or more of the lines from L is a triple point. The dual statement to Proposition 6.4
(with ¢ replacing en) is then the following. O

Proposition 6.5 Let t > 0 be a real number. Suppose that L is a t-parallel set of
lines in R?, and that not all the lines of L are parallel. Then there are at least t*/50
ordinary points for L.

The heart of the matter is the following lemma.

Lemma 6.6 Suppose that L is t-parallel, but not all the lines of L are parallel. Then
there is a line ¢ € L containing at least t /2 ordinary points for L.

Proof If there are no triple points determined by £ then the conclusion is immediate, as
every line intersects at least# 4+ 1 > /2 other lines. If there are triple points determined
by L, let T be the set of them. Let v be a vertex of the convex hull of T', lying on lines
L1, 42,3 € L. There are open rays (half-lines) oF, Z;“, Z; emanating from v which
do not intersect T'. Suppose without loss of generality that the rays £, Z;r lie on either
side of the line £, as depicted in Fig. 15. Each of the ¢ other lines in £ parallel to £
meets either Ef‘ or E;, and so at least one of these rays meets at least #/2 lines in L.
All of these points of intersection must, by construction, be ordinary points for L.
Now let us return to the main problem, the dual form of Proposition 6.4 stated
above. Note that if £ is formed by removing at most 7/5 lines from £ then it is
still 4¢/5-parallel. Thus, by [#/57 applications of Lemma 6.6 we may inductively
find distinct lines £1, ..., £[;/51 such that ¢; contains at least 2¢/5 ordinary points
for £\ {¢1, ..., ¢i—1}. These are not necessarily ordinary points for £, but any such
point that is not lies on one of £, ..., £;_;. Since it also lies on ¢;, there are at most
i — 1 < t/5 such points, and so ¢; contains at least #/5 ordinary points of £. Each
ordinary point of £ lies on at most two of the lines £;, so we get at least 2 /50 ordinary
points in total. O

We have now established Proposition 6.4, which is the particular case of Proposi-
tion 6.3 in which all the lines ¢; pass through a single point. We turn now to the case in
which this is not so. The next proposition, together with Proposition 6.4, immediately
implies Proposition 6.3 and hence the main result of the section, Proposition 6.1.

Proposition 6.7 Suppose that m > 2 and that a set P C RP? of size n lies on a union
L1 U--- ULy, of lines, not all of which pass through a single point, and that at least

en points of P lie on each of the lines ¢;. Suppose that m, é < n 100 . Then P spans
> 212 /m® ordinary lines.
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Fig. 15 Figure relevant to the proof of Lemma 6.6. Here, t = 6 and the ray Z; meets 4 > 6/2 lines in L.
All of these points of intersection are ordinary as they lie outside the convex hull of the triple points of L,
shaded in blue (Color figure online)

The proof proceeds via several lemmas. It also requires some additive-combinatorial
ingredients not needed elsewhere in the paper, which we collect in the appendix. It is
convenient, for this portion of the argument, to work entirely in the affine plane. Let
us begin, then, by supposing that a projective transformation has been applied so that
all lines ¢; and their intersections lie in the affine plane R?.

Suppose that £ is a line. Then by a ratio map on £ we mean a map

¥ =v,4 € — RU {oo}
of the form

length(pq)
lﬂq,q/(P) = m,
where ¢, ¢’ are distinct points on £ and the lengths length(pq), length(pq’) are signed
lengths on £. We say that the ratio maps ¥, .- and ¥,/ , are equivalent, but otherwise
all ratio maps are deemed inequivalent. Note that such ratio maps implicitly appeared
in the analysis of the infinite near-counterexample (2.2).

An ordered triple of lines ¢;, £;, £, not intersecting in a single point defines two
ratio maps ¢; j : £; — R U {oo} and qSi,j,k :4j — RU{oo} via

Gijk = Yene g and @ik = Yeneg e 0
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We will make considerable use of these maps in what follows, as well as of the
following definition.

Definition 6.8 (Quotient set) Suppose that X C R U {oo} is a set. Then we write
Q(X) for the set of all quotients x /x, with x1, xp € X and x1, x3 ¢ {0, 0o}.

The following definition depends on the parameter n, which is the number of points
in the set P. Since this is fixed throughout the section, we do not indicate dependence
on it explicitly.

Definition 6.9 Let A be a finite subset of some line ¢, and let ¢ be a ratio map on

£. Then we say that A is a -grid if A is a union of at most n% sets S such that

QW (8))] < n1+I]*0. We say that A is a grid if it is a 1-grid for some ratio map ¥
on /.

Lemma 6.10 Let £ be a line, and suppose that r and v’ are inequivalent ratio maps
1
on L. Suppose that A is a V-grid and that A’ is a '-grid. Then |A N A'| « n' 73,

Proof Without loss of generality we may assume that £ is the x-axis parametrised as
{(z,0) : t € R}. By abuse of notation we identify A and A’ with subsets of R. The
ratio maps ¥, ¥’ are given by ¥ (1) = (t +a)/(t + D), ¥'(t) = (t +a’)/(t + ") with
a#b,a #Db and {a, b} # {d',D'}.
1/30

Suppose that A is a ¥-grid and that A’ is a v/'-grid. Write A = U7=/1 S; and
A=) S where |Q(y(S:))| and | Q(y'(S)))] are both at most n'* 1. Tt suffices
to show that | S; N S/ < n%.

Suppose that X is the set of all x € §; N S} for which 1 (x) > 0. Since X is

contained in both S; and S}, |Q(¥(X))| and |Q(¥'(X))| are both at most nl*10,
Writing Y := {log ¥ (x) : x € X}, we see that

Y — Y[, |f(¥) — f(¥)] < 2n"FT0, 6.1)
where

f() =logoy oy~ oexp(y)
=log((b —a')e’ +da' —a) —log((b —b)e’ + b — a)
= log(Ae” + B) —log(A’e” + B'),

say,and f(Y) :={f(y) : y € Y, f(y) is defined }. Note that we do not have AA’ = 0
and BB’ = 0 (there are four cases to consider). We thus compute

e’(b—a)b —a')(AAe® — BB)

) = T e T B Ae £ B

This is continuous except when ¢ = —B’/A’ or —B/A, and nonzero except when
e?Y = BB'/AA’. It follows that R may be split into at most 4 pieces on which f
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B

Fig. 16 An illustration of Menelaus’s theorem. The lengths are signed

is defined and strictly concave/convex. By Proposition A.9, this implies that at least

one of |[Y — Y|, | f(Y) — f(Y)| has size > |Y|>/*. Comparing with (6.1) we see that
22

X[ =Yl <n3s.

An almost identical argument applies when X is the set of all x € §; N S} for
which ¥(x) < 0, taking ¥ := {log(—v¥(x)) : x € X}: now we have f(y) =
log(—Ae” + B) — log(—A’e” + B’), but the rest of the argument is the same.

Putting these two cases together gives |S; N S}I < n%, which is what we wanted
to prove. o

Ratio maps may be used in understanding the metric properties of intersections of
lines as a consequence of Menelaus’s theorem, illustrated in Fig. 16.

Lemma 6.11 Let £;, £}, £y be three lines not meeting at a point. Let X; C ¢; and
X; Ctj, andletT" C X; x X; be a set of pairs, with neither X; nor X j containing
L; N L. Let Xy C £ be the set of points on €y formed by intersecting the lines
{xi, xj}, (xi, x;) € ', with £y. Then

IXk| = ik (xi) /i jk(x)) : (xi,x;) € TH.

Proof Apply Menelaus’s theorem with AC = £;, AB = £; and BC = {;. Suppose
thatx; € ¢; andx; € £;,and write E = x;, I = x; in the diagram. Then D is the point
at which {x;, x;} intersects £;. Note that ¢; j x(x;) = EA/EC, (;Ei,j,k(xj) = FA/FB.
By Menelaus’ theorem it follows that ¢>I-,j,k(xi)/¢~5,-,j,k(xj) = DB/DC. This ratio
uniquely determines the point D, and the lemma follows. O

Lemma 6.12 Suppose that P is a set of n points lying on a union £1U- - -U{,, of lines,
that the lines £; are not all concurrent, and that at least en points of P lie on each line
£;. Suppose that m, % < nT00 . Then either P spans at least €2n® /8 ordinary lines,
or else there are at least two values of i such that P N {; contains a grid with size
> e*n/m?.

