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Abstract We study the following optimization problem. The input is a number k and
a directed graph with a specified “start” vertex, each of whose vertices may have one
“memory bank requirement”, an integer. There are k “registers”, labeled 1, ..., k. A
valid solution associates to the vertices with no bank requirement one or more “load
instructions” L[b, j], for bank b and register j, such that every directed trail from
the start vertex to some vertex with bank requirement ¢ contains a vertex u that has
been associated L[c, i] (for some register i < k) and no vertex following u in the
trail has been associated an L[b, i], for any other bank b. The objective is to minimize
the total number of associated load instructions. We give a k(k + 1)-approximation
algorithm based on linear programming rounding, with (k + 1) being the best possible
unless Vertex Cover has approximation 2 — € for € > 0. We also present a O (k logn)
approximation, with n being the number of vertices in the input directed graph. Based
on the same linear program, another rounding method outputs a valid solution with
objective at most 2k times the optimum for k registers, using 2k — 1 registers.
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1 Introduction

Partitioned memory architecture is common in 8-bit microcontrollers. For example,
Freescale [12] 68HC11 8-bit microcontrollers allow multiple 64 KB memory banks to
be accessed by their 16-bit address registers with only one bank being active at a time.
Zilog [31] Z80 also addresses a maximum of 64 KB memory using 16-bit address reg-
isters. Other examples include Intel 8051 processor family and MOS technology 6502
series microcontrollers. For embedded systems using these 8-bit microcontrollers, how
to insert bank selection instructions (or load instructions) to minimize the code size is
an important research topic. Given a Control Flow Graph, where each node represents
some code block, we can insert bank selection instructions (loading a bank index to a
register) either immediately before the block or immediately after the block to activate
some memory bank. We want to use the minimum number of bank selection instruc-
tions to guarantee that no matter from which path the program enters the current code
block, the memory bank which contains this block is active at this moment. Formal
definitions are in the next subsection.

Note that we are not optimizing the run-time of the program (in which case the
problem would resemble caching [25]) nor the number of registers needed for a pro-
gram (as in Thorup [27], Kannan and Proebsting [18], and Jansen and Reiter [16]).
An early related work is [15]. More recent work appears in [24], while [6,19-21,26]
and many other papers deal with practical issues of NP-hard variants of register allo-
cation. Also, as opposed to most theoretical work, we do not assume any structure
(such as low treewidth) for the input graph. Most related to our model are the “spill
heuristics” discussed in [3-5,9,11,28], but as the name suggests we do not know of
any previous approximation algorithms. Here “spill” means putting some variables in
the RAM instead of registers and the aim of those heuristics is to minimize the number
of variables “spilled”.

So, while our problem resembles register allocation, it differs in the following ways.
We do not force a bank with a “live-range” to stay in the same register but allow the
register to change content over time. We also have the restriction that a bank variable
cannot be stored in RAM when it is to be visited (it must come back to a register in
time, which is different from the Register Allocation problem where a variable can
be spilled). In the new setting, our goal is to minimize the total number of content
switching instructions for registers inserted into the program.

We organize the remaining of the paper as follows. Section 1.1 gives the original
problem formulation k-OBSIM together with the more pure version k-BSIM. Section
1.2 describes previous and new results and further discussion. In Sect. 2, we show
a reduction to prove the hardness of k-OBSIM and also show that the k-OBSIM
problem can be transformed to the k-BSIM problem and hence we will focus on
solving k-BSIM. Section 3 presents our integer linear program for 1-BSIM and the
rounding procedure giving the 2-approximation. We also discuss derandomization in
Sect. 3.2, using linear programming duality to reduce the running time of the rounding
procedure. Section 4 presents the generalization of the approximation results from
1-BSIM to k-BSIM, as well as the two other approximation results mentioned in the
abstract. We conclude in Sect. 5.
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1.1 Problem Formulation

