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Abstract

An input to a conflict-free variant of a classical problem I', called CONFLICT- FREE I,
consists of an instance I of I' coupled with a graph H, called the conflict graph. A solu-
tion to CONFLICT- FREE " in (I, H) is asolutionto / in I', which is also an independent
setin H. In this paper, we study conflict-free variants of MAXIMUM MATCHING and
SHORTEST PATH, which we call CONFLICT- FREE MAXIMUM MATCHING (CF- MM)
and CONFLICT- FREE SHORTEST PATH (CF- SP), respectively. We show that both
CF- MM and CF- SP are W[1]-hard, when parameterized by the solution size. More-
over, W[1]-hardness for CF- MM holds even when the input graph where we want to
find a matching is itself a matching, and W[1]-hardness for CF- SP holds for conflict
graph being a unit-interval graph. Next, we study these problems with restriction on
the conflict graphs. We give FPT algorithms for CF- MM when the conflict graph is
chordal. Also, we give FPT algorithms for both CF- MM and CF- SP, when the conflict
graph is d-degenerate. Finally, we design FPT algorithms for variants of CF- MM and
CF- SP, where the conflicting conditions are given by a (representable) matroid.
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1 Introduction

In the recent years, conflict-free variant of classical combinatorial optimization prob-
lems have gained attention from the viewpoint of algorithmic complexity. A typical
input to a conflict-free variant of a classical problem I', which we call CONFLICT- FREE
I, consists of an instance / of I coupled with a graph H, called the conflict graph.
A solution to CONFLICT- FREE I" in (/, H) is a solution to / in I', which is also an
independent set in H. Notice that conflict-free version of the problem introduces the
constraint of “impossible pairs” in the solution that we seek for. Such a constraint of
“impossible pairs” in a solution arises, for example, in the context of program testing
and validation [16,23]. Gabow et al. [16] studied the conflict-free version of finding
paths in a graph, which they showed to be NP-complete.

Conflict-free variants of several classical problems such as, BIN PACKING [10,18,
20], KNAPSACK [31,34], MINIMUM SPANNING TREE [5,6], MAXIMUM MATCHING
[6], MAXIMUM FLOW [32,33], SHORTEST PATH [6] and SET COVER [11] have been
studied in the literature from the viewpoint of algorithmic complexity, approximation
algorithms, and heuristics. It is interesting to note that most of these problems are NP-
hard even when their classical counterparts are polynomial time solvable. Recently,
Jain et al. [19] and Agrawal et al. [1,2] initiated the study of conflict-free problems
in the realm of parameterized complexity. In particular, they studied CONFLICT- FREE
JF - DELETION problems for various families F, of graphs such as, the family of forests,
independent sets, bipartite graphs, interval graphs, etc.

MAXIMUM MATCHING and SHORTEST PATH are among the classical graph
problems which are of very high theoretical and practical interest. The MAXIMUM
MATCHING problem takes as input a graph G, and the objective is to compute a
maximum sized subset ¥ C E(G) such that no two edges in Y have a common ver-
tex. MAXIMUM MATCHING is known to be solvable in polynomial time [12,27]. The
SHORTEST PATH problem takes as input a graph G and vertices s and ¢, and the objec-
tive is to compute a path between s and ¢ in G with the minimum number of vertices.
The SHORTEST PATH problem, together with its variants such as all-pair shortest path,
single-source shortest path, weighted shortest path, etc. are known to be solvable in
polynomial time [3,7].

Darmann et al. [6] (among other problems) studied the conflict-free variants of
MAXIMUM MATCHING and SHORTEST PATH. They showed that the conflict-free vari-
ant of MAXIMUM MATCHING is NP-hard even when the conflict graph is a disjoint
union of edges (matching). Moreover, for the conflict-free variant of SHORTEST PATH,
they showed that the problem is APX-hard, even when the conflict graph belongs to
the family of 2-ladders.

In this paper, we study the conflict-free versions of matching and shortest path from
the viewpoint of parameterized complexity. A parameterized problem IT is a subset of
¥* x N, where ¥ is a fixed, finite alphabet. An instance of a parameterized problem
is a pair (I, k), where I is a classical problem instance and k is an integer, which is
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called the parameter. One of the central notions in parameterized complexity is fixed-
parameter tractability, where given an instance (/, k) of a parameterized problem IT,
the goal is to design an algorithm that runs in time f(k)n®", where, n = |I| and
f(-) is some computable function, whose value depends only on k. An algorithm with
running time as described above, is called an FPT algorithm. A parameterized problem
that admits an FPT algorithm is said to be in FPT. Not every parameterized problem
admits an FPT algorithm, under reasonable complexity-theoretic assumptions. Similar
to the notion of NP-hardness and NP-hard reductions in classical Complexity Theory,
there are notions of W[t]-hardness, where ¢+ € N and parameterized reductions in
parameterized complexity. A parameterized problem which is W[t]-hard, for some
t € Nis believed not to admit an FPT algorithm. For more details on parameterized
complexity we refer to the books of Downey and Fellows [9], Flum and Grohe [13],
Niedermeier [29], and Cygan et al. [4].

Our Results We study conflict-free (parameterized) variants of MAXIMUM MATCH-
ING and SHORTEST PATH, which we call CONFLICT FREE MAXIMUM MATCHING
(CF-MM, for short) and CONFLICT FREE SHORTEST PATH (CF-SP, for short), respec-
tively. These problems are formally defined below.

CONFLICT FREE MAXIMUM MATCHING (CF-MM) Parameter: k
Input: A graph G = (V, E), a conflict graph H = (E, E’), and an integer k.
Question: Is there a matching M of size at least k in G, such that M is an inde-
pendent set in H?

CONFLICT FREE SHORTEST PATH (CF-SP) Parameter: k£
Input: A graph G = (V, E), a conflict graph H = (E, E’), two special vertices s
and ¢, and an integer k.

Question: Is there an st-path P of length at most k in G, such that E(P) is an
independent set in H?

We show that both CF-MM and CF-SP are W[1]-hard, when parameterized by the
solution size. The W[1]-hardness for CF-MM is obtained by giving an appropriate
reduction from INDEPENDENT SET, which is known to be W[1]-hard, when parame-
terized by the solution size [4,8]. In fact, our W[1]-hardness result for CF-MM holds
even when the graph where we want to compute a matching is itself a matching. We
show the W[1]-hardness of CF-SP by giving an appropriate reduction from a multi-
colored variant of the problem UNIT 2-TRACK INDEPENDENT SET (which we prove
to be W[1]-hard). We note that UNIT 2-TRACK INDEPENDENT SET is known to be
WI[1]-hard, which is used to establish W[1]-hardness of its multicolored variant. We
note that our W[1]-hardness result of CF-SP holds even when the conflict graph is a
unit interval graph.

Having shown the W[1]-hardness results, we then restrict our attention to having
conflict graphs belonging to some families of graphs, where the INDEPENDENT SET
problem is either polynomial time solvable or solvable in FPT time. Two of the very
well-known graph families that we consider are the family of chordal graphs and the
family of d-degenerate graphs. For the CF-MM problem, we give an FPT algorithm,
when the conflict graph belongs to the family of chordal graphs. Our algorithm is based
on adynamic programming over a “structured” tree decomposition of the conflict graph
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(which is chordal) together with “efficient” computation of representative families at
each step of our dynamic programming routine. Notice that we cannot obtain an FPT
algorithm for the CF-SP problem when the conflict graph is a chordal graph. This
holds because unit-interval graphs are chordal, and the problem CF-SP is W[1]-hard,
even when the conflict graph is a unit-interval graph.

For conflict graphs being d-degenerate, we obtain FPT algorithms for both CF-
MM and CF-SP. These algorithms are based on the computation of an independence
covering family, a notion which was recently introduced by Lokshtanov et al. [25].
We note that even for nowhere dense graphs, such an independence covering family
can be computed efficiently [25]. Since our algorithms are based on computation of
independence covering families, hence, our results hold even when the conflict graph
is a nowhere dense graph.

Finally, we study a variant of CF-MM and CF-SP, where instead of conflicting
conditions being imposed by independent sets in a conflict graph, they are imposed
by independence constraints in a (representable) matroid. We give FPT algorithms for
the above variant of both CF-MM and CF-SP.

2 Preliminaries

Sets and functions We denote the set of natural numbers and the set of integers by N
and Z, respectively. By N> we denote the set {x € N | x > 1}. Forn € N, by [n]
and [0, n], we denote the sets {1, 2, ...,n}and {0, 1, 2, ..., n}, respectively. For a set
U and p € N, a p-family (over U) is a family of subsets of U of size p. A function
f : X — Y isinjective if for each x,y € X, f(x) = f(y) implies x = y. For a
function f : X — Y andaset S C X, f|s : S — Y is a function such that for
s € S, we have f|s(s) = f(s). We let w denote the exponent in the running time of
algorithm for matrix multiplication, the current best known bound for it is w < 2.373
[35].