Proof By the dual version of the Sylvester—Gallai theorem, there is some pair of lines
£;, £; such that no other line passes through ¢; N £;. Each of ¢;, £; contains at least
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en points of P, atleast en — 1 > en/2 of which are not the intersection point £; N £;.
If P spans fewer than £2n2 /8 ordinary lines then there is some k such that for at least
€2n?/8m pairs p; € £;, pj € Lj(pi, pj # €iNkj)theline {p;, p;} meets £; in a point
of P.Write X; :== ({; NP\ (¢{;NL;), X;j:=;NP)\({;NLj)and " C X; x X
for the set of pairs (p;, pj) € X; x X; for which {p;, p;} meets £; in a point of
X = £ N P.By Lemma 6.11 it follows that

n > Xkl = Ui ju(xi) /i j(xj) : (xi,x;) € TH.

By Corollary A.2 and the hypothesis on m and % it follows that there are sets
X; C Xi, X, € X with [X]], |X;| > e*n/m?* and

Q@1 k(X1 191 jx (X)) < m''n/je? < n!*T0,

Thus certainly X is a ¢, c-grid and X', is a b1 j -grid. m|

As a result of this lemma we may, in proving Proposition 6.7, restrict attention to
sets where P N ¢; contains a large grid for at least two values of i. We study this
situation further in the next lemma, whose proof is a little involved.

Lemma 6.13 Suppose P is a set of n points lying on a union of lines £1 U --- U £,
where m < L TO00 Suppose that i # j and that X; C PN¥¢;, X; C PNE; are

grids, both of size at least ¢'n, where &' > n_ﬁ, and neither containing £; N £;.
Then either P spans > (&')>n? ordinary lines, or else there is a line £y, not passing
through £; N\, and a grid Xy C P N{y, such that all but at most '|X;||X ;| /25 pairs
(xi, xj) € X; x X are such that the line {x;, x j} meets £} in a point of Xy.

Proof Write n := &’/100. Suppose that P does not contain at least (¢/)3n%/100 =
17(8’11)2 ordinary lines. Then there are at least (1 —n)|X; || X ;| pairs (x;, x;) € X; X X
such that {x;, x;} meets some other line £;. Write I'y C X; x X for the set of pairs
(x;,xj) € X; x X such that {x;, x;} meets £ in a point of P. Thus DTkl >
(I — n)|X;l|X;|. We claim that there is at most one value of k for which [I'x| >
n|X;||X j|/m, and that for this k (if it exists) the line £; does not pass through £; N ¢;.
Note that if [Tx| > n|X;||X;|/m then certainly |T'x| > 8n?, where § = n=1/250,

This claim is a consequence of the following two facts.

Fact 1 If €, passes through £; N £ then [I'y| < Sn2.

Fact 2 If we have two lines £y, £y, neither passing through £; N £, then at least
one of |Tk|, ITw | has size at most Sn>.

Proof of Fact 1 Suppose that £ passes through ¢; N £;, but that [['y| > sn?. Here
(and in the proof of Fact 2 below) we apply an affine transformation so that ¢; is the
x-axis and £; is the y-axis. Suppose that £ is the line {(z, Ax?) : t € R}. Suppose
that X; = {(a,0) : a € A} and X; = {(0,b) : b € B} and, by slight abuse of
notation, identify I'y with a subset of A x B in the obvious way. A short computation
confirms that the intersection of the line through (a, 0) € ¢; and (0, b) € £; with £ is

@ Springer



Discrete Comput Geom (2013) 50:409-468 447

the point (1/x+1/\k/y’ 1/x4£\k/y)' By Corollary A.2 there are sets A C A and B’ C B

with |A’|, |B’| > n and |% - %| < 8 Uy « n1*+10. Since X; is a grid, there is
some ratio function ¥ (t) = (t +a)/(t + B), a # B, such that A’ C U?:fo S;, where
QY (S)] < n*10 for each i. Let A” be the largest of the intersections A’ N S;; then

1

_1 1 1
|A”| >3 8n'=%0, |Q(y(A”))| < n'tTo, T «n'tio,

Writing ¥ := 1/A” and f(y) := log(l + ay) — log(1 + By) we thus have

Y1 81730, 1Y = Y[ (V) = F(V)] < n'H10. 6.2)
However
B o? 20By — (@ + B)
f//()’): 2 zz(a_ﬂ) 2 2
+py)> d+ay) (I +ay)=(1 + By)
is continuous away from y = —1/a and y = —1/8 and has just one real zero,

and therefore one may divide R into at most 4 intervals on the interior of which
f is defined and strictly convex/concave. By Proposition A.9 it follows that one of
Y — Y|, |f(Y) — f(Y)| has size > |Y|>/*. This comfortably contradicts (6.2) for
large n. O

Proof of Fact 2 Suppose that ||, [Ty/| > 8n”. By Lemma 6.11 and the fact that
neither £; nor ¢;, contains more than n points we have

Hpi, jk (i) /i j () = (xi, xj) € T} < m

and
Hi,jok (i) /i jao (x) = (xi, xj) € T}l < .

Applying Corollary A.2 exactly as before we deduce that there are sets X fk), X ;k,) -
X; and sets X;k), Xﬁ.k/) C Xj, all of size » dén > nl_TIS, such that all
k K - k = K
of |Q(¢1. .k (X{ ). 19 j.o (XN, 19 .4 (X)) and Qi 4 (X )] have
size < 8 120 < n*10. Thus X,.(k) is a ¢; j x-grid, Xl.(k) is a ¢; j p-grid, X}k) is a
q}i,j,k-grid and Xﬁ.k,) isa ¢~>,A,j,k/-grid. Since X; and X ; are themselves grids, and since
grids corresponding to inequivalent ratio functions intersect in a set of size no more
1 ~ ~

than n!~ 2 by Lemma 6.10, we see that ¢;,j x ~ ¢; jx and @; jk ~ @i jx'-

It follows immediately from the definition of ¢; j k. ¢i jx’ (/Bi,j’k, ¢~’i,j,l</ that £; N

Ly = &N and £; N Ly = £; N Ly, and therefore £, = £ . This is contrary to
assumption, and so we have established Fact 2.
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This completes the proof of the claim. It follows that there is some k such that at
least (1 —2n)|X;||X ;| pairs x; € X;, x; € X are such that {x;, x;} meets P N ¢, and
furthermore £ does not pass through ¢; N €;. If xx € P N £, we say that x; is well-
covered if there are at least n(s/)zn pairs (x;, x;) € X; x X such that {x;, x;} passes
through x. Since | PN £y | < n, the number of pairs (x;, x;) used up by poorly-covered
Xy is no more than n(¢’)?n? < nlX;il|X;|. Thus, for at least (1 — 3n)|X;||X ;| pairs
(xi, x;), the line {x;, x;} meets £; in a well-covered point x;. Write Xk C P N ¥y for
the set of well-covered points; we are going to show that there is a grid X occupying
almost all of X k-

Note that, by definition of well-covered, for any ¥ C X thereisa graph ' C Y x
Xi, IT| = n(e")?|Y||X;], such that each line {y, x;} meets X; whenever (y, x;) € T
By Lemma 6.11 and the trivial bound | X ;| < n, this implies that

Hok.i i )/ rij(xi) : (v, xi) € T} < n.

Suppose that |Y| > nn. Then || > n2(e)3n? > nz_ﬁ. By Corollary A.2 there
aresets Y/ C Y and X| C X;, |Y'], |X]| 3> n' =20, such that | Q(g ;£ (Y'))| < n'TT0.
Applying this argument repeatedly, we see that all of X except for a set of size at
most nn can be covered by disjoint sets Y’ with these properties. There are at most
Cnﬁ < n% of these sets, and so the union of them, Xy say, is a ¢; ; x-grid.

Finally, note that the number of pairs (x;, x;) for which {x;, x;} passes through

f(k \ X is at most n|)~(k \ Xi| < nn. For all other pairs, {x;, x;} passes through the
grid X.
At last, this completes the proof of the lemma. O

We are now in a position to complete the proof of Proposition 6.7 and hence of all
the other results in this section.