Starting directly from embedded systems, we obtain the Original k-Bank Selection
Instruction Minimization problem (k-OBSIM), defined as follows: the input is a num-
ber k and a directed graph, called the control flow graph (CFG), with a specified “start”
vertex, and for each vertex we have at most one “memory bank requirement”, an inte-
ger. The vertices of the CFG correspond to blocks of code in an embedded system,
and arcs represent possible jumps in the code. Many embedded systems use parti-
tioned memory architecture, and program variables are stored in “banks” that must be
activated by storing its index in registers before use. For illustration convenience, we
simply say a bank is stored in a register when the bank is activated. A vertex with no
bank requirement is called a transparent vertex, and a vertex with one bank require-
ment is called a required vertex. There are k registers, labeled 1, ..., k. Let B be the
set of possible banks.

Each vertex of the CFG may “load” a bank (use a bank load instruction), either at
the “entrance” or at the “exit” of the vertex (or both). We write LY, [b, j] for loading

n
bank b in register j at the entrance of vertex u, and L% [b, j] for loading at the exit.

out
Although loading is also allowed on the arcs of the CFG, we prefer to subdivide such
arcs with transparent vertices to keep the problem description simpler. Also, when
k =1, a small proof shows that any load on an arc can be done instead at the entry of
the head of the arc, resulting in another feasible solution not worse in the number of
load instructions.

For a trail (directed path, not necessarily simple) P, let P denote the set of interior
vertices of P, obtained as follows: from the sequence of vertices of P, remove the
first and last vertex, and then eliminate duplicates. Note that the start or end of P may
appear in P. If for trail P we have vertex w € P, let P[w] be the subtrail of P from
the last occurrence of w in P to the end vertex of P. Let s be the start vertex of the
CFG. In a feasible solution, bank load instructions must be associated to CFG vertices
such that, for any trail P from s to some node v that has a bank requirement b, P has
a vertex w (which may be v) and a register j for some j < k such that one of the
following holds:

1. w = v, and we have L [, j]butno L} [c, j] forany ¢ € B with ¢ # b
2. whas Ly, [b, j], and for no ¢ € B with ¢ # b there is L}, [c, j]l or LY, [c, j] or

out T out
a vertex u of P[w] with either L% ,[c, j] or L;‘n[c, jl
3. whas LY [b, j], and for no ¢ € B with ¢ # b there is L}, [c, j] or L} [c, j] or

LY, lc, j]oravertex u of m with either L%, [c, j] or Ll’.‘n[c, jl.

We call such a trail fulfilled. See Figs. 1, 2, and 3 for examples of feasible solutions.
In other words, in a trail from the start vertex to some vertex v requiring bank b, bank
b is always loaded in some register and there are no other bank loads over b further
on the trail. The objective is to minimize the total number of bank load instructions
(as to keep the embedded code as short as possible). See the right example in Fig. 1
for a scenario where simple paths can be fulfilled but there exists an unfulfilled trail.

We prefer to work with a slightly more pure problem, called k-BSIM. The input is
anumber k and a directed graph with a specified “start” vertex, each of whose vertices
may have one “memory bank requirement”, an integer. There are k “registers”, labeled
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O

Fig.1 On the left: An example input with a feasible solution when k = 1. Circles represent nodes and the
number in the circle means the bank required by this node (empty circles are transparent nodes). The start
vertex is not represented, or it could be the top (transparent) vertex. With only one register, and the position
w.r.t. a vertex clear from the picture, we write L(a) to mean “load bank a”. On the right: another example
(also k = 1) with an unfeasible solution. There is a non-simple path going to the lower vertex with bank
requirement a that loads a, then b, and does not load a again

Fig. 2 On the left, an instance with directed cycles, for k = 1. Nodes 1a and 2a require bank a, nodes 1b
and 2b require bank b, nodes 1c and 2c¢ require bank ¢, while the start s and node u are transparent. On the
right, a feasible solution. We abbreviate L, [b, j] or L;,[b, j]to L(b) since the figure shows the position
of the load instructions, and there is exactly one register

