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Abstract In this paper, we consider the non-negative submodular function minimiza-
tion problem with covering type linear constraints. Assume that there exist m linear
constraints, and we denote by A; the number of non-zero coefficients in the ith con-
straints. Furthermore, we assume that Ay > Ay > --- > A,,. For this problem,
Koufogiannakis and Young proposed a polynomial-time A1-approximation algorithm.
In this paper, we propose a new polynomial-time primal-dual approximation algorithm
based on the approximation algorithm of Takazawa and Mizuno for the covering integer
program with {0, 1}-variables and the approximation algorithm of Iwata and Nagano
for the submodular function minimization problem with set covering constraints. The
approximation ratio of our algorithm is max{A,, min{A1, 1 4+ I1}}, where IT is the
maximum size of a connected component of the input submodular function.

Keywords Submodular function minimization - Primal-dual approximation
algorithm

1 Introduction

Assume that we are given a finite set U. Then a function f: 2V — R is said to be
submodular, if
FX)+fX) = fXUY)+ f(XNY)

for every pair of subsets X, Y of U, where R is the set of real numbers. Submodular
functions play an important role in many fields, e.g., combinatorial optimization,
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machine learning, and game theory. One of the most fundamental problems related
to submodular functions is the submodular function minimization problem. In this
problem, we are given a submodular function f: 2V — R, and the goal is to find a
subset X of U minimizing f (X) among all subsets of U, i.e., to find a minimizer of f.
It is known [5,6,8,20] that this problem can be solved in polynomial time (we assume
the oracle model).

In this paper, we consider constrained variants of the submodular function min-
imization problem. Constrained variants of the submodular function minimization
problem have been extensively studied in various fields [4,7,9-15,21,23]. For exam-
ple, Iwata and Nagano [9] considered the submodular function minimization problem
with vertex covering constraints, set covering constraints, and edge covering con-
straints, and gave approximability and inapproximability. Goel, Karande, Tripathi, and
Wang [4] considered the vertex cover problem, the shortest path problem, the perfect
matching problem, and the minimum spanning tree problem with a monotone submod-
ular cost function. Svitkina and Fleischer [21] also considered several optimization
problems with a submodular cost function. Especially, Svitkina and Fleischer [21]
proved that for the submodular function minimization problem with cardinality lower
bound, there does not exist a polynomial-time o(+/n/In n)-approximation algorithm.
Iyer and Bilmes [10] and Kamiyama [14] considered the submodular function min-
imization problem with submodular set covering constraints. Furthermore, Jegelka
and Bilmes [13] considered the submodular function minimization problem with cut
constraints. Koufogiannakis and Young [15] considered the monotone submodular
function minimization problem with general covering constraints. Hochbaum [7] con-
sidered the submodular minimization problem with linear constraints having at most
two variables per inequality. Zhang and Vorobeychik [23] considered the submodular
function minimization problem with routing constraints.

In this paper, we consider the non-negative submodular function minimization prob-
lem with covering type linear constraints. Assume that there exist m linear constraints,
and we denote by A; the number of non-zero coefficients in the i th constraints. Further-
more, we assume that A > A > --- > A,,. For this problem, Koufogiannakis and
Young [15] proposed a polynomial-time Aj-approximation algorithm. In this paper,
we propose a new polynomial-time primal-dual approximation algorithm based on the
approximation algorithm of Takazawa and Mizuno [22] for the covering integer pro-
gram with {0, 1}-variables and the approximation algorithm of Iwata and Nagano [9]
for the submodular function minimization problem with set covering constraints. The
approximation ratio of our algorithm is

max{Ay, min{Ay, 1 + IT}},

where I7 is the maximum size of a connected component of the input submodular
function (see the next section for its formal definition). It is not difficult to see that the
approximation ratio of our algorithm is at most A;. Furthermore, if [T is small (i.e.,
the input submodular function is close to a linear function) and A is also small, then
our approximation can improve the algorithm of Koufogiannakis and Young [15]. For
example, in the minimum knapsack problem with a forcing graph (see, e.g., [22] for
its formal definition), A is large, but A; is small.
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2 Preliminaries

We denote by R and R the sets of real numbers and non-negative real numbers,
respectively. For each finite set U, each vector v in RY, and each subset X of U, we
define v(X):=)", .y v(u).