Proof of Proposition 6.7 Suppose that P lieson £1 U - - - U £,,, with at least en points
on each line and not all of the lines through a single point. Suppose that 2, é <n o000
By Lemma 6.12 we are done unless there are two values i, j € {1, ..., m} such that
P N ¢;, P N ¢ both contain grids of size at least &'n, with &’ >> et/m? > o
Suppose without loss of generality that £; contains the largest grid amongst all grids in
P; call this X;. Let X; be a grid in P N ¢; of size at least ¢'n, and apply Lemma 6.13
to these two grids X;, X ;. If the first conclusion of that lemma holds then P contains
> (¢ )3n2 > g12p2 / mo ordinary lines, and we are done. Otherwise there is a line ¢,
not passing through ¢; N ¢, and a grid X; C P N £, such that for all (x;, x;) in a set
I" of size at least (1 — 4n)|X;||X I, the line {x;, x;} meets £, in a point of Xj.
By Lemma 6.11 we have

i,k (x)/ijae () = (xi, xj) € T < | Xkl

It follows from Lemma A.4 that
[ Xkl 21X +1X;] —4 =420 X; 11X ;.
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Since n = ¢’/100 and n is sufficiently large, this is strictly greater than | X;|, contrary
to the assumption that X; was a grid in P of largest size. O

In this rather long section, we have proved results about sets P, contained in a union
£1U--- UL, of lines, spanning few ordinary lines. They are plausibly of independent
interest. Let us now, however, return to our main task and combine what we have
established with the main results of previous sections. By combining Proposition 6.1
(using the bound on ny(m, K) noted after Proposition 6.3) with Proposition 5.3 we
obtain the following structural result. From the qualitative point of view at least, this
supersedes all previous results in the paper (and, in particular, implies Theorem 1.4 as
a corollary).

Proposition 6.14 Suppose that P is a set of n points in RP? for some n > 100
spanning at most K n ordinary lines, where 1 < K < c(loglogn)€ for some sufficiently
small absolute constant c. Then P differs in at most O(K °W) points from a subset
of a set of one of the following three types:

(1) An irreducible cubic curve;
(ii) The union of an irreducible conic and a line;
(iii) A line.

Proof We apply Proposition 5.3. In case (i) we are already done. In cases (ii) and
(iii) we see that, after removing an irreducible conic if necessary, that we have >
n/2 — 0(K°2W) points on O (K °M) lines determining at most O (K ?V)n ordinary
lines. By Proposition 6.1 and the hypothesis K < (loglogn)¢, all but O(K ™M) of
these points lie on a single line, and the claim follows. O

7 The Detailed Structure Theorem

We turn now to the proof of the detailed structure theorem, Theorem 1.5. We first
establish a slightly weaker version in which the linear bounds O (K) have been relaxed
to polynomial bounds O (K ©1). This somewhat weaker statement is already sufficient
for our main application, the proof of the Dirac—-Motzkin conjecture for large n. At
the end of this section we indicate how to recover the full strength of Theorem 1.5.

Theorem 7.1 Suppose that P is a finite set of n points in the projective plane RP?.
Suppose that P spans at most Kn ordinary lines for some K > 1, and suppose
that n > expexp(CKC) for some sufficiently large absolute constant C. Then, after
applying a projective transformation if necessary, P differs by at most O(K?W))
points from an example of one of the following three types:

(i) n— O0(KO2M) points on a line;
(1) The set Xoy, defined in (1.1) for some m = %n — O(K92Wy;
(iii) A coset H @ x,3x € H, of some finite subgroup H of the real points on an
irreducible cubic curve with H having cardinality n + O (K °M).

We now prove this theorem. We already know from Proposition 6.14 that a set with
at most Kn ordinary lines must mostly lie on a line, the union of a conic and a line, or
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an irreducible cubic curve, and the proof of Theorem 1.5 proceeds by analysing the
second two possibilities further.

The key to doing this is the fact that collinearities on (possibly reducible) cubic
curves are related to group structure. This is particularly clear in the case of an irre-
ducible cubic, as we briefly discussed in Sect. 2. However, one can see some group
structure even in somewhat degenerate cases.

An important ingredient in our analysis is the following result of a fairly standard
type from additive combinatorics, which may be thought of as a kind of structure
theorem for triples of sets A, B, C with few “arithmetic ordinary lines”.

Proposition A.S Suppose that A, B, C are three subsets of some abelian group G, all
of cardinality within K of n,where K < en for some absolute constant ¢ > 0. Suppose
that there are at most Kn pairs (a, b) € A x B for whicha + b ¢ C. Then there is a
subgroup H < G and cosets x + H, y + H such that |AA(x + H)|, |BA(y + H)|,
|ICA(x+y+ H)| < 7K.

This result will not be at all surprising to the those initiated in additive combina-
torics, but we do not know of a convenient reference for it. We supply a complete
proof in Appendix A.

Suppose that P is mostly contained in a cubic curve y which is not a line. We
subdivide into two cases according to whether y is irreducible or not.

Lemma 7.2 (Configurations mostly on an irreducible cubic) Suppose that P is a set
of n points in RP? spanning at most K n ordinary lines. Suppose that all but K of the
points of P lie on an irreducible cubic curve y, and suppose thatn > CK for a suitably
large absolute constant C. Then there is a coset H @ x of y with3x = x®x®x €¢ H
such that |PA(H @ x)| = O(K). In particular, y is either an elliptic curve or an
acnodal cubic.

Proof Let y* be the smooth points of y, which we give a group law as in Sect. 2.

Set P’ := PNy*.Then |P’| = |P|+ O(K), and P’ spans at most O (K n) ordinary
lines. If py, po € y™* are distinct then the line joining p; and p; meets y* again in the
unique point ©p; © py. This assumption implies that ©p; & p, € P’ for all but at
most O (Kn) pairs p1, p» € P’. Applying Proposition A.5, it follows that there is a
coset H @ x of y* suchthat |[PA(H @ x)| = O(K) and also |PA(H ©2x)| = O(K).
From this it follows that |(H & x)A(H © 2x)| = O(K), which implies that 3x € H
if n > CK is large enough.

If y is not an elliptic curve or an acnodal cubic then the group y* is isomorphic
to R or to R x Z/27, and neither of these groups has a finite subgroup of size larger
than 2. O

‘We turn now to the consideration of sets P which are almost contained in the union
of an irreducible conic ¢ and a line £. The union o U £ is a reducible cubic and so
does not have a bona fide group law. There is, however, a very good substitute for one
as the following proposition shows. In what follows we write o™ := o \ (6 N £) and
£* := £\ (o N¢£). Note that the intersection o N ¢ has size 0, 1 or 2.

Proposition 7.3 (Quasi-group law) Suppose that o is an irreducible conic and that
L is a line. Then there is an abelian group G = G4 ¢ with operation @ and bijective
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maps Yo : G — o*, Yy : G — £* such that Vs (x), Yo (v) and ¥¢(z) are collinear
precisely if x @y ®z = 0. Furthermore G4 ¢ is isomorphic to Z/2Z x R if |c N¢| = 2,
toRiflo Nt =1andtoR/Z if |o NL| = 0.

Proof This is certainly a known result, but it is also an easy and fun exercise to
work through by hand, as we now sketch. If |o N | = 2, we may apply a projective
transformation to move the two points of intersection to [0, 0, 1] and [0, 1, 0], and o*
to the parabola {[a, a’1]:a ¢ R*} and £* to {[0, —b, 1] : b € R*}. We note that
[ay, a%, 1], [ao, a%, 1] and [0, —b, 1] are collinear if and only if b = aja;.

Consider the maps ¥y : Z/27 x R — £* defined by (g, x) = [0, —b, 1] where
b= (—Dfe ™ and ¥, : Z/27 x R — o™ defined by ¥, (¢, x) = [a, a?, 1] where
a = (—1)%e*. Then we see that the maps vy, ¥, are bijections and that the claimed
collinearity property holds.

Now suppose that we are in case (ii), that is to say |0 N£| = 1. Applying a projective
transformation, we may suppose that the point of intersection is [0, 1, 0] and move ¢ *
to the parabola {[a, a®, 1] : a € R} and £* to the line at infinity {[1, —b, 0] : b € R}.
Now note that if [a;, a%, 11, [a2, a%, 1] and [1, —b, 0] are distinct and collinear, then
ai + az + b = 0 [cf. the near-example (2.4)].

Finally suppose that o and ¢ do not intersect. Applying a projective transforma-
tion we may map ¢ to the line at infinity {[sin7 8, cosm0,0] : 0 € R/Z}. As o is
disjoint from £ it must be a compact conic section in R?, that is to say an ellipse.
By a further affine transformation we may assume that it is in fact the unit circle
{[cos2m6,sin27@, 1] : 0 € R/Z}. By elementary trigonometry it may be verified that
the points [cos2mway, sin2way, 1], [cos 2wy, sin 2oz, 1] and [sinzB, cos B, 0]
are collinear if and only if o1 + oo + 8 = 0, thus in this case the result is true
with ¥, (0) = [cos 276, sin 270, 1] and vy (0) = [sinh, cos I, O]. O

We may now derive the following consequence, analogously to Lemma 7.2.