1, ..., k. A valid solution associates to the vertices with no bank requirement one or
more “load instructions” L[b, j], for bank b and register j, such that every directed
trail from the start vertex to some vertex with bank requirement ¢ contains a vertex
u that has been associated L[c, i] (for some register i < k) and no vertex following
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Fig. 3 An example input with a
feasible solution when k = 3.
For the bottom node which
accesses bank 1, there are three
paths entering it, where two of
them have bank 1 loaded in
register 1 and one of them has
bank 1 loaded in register 3. We
abbreviate Lo, [b, j] or

Li, (b, j)to L(b, j) since the
figure shows the position of the
load instructions. The start
vertex is not represented and has
only one arc, to the top-most
vertex

u in the trail has been associated an L[b, i], for any other bank b. The objective is to
minimize the total number of associated load instructions.

The difference between k-OBSIM and k-BSIM is that in k-BSIM, “load instruc-
tions” can only be added inside nodes with no bank requirement (transparent nodes)
while in k-OBSIM, “load instructions” can be added before and after any node.

1.2 Results and Discussion

The paper [22] studies 1-OBSIM without transparent nodes, showing NP-hardness
and a 2-approximation algorithm. We generalize this result, by giving a k(k + 1)-
approximation algorithm for k-OBSIM (transparent nodes also allowed) based on
linear programming rounding. In a personal communication, Yuan Zhou [30] claimed
that 1-OBSIM without transparent nodes does not have a 2 — € approximation algo-
rithm unless vertex cover has a 2 — € approximation algorithm (and it is believed
that such an algorithm does not exist). We also present such a reduction, and gen-
eralize it to show that k-OBSIM without transparent nodes does not have a @ — €
approximation algorithm unless (k + 1)-uniform Hypergraph Vertex Cover has such
an algorithm. It is known that it is NP-hard to approximate Hypergraph Vertex Cover
in a r-uniform-hypergraph to within a factor of (r — 1 —€) [10], and it is believed that
an approximation ratio of r is the best a polynomial-time algorithm can do. Thus it is
NP-hard to approximate k-OBSIM (k > 2) within a factor of k — €.

The results in [22] only work for acyclic CFGs with no transparent nodes, while all
our approximation algorithms work for arbitrary CFGs (with cycles and transparent
nodes) by adding an essential new constraint and also using a more sophisticated
rounding analysis, which is akin to how node-multiway-cut [13] generalizes Vertex
Cover. For k = 1, the existence of transparent nodes poses a serious challenge, since
given a transparent node v, solutions without a “load instruction” at v may exist, and
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for such a solution, different program flows (trails) going through v can have different
banks being active when leaving v. However, for a node with a bank requirement, no
matter which flow the program goes through, the active bank will be the same after
going through this node. For k > 1, there are similar issues.

Based on the same linear program, we also present a O (k log n)-approximation,
with n being the number of vertices in the input directed graph, for k.-BSIM. Another
rounding method outputs a valid solution with objective at most 2k times the optimum
for k registers, however using 2k — 1 registers instead of k registers. The linear program
contains one “clever” constraint which makes it similar, for k = 1, to the linear program
used by Garg et al. [13] to obtain a 2-approximation for Node Weighted Multiway Cut.
We discussed earlier the hardness of k-BSIM, obtained from the hardness of k-uniform
Hypergraph Vertex Cover. Informally, k-BSIM also inherits some hardness from k-
Coloring (as in the register allocation papers [27] and [18], with the latter using, as one
of our algorithms above, 2k instead of k registers) and we see intuitive connections to
Directed Steiner Tree [7,29,32] and Multicut in directed graphs [2,8,14].

2 Reductions

A reduction from Vertex Cover to 1-OBSIM without transparent nodes was announced
by Yuan Zhou [30]. We show directly how (k + 1)-uniform Hypergraph Vertex Cover
reduces to k-OBSIM without transparent nodes.

r-uniform Hypergraph Vertex Cover is the following problem: The input H =
(V, E) is a r-uniform hypergraph; that is each hyperedge e € E is a subset of V of
size r. A set C of vertices is said to cover a hyperedge e if e N C # ¢, and is said to
be a vertex cover if it covers all hyperedges. The objective is to find a minimum size
vertex cover. Vertex cover is 2-uniform Hypergraph Vertex Cover.