Graphs Consider a graph G. By V(G) and E(G) we denote the set of vertices and
edges in G, respectively. For X € V(G), G[X] denotes the subgraph of G with vertex
set X and edge set {uv € E(G) | u,v € X}. For Y € E(G), G[Y] denotes the
subgraph of G with vertex set U,cy {1, v} and edge set Y.

Let G be a graph. An independent set in G is a set X € V(G) such that for every
u,v € X, uv ¢ E(G). A matching in G is aset Y C E(G) such that no two distinct
edges in Y have a common vertex. A matching M in G is a maximum matching if for
any matching Y in G, |M| > |Y|. A matching M in G saturates a set X € V(G),
if every vertex in X is an end point of an edge in M. For vy, v, € V(G), a vjvg-
path P = (v, v2,...,v¢—1, V) in G is a sequence of (distinct) vertices, such that
V(P) C V(G)andforeachi € [£ — 1], we have v;v;+1 € E(G). Moreover, the edges
in {v;v;41 | i € [€ — 1]} are called edges in P. The length of a path is the number of
edges in it. A shortest uv-path is a uv-path with minimum number of edges.

A chordal graph is a graph with no induced cycles of length at least four. An
interval graph is an intersection graph of line segments (intervals) on the real line,
i.e., its vertex set is a set of intervals, and two vertices are adjacent if and only if
their corresponding intervals intersect. A unit-interval graph is an intersection graph
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of intervals of unit length on the real line. For d € N, a graph is d-degenerate if every
subgraph of it has a vertex of degree at most d. A cliqgue K in G is an (induced)
subgraph, such that for any two distinct vertices u, v € V(K) we have uv € E(G).
A vertex set S € V(G) is a clique in G if G[S] is a clique. Let G1 = (Vi, E1) and
G, = (Va, E») be two graphs. If V| NV, = @, then disjoint union of G| and G is
the graph G = (V1 U V,, E1 U Ej). If V| = V>, then the edge-wise union of G| and
G, is the graph G = (V1, E1 U E»).

In the following we state definitions related to tree decomposition and some results
on them, that are used in our algorithms.

Definition 1 A tree decomposition of a graph H is a pair (T, X), where T is a rooted
tree and X = {X, | t € V(T)}. Every node ¢ of T is assigned a subset X; € V(H),
called a bag, such that following conditions are satisfied:
- U X;=V(H),ie.eachvertex in H is in at least one bag;
teV(T)
— For every edge uv € E(H), thereist € V(T') such that u, v € X;;
— For every vertex v € V(H) the graph T[{r € V(T) | v € X,}] is a connected
subtree of T'.

To distinguish between vertices of a graph H and vertices of its tree decomposition
(T, X), we refer to the vertices in T as nodes. Since T is a rooted tree, we have a
natural parent-child and ancestor-descendant relationship among nodes in 7. For a
node t € V(T), by desc(t) we denote the set descendant of 7 in T (including ¢). For
anodet € V(T) by V; we denote the union of all bags in the subtree rooted at ¢ i.e.
Vi = Udedesc(r) Xa and by H; we denote the graph H[V;]. A leaf node of T is a node
with degree exactly one in T, which is different from the root node. All the nodes of
T which are neither the root node nor a leaf node are non-leaf nodes.

We now define a more structured form of tree decomposition that will be used in
the algorithm.

Definition 2 Let (7', X) be a tree decomposition of a graph H with r as the root node.

Then, (T, X) is a nice tree decomposition if for each each leaf £ in T and the root r, we

have that X, = X, = ¢4, and each non-leaf node ¢ € V(T) is of one of the following

types:

1. Introduce node 7 has exactly one child, say ¢/, and X; = X, U{v}, where v ¢ X,.
We say that v is introduced at t;

2. Forget node 7 has exactly one child, say ¢/, and X; = X, \ {v}, where v € X,.
We say that v is forgotten at t;

3. Join node ¢ has exactly two children, say #; and f2, and X; = X;, = X,,.

Proposition 1 [4,22] Given a tree decomposition (T, X) of a graph H, in polyno-
mial time we can compute a nice tree decomposition (T, X') of H that has at most
O(k|V(H)|) nodes, where, k is the size of the largest bag in X. Moreover, for each
t" € V(T'), thereis t € V(T) such that X, C X,.

A tree decomposition (7', X) of a graph H, where for each t € V(T), the graph
H[X;]isaclique, is called a cliqgue-tree. Next, we state a result regarding computation
of a clique-tree of a chordal graph.

@ Springer



1944 Algorithmica (2020) 82:1939-1965

Proposition 2 [17] Given an n vertex chordal graph H, in polynomial time we can
construct a clique-tree (T, X) of H with O(n) nodes.

Using Proposition 1 and 2 we obtain the following result.

Proposition 3 Given ann vertex chordal graph H, in polynomial time we can construct
a nice tree decomposition which is also a clique-tree (nice clique-tree), (T, X) of H
with O(n?) nodes.

Matroids and representative sets In the following we state some basic definitions
related to matroids. We refer the reader to [30] for more details. We also state the
definition of representative families and state some results related to them.

Definition3 A pair M = (U, ), where U is the ground set and Z is a family of
subsets of U, is a matroid if the following conditions hold:

- Vel

—IflyeZand I C Ij,then I, € 7,

— If I1, I € 7 and |I»| < |I], then there exists an element x € I \ I, such that
LU{x}eT.

An inclusion-wise maximal set in Z is called a basis of M. All bases of a matroid
are of the same size. The size of a basis is called the rank of the matroid. For a matroid
M= (U,T)andsets P, Q C U,wesaythat P fits Qif PNQ =@ and PUQ € 7.

A matroid M = (U, Z) is a linear (or representable) matroid if there is a matrix
A over a field F with E as the set of columns, such that: 1) |E| = |U|; 2) there is an
injective function ¢ : U — E, such that X C U is an independent set in M if and
only if {¢(x) | x € X} is a set of linearly independent columns (over [F). In the above,
we say that M is representable over IF, and A is one of its representation.

In the following, we define some matroids and state results regarding computation
of their representations.

Definition 4 ([4,30]) A matroid M = (U, Z) is a partition matroid if the ground set
U is partitioned into sets Uy, Ua, ..., Uy, and for each i € [k], there is an integer a;
associated with U;. A set S C U is independent in M if and only if for each i € [k],
ISNUi| <a;.

Proposition 4 [15,26,30] A representation of a partition matroid over Q (the field of
rationals) can be computed in polynomial time.

Definition5 Let M| = (U1, Zy), My = (Uz, 1) ..., M; = (Uy, ;) be t matroids
with U; NU; = @, forall 1 < i # j < t. The direct sum M| @ --- & M,,
of My, Ma, ..., M; is the matroid with ground set U = U;¢U; and X C U is
independent in M if and only if for each i € [¢], X N U; € Z;.

Proposition 5 [26,30] Given matrices Ay, Az, ..., A; (over F) representing matroids
My, Ma, ..., M, respectively, we can compute a representation of their direct sum,
M| ® - D M,, in polynomial time.

Next, we state the definition of representative families.
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Definition6 Let M = (U, Z) be a matroid, and A be a p-family of U. We say that
A’ C Ais a g-representative for A if for every set Y € U of size ¢, if there is a set
X e A, suchthat XNY =@ and X UY € Z, then there is a set X’ € A’ such that
X'NY=QPand X'UY € Z.If A’ C Ais a g-representative for A then we denote it
by A’ <, A.

In the following, we state some basic propositions regarding g-representative sets,
which will be used later.

Proposition 6 [4,14] If A; C rep Ao and A; C re,, As, then A C ,e,, As.

PropOSItlon 7 [4,14] If A4 and Az are two p-families such that A} € _rep Ay and
A, Sl Ao, then A} U A, <, A1 U As.

Next, we state a result regarding the computation of a g-representative set.

Theorem 1 [4,14] Given a matrix M (over fieldF) representing a matroid M = (U, I)
of rank k, a p-family A of independent sets in M, and an integer q such that p+q = k,
there is an algorithm which computes a q-representative family A’ Efep A of size at

most (p;q) using at most O(IAI((p;q)pw + (p;q)wil)) operations over F.

Let A; and A, be two families of sets over U and M = (U, ) be a matroid. We
define their convolution as follows.

Aix Ay ={A1UAy |A1 € A1, Ay e Ap, AiNAy=@and A U A, € T}

Lemma 1 Let M = (U, I) be a matroid, Ay be a py-family, and Ay be a pa-family.
IFA Sial Avand Ay Sl As, then Ajx Ay Siol' ™" Aixda.

Proof The proof of this lemma is similar to the proof of Lemma 12.28 in [4]. Let B
be a set of size k — p; — p». Suppose there exists a set A} U Ay € AjxA, that fits
B. Since, (A1 U A2) N B = @, we have |B U Ay| = k — p;. This implies that there
exists A} € A which fits BU Aj, i, (A UBUAy) e ZTand A|N(BU Ay) =0
which gives |A| U B| = k — p». This means, there exists A} € Aj that fits A} U B,
ie, (A UA| UB) € T and A}, N (A} U B) = {. Since, A} N (BU Ay) =

and A, N (A} U B) = ¢, we get (A} U A}) N B = ¢. Hence, A| U A, fits B and
(A} U A)) € AjxA,. O

Next, we give a result regarding computation of convolution (x).