Lemma 7.4 (Conic and line) Suppose that P C RP? is a set of n > no(K) points,
all except K of which lie on the union of an irreducible conic o and a line £. Suppose
that P defines at most Kn ordinary lines, and suppose that P has n/2 + O (K) points
on each of o and L. Then, after a projective transformation, P differs from one of the
sets X,y by at most O (K) points.

Proof Write P’ :== PN (oc Uf). Set P, := PNo*and P, ;== P N {£* Then
|Py| + |P¢] = |P|+ O(K), and P’ spans at most O(Kn) ordinary lines. Consider
also the pull-backs A = ¥~ 1 (P;)and B := ¢, 1(Pg), where V¢, ¥, are the “quasi-
group law” maps introduced in the preceding proposition. Both A and B are subsets
of G4 ¢, a group for which there are three possibilities, detailed in Proposition 7.3.

The assumption about ordinary lines implies that ©a; © ax € B for all but at most
O(Kn) pairs ay, ax € A. Applying Proposition A.5, it follows that there is a subgroup
H < G, and cosets x @ H, —2x @ H such that |[AA(x @ H)|, |BA(=2x & H)| =
O(K).

If n > CK forlarge enough C then it follows that |0 N ¢| = 0 since (with reference
to the three possibilities for G ¢ described in Proposition 7.3) neither Z /27, x R nor
R has a finite subgroup of size larger than 2. Applying a projective transformation,

@ Springer



452 Discrete Comput Geom (2013) 50:409-468

we may assume that £ is the line at infinity and, as in the proof of Proposition 7.3,
that o is the unit circle. We may apply a further rotation so that x = 0, that is to say
|[AAH| = O(K) and |BAH| = O(K).

All finite subgroups of R/Z are cyclic and so we have H = {j/m : j €

{0,1,...,m — 1}} for some m, that is to say H consists of the (additive) mth roots
of unity. But then v, (H) U ¥¢(H) is precisely the set X, = Xy, described in the
introduction and in the statement of Theorem 1.5. O

Putting Lemmas 7.2 and 7.4 together with the main result of the previous section,
Proposition 6.14, we immediately obtain Theorem 7.1. The remainder of this section
is devoted to establishing our most precise structure theorem, Theorem 1.5. Let us
remind the reader that this is the same as Theorem 7.1, only the polynomial error
terms O(K°W) are replaced by linear errors O(K). The reader interested in the
proof of the Dirac—Motzkin conjecture for large n may proceed immediately to the
next section, where Theorem 7.1 is already sufficient.

Proof of Theorem 1.5 The converse claim to this theorem already follows from the
analysis in Sect. 2, so we focus on the forward claim. We may assume that the con-
stant C is sufficiently large. We then apply Theorem 7.1 to obtain (after a projective
transformation) that P differs by O (K o)y points from one of the three examples (i),
(ii), (iii) listed. Our task is to bootstrap this O (K Oy error to a linear error O (K).

Suppose first that case (i) holds, thus all except O (K 1) points of P lie on a
line . Then every point p in P that does not lie on £ forms at least n — O (K 91)
lines with a point in P N £. At most O (K (V) of these can meet a further point in P,
so each point in P\ ¢ produces at least n — O (K (V) ordinary lines connecting that
point with a point in P N £. We conclude that the number of ordinary lines is at least
(n — O(KO(I)))|P\E|; since there are at most Kn ordinary lines, we conclude that
|P\£| = O(K), and the claim follows.

Now suppose that case (ii) holds, thus P differs by O (K (D) points from X»,, for
some m = %n — 0(K°M)y. To analyse this we need the following result, essentially
due to Poonen and Rubinstein [29]. O

Proposition 7.5 Let 1, C C = R? denote the regular n-gon consisting of the nth
roots of unity. Then no point other than the origin or an element of 1, lies on more
than C lines joining pairs of vertices in I1,, for some absolute constant C.

Actually, in [29] it was shown that C could be taken to be 7 when one restricts
attention to points inside the unit circle. The case of points outside the unit circle was
not directly treated in that paper, but can be handled by a variant of the methods of that
paper. See Appendix B for details. For the purposes of establishing Theorem 1.5, the
full strength of Proposition 7.5 is unnecessary. Indeed, the more elementary weaker
version established in Proposition B.2 would also suffice for this purpose.

Corollary 7.6 Suppose that p € RP? does not lie on the line at infinity, is not an mth

root of unity and is not the origin [0,0,1]. Then at least 2m — O (1) of the 2m lines
Jjoining p to a point of Xy, pass through no other point of Xoy,.
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Proof If x € Xy, then we say that x is bad if the line {p, x} passes through another
point y € X2,y # x. Suppose first that x is an m™ root of unity. We claim that if
x is bad then px passes through another mth root of unity, different from x, or else
{p, x} is tangent to the unit circle. If y is already an mth root of unity then we are
done; otherwise y is one of the m points on the line at infinity. But then the line {x, y}
passes through another mth root of unity x’ unless it is tangent to the unit circle, and
we have proved the claim.

This enables us to count the number of bad x which are mth roots of unity. There
are at most two coming from the possibility that {p, x} is tangent to the unit circle.
Otherwise, {p, x} contains another mth root of unity x’, whence p lies on the line
{x, x’}. This gives at most O (1) further possibilities by Proposition 7.5.

Now suppose that x is one of the m points on the line at infinity. If {p, x} passes
through an mth root of unity y then it passes through another such root of unity y’
unless {p, x} is tangent to the unit circle. There are at most 2 points on the line at
infinity corresponding to the tangent lines, and then at most O (1) corresponding to
the chords {y, ¥’} on which p lies, by another application of Proposition 7.5. O

We return now to the analysis of case (ii). Let p be a point of P not on either
the unit circle or the line at infinity. Then by Corollary 7.6, only O (K (1) of the
n— O0(K2W)lines connecting p with X»,,, also meet another element of X5,,. As P
only differs from X»,, by O(K o)) points, we conclude that there are n — O (K 0y
ordinary lines of P that connect p with an element of X»,,. As in case (i), this implies
that there are at most O (K) points of P lying outside the union of the unit circle and
the line at infinity. Applying Lemma 7.4, we obtain the claim.

Finally, we consider the case (iii). By Lemma 7.2, it suffices to show that there are
at most O (K) points of P that do not lie on the curve E, which is either an elliptic
curve or the smooth points of an acnodal singular cubic curve. By the same argument
used to handle cases (i) and (ii), it then suffices to show that each point p in P\E
generates >> n ordinary lines in P.

For this, it suffices to establish the following lemma.

Lemma 7.7 Suppose that E is an elliptic curve or the smooth points of an acnodal
singular cubic curve and that H ®x is a coset of a finite subgroup of E of sizen > 10%.
Then, if p ¢ E is a point, there are at least n/1000 lines through p that meet exactly
one element of H @ x. O

Remark The constant 1/1000 could be improved a little by our methods, but we have
not bothered to perform such an optimisation here. It seems reasonable to conjecture,
in analogy with the results in [29], that in fact there are only O (1) lines through p that
can meet three elements of a coset x @ H of a finite subgroup of an elliptic curve, but
this would seem to lie far deeper.

Proof We first exclude one degenerate case, in which E is the smooth points of an
acnodal singular cubic curve, and p is the isolated (i.e. acnodal) singular point of that
curve. In this case, any line through p meets exactly one point of E, and the claim is
trivial. Thus, we may assume that p does not lie on the cubic curve that contains E.
Suppose the result is false. Then at least 0.999n of the lines joining p to x & H
meet x @ H in 2 or 3 points. In the former case, the line must be tangent to £. There
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are at most 6 such tangents.” Thus at least 0.998n of the lines joining p to points of
x @ H meet x @ H in 3 points.

As a topological group, the cubic curve E is isomorphic to either R/Z or R/Z x
(Z/27). Consider all the lines through p that are tangent to E; there are at most 6
such lines, each meeting E in at most 2 points. These (at most) 12 points partition £
into no more than 13 connected open sets Ay, ..., A3 (topologically, these are either
arcs or closed loops), plus 12 endpoint vertices. From a continuity argument, we see
that for each i one of the following statements is true:

(i) the lines connecting p to points of A; do not meet E again;

(ii) there exist A, Ag, distinct from each other and from A;, such that any line
connecting p and a point in A; meets E again, once at a pointin A, and once at
apoint in Ay.

Suppose that i is of type (i). Then by our supposition that the lemma is false we
may assume that |[A; N (H & x)| < 0.001n, since all the lines from p to A; N (H @ x)
contain no other point of E. By the pigeonhole principle there is some i of type (ii)
with |A; N (H & x)| > %(1 — 0.012)n > 0.05n > 3. By property (ii), lines from p
through A; meet the curve E againin A; and Ay.