Please refer to Fig. 4 for an illustration. Given a (k + 1)-uniform Hypergraph
Vertex Cover instance G = (V, E) (with |V| = n and |E| = m), construct the CFG
as follows: add to its vertices many (say, km?) copies of each vertex of v € V, all
with required bank v, creating groups with vertices in different groups having different
requirements. For each hyperedge e € E, add to the CFG a vertex with bank 0 ¢ V,
and put an arc from this vertex to all the copies of the vertices of V included in e. Add
to the CFG the start vertex s and put arcs from it to all the CFG-vertices obtained from
hyperedges of E. Call this k-OBSIM instance 1.

We claim that if G has a vertex cover C of size g, we can find a feasible solution
for I that uses at most 1 + km + gkm? bank load instructions: (Fig. 5) all the gkm?
copies of all the vertices in C will load their respective requirement at the entry, all
the vertices of I obtained from some e € E will load, at the exit, the requirement of
the vertices in e \ C (there are at most k such vertices since e has cardinality (k + 1)
and at least one vertex of C is contained in the set e). s loads bank 0 at the exit.

Moreover, if I has a solution with less than qkm2 bank load instructions, then G
has a vertex cover Q of size less than ¢: put in Q a vertex v if all the km? copies of v
load their requirement. Then |Q| < ¢ and it remains to prove that all the hyperedges
of G are covered by Q. Indeed, if hyperedge e € E is not covered by Q, then for every
u € e, there is a copy of u with no bank load instruction; however then no matter what
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w Y
C )
u v

Fig.4 An example of reducing vertex cover (instance on the left) to 1-OBSIM (instance on the right; each
oval contains many vertices with the same bank requirement)

£y

w y (L JLwy Y L(y)
L(z)
u v

Fig. 5 A feasible solution for the vertex cover instance of Fig. 4 appears on the left. The corresponding
1-OBSIM feasible solution appears on the right; as each oval contains many vertices with the same bank
requirement, there will be many L(v), L(w), and L(y) instructions

k load instructions we associate with the vertex of / corresponding to e or with the
start vertex, we do not obtain a feasible solution for 7: since |e| > k there will be a
vertex w € e such that bank w is not loaded after leaving the vertex of I corresponding
to e, and since also one of w’s copy (call it w’) in I does not have an associated load
instruction at its entry, the trail (here, a simple path) s, e, w’ is not fulfilled.

In conclusion, if G has optimum vertex cover of size g, I has optimum between
gkm? and gkm?* + km + 1, and thus k-OBSIM cannot be approximated with ratio
k — € unless P = N P (using [10]) and 1-OBSIM cannot be approximated with ratio
2 — € unless Vertex Cover can be approximated with ratio 2 — €.
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We continue by showing how k-OBSIM reduces to k-BSIM (with transparent
nodes), a problem easier to describe. Given an instance of k-OBSIM, for every node
v in CFG with bank requirement b, add a transparent node v;, which takes in all the
incoming arcs of v and has one arc to v, thus v has exactly one incoming arc. Also add
a transparent node v’ ,, which sends out all the outgoing arcs of v, and has one arc from
v, thus v has exactly one outgoing arc. If for the k.-OBSIM instance, there is a load
operation at the entrance of some vertex v with bank requirement b, then in the trans-
formed k-BSIM instance, we do the same load to node vfn; if there is a load operation
at the exit of some vertex v with bank requirement b, then in the transformed k-BSIM
instance, we do the same load to node v/ ,,. Thus, with the above correspondence, a
feasible solution for the k-OBSIM instance can be changed to a feasible solution for
the transformed k-BSIM instance. Also, it is easy to see that a feasible solution for the
transformed k-BSIM instance can be changed to a feasible solution for the original
k-OBSIM instance, without an increase in the objective function.