Throughout this paper, we are given finite sets N and M = {1, 2, ..., m} such that
m > 2, and a non-negative submodular function p: 2V R such that p(¥) = 0.
We assume that for every subset X of N, we can compute p(X) in time bounded by
a polynomial in | N|. Furthermore, we are given vectors a in Rf *N and b in Rﬁf’ . For
each subset X of N, we define the vector xx in {0, l}N by

ol itiex
XE=V0 i j e N\ X

Then we consider the following problem SCIP.

Minimize p(X)

subjectto Y a(i, )xx(j) = b(i) (i €M)
JEN
X CN.

Without loss of generality, we assume that for every element i in M,

> al, j) = bi). (1

jeN

Otherwise, there does not exist a feasible solution of SCIP.

For each element i in M, we define A; as the number of elements j in N such that
a(i, j) # 0. Without loss of generality, we assume that A} > Ay > ... > A,,.

A subset X of N is said to be separable, if there exists a non-empty proper subset
Y of X such that

p(X) =pY)+ p(X\7).

Furthermore, a subset X of N is said to be inseparable, if X is not separable. It is
known [1, Proposition 4.4] that N can be uniquely partitioned into non-empty subsets
I, I, ..., Is satisfying the following conditions in polynomial time by using the
algorithm of Queyranne [19]. (For completeness, we give an algorithm for computing
I, I, ..., Isin Appendix 4.)

1. I, is inseparable for every integer pin {1, 2, ..., §}.
2. For every subset X of N,

p(X)=pXNI)+pXND)+ -+ p(XNIs).

Define
M:=max{|,], |12, ..., [1s]},
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and we call IT the dependency of p. In this paper, we propose a polynomial-time
approximation algorithm for SCIP whose approximation ratio is

max{A;, min{A, 1 + IT}}.

For SCIP, Koufogiannakis and Young [15] proved that if p is monotone, i.e.,
p(X) < p(Y) for every pair of subsets X, Y of N such that X C Y, then there exists
a Ap-approximation algorithm. (See [9, p.675] for the monotonicity of an objective
function.) Iwata and Nagano [9] considered the case where a(i, j) € {0, 1} and b(i) =
1 forevery elementi in M and every element j in N, and proposed a A-approximation
algorithm. Notice that if there exists a vector ¢ in Rﬁ such that p(X) = ¢(X) holds
for every subset X of N, then the dependency I7 is equal to 1. Thus, if we assume
that A, > 2, then the approximation ratio of our algorithm is A,. This implies that
our result can be regarded as a generalization of the Aj-approximation algorithm of
Takazawa and Mizuno [22] for the covering integer program with {0, 1}-variables.

3 Algorithm

For proposing an approximation algorithm for SCIP, we need to introduce a linear pro-
gramming relaxation of SCIP. This approach was proposed by Iwata and Nagano [9]
for the submodular function minimization problem with set covering constraints.

We first define the function p: Rﬁ — R, called the Lovdsz extension of p [16].
Assume that we are given a vector v in Rﬁ. Furthermore, we assume that for non-
negative real numbers 01, 03, ..., Uy such that 9 > 0 > --- > 05, we have
{01, 02,...,0s} = {v(j) | j € N}. Then for each integer p in {1,2,...,s}, we
define N, by

Npi={j € N | v(j) = Dy}

Then we define p(v) by

p(v):= Z (0p = Dp+1) P(Np),

p=1

where we define 0;.1:=0. It is known [3] that

pv) = max > v(iz(), )

JEN
where we define P(p) by
P(p):={z € RY | z(X) < p(X) for every subset X of N}.
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By considering the dual problem of (2), we can see that for every vector v in }Rﬁ ,p(v)
is equal to the optimal objective value of the following problem (see, e.g., [9]).

Minimize Z p(X)E(X)
XCN

subject to Y EX)=v() (jeN) 3)
XCN: jeX
£e R?FN.