Recall that for all except at most 0.002n elements g of A; N (H & x), the line {p, g}
meets A; and Ay at elements of H @ x. Itis easy to conclude from this, and similar
statements for j, k, that the sizes of A; N (H @ x), A; N (H & x) and Ay N (H @ x)
differ by at most 0.004n.

Let ¢;; : A; — Aj be the map that sends a point g in A; to the point {p, g} N A},
then ¢;; is a homeomorphism from the set A; to the set A;; in particular, ¢;; is
either orientation-preserving or orientation-reversing, once one places an orientation
on both A; and A ;. Furthermore, ¢;; maps all but at most 0.002n of the elements of
A;N(H ®x)toA; N (H @ x) and vice versa. Now as H is a subgroup of E, which
as an abelian topological group is either R/Z or R/Z x (Z/27), we see that the sets
AN (H ®x),A; N (H @ x), being intersections of arcs in R/Z with the discrete
coset x @ H, are arithmetic progressions in x & H with a common spacing /.

Now for all but at most 0.002n values of y € A; N (H & x), ¢;; maps y to a point
of A; N (H @ x). For all but at most 1+ 0.002n values of y € A; N (H @ x), ¢;; maps
y @ htoapointof A; N (H @ x). (The extra 1 comes from the fact that there is one
endpoint value of y in the progression A; N (x @ H) for which y @ & does not lie in
this progression.) Of the values of y satisfying both of these statements, for all but at
most 0.004n values we have

bij(y ®h) =¢ij(y) ® N (7.1

for i’ equal to either & or ©h (depending on whether ¢;; is orientation-preserving
or orientation-reversing). Thus (7.1) holds for all except at most 0.01n values of
y €A N(H®Xx).

7 The points of tangency must all lie on the intersection of E with its dual curve with respect to p, which
has degree 2; see also the Pliicker Formulce.

@ Springer



Discrete Comput Geom (2013) 50:409-468 455

Similarly, defining ¢;; in exactly the same way as ¢;;, we see that for all except at
most 0.017n elements y in A; N (H & x) we have

Gik(y ® h) = dir(y) ® h” (7.2)

for h” equal to either & or ©h.

Recalling that |A; N (x & H)| > 0.051, we may thus find y € (x @ H) N A; such
that both (7.1) and (7.2) hold. On the other hand, as y, ¢;; (y), ¢ix (y) are collinear, we
have

Y@ 9ij(y) ® di(y) = O
and similarly
YOhBPi;(yBh) ®Pik(y®h) = 0.
From these equations and (7.1), (7.2) we conclude that
heh®h" =0.

Since h', h” are equal to either 1 or ©h, we conclude that & has order at most 3, and
so |A; N (H @ x)| < 3. However we have already observed that |A; N (H @ x)| > 3,
a contradiction. O

The proof of Theorem 1.5 is now complete.

8 The Dirac-Motzkin Conjecture

The Dirac—Motzkin conjecture is the statement that, for n large, a set of P points in
R? not all lying on a line spans at least n/2 ordinary lines. The main result of this
paper is a proof of a more precise version of this for large n, Theorem 2.2, together
with a characterization of the extremal examples. We prove the even more precise
Theorem 2.4, of which Theorem 2.2 is an easy consequence, in this section. We
refer the reader to Sect. 2 for a precise statement of these two results and a leisurely
discussion of the relevant examples.

Suppose that P spans at most n ordinary lines and that P is not collinear. We may
apply our main structure theorem, Theorem 1.5, to conclude that P differs in O (1)
points from one of three examples: points on a line, a set X,,/, and a coset of a subgroup
of an irreducible cubic curve (Sylvester-type example). In fact, the weaker and rather
easier Theorem 7.1 suffices for this purpose.

It is obvious that the first type of set spans at least » — O(1) ordinary lines. Sets
close to a Sylvester example are also relatively easy to handle.

Lemma 8.1 Suppose that P C RP? differs in K points from a coset H @ x of a
subgroup H of some irreducible cubic curve, where 3x = x @ x ® x € H. Then P
spans at least n — O (K) ordinary lines.
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Proof Write hg := 3x, thus hg € H. For every h € H, the line joining & & x and
(—2h©hp)®xistangentto y ath P x, since (hDx) B (hDx) D (—2hShodx) = 0.
Therefore it is an ordinary line unless 34 @ hy = 0, in which case the points 4 & x and
—2h © ho ® x coincide. Thus the only points of H @ x not belonging to an ordinary
line spanned by H @ x correspond to the points of H with 342 & ho = 0. Since H is
isomorphic to a subgroup of either R/Z or Z/27 x R/Z, there are no more than 3
of these. It follows immediately that any set formed by removing at most K points of
H @ x has at least n — O(K) ordinary lines, and these are all tangent lines to y. No
point in the plane lies on more than 6 tangent lines to y, and so the addition of a point
destroys no more than 6 of our n — O (K) ordinary lines. It follows that P itself spans
at least n — O (K) ordinary lines, as we wanted to prove. O

Combining this lemma with the remarks just preceding it, we have now established
the existence of an absolute constant C such that a set of n points, not all on a line,
and spanning at most n — C ordinary lines, differs in O (1) points from a set X,
consisting of the mth roots of unity plus m corresponding points on the line at infinity.
Now the m tangents to the unit circle at roots of unity pass through only one other
point of X»,,, and so X»,, has m ordinary lines. Furthermore, since each point not on
the unit circle can be incident to at most two such tangent lines, the addition/deletion
of O (1) points does not affect more than O (1) of these lines. This already establishes
a weak version of the Dirac—-Motzkin conjecture: every non-collinear set of n points
spans at least n/2 — O (1) ordinary lines.

To prove Theorem 2.4, a much more precise result, we must analyse configura-
tions close to X7, more carefully. What is needed is precisely the following result
which, together with what we have already said in this section, completes the proof
of Theorem 2.4. Recall from Sect. 2 the examples of Boroczky.

Proposition 8.2 There is an absolute constant C such that the following is true. Sup-
pose that P differs from Xo,, in at most K points, and that P spans at most 2m — CK
ordinary lines. Then P is a Boroczky example or a near-Boroczky example.

We now prove this proposition. Suppose that P differs from X5, in at most K
points. Suppose first of all that P contains a point p outside X»,,, that p does not lie
on the line at infinity and that p # [0, 0, 1]. Then by Corollary 7.6, the m tangent
lines at the unit circle, as well as at least m — O (1) of the lines {p, x} connecting p
to a point x € X2, pass through precisely 2 points of X2, U {p}. It is clear that the
addition/deletion of K points other than p cannot add or delete points on more than
O (K) of these lines, and so P spans 2m — O (K) ordinary lines.

Now suppose that P contains an additional point p on the line at infinity. Then the
m tangent lines to the mth roots of unity, as well as the at least 2m — 2 lines {p, x}, x an
mth root of unity, which are not tangent to the unit circle contain precisely two points
of X5, U {p}. Once again the addition/deletion of K points other than p cannot add
or delete points on more than O (K) of these lines, and so again P spans 3m — O (K)
ordinary lines.

We have now reduced matters to the case P C X3, U[0, 0, 1]. Starting from X»,,,
the omission of a point or the addition of [0, O, 1] creates a certain number of new lines
with precisely two points, and of course no point other than [0, O, 1] or the omitted
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point is on more than one of these new lines. By inspection in any case there are always
atleastm/2 — O (1) of these lines, and so there are at least 2m — O (K) ordinary lines
unless we do at most one of the operations of adding [0, 0, 1] or removing a point
of X7,,. At this point a short inspection of the possibilities leads to the conclusion
that the Bordczky examples and the near-Boroczky examples are the only ones which
do not have at least 3m — O (1) ordinary lines. This, at last, concludes the proof of
Theorem 2.4. O

Remark We relied on Corollary 7.6, which depended on the result of Poonen and
Rubinstein [29]. For the purposes of proving the Dirac—Motzkin conjecture for large
n, the somewhat easier Proposition B.2 is sufficient.

9 The Orchard Problem

In this section we establish Theorem 1.3, the statement that a set of n points in the
plane contains no more than L%n(n —3)] 4 1 3-rich lines when r is sufficiently large.
The sharpness of this bound was established in Proposition 2.6.

If Ny is the number of lines containing precisely k points of P then, by double-
counting pairs of points in P, we have

Z(’;)Nk =(3)- ©.1)

k>2

From this it follows that if N3 > L%n(n —3)] + 1 then

k
N2+ (5)Ne<n, 9.2)
k>4

from which we conclude that N;, the number of ordinary lines spanned by P, is at
most n. Furthermore no line contains more than O (y/n) points.