Proposition 8 Let M be a matrix over a field F representing a matroid M = (U, T)
over an n-element ground set, Ay be a pi-family, and Ay be a pa-family, where
p1 + p2 = k. Then Ajx A can be computed in time O(2kn©M).

Proof Consider the standard convolution operation, A; o A = {Aj U Ay | A] €
Ay, Ay € Ay and A| N Ay = (} defined in [4, Section 12.3.5]. The family .A; o A3
can be computed in O(2%n3) time [4, Exercise 12.12]. Since, AjxA4> = {A] U A, |
Ay e Ay, Ay € Ay, AiNAy, =1, and AjU A, € Z}. Hence, X € Aj*A; if and only
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if X € Ajo.Ajand X isaset of linearly independent columns (over F). Testing whether
a set of vectors is linearly independent over a field can be done in time polynomial
in size of the set (using Gaussian elimination). Therefore, testing if an X € A o A
is linearly independent, can be done in time On°WM). Since |A; o Ay < | A;||As],
family A;*.A; can be computed in O((2% + |A; | |4, D) time. Since, |A;| < 27!
and | A>| < 272, the running time is bounded by @ (2kpOM). o

Universal sets and their computation

Definition 7 An (n, k)-universal set is a family F of subsets of [n] such that for any
set S C [n] of size k, the family {A NS | A € F} contains all 2 subsets of S.

Next, we state a result regarding the computation of a universal set.

Proposition 9 [4,28] For any n, k > 1, we can compute an (n, k)-universal set of size
2kkO00gk) 10g 1 in time 25kC102R) y 1og .

3 W[1]-hardness Results

In this section, we show that CONFLICT FREE MAXIMUM MATCHING and CONFLICT
FREE SHORTEST PATH are W[1]-hard, when parameterized by the solution size.

3.1 W[1]-hardness of CF-MM

We show that CF-MM is W[1]-hard, when parameterized by the solution size, even
when the graph where we want to find a matching, is itself a matching (disjoint union
of edges). To prove our result, we give an appropriate reduction from INDEPENDENT
SET to CF-MM. In the following, we define the problem INDEPENDENT SET.

INDEPENDENT SET Parameter: k
Input: A graph G and an integer k.

Question: Is there a set X € V(G) of size at least k such that X is an independent
setin G?

It is known that INDEPENDENT SET is W[1]-hard, when parameterized by the size
of an independent set [4,8].

Theorem 2 CF-MM is W[1]-hard, when parameterized by the solution size.

Proof Given an instance (G*, k) of INDEPENDENT SET, we construct an equivalent
instance (G, H, k) of CF-MM as follows. We first describe the construction of G.
For each v € V(G*), we add an edge vv’ to G. Notice that G is a matching. This
completes the description of G. Next, we move to the construction of H. We have
V(H) = {e, = vV | v € V(G*)}. Moreover, for ¢,, e, € V(H), we add the edge
eyey to E(H) if and only if uv € E(G*). We note that H is exactly the same as
G™*, with vertices being renamed. This completes the construction of (G, H, k) of
CF-MM. Next, we show that (G*, k) is a yes instance of INDEPENDENT SET if and
only if (G, H, k) is a yes instance of CF-MM.
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In forward direction, let (G*, k) be a yes instance of INDEPENDENT SET, and S be
one of its solution. Let S’ = {e, | v € S}. We show that S’ is a solution to CF-MM.
Notice that by construction, S’ is a matching in G, and |S’'| = |S| > k. Moreover,
G* is isomorphic to H, with the vertex mapping as ¢ : V(G*) — V(H), where for
v € V(G*), p(v) = e,. Hence, S’ is an independent set in H.

In reverse direction, let (G, H, k) be a yes instance of CF-MM, and S’ be one of
its solution. Let § = {v | e, € S'}. Using an analogous argument as in the forward
direction, we conclude that S is a solution to INDEPENDENT SET in (G*, k). This
concludes the proof. O

3.2 W[1]-hardness of CF-SP

We show that CF-SP is W[1]-hard, when parameterized by the solution size, even
when the conflict graph is a proper interval graph. We refer to this restricted variant of
the problem as UNIT INTERVAL CF-SP. To prove our result, we give an appropriate
reduction from a multicolored variant of the problem UNIT 2-TRACK INDEPENDENT
SET, which we call UNIT 2-TRACK MULTICOLORED IS. In the following, we define
the problems UNIT 2-TRACK INDEPENDENT SET and UNIT 2-TRACK MULTICOLORED
IS.

UNIT 2-TRACK INDEPENDENT SET (UNIT 2-TRACK IS) Parameter: k£
Input: Two unit-interval graphs G| = (V, E1) and G, = (V, E»), and an integer
k.

Question: Is there a set S C V of size at least &, such that § is an independent set
in both G| and G;?

UNIT 2-TRACK MULTICOLORED IS (UNIT 2-TRACK MIS)

Parameter: k

Input: Two unit-interval graphs G| = (V, E1) and G2 = (V, E»), and a partition
Vi,Vo,..., Vi of V.

Question: Is there a set S € V, such that S is an independent set in both G| and
G, and foreach i € [k], we have |[SNV;| = 1?

It is known that UNIT 2-TRACK IS is W[1]-hard, when parameterized by the solu-
tion size [21]. We show that the problem UNIT 2-TRACK MIS is W[1]-hard, when
parameterized by the number of sets in the partition. We show this by giving an appro-
priate (Turing) reduction from UNIT 2-TRACK IS. Finally, we give a reduction from
UNIT 2-TRACK MIS to UNIT INTERVAL CF-SP, hence obtaining the desired result.

3.3 W[1]-hardness of UNIT 2-TRACK MIS

We give a (Turing) reduction from UNIT 2-TRACK IS to UNIT 2-TRACK MIS. More-
over, since we want to rule out existence of an FPT algorithm, we spend FPT time to
obtain FPT many instances of UNIT 2-TRACK MIS.

Before proceeding to the reduction from UNIT 2-TRACK IS to UNIT 2-TRACK
MIS, we define the notion of perfect hash family, which will be used in the reduction.
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Definition 8 An (n, k)-perfect hash family F, is a family of functions f : [n] — [k]
such that for every set § C [n] of size k, there is an f € F, such that f|g is injective.

In the following, we state a result regarding computation of an (n, k)-perfect hash
family.

Theorem 3 [4,28] For any n,k > 1, an (n,k)-perfect hash family of size
k91020 Jog n can be constructed in k1R nlogn time.

Now we are ready to give a (Turing) reduction from UNIT 2-TRACK IS to UNIT
2-TRACK MIS.

Lemma 2 There is a parameterized Turing reduction from UNIT 2-TRACK IS fo UNIT
2-TRACK MIS.

Proof Let (G, G2, k) be aninstance of UNIT 2-TRACKIS, where V(G) = V(Gy) =
[1]. We construct a family C of instances of UNIT 2-TRACK MIS as follows. We
start by computing an (n, k)-perfect hash family F, of size ek Ologh) logn, in time
ek Ologh) log n, using Theorem 3. Now, for each f € F, we construct an instance
Ir = (G1, G2, V{, V..., V) of UNIT 2-TRACK MIS as follows. For i € [k], we
set V' = {v € V(Gy) | f(v) =i}. Finally, we set C = {I | f € F}.

We claim that (G, G», k) is a yes instance of UNIT 2-TRACK IS if and only if there
is Iy € C such that I is a yes instance of UNIT 2-TRACK MIS.

In the forward direction, let (G1, G2, k) be a yes instance of UNIT 2-TRACK IS,
and S be one of its solution of size k. Consider f € F such that f|g is injective, which
exists since F is an (n, k)-perfect hash family. By construction of C, we have /; € C.
Moreover, by construction of f, for each i € [k], we have |[SN V;| = 1. Hence, S is a
solution to /.

In the reverse direction, let /; € C be a yes instance of UNIT 2-TRACK MIS, and
S be one of its solution. Clearly, S is a solution to UNIT 2-TRACK IS in (G, G2, k)
as Iy = (G1, G, Vlf, sz, R ka). This concludes the proof. |

Theorem 4 UNIT 2-TRACK MIS is W[1]-hard, when parameterized by the solution
size.