It is not difficult to see that for every subset X of N, p(X) = p(xx). Thus, SCIP
is equivalent to the following problem.

Minimize p(x)

subjectto Y " a(i, j)x(j) = b(i) (i € M) @
JEN
x € {0, V.

Define the vectors @ in RY <Y 2" and b in RY <2V by
b, Ay=max [0.b() = Y ai. ).

JjeEA
a(i, j, A):==min{a(i, j), b(i, A)}.

Then we consider the following problem.

Minimize p(x)

subjectto Y @i, j, A)x(j) = b(i, A) (i€ M,AC N)
JEN\A
x e {0, V.

(&)

The constraints of (5) are based on the results of [1,2]. It is known [1,2] that for
every vector x in {0, 1}V, x is a feasible solution of the problem (4) if and only if
x is a feasible solution of the problem (5). We give the proof of this statement for
completeness.

Theorem 1 For every vector x in {0, 1}V, x is a feasible solution of the problem (4)
if and only if x is a feasible solution of the problem (5).

Proof Let us fix a vector x in {0, 1}V and an element i in M. Assume that x is a
feasible solution of the problem (4). Let A be a subset of N. If there exists an element
j*in N \ A such that x(j*) = 1 and a(i, j*) > b(i, A), then since a(i, j, A) > 0 for
every element j in N,

> al. j, Ax () = ad. j*, A) = b(, A).
JEN\A
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Assume that a(i, j) < b(i, A) for every element j in N \ A such that x(j) = 1. Since
a(i, j, A) > 0 for every element j in N,

D al, j, Ax(j) = 0.

JEN\A

Furthermore, since

> ali, Hx(j) = bli),

JEN
we have
> aG j. Ax(G)y= Y al. )Hx(j)
JEN\A JEN\A
> b(i) — Y al, Hx(j)
JjeEA
> b(i) — Y _ali, j).
jeA

This implies that x is a feasible solution of the problem (5).
Assume that x is a feasible solution of the problem (5). Then we have

> al. jyx() = Y a. j. Hx(j) = b %) = bl).

JEN JEN
This implies that x is a feasible solution of the problem (4). O

We consider the following relaxation problem RP of the problem (5). Notice that
Theorem 1 implies that RP is a relaxation problem of the problem (4).

Minimize p(x)

subjectto Y @i, j. A)x(j) = b(i, A) (i € M,A S N)
jEN\A
X € Rﬁ.

Since for every vector v in Rﬁ, p(v) is equal to the optimal objective value of the
problem (3), the optimal objective value of RP is equal to that of the following problem
LP.

Minimize Y p(X)&(X)

XCN
subjectto Y @i, j. A)x(j) = b, A) (i € M,A S N)
JEN\A
Yo EX) =x()) (jen)
XCN: jeX

N
(x,&) e RV xR,
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Notice that we neglect the redundant non-negativity constraint of x. Then the dual
problem of LP can be described as follows.

Maximize Z Z b(i, A)y(i, A)
ieM ACN

subject to Z Z a(i, j,A)y(i,A)=z(j) (j€N)
ieM ACN: j¢A
(v.2) € R 5 P(p).

We call this problem DLP.

Let z be a vector in P(p). Define the function p — z: 2Y — Ry by (p —
2)(X):=p(X) — z(X). Then p — z is submodular, and minxcy(p — 2)(X) =
(p — 2)(¥) = 0. Furthermore, it is not difficult to see that for every pair of mini-
mizers X, Y of p — z, X UY is a minimizer of p — z. Thus, there exists the unique
maximal subset X of N such that p(X) = z(X).

We are now ready to propose our algorithm, called Algorithm 1. This algorithm is
based on the approximation algorithm of Takazawa and Mizuno [22] for the covering
integer program with {0, 1}-variables. For each element i in M and each subset S of
N, we define a vector g; s in RY by

()= a@i,j,S) ifjeN\S
S I ifjes.
Then Algorithm 1 can be described as follows. Notice that y1, y;, ..., yr are needed
only for the analysis of Algorithm 1.
The following lemmas imply that Algorithm 1 is well-defined and halts in finite
time.