We may now apply Theorem 1.5, our structure theorem for sets with few ordinary
lines. Since no line contains more than O (y/n) points of P we see that in fact only
option (iii) of that theorem can occur, that is to say P differs in O(1) points from a
coset H @ x,3x € H, of a subgroup H of some irreducible cubic curve y, which is
either an elliptic curve or (the smooth points of) an acnodal singular curve. The rest
of the analysis is straightforward but a little tedious.

Suppose that 3x = hg. As in the proof of Lemma 8.1, the tangent line to y at h & x
meets H & x in the point (—2h & hg) @ x, which is distinct from the first point unless
3h @ hg = 0. There are at most O(1) of these. In creating P from H & x by the
addition/deletion of O (1) points, at most O (1) of these lines are affected.

Since P spans at most n ordinary lines, it follows that P contains only O (1) ordinary
lines other than these tangent lines. urthermore, since we now know that P contains
at least n + O(1) ordinary lines, that is to say No = n 4+ O(1), we conclude from
(9.2) that Ny = O(1). We are going to conclude that P = H @ x, a statement whose
proof we divide into three parts.
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Claim 1 There is no point of P off the curve y. If p is such a point, all except
O (1) of the lines joining p to points of P N y must contain precisely two points of
P Ny, or else there would be too many lines containing p with 2 or 4 points of P.
Note that this cannot happen if y is the smooth points of an acnodal singular cubic
curve and p is the isolated singular point, since every line through p meets at most
one point of y; thus p lies outside of the cubic curve containing y. Consider the
lines £ from p to P N y which are not tangent to ¥ and which contain precisely two
points of P N y and precisely two points of H & x, these points being the same.
Since P N y differs from H @ x in O(1) points, all except O(1) of the lines from
p have this property. But any line not tangent to y and containing the two points
h @ x and b’ @ x also contains —(h @ h' @ ho) @ x, a third point of H @ x. This is a
contradiction.

Claim 2 There is no point of P outside the set H @ x. Suppose that k @ x is such a
point. Thenif 2 € H,theline joining k@x and A x meets y againat —(kPhDho)Px,
which is not a point of H @ x. This point can thus only lie in P for O (1) values of A,
and hence there are n — O (1) ordinary lines of P emanating from k @ x. In addition
to the n — O(1) tangent lines, this gives at least 2n — O(1) ordinary lines in P, a
contradiction.

Claim 3 P contains all of H @ x. Suppose that i, @ x is a point of H @ x not
contained in P. For all except O (1) values of &, the points A@x and —(h D h.Dho) Bx
lie in P, and the line joining 4, @ x to them is not tangent to y. All such lines then
contain precisely two points of P, and once again we obtain n — O (1) ordinary lines
to add to the n — O (1) tangent lines we already have. Once again a contradiction
ensues.

We have now shown that if P is a set of n points in the plane with N3, the number
of lines in P spanning precisely 3 points, satisfying N3 > L%n(n —3)] +1,then P is
acoset H @ x on y, an elliptic curve or the smooth points of an acnodal cubic, with
3x € H.But by Proposition 2.6 we have N3 < Lén(n —3)] + 1 in any such case, and
we are done.

Remarks Note that, we have in fact classified (for large n) the optimal configurations
in the orchard problem as coming from cosets in elliptic curves or acnodal cubics. We
note that nothing like the full force of Theorem 1.5 is required for the orchard problem
(as opposed to the Dirac—Motzkin conjecture). Once the much weaker Proposition 5.3
is established, we can immediately rule out possibilities (ii) and (iii) of that proposition
and hence do away with all of the material in Sect. 6 and some of the material in Sect. 7
too.
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Appendix A: Some Tools from Additive Combinatorics

In this section, we collect some more-or-less standard tools from additive combina-
torics used in Sects. 6 and 7.

If A, B are two sets in some abelian group, and if ' C A x B is a set of pairs,
we write A +r B := {a + b : (a,b) € T'}. The next result is known as the Balog-
Szemerédi-Gowers theorem. The precise form we use is a variant of Gowers’s version
[19, Proposition 12] due to Sudakov, Szemerédi and Vu [31, Theorem 4.1].

Theorem A.1 (Balog-Szemerédi—-Gowers) Suppose that A, B are two sets in an
abelian group, both of size at most n. Suppose that I' C A x B is a set (which may
be thought of as a bipartitie graph) with |T'| > n*/K. Suppose that |A +r B| < K'n.
Then there are sets A’ C A, B" C B with |A'| > fg.|B'| > 16117 such that
|A/ + B/| < 212(K/)3K51’l.

Proof See[31, Theorem 4.1]. In the statement of that result A and B are both supposed
to have size n, but it easy to see that the proof works under the assumption that they
both have size at most n, for instance by adding dummy elements to A or B (enlarging
the group G if necessary) while keeping I" unchanged. O

On several occasions in Sect. 6 we will apply the preceding theorem together with
Ruzsa’s triangle inequality (see e.g. [35, Lemma 2.6]), which states that |U ||V — W| <
|U — V||U — W|for any sets U, V, W in an abelian group (in fact, the group does not
even need to be abelian). Let us record, as a corollary, the result of doing this in the
particular context we need.

Corollary A.2 Suppose that A, B are two sets in an abelian group, both of size at most
n. Suppose that ' C A x B is a set with |T'| > 8n? for which |A+r B| < n. Then there
aresets A C A, B’ C Bwith|A’|, |B’| > 8*n suchthat|A'—A'|,|B'—B'| < § 'n.

Proof This follows immediately from the preceding lemma and the Ruzsa triangle
inequality.

The following is a “robust” version of the elementary sumset estimate |U + V| >
[Ul+1V|-1

Lemma A.3 Let U,V C R be sets of size r and s respectively. Suppose that I' C
U x V has cardinality at least (1 — 8)rs. Then |U +r V| > r +s — 2 — 24/26rs.

Proof Suppose that U = {uy,...,u,} withu; < ... < u,,and V = {vq, ..., v}
with v; < ... < vs. Forany 1 < k < min(r, s) we have

Ul TV < U+ UV < o0 < Up—f TV < Up—f + V] < -+ < Up_f + Vg,

giving r + s — 2k distinct elements of U + V. As k varies, no pair (u;, v;) appears in
this listing more than twice. Thus by the pigeonhole principle there is, for any choice
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of positive integer ko, some k < ko such that at most 26rs/ ko elements of this listing
come from pairs (#;, v;) not lying in I". It follows that

28rs

|U+r V|>r+s—2ky— .
ko

Choosing kg := [+/érs] confirms the result. m|

We actually need a variant of this result for subsets of the multiplicative group R*.
IfU,VcR*andif ' CU x V thenwe write U -1 V = {uv : (u,v) € I'}L.

Lemma A4 Let U,V C R* be sets of size r and s respectively. Suppose that ' C
U x V has cardinality at least (1 — 8)rs. Then |U +r V| > r +s —4 — 24/26rs.

Proof As an additive group, R* is isomorphic to Z/27Z x R. By abuse of notation, we
identify U and V with subsets of this additive group and use additive notation. Define
Up= ({0} xR)NU,U; = {1} xR)NU, Vo = {0} xR)NVand V| = ({1} xR)NV.
Write ro = |Ug|, r1 = |Ui], so = |Vo| and s1 = |V1]|. Suppose that I' N (U; x V;) has
8; jrisj edges; then

ao,or()so =+ 80,1r0s1 =+ 51‘0r1s0 =+ 31,1}’15‘1 = irs. (10.1)
Clearly

U4+rV)N{0} xR) D Up+r Vo, Ui+r Vi
and

U4+rV)Nn{1} xR) DUy +r Vo, Uy+r Vi.

Therefore by the preceding lemma

|U +r V| > max(rg + so — 24/280,07050, 1 + 51 — 2+/281,17151)
+ max(rg + 51 — 2‘/280,11‘0.91, ry +so — 2./281,0r1s0) —4
= ro+so+r 4+ s — Z\/Z(Si,jrisj —4.
i,j

Using the inequality
Vit v+ VitVw <2y ty+ztw
(easily established using Cauchy—Schwarz) together with (10.1), we obtain
U +r V| >r+s—228rs — 4,

as claimed. O
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The following result was used heavily in Sect. 7. It is of a fairly standard type and
will be of no surprise to experts in additive combinatorics, but we do not know of a
convenient reference.

Proposition A.5 Suppose that A, B, C are three subsets of some abelian group G,
all of cardinality within K of n, where K < ¢en for some absolute constant ¢ > 0.
Suppose that there are at most Kn pairs (a,b) € A x B for whicha + b ¢ C. Then
there is a subgroup H < G and cosets x + H, y + Hsuch that |AA(x+ H)|, |BA(y +
H)|,|CA(x+y+ H)| <TK.