Proof Follows from Lemma 2 and W[1]-hardness of UNIT 2-TRACK IS. O

3.4 W[1]-hardness of UNIT INTERVAL CF-SP

We give a parameterized reduction from UNIT 2-TRACK MIS to UNIT INTERVAL CF-
SP.Let (G, G, V1, ..., Vi) be aninstance of UNIT 2-TRACK MIS. We construct an
instance (G’, H, s, t, k') of UNIT INTERVAL CF-SP as follows. Foreachv € V(Gy),
we add a path on 3 vertices namely, (vy, v2, v3) in G’. For notational convenience, for
v € V(G1), by ej2(v) and e>3(v) we denote the edges viv, and vpvs, respectively.
Consider i € [k — 1]. Foru € V; and v € V;11, we add the edge z,, = u3v; to
E(G’) (see Figure 1). Moreover, by Z;, we denote the set {z,, | u € V;, v € Viq}.
We add two new vertices s and ¢ to V(G’), and add all the edges in Zg = {sv; | v €

@ Springer



Algorithmica (2020) 82:1939-1965 1949

Fig.1 An illustration of the construction of G’ in W[1]-hardness of UNIT INTERVAL CF-SP

Vi}and Z; = {vst | v € Vi) to E(G’). Next, we move to the construction of H.
Note that H must be a unit-interval graph on the vertex set E(G") = (Ujej0.41Zi) U
(Uvev(Gnlerz(v), ex3(v)}). In H, each vertex in U;¢jo k] Z; is an isolated vertex. Let
Ep = {en2(v) | v € V(G1)} and Ep3 = {ex3(v) | v € V(G1)}. For erp(u), e1n(v) €
E12, we add the edge ej2(u)ejz(v) to E(H) if and only if uv € E(G1). Similarly,
for ex3(u), ex3(v) € Ez3, we add the edge ex3(u)er3(v) to E(H) if and only if uv €
E(G3). Observe that H[E12] is isomorphic to G, with bijection ¢; : V(G1) — E12
with ¢1(v) = ej2(v). Similarly, H[E>3] is isomorphic to G, with bijection ¢, :
V(G,) — E»3 with ¢ (v) = e23(v). By construction, H is a disjoint union of unit-
interval graphs, and hence is a unit-interval graph. Finally, we set k¥ = 3k + 1. This
completes the description of the reduction.

In the following lemma we show that the instance (G, G2, V1, ..., Vi) of UNIT
2-TRACK MIS and the instance (G’, H, s, t, k") of UNIT INTERVAL CF-SP are equiv-
alent.

Lemma3 (G, Ga, Vi, ..., Vi) is a yes instance of UNIT 2-TRACK MIS if and only
if (G', H,s,t,k') is a yes instance of UNIT INTERVAL CF-SP.

Proof In the forward direction, let (G, G2, Vi, ..., Vi) be a yes instance Qf UNIT
2-TRACK MIS, and S = {vl, v, vk} be one of its solution, such that v' € V;.
We claim that P = (s, vll, v%, v%, el Ulf’ v’2“, v’3‘, t) is a conflict-free path (on 3k + 1

edges) in G'. By the construction of G’, it follows that P is a path in G’. Next, we
show that E(P) is an independent setin H. Let vg = s and va+1 = t. By construction,
each edge in {vgv’i+1 i e [O,.k]} C U.[o’k]Zl- is an isolated vertex in H. Also, for each
i € [k], we have that {ej2(v"), ex3(v")} is an independent set in H. Next, consider
i,j € [k], where i # j. By construction ej2(v')e3(v/), ex3(v))en(v/) ¢ E(H).
Moreover, e12(v')e2(v/) ¢ E(H) since S in an independent set in G;. Similarly,
e3(v)ex3(v/) ¢ E(H) as S is an independent set in G». In the above, we have
considered every pair of edges in E(P), and argued that no two of them are adjacent
to each other in H. Hence, it follows that P is a solution to UNIT INTERVAL CF-SP
in(G',H,s,t, k).

In the reverse direction, let P be a solution to UNIT INTERVAL CF-SP in
(G', H,s,t,k"). By the construction of G’, the path P must be of the form
(s, v}, v;, v%, el v’f, v’2‘, v’3‘, t). Weclaimthat S = {vl, v ..., v"}is anindependent
set in both G| and G,. Suppose not, then there is an edge v'v/,i # j and i, j € [k]
say, in G (the case when it is in G is symmetric). But then e12(v)er2(v/) is an edge
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in H, contradicting that E(P) is an independent set in H. Hence, we have that S is
an independent set both in G| and G;. Moreover, since P is a path of length at most
3k + 1, it must hold that for each i € [k], we have v’ € V;. Hence, S is a solution to
UNIT 2-TRACK MISin (G, Go, Vi, ..., Vi). O

Theorem 5 UNIT INTERVAL CFE-SP is W[1]-hard, when parameterized by the solution
size.

Proof Follows from the construction of instance (G’, H, s, t, k') of UNIT INTERVAL
CF-SP, for the giveninstance (G, G2, V1, ..., Vi) of UNIT 2-TRACK MIS, Lemma 3,
and Theorem 4. |

4 FPT Algorithm for CF-MM with Chordal Conflict

In this section, we show that CF-MM is FPT, when the conflict graph belongs to
the family of chordal graphs. We call this restricted version of CF-MM as CHORDAL
CONFLICT MATCHING. Towards designing an algorithm for CHORDAL CONFLICT
MATCHING, we first give an FPT algorithm for a restricted version of CHORDAL CON-
FLICT MATCHING, where we want to compute a matching for a bipartite graph. We
call this variant of CHORDAL CONFLICT MATCHING as CHORDAL CONFLICT BIPAR-
TITE MATCHING (CCBM). We then employ the algorithm for CCBM to design an FPT
algorithm for CHORDAL CONFLICT MATCHING.

4.1 FPT algorithm for CCBM

We design an FPT algorithm for the problem CCBM, where the conflict graph is chordal
and the graph where we want to compute a matching is a bipartite graph. The problem
CCBM is formally defined below.

CHORDAL CONFLICT BIPARTITE MATCHING (CCBM) Parameter: k
Input: A bipartite graph G = (V, E) with vertex bipartition L, R, a conflict graph
H = (E, E'), and an integer k.

Question: Is there a matching M C E of size k in G, such that M is an independent
setin H?

The FPT algorithm for CCBM is based on a dynamic programming routine over a
tree decomposition of the conflict graph H and representative sets on the graph G. Let
(G, L, R, H, k) be an instance of CF-MM, where G is a bipartite graph on n vertices,
with vertex bipartition L, R, and H is a chordal graph with V(H) = E(G).

In the following, we construct three matroids My = (E,Z), Mg = (E€, Ig),
and M = (EU E€, I). Matroids M, and M g are partition matroids and the matroid
M is the direct sum of M and Mg. The ground set of M} is E = E(G). The set
E€ contains a copy of edges in E, i.e., EC = {¢° | e € E}. We create two (disjoint)
sets £ and E€, because M is the direct sum of M; and Mg, and we want their
ground sets to be disjoint. Next, we describe the partition £ of E into |L| sets and |L|
integers, one for each set in the partition, for the partition matroid M. Foru € L, let
E, = {uv | uv € E}. Notice that for u, v € L, where u # v, we have E, N E, = (.

@ Springer



Algorithmica (2020) 82:1939-1965 1951

Moreover, U,cpE, = E. Welet £ = {E, | u € L}, and for each u € L, we set
a, = 1. Similarly, we define the partition £¢ of E¢ with respect to set R. That is, we
let & = {E;, = {(uv)° | uv € E(G)} | u € R}. Furthermore, for u € R, we let
aye = 1. We define the following notation, which will be used later. For Z C E, we
let Z¢ ={e | e € Z} C E“.

In the following proposition, we show a relation between a matching in G and an
independent set in the matroid M; & Mg

Proposition 10 Q C E(G) is a matching in G with vertex bipartition L and R if and
only if Q U Q€ is an independent set in the matroid M = M & Mg.

Proof In the forward direction, let Q be a matching in the bipartite graph G = (V, E),
where V = L U R. Since, M = (E,Zp) is a partition matroid with partition
E={E,|ue€lL}andaq, =1, foreachu € L, Q N L is an independent set in M.
Similarly, Q¢ N R is an independent in Mg. Since, M = M & Mp, it follows that
Q U Q€ is an independent set in M.

In the reverse direction, consider Q € E such that Q U Q€ is an independent set
in M. Since, M = M & Mg, Q is independent in M and Q€ is independent in
M. Since, Q and Q€ both have copies of the same edge, no two edges in Q share
an end point in G. Hence, Q forms a matching in G. O

To capture the independence property on the conflict graph, we rely on the fact
that a chordal graph admits a nice clique-tree (Proposition 3). This allows us to do
dynamic programming over a nice clique-tree. At each step of our dynamic program-
ming routine, using representative sets, we ensure that we store a family of sets which
are enough to recover (some) independent set in M, if a solution exists.

We now move to the formal description of the algorithm. The algorithm starts by
computing a nice clique-tree (7', X) of H in polynomial time, using Proposition 3.
Let r € V(T) be the root of the (rooted) tree T. For X; € X, we let X; = {} U {{v} |
v € X;}. Recall that for r € V(T), H; is the graph H[V;], where V; = Ugcdesc) Xa-

In the following, we state some notations, which will be used in the algorithm. For
eachr € V(T),Y € A, and an integer p € [0, k] we define a family Pf?y as follows.