Lemma 1 Assume that we are given an element i in M and a subset S of N such
that b(i, S) > 0. Then there exists an element j in N \ S such that a(i, j, S) > 0.
Furthermore, there exists a subset X of N such that g; s(X) # 0.

Proof The second statement follows from the first statement. Assume that for every
element j in N \_S ,a(i, j, §) = 0 (notice thata(i, j, §) > 0). Then for every element
jin N\ §,since b(i, S) > 0, the definition of a(i, j, S) implies thata(i, j) = 0. Thus,

we have
b(i) > Y ali, j)=Y_ al, j)
jes JjeN
where the strict inequality follows from the fact that 5(i, S) > 0. This contradicts (1).
O

Lemma 2 Assume that we are given an element i in M, a subset S of N, and a vector
zinP(p) suchthat b(i, S) > 0. Furthermore, we assume that S is the unique maximal
subset of N such that p(S) = z(S). If we define

_ p(X) —2(X)
" OXSN:igis(X)#0  gis(X)
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Algorithm 1:

1 Set t:=1 and r:=m.

2 Define y1, z; to be the zero vectors in and RV, respectively.

3 Define S to be the unique maximal subset of N such that p(S1) = z1(S1).
4 while r > 1 do

s | whileb(r, S;) > 0 do

6 Define the real number «; by

RMXZN

. P00 — (%)
TXCN gy 020 grs(X)

. N
7 Define the vector y,; 1 in RM*2" by

yt(i,A)+(¥t ifi =rand A = Sl‘

Y1 A):= v (i, A) otherwise.
8 Define z;+1:=z; + a; - &5,
9 Define S;1 to be the unique maximal subset of N such that
P(Si+1) = Ze41(Sr41).
10 Sett:=t + 1.
11 | end
12 | Define #(r):=t, and set r:=r — 1.
13 end
14 Define T:=t.
15 if 7(1) = 7 (2) then
16 | Define Q:=Sr.
17 else
18 | For each integer £ in {1, 2, ..., §}, we define

Q=S 1 U(ST\ ST-1) N (LT UL U---Uly)).

19 | Define f:=min{f € {1,2,...,8} | b(1, Q¢) = 0} and 0:=0g.
20 end
21 Output Q, and halt.

and 7=z + « - g s, then we have
(1) " € P(p).

Furthermore, we define S’ as the maximal subset of N such that p(S’) = 7/(S"). Then
we have

(2) SCS.
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Proof We first prove (1). For every subset X of N such that g; s(X) = 0, we have
7/ (X) = z(X) < p(X). Furthermore, for every subset X of N such that g; s(X) # 0,

X) —z(X
7X)=z(X)+a-gis(X) <z(X)+ pX) = 2(X) - gis(X) = p(X).
gi.s(X)

This completes the proof.
Next we prove (2). Since z'(j) = z(j) for every element j in S, p(S) = z/(S). The
maximality of §” implies that § C §’. Let Z be a subset of N such that g; s(Z) # 0

and
_ p(2)—z(Z)
8i.s(Z)
Then p(Z) = 7/(Z). The maximality of S" implies that Z C §’ holds. Furthermore,

since g; s(Z) # 0, we have Z ¢ S, which implies that S C §’. This completes the
proof. O

Notice that since Q5 = S7 and b(1, S7) = 0, B is well-defined.

4 Analysis

In this section, we analyze properties of Algorithm 1.

We first prove that Algorithm 1 is a polynomial-time algorithm. It follows from
Lemma 2(2) that T is at most [N | + 1. It is known [18] that «; can be computed in
polynomial time. Furthermore, it is known (see, e.g., [17, Note 10.11]) that we can find
the unique maximal subset S;41 of N such that p(S;+1) = z;41(S¢+1) in polynomial
time. These imply that Algorithm 1 is a polynomial-time algorithm.

Next we evaluate the approximation ratio.

Lemma 3 For every integert in{1,2, ..., T}, (y:, 2;) is a feasible solution of DLP.