As remarked in Sect. 7, results of this general type are quite familiar to additive
combinatorialists and are of the general form “an almost-group is close to a group”.
We supply a complete proof here for the convenience of the reader. Variants of it are
possible. For the most part the ideas are due to Kneser [23,24], Freiman [17] and
Fournier [16].

We first note that it is enough to prove the following weaker proposition, which
may then be “cleaned up” to give the stated result.

Proposition A.6 Let ¢ be a positive quantity, less than some absolute constant.
Suppose that A, B, C are three subsets of some abelian group G, all of size
within en of n. Suppose that there at most en® pairs (a,b) € A x B for which
a+ b ¢ C. Then there is a subgroup H < G and cosets x + H,y + H such that
|[AA(x + H)|, |BA(y + H)|, |CA(x + y + H)| < &'n, where &' can be taken to be
O (&°) for some absolute constant ¢ > 0.

Let us deduce Proposition A.5 from this. Let A, B and C be as in the hypotheses
of that proposition. Provided that ¢ is small enough, Proposition A.6 applies and
we conclude that there is a subgroup H < G and cosets x + H, y + H such that
|[AA(x+ H)|, | BA(y+H)|, |CA(x+y+ H)| < ¢nwithe’ = O(¢°). By translating
A and B if necessary we may assume without loss of generality that x = y = 0.

Suppose that A = (H\ X)UX',B = (H\Y)UY andC = (H\ Z)U Z,
with X, Y, Z C H, X', Y’, Z' disjoint from H and all of X, X', Y,Y’, Z, Z’' having
cardinality at most ¢'n. Now if a € X’ then the elements a + b, b € H \ X, are all
distinct and none of them lie in H. If such an element a + b lies in C, it must therefore
lie in Z’. Thus if @ € X’ then there are at least |H| — |X| — |Z'| > (1 — 4&")n > %n
elements b € H\ X for whicha+b ¢ C. By assumption it follows that %an 'I| < Kn,
which implies that | X’| < 2K. Similarly |Y'| < 2K.

Now note that, since | X|, |Y] < §|H |, every element of H has at least %|H | > %n
representations as a sum a + b. Indeed if 7 € H then by we have [(h — (H \ X)) N
(H\Y)| > %|H | by the pigeonhole principle. It follows that if we pass to a subset
of these sums by removing all sums a + b with (a, b) lying in a set of size at most
Kn, at least |H| — 2K elements of H are still represented. By assumption, the set C
contains a set of this form, and it follows that |Z| < 2K.

We have now demonstrated the inequalities

|Al|B| < |H|+2K, |C|>]|H|-2K.
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Since the sizes of A, B and C differ by at most K, we must in fact have
|[H| —3K < |Al, |B|,|C| < |H| + 3K.

This allows us to conclude that | X|, |Y|, |Z'| < 5K. Proposition A.5 follows imme-
diately. O

We turn now to the task of proving Proposition A.6. We require the following result,
which could be deduced from results of Kneser [23,24] and Freiman [17].

Lemma A.7 Let ¢ < 61_0 Suppose that A is a subset of an abelian group G with
|A| = n, and suppose that |A — A| < (1 + &)n. Then there is a subgroup H < G and
a coset x + H such that |AA(x + H)| < 6¢n.

Proof This is basically the argument of Fournier [16]. Write (cf. [35]) Sym,, (A) for
the set of all d which have at least an representations as a; —az, aj, ay € A. Note that
Sym;_s, (A) + Sym;_s,(A) C Sym;_s _s,(A), and note also that | Syms;s(A)| >
(1 -5 > %n This follows from double-counting pairs (aj, az) € AZ: we have

n’ =147 = > |{a1.a) a1.a € Aa) —ay = d})
deA—A

| Syms 6 (A)||A] + 2[(A — A) \ Syms 5 (A)[|A]

<
< #1Symy s(A)ln + 2(1 + e)n?.

We claim that H = Sym, 3(A) is a group. Certainly 0 € H, and H + H C
Sym; 3(A), so all we need do is check that Sym, 3(A) = Sym, 3(A). Suppose that
d € Sym;;3(A). Then d = a; — az in at least %n ways. If 1 € Symss(A) then
t = aj —aj in at least gn ways. For at least %n of these we will have a| = a for some
ay suchthatd = a; —az,andthus d 4+t = (a1 —az) + (a] —a)) = a; —a) € A—A.
That is, |(d + Sym5/6(A)) NA—-A)| > %n In particular, d + Sym5/6(A) intersects
Syms 6 (A) (which has size at least %n) and therefore d € Syms5(A) —Syms;5(A) C
Symy, 3(A), as required.

To see that A is close to a coset of H, note that a; — ap € H for all but at most
[(A— A)\ Sym2/3(A)||A| < 6en? of the pairs (aj, az) € A. In particular there is
some x = ap such that a; € x + H for all but at most 6en values of a; € A. O

We also need the following “99 %” version of the Balog—Szemerédi—-Gowers
theorem.

Lemma A.8 Suppose that A and B are sets in some abelian group, andthatI" C AX B
is a set with |T'| > (1 —¢&)|A||B|. Suppose that |A +r B| < (1+¢)|A|Y/?|B|'/%. Then
there are sets A’ C A and B' C B with |A’|/|A|, |B’|/|B| > 1 — &' such that
|A" — B'| < (14 ¢)|A|Y2|B|'/2. We can take &' = O (s°) for some ¢ > 0.
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Proof This follows from [35, Theorem 2.31]. If one wanted instead the conclusion
|A” + B'| < (1 +¢")|A|Y?|B|'/? (for comparison with Theorem A.1) then one could
additionally apply [35, Proposition 2.27]. O

With these lemmas in hand, we can conclude the proof of Proposition A.6. In what
follows &1, €3, . . . are all quantities bounded by O (¢ "), Explicit dependencies could
be given if desired, but this would require Lemma A.8 to be made explicit. With the
hypotheses as in Proposition A.6, first apply Lemma A.8 to conclude that there are
sets A’, B’ with |AAA’|, |BAB’| < ¢in and |A" — B’| < (1 + &)n. Applying the
Ruzsa triangle inequality we obtain |A’ — A’|, |B’ — B’| < (1 +&3)n. By Lemma A.7
(assuming ¢ is sufficiently small) there are subgroups H, H' and cosets x + H, y + H’
such that [AA(x + H)|, |BA(y + H')| < e4n. In particular (1 — es)n < |H|, |H'| <
(1 + &s)n.

Now, by assumption, for all except en? pairs (a,b) € A x B,a + b lies in a set
C of size at most (1 + ¢)n. It follows easily that for all except een> pairs (h, h') €
H x H',h + ' lies in a set of size (1 + &7)n. We claim that this forces H = H'.
To see this, note that the assumption easily implies that there are at least (1 — eg)n>
additive quadruples i1 — hy = h} — h/,, and so for all but eon? pairs (h1, hy) € H
we have h; — hy = by — b/, € H'. This implies that all but 1on elements of H lie in
H',and hence |[HAH'| < eyynandso |[HNH'| > (1 —epp)n > %n, provided ¢ is
sufficiently small. Invoking Lagrange’s theorem (the order of a subgroup divides the
order of the group), it follows that in fact H = H N H' = H’, as claimed.

Finally, note that since A occupies at least 7| H|/8 of x + H, and B atleast 7|H|/8
of y + H, every element of x + y+ H isasuma + b in at least 3| H|/4 > n/2 ways.
It follows that C must contain all but at most 1371 of the elements of x + y + H, and
this concludes the proof.

The next result is due to Elekes et al. [14].

Proposition A.9 Let A C R be a set of cardinality n, and suppose that there are
X1 < .-+ < xq9 such that f : R — R is defined except possibly at x1, ..., x10 and
is strictly concave or convex on each open interval (x;, x;jy1). Then either |A — A| or
| f(A) — f(A)| has cardinality at least cn/* for some absolute constant ¢ > 0.

Proof Suppose first of all that f is strictly convex or concave on an interval containing
A. Then by [14, Corollary 3.1] we have |A — A|| f(A) — f(A)| > n°/?, and so either
|A — Al or | f(A) — f(A)| has cardinality at least cn>/#. The proposition follows by
applying this to the largest of the sets A; ;= A N (x;, Xi4+1)- O

Appendix B: Intersections of Lines Through Roots of Unity

In this section, we establish Proposition 7.5. Our arguments will be a crude variant of
those used in [29].