Ply ={ZUZ° | Z S VH)C E),|Z=p.ZNX, =Y, ZUZ. €T and H,[Z]

is edgeless}

For a family F of subsets of E U E€, F is called a paired-family if for each F € F,
thereis Z C E, such that F = Z U Z€.
In the following definition, we state the entries in our dynamic programming routine.

Definition9 Foreacht € V(T), Y € X, and p € [0, k], we have an entry c[t, Y, p],

which stores a paired-family F (¢, Y, p) of subsets of E U E€ of size 2 p, such that for

each F = Z U Z¢ € F, the following conditions are satisfied.

L |Z| = p;

2. ZNX; =Y,

3. Z is a matching in G, i.e., Z and Z¢ are independent sets in M and Mg,
respectively;

@ Springer



1952 Algorithmica (2020) 82:1939-1965

4. Z is an independent set in H;.

Moreover, F # @ if and only if P/, # @,

Considert € V(T),Y € X; and p € [0, k]. Observe that Ppy is a valid candidate
for c[t, Y, p], which also implies that (G, H, k) is a yes instance of CCBM if and
only if c[r, ¥, k] # . However, we cannot set c[t, Y, p] = Pf y as the size of ’Pt’? v
could be exponential in 2, and the goal here is to obtain an FPT algorithm Hence, we
will store a much smaller subfamily (of size at most (Zk)) of P Y inc[t, Y, p], which
will be computed using representative sets. Moreover as we have a structured form
of a tree decomposition (nice clique-tree) of H, we compute the entries of the table
based on the entries of its children, which will be given by recursive formulae. For leaf
nodes, which form base cases for recursive formulae, we compute all entries directly.

Next, we give (recursive) formulae for the computation of the table entries. Consider
t €e V(T),Y € & and p € [0, k]. We compute the entry c[t, Y, k] based on the
following cases.

Leaf node ¢ is a leaf node. In this case, we have X; = ¢, and hence X; = {#}. If
=0, then Ptpﬂ = {0}, and Pp@ = {), otherwise. Since, P/ 'y is a valid candidate for

c[t, Y, pl, weset c[t,Y, p] = Pfg. Note that c[t, ¥, p] has size at most 1 < (;ﬁ),
and we can compute c[t, Y, p] in polynomial time.

Introduce node Suppose 7 is an introduce node with child ¢’ such that X, = X, U {e},
where e ¢ Xp. If Y # 0 and p < 1, then we set c[t, Y, p] = 0. Otherwise, we
compute the entry as described below. Before computing the entry c[z, Y, p], we first
compute a set PI{' y as follows.

5 {c[zc Y, pl ifY # el 0

LY el 0, p — 1x{{e, )} otherwise.

Next, we compute ’Pp C%fp 2p Pp "y of size @f’ ) using Theorem 1. Finally, we set

clt. Y. pl =Pl
Correctness To show the correctness, it is enough to show that c[z, Y, p] C%{p 2p Pp

IfY # #and p < 1, then we correctly set c[t, Y, p] = (. Hereafter, we assume
that Y # @ then p > 1. If Y # {e}, then the claim follows from the fact that

c[t Y, pl = c[t',Y, p] and Pp 73, . Therefore, we consider the case when
= {e}. In this case, we observe the followmg towards proving the claim.

1Py =P, e, e}
2. clt' B p—1] Crep "V PEL

From item 1 and 2, and Lemma 1, it follows that c[¢', ¥, p — 1]x{{e, ¢“}} C CZk 2p

c2k=2p

PP y- This together with Proposition 6, and the fact that Ptp vy Srep clt',d, p —

t,
1]1%{{e, e}} implies that c[z, Y, p] = 77,py %Ie{p 2 Pp
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Forget node Suppose 7 is a forget node with child ¢’ such that X; = X\ {e}, where
e € Xyp.Before computing the entry c[¢, Y, p], we first compute a set 7?[’? y as follows.

~p c[t', Y, p] if Y # 0;
Piy= / ) . (2)
’ clt’, 9, plUcl[t’, {e}, p] otherwise.

Sp _2k=2p Sp
Next, we compute Py Crep " P/

clt, Y, pl =Py
Correctness To show the correctness, it is enough to show that c[z, Y, p] gf’;,,_ 2p 77,’? v
If Y # ¢, then the claim follows from the fact that c[z, Y, p] = c[t/, Y, p], and

P}, =P/, Therefore, we consider the case when ¥ = . In this case, we observe
the following towards proving the claim.

2k—2

Loclt', 0, pl Srep " Py
2k—2

2. clt' {e}. p) Srep " P

' fe}
P _ pP P
3. 7Dt,Y - Pt’,@ U Pt’,{e}'

y of size (i’; ), using Theorem 1. Finally, we set

From item 1 to 3, and Proposition 7, it follows that c[¢’, @, p]Uc[t’, {e}, p] g%é‘;zﬁ

Ptp y- This together with Proposition 6, and the fact that 7’5{) Y E%]e{; 2p c[t', 9, pl U

clt’, {e}, p] implies that c[t, ¥, p] = P, <22 PP,

Join node Suppose ¢ is a join node with children 7| and f, such that X; = X;, = X,,.
IfY # @ and p < 1, then we set c[z, Y, p] = /. Otherwise, we compute the entry as
described below. Before computing the entry c[z, Y, p], we first compute a set Pf v
as follows.

U (C[tl’ Q’a i]*c[t25 Qa P — l]) ifY = @;

DP — i€l0,p] (3)
LY U (clt1, Y, ilxc[ra, @, p —i])  otherwise.
i€lpl

P 2k—2p p . 2%k . .
Next, we compute Pt,Y Chep PI,Y of size (2 p), using Theorem 1. Finally, we set

clt. Y. pl =Pl
Correctness To show the correctness, it is enough to show that c[t, ¥, p] gf’e‘,,_ 2p Py
IfY # ¢ and p < 1, then we correctly set c[¢, Y, p] = {. Hereafter, we assume that

whenever Y # (J, we have p > 1. Next, we consider the following cases depending
on whether or not Y = J.

— Y = (. In this case, we have Ptpy = Uie[O,p](Ptil @*Pfffmi). Moreover, for

i € [0, pl. we have that c[ry, #.i] €22 Pl and e[, 0. p — i] Srep "
73[’1’ _@i. Above arguments together with Proposition 7 and Lemma 1 implies that

2k—2
c[t, Y, p] Shrep d PII”Y'

— Y # (. In this case, we start by arguing that 7351/ = Uiep)(cltr, Y, ilxc[t2, 9, p—

i St PP, To this end, consider a set A € P/}, of size 2p and a set

@ Springer



1954 Algorithmica (2020) 82:1939-1965

B C E U E° of size 2k — 2p suchthat AU B € 7 and A N B = J. Observe
that by construction of PfY’ ACVH)UWNVH),ANX, =Y. Let A =
ANV(Hy), Ao = A\ Ay, and i* = |Aq]|. Since A € Ppy, and PpY is a
paired-family, it holds that A7 U A5 € A. Let B, = BU A U Al, and note
that |By| = 2k — 2(p — i*). Moreover, c[t2, 8, p — i*] CZk Ap=iH) Pg VJI , and
therefore, there is Ay U AC € clt2, ¥, p — i*] such that (Ay U AS DUBy €T
and (Ay U A2) N By = . Next, consider B; = B U (As U A$ 5), and note that
|Bi| = 2k —2p + 2(p — i*) = 2k — 2i*. Since, c[t;, Y, i*] c%’;,, Pl
therefore, there is Aj U Ac € c[t;, T, i*] such that B; U (A, U Ac) € 7 and
BiN(A U A‘) = (). The above arguments imply that (A U A‘) U (Ay U AS el
and (A1 U Ai) N (A2 U Aa) = (. Hence, by definition of the convolution operation
(%), we have (A; U A") U (A, U A") € cl[t, Y, i*lxc[tr, ¥, p — i*]. Moreover,
BU(AluAc)U(AZUA yeZand BN (A; UAC)U(AZUA ) = . Therefore,

Uierpi(cltr, Y. ilxc[r, 0, p —i]) C%]g(p 2p PP, This together with Proposition 6
implies that c[z, Y, p] c%’;p 2p P;’?Y.

This completes the description of the (recursive) formulae and their correctness for
computing all entries of the table. The correctness of the algorithm follows from the
correctness of the (recursive) formulae, and the fact that (G, H, k) is a yes instance
of CCBM if and only if c[r, ¥, k] # (. Next, we move to the running time analysis of
the algorithm.

Lemma 4 The algorithm presented for CCBM runs in time OQO@HROMY \ohere n
is the number of vertices in G.