3 1-BSIM

Remove nodes from the CFG such that every node is reachable from the start vertex
s. We again do a similar transformation for the given OBSIM instance. The linear
program obtained later after this transformation is more intuitive (but this reduction
only works for k = 1).

Create a new transparent start vertex, s’, with exactly one arc, outgoing to the
original 5. For every node v in CFG with bank requirement b, split v in two nodes,
v;, with all the incoming arcs of v, and v,,,; with all the outgoing arcs of v; both have
requirement b. This operation is illustrated in Fig. 6. Note that we do not have an

e €2

€1 €3 €1 €3

€4 €5 €4 €5

(a) (b)

Fig. 6 Splitting a node as described in the reduction from 1-OBSIM to BSIM. From node v with bank
requirement 8 (a), four nodes are created (b). v;, is the transparent node taking in all the incoming arcs of
Vin, and Vgyy is the transparent node sending out all the incoming arcs of voyr
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2bout 2¢out
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Taout —o s 2bout 2cout
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Fig.7 On the /eft, the instance from Fig. 2. Nodes 1a and 2a require bank a, nodes 15 and 2b require bank
b, nodes 1c and 2c¢ require bank ¢, while the start s and node u are transparent. On the right, the BSIM
instance created (not represented are three weakly connected components with 2apyr, 1boyr, and 1coyr).
Note also that weakly connected component of 2b,,; plays no role in finding optimal solutions

arc from v;, to v,,;. Moreover, for v;,, add a transparent node which takes in all the
incoming arcs of v;, and has one arc to vj,, thus v;, has exactly one incoming arc.
Also, for v,,;, add a transparent node which sends out all the outgoing arcs of v,
and has one arc from v,,,;, thus v,,; has exactly one outgoing arc. We now insist that
all load instructions are done at transparent nodes. Figure 7 gives an example.

Call the resulting directed graph G = (V, E). Let R’ C V (lowest level in Fig. 7)
contain all the required nodes with one incoming arc each (that is, the v;, nodes), let
R? C V (highest level in Fig. 7) contain s” and the required nodes with one outgoing
arc each (that is, the v,,; nodes), and let F' be the set of transparent nodes other than
s’ (in Fig. 7, these nodes are not on the highest or lowest levels). For a € B, let Ré be
the subset of R! with requirement a, and Rf be the subset of R with requirement a.
In G, we insist that for every bank a € B and every vertex v € R., every trail ending
in v and starting at a vertex of R? \ Rao contains a vertex # € F loading bank a,
and no load instructions after . Call BSIM this new problem. One can check that a
1-OBSIM feasible solution for the original instance corresponds to a BSIM feasible
solution to the constructed instance, with the same number of load instructions.

Forv € V and a € B, let 7, be the (possibly infinite) set of trails of G from v
to some node of R/, and let P? be the set of simple paths of G from v to some node
of Ré . Write the following integer linear program (IP1), with variables x, for every
node v € F and bank requirement » € B (x; in the IP would be 1 if node v € F
loads bank b), and variables d;j for every node v € (F U RO) and bank requirement
b € B (d} in the IP would be 1 if either P, = @ or, for any simple path P € Py, P
contains at least one node that loads bank b). Note that 771'; = @ iff ’];)“ = (J, and that
if any simple path P € Py, P contains at least one node that loads bank b, then for
any trail T € 7.7, T contains at least one node that loads bank b. Also note that if, for
some v € (F U R?), we have that for any simple path P € P}, P contains at least
one node that loads bank b, it does not necessarily follow that bank b “arrives loaded
at the destination” on such a path since it is not mentioned that another bank is not
loaded “over b” later on the path.
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laja b ¢ s'la b ¢ 2bla b ¢ 2cla b ¢
d|1 1 1 d|1 1 1 d|1 1 1 d |1 1 1
mla b oc s la b ¢ mla b oc =la b ¢
0 0 O 0 0 O z [0 0 O 0 0 O
1 1 1 1 1 1 di|1l1 1 1 1 1 1

u la b ¢

z [1 0 O

b ¢ Tcla b ¢ cla b ¢

0 0 O z [0 0 O z [0 1 O z |0 1 O z |0 0 1| |z |0 O 1

: i )
ST G G e G G

Fig. 8 A feasible solution to the integer program instance from the BSIM instance from Fig. 7. Nodes la
and 2a require bank a, nodes 15 and 2b require bank b, nodes 1¢ and 2¢ require bank ¢, while the original
start s and node u are transparent. To fit the notations in the figure, la,y; is replaced by la, lagy; is la
with an arrow on top, and 1g;,, is replaced by 1a