Proof We prove this lemma by induction on ¢. If + = 1, then this lemma follows
from the fact that p(X) > O for every subset X of N. Assume that this lemma
holds when + = k (> 1), and then we consider the case of t = k + 1. Assume
that t(r + 1) < k+ 1 < t(r) for an integer r in {1, 2, ..., m}, where we define
t(m 4 1):=0. Since ox > 0 follows from zx € P(p), we have yry1 € R_A;IXZN.
Furthermore, Lemma 2(1) implies that zxz+; € P(p). For every element j in S,

Zk+1(j) = zx(j) and

YooY Al Ay A=Y Y al, j, Ay, A).

ieM ACN: j¢A ieM ACN: j¢A

For every element j in N \ Sk, zxk+1(j) — zx(j) = a(r, j, Sk) - o and

YooY Al Ay A=Y > al, j, A, A)

ieM ACN: j¢A ieM ACN: j¢A
= a(rs j’ Sk) : (yk+1(r1 Sk) - Yk(’ﬂ Sk))
=a(r, j, Sk) - o.
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This completes the proof. O

Lemma 4 The vector x is a feasible solution of the problem (4), i.e., Q is a feasible
solution of SCIP.

Proof Leti be an element in M. Define a subset X of N by

o ISt %fi#l
0 ifi=1.

Since E(i, X) =0, we have
b(i) < Y ali, j).
jex
Thus, since a(i, j) > 0 for every element j in M and X C Q, we have
b(i) <y ali, j) <) al, ).
jex jeQ

This implies that o is a feasible solution of the problem (4). This completes the
proof. O

Lemma 5 We have p(Q) = z7(Q).

Proof If t(1) = t(2), then Q = S7, and thus this lemma follows from z7(S7) =
p(S7). In what follows, we assume that 7 (1) # 7(2). Since z7 € P(p),

zr(St—1 N 1p) < p(ST—1 N 1))

for every integer p in {1,2,...,68}. Since z7_1(S7—1) = p(ST—1) and z7(j) =
zr—1(j) for every element j in St_i,

zr(S7-1) = zr-1(S7-1)
= p(Sr-1)
=pSr—1N1) +pSr—1N0 D)+ -+ p(Sr—1 N 1)
>zr(Sr—1N 1) +zr(Sr—1 N L)+ +z2r(Sr—1 N 1s)
= zr(S7-1).

This implies that we have
2r(Sr—1N1p) = p(Sr—1N 1))
for every integer p in {1, 2, ..., §}. In the same way, we can prove that

(St N 1p) = p(SrN1y)
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for every integer p in {1, 2, ..., §}. Thus, since
OQ=@rNIHU---UST NI U(ST—1NIgp1) U---U(St—1 N 1),
we have

p(Q)=plSTNI)+ -+ oSt NIg)+ p(ST—1 N lpt1) + -+ p(ST—1 N Is)
=zr(St NI+ +zr (St NIg) +zr(ST—1 N lgy1) +---
+z7(S7—1 N 1Is)
= z7(Q).

This completes the proof. O

Theorem 2 Algorithm 1 is an approximation algorithm for SCIP whose approxi-
mation ratio is max{A;, min{A, 1 + I1}}.

Proof Lemma 4 implies that Algorithm 1 is an approximation algorithm for SCIP.
Let OPT be the optimal objective value of SCIP. Lemma 3 implies that

> bi. Ayr(i. A) < OPT. (6)

ieM ACN

Furthermore, Lemma 5 implies that

p(Q) =zr(Q)

o33 aG. g Ayri. A

jeQieM ACN: j¢A

=Y > al. j. Ayra. A).

ieM ACN jeQ\A

(N

Let i be an element in M. Then we have

YooY alj, AyrG. A= Y alj, Ayrl A

ACN jeQ\A ACN jeQ\A: a(i,j)#0
> > b(i, A)yr (i, A) )

ACN jeQ\A: a(i,j)#0

Ai - Y b, Ayr(. A).