Proof We do the running time analysis based on time required to compute an entry
clt, Y, k],fort € V(T),Y € &; and p € [0, k]. We consider the following cases.
Leaf node For leaf nodes the entries c[#, Y, k] can be computed in polynomial time.
Introduce node The algorithm first computes a family P)l,’ ; from Equation 1, which
2,00 2k
takes 2 (M time (using Proposition 8). Moreover, |7DY,1| < max{(2p), (2(p—1))}'
The algorithm then computes Pp C%l;p 2p Pp , using Theorem 1, which takes time
bounded by O (20@k Oy B
Forget node The algorithm first computes a family Pﬁ , from Equation 1, which takes

at most (i’;) time by standard set union operation. Moreover, |73)I,7’t| < 2(;’;) The
algorithm then computes 77)‘37 ; C%fp 2p Pp This takes time Iﬁﬁ’tl(gi)w_lno(l) <
(gi)wno(l) < 49k,O0M)  Therefore, the time required to compute an entry at forget
node is at most O(Zo(wk)no(l)). ~

Join node The algorithm first computes a family 73{;’, from Equation 3, which takes

at most 22,00 time by Proposition 8 and standard set union operation. More-

over, |7’5p | <29@h) Now the algorithm applies Theorem 1 on 755, , and computes
Pp Cfle‘p 2p ’Pp This takes time bounded by O(29@X ;O Therefore, the time

requlred to compute an entry at join node is at most O 20 @k) Oy
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The time to compute an entry [z, Y, k] is at most O(2€@R @My Moreover, the
number of entries is bounded by |V(T)| -k -n € n©M  Thus, the running time of the
algorithm is bounded by ©(20@h Oy, O

Due to the correctness of the algorithm presented for CCBM, and Lemma 4, we
obtain the following result.

Theorem 6 CCBM admits an FPT algorithm running in time O (29@% O,

4.2 FPT algorithm for CHORDAL CONFLICT MATCHING

We design an FPT algorithm for CHORDAL CONFLICT MATCHING, using the algorithm
for CCBM (Theorem 6). Let (G, H, k) be an instance of CF-MM, where H is a chordal
graph and G is a graph on n vertices. We assume that G is a graph on vertex set [n],
which can easily be achieved by renaming vertices.

The algorithm starts by computing an (n, 2k)-universal set F, using Proposition 9.
For each set A € F, the algorithm constructs an instance 14 = (Ga, LA, Ra, Ha, k)
of CCBM as follows. We have V(G4) = V(G), La = A, R=V(G)\ A, E(G4) =
{uv € E(G) |u € La,v € Ra},and Hy = H[E(G4)]. Note that Hy4 is a chordal
graph because chordal graphs are closed under induced subgraphs and disjoint unions.
The algorithm decides the instance /4 using Theorem 6, foreach A € F. The algorithm
outputs yes if and only if there is A € F, such that /4 is a yes instance of CCBM. We
next prove the correctness of the algorithm and the running time.

Theorem 7 The algorithm presented for CE-MM is correct, Moreover, it runs in time
20@h)OUogh) yOM) ' \where o < 2.373 is the exponent of matrix multiplication and
n is the number of vertices in the input graph.

Proof Let (G, H, k) be an instance of CF-MM, where H is a chordal graph and G is a
graph on vertex set [n]. Clearly, if the algorithm outputs yes, then indeed (G, H, k) is
ayes instance of CF-MM. Next, we argue thatif (G, H, k) is a yes instance of CF-MM
then the algorithm returns yes. Suppose there is a solution M C E(G) to CF-MM
in(G,H,k).Let S=1{i,j|ij € M},and L = {i | thereis j € [n] such thatij €
M andi < j}. Observe that |S| = 2k. Since F is an (n, 2k)-universal set, there is
A € F suchthat AN S = L. Note that S is a solution to CCBM in /4. This together
with Theorem 6 implies that the algorithm will return yes as output. Next, we prove the
claimed running time of the algorithm. The algorithm computes (n, 2k)-universal set
of size O(2%kP1°gk) Jog n), in time O (2% kPU02K) 1 Jog ), using Proposition 9. Then
for each A € F, the algorithm creates an instance /4 of CCBM in polynomial time.
Furthermore, it resolves the 4 of CCBM in time O(Zo(wk)no(l)) using Theorem 6.
Hence, the running time of the algorithm is bounded by 20 @k ;@ logk), O(1) O

5 FPT algorithms for CF-MM and CF-SP with matroid constraints

In this section, we study the problems CF-MM and CF-SP, where the conflicting
condition is being an independent set in a (representable) matroid. Due to technical

@ Springer



1956 Algorithmica (2020) 82:1939-1965

reasons (which will be clear later) for the above variant of CF-MM, we will only
consider the case when the matroid is repsesentable over Q (the field of rationals).

5.1 FPT algorithm for MATROID CF-MM

We study a variant of the problem CF-MM, where the conflicting condition is being
an independent set in a matroid representable over Q. We call this variant of CF-MM
as RATIONAL MATROID CF-MM (RAT MAT CF-MM, for short), which is formally
defined below.

RATIONAL MATROID CF-MM (RAT MAT CF-MM) Parameter: k£
Input: A graph G, a matrix Ay, (representing a matroid M over Q) with columns
indexed by E(G), and an integer k.

Question: Is there a matching M C E(G) of size at most k, such that the set of
columns in M are linearly independent (over Q)?

We design an FPT algorithm for RAT MAT CF-MM. Towards designing an algo-
rithm for RAT MAT CF-MM, we first give an FPT algorithm for a restricted version
of RAT MAT CF-MM, where the graph in which we want to compute a matching
is a bipartite graph. We call this variant of RAT MAT CF-MM as RAT MAT CF-
BIPARTITE MATCHING (RAT MAT CF-BM). We then employ the algorithm for RAT
MAT CF-BM to design an FPT algorithm for RAT MAT CF-MM.

5.1.1 FPT algorithm for RAT MAT CF-BM

We design an FPT algorithm for the problem RAT MAT CF-BM, where the conflicting
condition is being an independent set in a matroid (representable over Q) and the graph

where we want to compute a matching is a bipartite graph. This problem is formally
defined below.

RAT MAT CF-BIPARTITE MATCHING (RAT MAT CF-BM)

Parameter: k

Input: A bipartite graph G = (V, E) with vertex bipartition L, R, a matrix A \q
(representing a matroid M over Q) with columns indexed by E, and an integer k.
Question: Is there a matching M C E of size k in G, such that the set of columns
in M are linearly independent (over Q)?

Our algorithm takes an instance of RAT MAT CF-BM and generates an instance of
3-MATROID INTERSECTION, and then employs the known algorithm for 3-MATROID
INTERSECTION to resolve the instance. In the following, we formally define the problem
3-MATROID INTERSECTION.

3-MATROID INTERSECTION Parameter: k£
Input: Matrices A, Aaq,, and A pq; over F (representing matroids My, Mo,
and M3, respectively, on the same ground set £) with columns indexed by E, and
an integer k.

Question: Is there a set M C E of size k, such that M is independent in each M;,
fori € [3]?
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Before moving further, we briefly explain why we needed an additional constraint
that the input matrix is representable over Q. Firstly, we will be using partition matroids
which are representable only on fields of large enough size, and we want all the
matroids, i.e. the one which is part of the input and the ones that we create, to be
representable over the same field. Secondly, the algorithmic result (with the desired
running time) we use for 3-MATROID INTERSECTION works only for certain types of
fields.

Next, we state an algorithmic result regarding 3-MATROID INTERSECTION [24],
which is be used by the algorithm. We note that we only state a restricted form of
the algorithmic result for 3-MATROID INTERSECTION in [24], which is enough for our
purpose.

Proposition 11 (Proposition 4.8 [24] (partial)) 3-MATROID INTERSECTION can be
solved in O23K || Ay ||O(1)) time, when the matroids are represented over Q.

We are now ready to prove the desired result.
Theorem 8 RAT MAT CF-BM can be solved in O(23% || Ay |OD) time.

Proof Let (G = (V, E), L, R, Ayq, k) be an instance of RAT MAT CF-BM, where
the matrix A 54 represents a matroid M = (E, Z) over Q. Let M = (E,Z1), Mg =
(E, Zg) be the partition matroids as defined in Sect. 4. Next we compute matrix repre-
sentations A rq, and A, of matroids My, Mg, respectively, using Proposition 4.
Now, we solve 3-MATROID INTERSECTION on the instance (M, A pq, , Ay, k) (over
Q) using Proposition 11, and return the same answer, as returned by the algorithm in
it. The correctness follows directly from the following. S € E is a matching in G if
and only if S is an independent set in M and Mg, thatis S € Z; NZg. The claimed
running time follows from Proposition 4 and Proposition 11. O

5.1.2 FPT algorithm for RAT MAT CF-MM

We design an FPT algorithm for RAT MAT CF-MM, using the algorithm for RAT
MAT CF-BM (Theorem 6). Let (G, A4, k) be an instance of RAT MAT CF-MM,
where the matrix A represents a matroid M = (E, Z) over Q. We assume that G
is a graph with the vertex set [n], which can easily be achieved by renaming vertices.