. v
min Z Xp

veF,beB

subjectto D xp <1 YveF (1)

beB
d' > 1 VaeBAvMe(RO\Rf) 2)
d’>x) Va#beBAVveF 3)
4" < d’+x? VaeB/\Vue(FURO)/\VveruchthatuveE
C))
d*=0 VYae BAVuc Fsuchthat3v € R} suchthatuv € £ (5)
d"+d'>1 Va#beBAVucF (6)
x, >0 YveFAVaeB @)
d' >0 Vve(FURO)/\VaeB ®)
x),d, €Z YveV AVaeB 9

See an example in Fig. 8. We argue the fact that any IP solution obtained from a
BSIM solution satisfies all these constraints, and that we can construct a valid BSIM
solution from any IP solution. It is rather obvious the objective function matches.
Constraint (1) enforces only one load per vertex of F. Constraint (2) enforces the
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condition that for every bank a € B and every vertex v € Ré, every simple path (and
also every trail) ending in v and starting at a vertex of R \ RaO contains a transparent
vertex loading bank a; it does not guarantee however no load instructions after u.
This is done by Constraint (3), which enforces the following observation: if bank b is
loaded in vertex v, then for any simple path (and also every trail) from v to a vertex
requiring bank a, there must be at least one load of bank a.

Constraint (4) enforces the following: if for bank a and vertices u, v with uv € E,
we have P! # () and there exists a simple path P € P} such that P contains no node
that loads bank a, and v also does not load a, then P¥ # () and there exists a path
P e P4 (namely, shortcut if needed the trail starting with arc uv followed by P) such
that P’ contains no node that loads bank a. Constraint (5) means that if v € R’ and
uv € E, then P¥ = ¢ and there exists a trail P’ € P? (namely, arc uv) such that P
contains no node that loads bank a.

The trickier to verify constraint is (6), which indeed holds for integer solutions as,
if for vertex v and banks a # b, P and P} are both non-empty, then no matter if or
what bank is loaded in v or in any other free vertex, either we must have that every
simple path P € P} satisfies that P contains at least one node that loads bank a, or we
must have that every simple path P € P, satisfies that P contains at least one node
that loads bank b. Indeed, if there is a simple path P € P with P not loading a, then
we must have that either v loads a, or all the simple paths from R to v load a or are
coming from R (and a trail from R to v must exist since we assumed every vertex
of the CFG is reachable from s). TlluS if such a P exists, we must have that every
simple path P’ € P} satisfies that P’ contains at least one node that loads bank b. It
is the crucial (and clever) Constraint (6) that allows good approximation algorithms.

Now, given an IP1 feasible solution, it remains to argue that loading bank b at vertex
u whenever xZ = 1 gives a feasible BSIM solution. Indeed, leta € B, v € Ré and P
be a trail from some w € (RO \ Rf ) to v. Constraints (2),(4), and (5) ensure that at
least one vertex u of P has x, = 1. Pick z to be the last such vertex of P.If any vertex
y following z on P has x) = 1 then Constraint (3) ensures dg = 1 and therefore
another vertex v of ﬁ, following y, has x;; = 1, contradicting the selection of z.