It will be convenient to identify the plane R”> with the complex numbers C. Let
IT,, be the nth roots of unity, and suppose that p is a point other than the origin or an
element of I1, which is incident to m lines ¢1, ..., £,,, each of which pass through
two points e2miBi o271V of T1,,, where 0 < Bis-os Bms Vs .-y Vm < 1 are distinct
rationals with denominator n. Our objective is to show that m = O(1).
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We claim the identity

|[7 _ eZm'ﬂjl |62m'/3j _ eZm’yk|

p — e27iPi| |27k — 2TV |

for any distinct 1 < j,k < m. Indeed, from elementary trigonometry we see
that (p, e?™Pi 2™V and (p, e**Pr, ¢¥17i) form a pair of similar triangles, regard-
less of the relative ordering between the points involved. The right-hand side can be
simplified as

| sin(w (B; — vi))l
Isin(r (Br — y;i)I|

We conclude that

| sin((B; — yi)| [sin(z (B — y)| [sin(x (B — v _ {
[ sin(w (B — y;)| Isin(w (B — vi))| | sin(zw (B — y1))l

for any distinct 1 < i, j, kK < m, and thus

sin(rw (B — yi)) sin(w (B — y1)) sin(zw (B — v5))
= Esin(w(Bx — ;) sin(w (B — &) sin(w (B; — 1))

for some choice of sign . Actually, we claim that the sign here is always given by the
+ sign. To see this, let us temporarily forget that the ¢>7?#i, €277 were constrained to
be roots of unity, and that p was assumed not to take values at the origin or at infinity
(since we have not yet actually used these hypotheses). We first observe that the sign
does not change if we shift any of the 8; or y; by an integer, so we may assume that
these phases take values in R/Z rather than [0, 1). Then we observe that the sign is
stable with respect to continuous perturbations of the §;, yx and p, so long as no two
phases cross each other, and that e2miBj  Q2mivj p remain collinear for all j. From this
we may reduce to the case when p is at the origin (so that 8; = y; + 1/2 for all j)
or at, say, [1, 0, 0] (so that 8; = 1/2 — y; for all j), and the sign is easily verified in
these cases.
Expanding out sin x as (¢/* — e~¥)/2i, we conclude that

(eﬂi(ﬁj—yk) _ eﬁi(yk—ﬁj))(eﬂi(ﬁk—yl) _ eﬂi()/z—ﬂk))(eﬂi(ﬂl—yj) _ eﬂi(yj—ﬂk))
— (eﬂi(ﬁk—yj) _ eﬂi()/j—ﬂk))(eﬂi(ﬂl—yk) _ eﬂi(yk—ﬁz))(eﬂi(ﬂj—)/k) _ e”i(Vk_ﬂj)).

Multiplying out both sides, and cancelling the common terms

4TI Bj+BeABi—yj=vi=71)
appearing on both sides, one arrives at an identity of the form
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12
ZGrenlar;j'k’l =0, 11.1)

r=1

where the €, = +£1 are signs depending only on r, and «;.;x; are twelve linear
combinations of B;, Bk, Br, v;, vk, Vi, each of the form

ikl =EBj B EB Ty v Ly

where the six signs = do not need to be equal, but depend only on the index r. These
signs can of course be worked out explicitly, but we will not need to do so here, save
to note that the linear forms a, ¢ ; are all distinct in r, thus o x; — . j k7 is a
non-trivial combination of 8;, B, B, ¥, vk» vi whenever r, r’ are distinct.

Now we reinstate the hypothesis that the e27/fi | 2™% are nth roots of unity, which
ensures that the €,e™/%-:/+! are also nth roots of unity. The sets of twelve nth roots of
unity that sum to zero were completely classified in [29, Theorem 3]. The exact classi-
fication is somewhat messy, but we only require the following qualitative consequence
of it.

Proposition B.1 There exists a finite set S of roots of unity with the property that
whenever e**11 . ¥ gre roots of unity with Z}i] e2™i% = (), then one has
e2rier=a) e § forsome 1 <r <r' < 12.

Indeed, one can take S to be the ratios of the roots of unity arising in the minimal
relations of weight up to 12 that were classified in [29, Theorem 3], the key point being
that there were only finitely many (107, to be precise) such relations up to rotation. In
fact, one can take S to consist of 30030th roots of unity if desired.

Applying this proposition, we conclude that for any distinct i, j, k,/ with 1 <
i, j,k,1 < m,onehas

e @I ) g

for some r,r’ with 1 < r < r’ < 12 and some choice of sign . Applying the
pigeonhole principle, we conclude (for m large enough) that there exist r, ' with
1 < r < r’ <12 and a phase 6 such that

Qrjkd — O jkg =0
for > m?> triples of distinct 1 < j, k,l < m.
Fix r, r’, 0 as above. As mentioned earlier, &, j x; — &', j ¢ ; is a non-trivial linear
form in the B;, Bk, B, Vj, Yk, vi- By symmetry, we may then assume that at least

one of the B;, y; coefficients in this form are non-zero. As these coefficients lie in
{—2, 0, +2}, we may thus write

Or;jk = Ok = 2afj + 2byj + cri
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for some coefficients a, b € {—1, 0, 41} not both zero, and some phases ¢, ; indepen-
dent of j. Note that these coefficients are equal to —2, 0, or 4-2. Pigeonholing in the
k, I, we may then find distinct 1 < k, ! < m and a phase 0’ such that

apB; +b]/j =6

for > m values of j. But from elementary trigonometry, and the hypothesis that p
is not at the origin (or at infinity) we see that as 8, y € [0, 1) range over the distinct
phases for which e2miP 21V are concurrent with p, the phase aB + by can take on
any specific value 8" at most O (1) times, and so m = O(1) as desired. This concludes
the proof of Proposition 7.5. O

Remark In principle, an explicit computational analysis of the minimal relations that
were classified in [29, Theorem 3] should yield the optimal value of C in Proposi-
tion 7.5. In [29] it was shown that one can take C = 7 if one restricts p to be in the
interior of the circle, and it is likely that the same bound holds in the exterior region
also. However, we will not perform this computation here.

We now give a weaker version of Proposition 7.5 which is completely elementary.
In particular, it avoids the Poonen—Rubinstein classification of tuples of twelve roots
of unity summing to zero. It can be used as a substitute for that proposition in the
proof of Theorem 1.2 (and hence Theorem 2.2), but not in the stronger Theorem 2.4.

Proposition B.2 Let [T, C C = R? denote the regular n-gon consisting of the nth
roots of unity. Then no point other than the origin lies on more than O (n>/®) lines
Jjoining pairs of vertices of I1,,.

Proof The argument here will be similar to that used at the end of Sect. 7, with the
roots of unity IT, playing the role of the coset H @ x in that analysis.

Let p be a point other than the origin. Let the vertices of I1, be vi,..., v, in
order. Suppose that the line connecting p and v; meets the line at infinity in the point
[—sinm0;, cosmd;, 0]. As j ranges between 1 and n, the 6; can be taken to be an
increasing sequence in [0, 2].

A Euclidean geometry exercise, left as an exercise to the reader, confirms the fol-
lowing claim: for any fixed integer a and for any ¢ there are at most two values of j
such that 0, — 0; = ¢.

Suppose that p lies on én lines joining pairs of vertices of IT,. If v; is one such
vertex, then from elementary trigonometry we see that n6; is an integer. Thus there
is a set J,|J| = dn, such that all n6; are integers in {1, ..., 2n} for j € J. Split
{1,...,2n} into m ~ %Bn intervals of length ~ 10/, and suppose that the number
of points of J in these intervals is Ny, ..., Ny. Since Ny + --- + N,, = én, the
Cauchy—Schwarz inequality implies that le +---+ Nn% > 8%n%/m > 56n. On the
other hand this sum is at most the number of pairs in J x J differing by at most 10/5.
The contribution from the diagonal (pairs (j, j)) is just én, and so there are at least
46n pairs in J x J differing by at most 10/§. By the pigeonhole principle there is
some integer a, 0 < a < 10/8, such that j, j +a € J for > 82n values of j. From
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this sequences of js, we may then extract a subsequence j; < ... < jq,d > 8°n,
with jiy1 > ji + a, such that once again j;, j; +a € J foreachi.
Write x; :=n(6j,14 — 0};). Then, since the 0; are increasing as a function of j, all

the x; are positive. Furthermore we have x| + - - - + x4 < n. However the x; are all
integers, and no integer can occur more than twice as a value of x; by the claim we
established at the start of the proof. From this it follows that d < /n.

Comparing these inequalities yields § < n~'/%, and this completes the proof. O
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