The algorithm starts by computing an (n, 2k)-universal set F, using Proposition 9.
Foreach set X € F, the algorithm constructs an instance Iy = (Gx, Lx, Rx, A, k)
of RAT MAT CF-BM as follows. Wehave V(Gx) = V(G),Lx = X,R = V(G)\ X,
E(Gyx) ={uv € E(G) | u € Lx,v € Rx}. The algorithm decides the instance Iy
using Theorem 8§, for each X € F. The algorithm outputs yes if and only if there
is X € F, such that Iy is a yes instance of RAT MAT CF-BM. We next prove the
correctness of the algorithm and the running time.

Theorem 9 The algorithm presented for RAT MAT CF-MM is correct. Moreover, it
runs in time O (2B +2kpOUoghk)| 4,1 O1), Oy

Proof Let (G, Apq, k) be an instance of RAT MAT CF-MM, where matrix A rq
represent a matroid M = (E, T) over field F. Clearly, if the algorithm outputs yes,
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then indeed (G, A aq, k) is a yes instance of RAT MAT CF-MM. Next, we argue that
if (G, Az, k) is ayes instance of RAT MAT CF-MM then the algorithm returns yes.
Suppose there is a solution M C E(G) to RAT MAT CF-MM in (G, A, k). Let
S=1{i,j|ij e M},and L = {i | thereis j € [n]suchthatij € M andi < j}.
Observe that | S| = 2k. Since F is an (n, 2k)-universal set, there is X € F such that
X NS = L. Note that S is a solution to RAT MAT CF-BM in Ix. This together with
Theorem 8 implies that the algorithm will return yes as the output. Next, we prove
the claimed running time of the algorithm. The algorithm computes (n, 2k)-universal
set of size O(2%kP0102h) Jog n), in time O (22 k91026 1 1og n), using Proposition 9.
Then for each X € F, the algorithm creates an instance Iy of RAT MAT CF-BM
in polynomial time. Furthermore, it resolves the Iy of RAT MAT CF-BM in time
O3k A M||O(1)) using Theorem 8. Hence, the running time of the algorithm is
bounded by O (2G@+2kOUogh) || 4, O ,OM)y) O

5.2 FPT algorithm for MATROID CF-SP

In this section, we design an FPT algorithm for MATROID CF-SP. In the following,
we formally define the problem MATROID CF-SP.

MATROID CF-SP Parameter: k£
Input: A graph G, (distinct) vertices s, € V(G), a matrix A4 (representing a
matroid M, over a field F) with columns indexed by E(G), and an integer k.
Question: Is there a set M C E(G) of size at most k, such that there is an s7-path
in G[M] and the set of columns in M are linearly independent (over [F)?

Our algorithm is based on a dynamic programming over representative families. Let
(G, s, t, Apm, k) be an instance of MATROID CF-SP. Before moving to the description
of the algorithm, we need to define some notations.

For distinct vertices u, v € V(G) and an integer p, we define the following.

P, =(X € E(G) | |X| = p, there is a uv-path in G[X] containing all edges @
in X ,andX € 7}

By the definition of convolution of sets, it is easy to see that

Ph=J Ph'*l{wo})
wveE(G)

Now we are ready to describe our algorithm Alg-Mat-CF-SP for MATROID CF-SP.
We gjm to store, foreach v € V(G) \ {s}, p < k,and g < k — p, a g-representative
set Piyl, of Pi, of size (7 ;rq). Notice that for each v € V(G) \ {s}, we can compute

P!

! in polynomial time, since P, = {sv} if su € E(G), and is empty otherwise.
Moreover, since IPSIUI < 1, therefore, we can set 7’7\;3 = PSIU, foreachg < k — 1.
Next, we iteratively compute, for each p € {2, 3, ..., k}, in increasing order, for each
g < k — p, a g-representative P/J, of P%,. The algorithm Alg-Mat-CF-SP is given in

Algorithm 1.
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Algorithm 1: Alg-Mat-CF-SP

Input: A graph G, (distinct) vertices s, t € V(G), a matrix A o (over F), and an integer k.

Output: If there is M C E(G) of size at most k, such that there is an s — ¢ path in G[M] and the set

of columns in M are linearly independent (over [F) then yes. Otherwise, no.

1 for each v € V(G) \ {s} do
2 | ifsve E(G) then P}, = {sv)else P}, =fforq =0tk —1do
3 ‘ Set 73513 = ’PSIU;
4 end
5
6
7
8

end

for p =210k do

forq =0tok — pdo

for eachv € V(G) \ {s} do

1 1
Letpvv = Uyre E(G)P(p Yg+D) *{{wvl};

Compute Pqu glfepp Psv using Theorem 1;
11 end

12 end

13 end

14 for p =1tk do

15 forq=0tok — pdo

16 if 7/5‘”;1 # ¢ then

17 | return yes;

18
19 end

20 end

21 return no;

Next, we prove a lemma which will be useful in establishing the correctness of
Alg-Mat-CF-SP.

Lemma5 For each p € [k], g € [0,k — pl, and v € V(G) \ {s}, the family 7’5
computed by Alg-Mat-CF-SP is a g- representatlve ofPsv, and is of size at most (p+q)

Moreover, the algorithm computes all sets in { P4 | pelkl.g € [0,k —plve
V(G)\ {s}} in time O2°@H Oy,

Proof We prove the claim by induction on p. Consider v € V(G) \ {s}. For p = 1,
the set 73;]) = {sv}ifsv € E (G) and is empty otherwise. Moreover, for each g €

[0, kK — 1], Alg-Mat-CF-SP sets Psv = Pslv Hence, for each ¢ € [0, k — 1], we have

qu Ci’ep Pglv Moreover, the set Psv is computed by the algorithm in polynomial
time.

For induction hypothesis, we assume that for 7 € Ny, foreach p < 1, g9 €
[0,k — p],and v € V(G) \ {5}, we have P! Ctep Ply. Next, consider p =1 + 1,
q €0, k—(t+1],andv € V(G)\ {s}. The step of the algorithm, where it computes
AQH)Q , it has already Computed (correctly), for each p < ¢, q € [0,k — p], and
u e V(G) \ {s}, the set 7’5:] ggep P, This follows from the iteration of the algorithm
over p from 1 to k in increasing order at Step 6 (and Step 1). The algorithm sets
P(t+1)q = Upvre E(G)P( )((H])*{{wv}} and then sets 77( g to be the g-representative

t+14¢q

) ). If we show

set of PUTDY returned by Theorem 1, which is of size at most (
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that PGV d,, PIH1 then by Proposition 6 it will follow that PP <f,, Prt.
But 7ss(tv+l)q g?ep Péjl follows from Lemma 1 and Proposition 7. Also, note that each

entry can be computed in time OO@h Oy, O

Using Lemma 5, we obtain the following theorem.

Theorem 10 The algorithm Alg-Mat-CF-SP is correct. Moreover, it runs in time
O(ZO(wk)nO(l)).

Proof Let (G,s,t, Ay, k) be an instance of MATROID CF-SP. We claim that
(G, s,t, Apm, k) is a yes instance of MATROID CF-SP if and only if Alg-Mat-CF-SP
outputs yes. In the forward direction, let (G, s, t, A rq, k) be ayes instance of MATROID
CFE-SP. Since, using Lemma 5, Alg-Mat-CF-SP computes a g-representative of Pf, of
size at most (”:q), for each p € [k],q € [0,k — pl,and v € V(G) \ {s}, therefore,

the algorithm also computes a g-representative family for Pft. By the definition of
representative set and construction of our family Pft, 7/55, also contains a s — ¢ path
and hence, the algorithm outputs yes. In the reverse direction, if the algorithm outputs
yes then by construction of family 7’551‘,, if P e 7/551‘,, then it is a conflict-free s — ¢ path
in G. This completes the correctness of our algorithm. Moreover, the running time

bound of the algorithm follows from Lemma 5. O

Theorem 10 will also result into an FPT algorithm for CF-SP when the conflict
graph is a cluster graph.

Corollary 1 CONFLICT FREE SHORTEST PATH parameterized by the solution size is
FPT, when the conflict graph is a cluster graph.

Proof Let (G, H, k) be an instance of CF-SP, where H is a cluster graph. We construct
a partition matroid, My = (U, 7), corresponding to graph H as follows. We define
ground set as U = V (H). Now, partition U as U; = V(C;), for each clique C; in H
and @; = 1, for U; € U. By the construction of Mg, we have for S C V(H), S is
an independent set in H if and only if S is independent in M y. Next, we compute
a matrix M representing M g, using Proposition 4 in polynomial time. Now we use
Alg-Mat-CF-SP with input (G, M, k), and return the same output. The correctness of
our algorithm follows from correctness of the algorithm Alg-Mat-CF-SP (Theorem 10),
and by construction of the instance (G, M, k). Note that the matrix M representing
My can be computed in polynomial time. This together with Theorem 10 implies the
claimed running time bound, This concludes the proof. O

6 FPT Algorithm for d-degenerate Conflict Graphs

In this section, we show that CF-MM and CF-SP both are in FPT, when the con-
flict graph H is a d-degenerate graphs. These algorithms are based on the notion of
independence covering family, which was introduced in [25].