3.1 LP Rounding

Let LP1 be the linear programming relaxation of IP1, which can be solved in polyno-
mial time. See Fig. 9 for an example of a fractional solution. Let x}, d Y be an optimum
LP1 solution. Pick uniformly at random a real number § € (0, 1/ 2) Set (for all possi-
blev,a)x) =1 1ffd“ <38 < d” —i—x” Set (for all possible v, a)d} = 1iff P} =@ or
any path P in P} has some u € P with x4 =1 (this can be achieved by Breadth First
Search). It is immediate that Pr[x) = 1] < 2x/, and thus we have a 2-approximation,
provided we prove that for any such §, we get a valid / P solution.

Lemma 1 For any § € (0, 1/2), and for any v € (F U R®) and b € B, ifci,'j >1/2

and P} # W, then any simple path P € P} has a vertex z # v with x;, = 1 (in other
words, bank load b at CFG vertex 7).
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lajla b ¢ s'la b ¢ 2bla b ¢ 2c|la b ¢
d|1 1 1 d|1 1 1 d|1 1 1 d|1 1 3
mla b ¢ s |a b mla b oc =la b ¢
00 0 00 1 z [0 0 0 00 0
111 113 d1 1 1 114

u|la b c

S |

z |3 3 0

1 1 1

dl3 5 3
Tala b c m|la b ¢ wla b ¢ % la b ¢ c|la b ¢ x|la b ¢
10 0||z|20 0| fz|0 F 0||z]|0 % 0 00 2| |z]0 0 1
0 1 1| |dfo 1 1 10 1 10 1 1 1 0] |d|1l 1 0

d d d
i i I I I i
[ lain ] [ 2ain ] [ 1bin ] [ 2bin, ] [ lein ] [ 2¢in ]
Fig. 9 A feasible solution to the linear program instance from the BSIM instance from Fig. 7. Nodes la
and 2a require bank a, nodes 15 and 2b require bank b, nodes 1¢ and 2¢ require bank ¢, while the original

start s and node u are transparent. To fit the notations in the figure, layy; is replaced by la, lagy: is la
with an arrow on top, and 1a;,, is replaced by la

Proof Let P be such a simple path from v to some w € R,ﬁ. Note that the vertex y
before w in P has d;f = 0. Therefore P must have consecutive vertices u and u’ such
that cf,’j/ < 8§ and cf}j > §; here u may be v. Note that u’ € F. Constraint (4) also gives

cfl’j/ + )?b/ > (fl‘; > §, and therefore x’g/ is set to 1 by the algorithm. The lemma holds
with z = v’ |

Now we check the feasibility of all constraints. For Constraint (1), note that for
a # b e Bandv € F, in order to have both x/ and x}')’ be made 1, we must have
d? < 1/2and d < 1/2, leading to d violating Constraint (6).

Constraint (2), fora € Bandu € R 0 \ Rt? follows from J,‘; > 1 and the lemma
above (if P4 # (), or the way we set all 4} = 1 above if P} = §.

Constraint (3), fora # b € B and v € F follows from the following argument:
if x; = 1, then c?;; < 1/2, and therefore by d satisfying Constraint (6), c?}j > 1/2.
Therefore, by the lemma above applied to v and a, we set d = 1 whether P} = {J or
not.

Constraint (4), for a € B and uv € E, follows from the way d was constructed:
if both d! = 0 and x; = 0, then P} # ¥ since P, # @, and there is a simple path
P € P¥ such that, for all z € ﬁ, x% = 0: shortcut, if needed, the trail that starts with
arc uv and then the simple path P’ € P} with, forall z € P, x% = 0; the existence of
P impliesd) = 0.1fd} # 0and x} # 0, thend} = 1 or x] = 1, so Constraint (4) is
satisfied.
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Constraint (5), for a € B and u € F such that there exists uv € E withv € Ri is
also satisfied since P/ 7 @ and the simple path with its only arc v has no interior.

Constraint (6), fora % b € B and u € F follows as follows: either c?g > 1/2
or c?}’; > 1/2, and the lemma above ensures that the one at least 1/2 becomes 1.
Constraints (7), (8), and (9) are immediate.