ACN

IA

IA
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Assume that £ (1) # t(2). Define Qo:=S7_1. For every subset A of S7_1,

Yoatj A< Y al)

Jj€0p-1\A Jje0p-1\A
= Y all,p—) a(,j) (byAS Qs 1)
JEQp-1 JeA ©)
<b() =Y a(l, )
jeA
<b(, A),

where the strict inequality follows from the definition of g (i.e., b(l, Op-1) > 0).
Furthermore, the definition of Algorithm 1 and Lemma 2(2) imply that for every
subset A of N, if yr(1, A) > 0, then A € S7_;. Thus,

Yo D ad, j, Ayrd, A)

ACN jeQ\A

= Z Z a(l, j, Ayr(l, A)

ACST_1 jeQ\A

= > (LA Y ad,j A

ACST JEQ\A

= Y wan] Y adgo+ Y ad )

ACST- Jj€Qp-1\A JEO\Qp-1

> v alpa Y baHL byoy

ACST 1 JEO\Qp—1

> v b A+ 1B A Oy Il < D)
ACST

=+ Y b(l, Ayr(l, A)
ACST—1

=(1+1)- Y b1, Ayr(l, A).
ACN

(10)

IA

IA

Notice that if (1) = #(2), then y7 (1, A) = 0 for every subset A of N. Thus, (6), (7),
(8), and (10) imply that
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p(Q) =" Y al,j, AyrG, A

ieM ACN jeQ\A

=3 Y al i, Ayr(L A+ Y D Y ad, j, AyrG, A)

ACN jeQ\A ieM\{1} ACN jeQ\A

<min{Ap 1+ T} )0 b Ayr (LA + Ay Y Y b Ayr(i. A)
ACN ieM\{l1} ACN

< max{Ay, min{Ay, 1+ 1T} - Y > b(i, A)yr(i, A)
ieM ACN
< max{A;, min{A;, 1 + IT}} - OPT.

This completes the proof. O

A Algorithm for Computing Iy, I», ..., I;

It is known [1, Proposition 4.4] that we can compute Iy, I, .. ., Is by greedily parti-
tioning a separable subset in a current partition. Formally speaking, we can compute
11, I, ..., Is by using Algorithm 2.

Algorithm 2:

1 Set P:={N}.

2 if there exists a separable member X in P then

3 Find a non-empty proper subset Y of X such that p(X) = p(Y) + p(X \ Y).
4 | SetP:=(P\{XHU{X\Y, Y}

5 end

6 Output P, and halt.

For proving that I, I», ..., Is can be computed in polynomial time, it suffices to
prove that the following problem can be solved in polynomial time.

Input: A subset X of N.
Task: Decide whether there exists a non-empty proper subset ¥ of X such that
p(X) = p(Y)+ p(X \Y). If there exists such a subset Y, then find Y.

Define p: 2X — R by
PY)=p)+ p(X\Y) = p(X).

Then it is not difficult to see that for every subset Y of X, we can compute p(Y) in time
bounded by a polynomial in |N|. Furthermore, p(¥J) = p(X) =0, p(Y) = p(X \ Y)
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for every subset Y of X. For each pair of subsets Y, Z of X,

oY) +0(Z)=p¥)+p(X\Y)—p(X)+ p(Z) +p(X\ Z) — p(X)
>pYUZD)+pXYNZ)+pX\(¥YNZ))
+p(X\(YUZ)) —2p(X)
=pYUZ)+p(X\ (Y UZ)) —pX)
+p(¥YNZ)+p(X\ (Y NZ))— p(X)
=p(YUZ)+p(YNZ).

That is, p is a submodular function. For every subset ¥ of X,
2p(Y)=p(¥)+p(X\Y)=p(X)+p®) =0.

Thus, there exists a non-empty proper subset ¥ of X suchthat p(X) = p(Y)+p(X\Y)
if and only if there exists a minimizer Y of p such that Y # @, X. It is known [19] that
we can find a non-empty proper subset ¥ of X minimizing p(Y) among all non-empty
proper subsets of X in polynomial time. Let Y* be a non-empty proper subset of X
minimizing p(Y*) among all non-empty proper subsets of X. If p(Y*) > 0 holds, then
there does exist a non-empty proper subset ¥ of X such that p(X) = p(Y)+p(X\Y).
Otherwise, Y* is a solution of the above problem. This complete the proof.
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