Before moving onto description of our algorithms, we define the notion of inde-
pendence covering family.
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Algorithm 2: Alg-CF-MM (Alg-CF-SP)

Input: A graph G,((distinct) vertices s, t € V(G)), a conflict graph H, an integer k, and a
k-independence covering family F of H.
Output: If there a set M C E of size k in G such that M is a matching in G (there is an s — ¢ path in
G[M]) and M is an independent set in H, then yes, and no otherwise.

1 for each I € F do
2 Let G be the graph with V(Gj) = V(G) and E(G}) =1 ;
3 if G| has a matching (path) of size k then
4
5

| return yes:

6 end
7 return no ;

Definition 10 ([25]) For a graph H* and an integer k, a k-independence covering
family, 9 (H*, k), is a family of independent sets in H* such that for any independent
set I’ in H* of size at most k, there is aset I € . (H*, k) suchthat I’ C I.

Our algorithms rely on the construction of k-independence covering family, for a
family of graphs. But before dwelling into these details, we first design an algorithm
for an annotated version of the CF-MM and CF-SP problems, which we call ANNO-
TATED CF-MM and ANNOTATED CEF-SP, respectively. In the ANNOTATED CF-MM
(ANNOTATED CF-SP) problem, the input to CF-MM (CF-SP) is annotated with a
k-independence covering family.

6.1 Algorithms for ANNOTATED CF-MM and ANNOTATED CF-SP

In this section, we study the problems ANNOTATED CF-MM and ANNOTATED CF-SP,
which are formally defined below.

ANNOTATED CF-MM Parameter: k + |F|
Input: A graph G = (V, E), a conflict graph H = (E, E’), an integer k, and a
k-independence covering family F of H.

Question: Is there a matching M C E of size k in G such that M is an independent
setin H?

ANNOTATED CF-SP Parameter: k + |F|
Input: A graph G = (V, E), (distinct) vertices s, € V, a conflict graph H =
(E, E'), an integer k, and a k-independence covering family F of H.

Question: Is there a set M C E of size at most k, such that there is an s — ¢ path
in G[M] and M is an independent set in H?

The algorithm that we design for ANNOTATED CF-MM runs in time polynomial
in the size of the input. We give the algorithm Alg-CF-MM (Alg-CF-SP) (Algorithm 2)
for ANNOTATED CF-MM (ANNOTATED CF-SP).

In the following lemma we prove the correctness of Alg-CF-MM (Alg-CF-SP).

Lemma 6 The algorithm Alg-CF-MM (Alg-CF-SP) is correct. Moreover, the algorithm
runs in time polynomial in the size of the input.
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Proof Let (G, (s, t), H, k, F) be an instance of ANNOTATED CF-MM (ANNOTATED
CF-SP). We show that (G, (s, t), H, k, F) is a yes instance of ANNOTATED CF-MM
(ANNOTATED CF-SP) if and only if Alg-CF-MM (Alg-CF-SP) outputs yes.

Note that the reverse direction easily follows from the fact that F is a family of
independent sets in H. Therefore, we only need to prove the forward direction. In
the forward direction, let (G, (s, t), H, k, F) be a yes instance of ANNOTATED CF-
MM (ANNOTATED CF-SP) and § be one of its solution. Since F is a k-independence
covering family, there is I € F such that S € [ (see Definition 10). Hence, in the
iteration where the algorithm considers I in its for loop, the graph G; has § as a
matching (there is an s — ¢ path in G;[S]). Therefore, the algorithm outputs yes at this
iteration.

The running time analysis follows from the fact that maximum matching (shortest
path) can be computed in polynomial time [12,27]([3,7]). O

Next, we use Alg-CF-MM (Alg-CF-SP) together with Independence Covering Lemma
of [25] to obtain algorithms for CF-MM (CF-SP) when the conflict graph is d-
degenerate or nowhere dense graph. Towards this we state some lemmata from [25]
that we use in our algorithms.

Proposition 12 [25, Lemma 1.1] There is a randomized algorithm running in poly-
nomial time, that given a d-degenerate graph H* and an integer k as input, outputs
an independent set 1, such that for every independent set I’ of size at most k in graph
H*, the probability that I’ C 1 is at least ((k(d]j'l)) ck(d + 1)~

Proposition 13 [25, Lemmas 3.2 and 3.3] There are two deterministic algorithms A,
and Ay, which given a d-degenerate graph H* and an integer k, output independence
covering families .#1(H*, k) and %>(H*, k), respectively, such that the following
conditions are satisfied.
— Ay runs in time O(|#1(H*, k)| - (n + m)), where | %1 (H*, k)| = (k(dkﬂ)) .
20(k@+D) . Jog 5.

e x * k2 (d+1)*
— Ay runs intime O(| % (H*, k)| - (n+m)), where | % (H*, k)| = ( X )-(k(d+
19D . logn.

Next, using Proposition 12 and 13, together with Alg-CF-MM (Alg-CF-SP), we obtain
randomized and deterministic algorithms, respectively for CF-MM (CF-SP), when the
conflict graph is a d-degenerate graph.

Theorem 11 There is a randomized algorithm, which given an instance (G, H, k) of
CF-MM(CF-SP), where H is a d-degenerate graph, in time (k(dlj_l)) -k(d+1) 00,
either reports a failure or correctly outputs that the input is a yes instance of CF-
MM(CF-SP). Moreover; if the input is a yes instance of CE-MM(CF-SP), then the
algorithm outputs correct answer with a constant probability.

Proof Let (G, (s,t), H, k) be aninstance CF-MM (CF-SP), where H is a d-degenerate

graph.

We repeat the following procedure ((k (1:01)

) - k(d + 1)) many times.

1. The algorithm computes an independent set I in (H, k) using Proposition 12.

@ Springer



Algorithmica (2020) 82:1939-1965 1963

2. The algorithm calls Alg-CF-MM (Alg-CF-SP) with input (G, (s, t)H, k, {I}).

The algorithm outputs yes, if in one of the calls to Alg-CF-MM (Alg-CF-SP), it
receives a yes. Otherwise, the algorithm outputs no. The running time analysis of
the above procedure follows from Proposition 12 and Lemma 6. Also, given a yes
instance, the guarantee on success probability follows from Proposition 12, the number
of repetitions, and Lemma 6. Moreover, from Lemma 6 the yes output returned by the
algorithm is indeed the correct output to CF-MM(CF-SP)for the given instance. This
concludes the proof. O

Theorem 12 CF-MM (CF-SP) admits a deterministic algorithm running in time min
2 2

{(k(d]:rl)),zo(k(d+l)) logn, (k (dk+1) )~(k(d+1))0(1)-logn} .n(’)(l)’ when the conflict

graph is a d-degenerate graph.

Proof Let (G, (s,t), H, k) be aninstance CF-MM (CF-SP), where H is a d-degenerate
graph. The algorithm starts by computing a k-independence covering family .# (H, k)
of H, using Proposition 13. Next, we call Alg-CF-MM (Alg-CF-SP) with the input
(G, (s, 1), H, k, Z(H,k)). The correctness and running time analysis of the above
procedure follows from Proposition 13 and Lemma 6. This completes the proof. O

7 Conclusion

We studied conflict-free (parameterized) variants of MAXIMUM MATCHING (CF-MM)
and SHORTEST PATH (CF-SP). We showed that both CF-MM and CF-SP are W[1]-
hard, when parameterized by the solution size. In fact, our W[1]-hardness result for
CF-MM holds even when the graph where we want to compute a matching is itself
a matching and W[1]-hardness result of CF-SP holds even when the conflict graph
is a unit interval graph. Then, we restricted our attention to having conflict graphs
belonging to some families of graphs, where the INDEPENDENT SET problem is either
polynomial time solvable or solvable in FPT time. In particular, we considered the
family of chordal graphs and the family of d-degenerate graphs. For the CF-MM
problem, we gave an FPT algorithm, when the conflict graph belongs to the family of
chordal graphs. We observed that, we cannot obtain an FPT algorithm for the CF-SP
problem when the conflict graph is a chordal graph. This holds because unit-interval
graphs are chordal, and the problem CF-SP is W[1]-hard, even when the conflict
graph is a unit-interval graph. For conflict graphs being d-degenerate, we obtained
FPT algorithms for both CF-MM and CF-SP. Our results hold even when the conflict
graph is a nowhere dense graph. Finally, we studied a variant of CF-MM and CF-SP,
where instead of conflicting conditions being imposed by independent sets in a conflict
graph, they are imposed by independence constraints in a (representable) matroid. We
gave FPT algorithms for the above variant of both CF-MM and CF-SP.

An interesting question is to obtain (parameterized) dichotomy results for CF-MM
and CF-SP, based on the families of graphs where the input graphs belong to. Another
direction could be studying kernelization complexity for different families of graphs,
and also to see what all FPT problems remain FPT with the conflicting constraints.
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