3.2 Derandomization

Note that only a polynomial number of values of § must be tried, so derandomization
is immediate. We go further, and write a relaxation of LP1, and its dual and use
complementary slackness to show that every value of § gives a 2-approximation, as it
also happens for the linear program of Garg, Vazirani, and Yannakakis [13]. Let LP1’
be the variant of LP1 without constraints (1) and (3); LP1’ is a relaxation of BSIM and
thus any BSIM feasible solution within 2 of the optimum of LP1’ is a 2-approximation.
Note that we do not claim that the integral version of LP1’ is equivalent to the original
BSIM instance.

The following linear program with exponentially many constraints (as we only
consider simple paths) can be seen to be equivalent to (and solved by) LP1’.

min E xp

veF,beB
subjectton:jzl VaeB/\Vue(RO\Rao)/\VPGPZ (10)
Ueﬁ
D xl+ D> xp=1 Ya<beBAVYueFAVP €PiAVYP Py (11)
veP| veEPy
x, >0 YveFAaeB (12)

To see the equivalence, use the same values x., and set in LP1’: df =
minpepu D p Xy

The program above is in fact a covering linear program and combinatorial 1 4 €
approximations also exist [17,23]; however the method below requires an optimum,
and one would need to try all § if only an approximate linear programming optimum
is given.

The dual of the above program, given below, has variables ap for all a € B and for
allu € (R?\ R?) and for all P € P, and variables Bp, p, (the order of the paths
matter) foralla < b € B,allu € F,all Py € P} andall P, € P’If.

max > > D ap+ > D> D> > Ber,

a€B ye(RO\RQ) PP a€Bb#acBucF P eP! P,eP!
wies S Y @t TE TS s @)
ue(RO\R?) PP | veP b<a€BueF PP} piePy | vePy
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+ >3 > > Brm<1YveFAVaeB (14)

b>aeBucF P P! PyeP} | vePs
ap >0 (15)
Bri.p, =0 (16)

Letx], d » be an optimum solution to the primal. Pick any real number § € (0, 1/2).
Setx) =1 1ffdgj <8 <dl+x.

Claim x gives a valid BSIM solution.

Proof Assume %! = 1. This implies d’ < 1/2, and Constraint (11) gives that for all
b#aeB,d’>1/2, and thus £} = 0.

Note also that Lemma 1 holds as well (same proof). Let P be an arbitrary trail
from a vertex of RO \ Rz? to a vertex of R,ﬁ. Let P’ be the simple path obtained by
short-cutting P. Then Constraint (10) ensures the existence of a vertex u in P’ with
ib" = 1. Then such a vertex also exists on P, and choose w to be the last vertex on P
with X}/ = 1. Thus on trail P, w loads bank b.

Suppose for a contradiction that some vertex v that follows or equals w on P loads
bank a # b. This means that d_" < 1/2 and Constraint (11) ensures that c?” > 1/2.
Let P” be the simple path from v to the endpomt of P obtained by short- cuttmg P.
Lemma 1 gives a vertex z # v on P with £ x; = 1; note that P is a subtrail of P that
strictly follows w, contradicting the choice of w. Thus no vertex v that follows or
equals w on P loads bank a # b, which means that P is fulfilled. As P was arbitrary,
the claim follows. O

As for the approximation ratio of 2, write the complementary slackness conditions
(below, in the summation the bank a is such that path P ends at a vertex of

7 veP X a’
R,):
ap>0 = > xl=1 (17)
veP
Brp, >0 = D> xl+ > xp=1 (18)
veh veh)
x>0 = D ar+ Brp=1 (19)

which hold for X and an optimum dual solution (Condition (19) says Constraint (14)
is tight; we did not give all the details above). With respect to the same dual solution,
it is immediate that £ > 0 only if X7 > 0 and therefore Condition (19) holds. Any
path P € P} with «p > 0 must have that going through the vertices v € P, we see
non-increasing 575 -values (we know P is a shortest path w.r.t X,, from Condition (17)),
and thus only one such vertex v can have 2 = 1, and thus Condition (17) is respected
by x as well. Any two paths P;, P, with Sp, p, > 0 must be such that P; and P, are
each a shortest path, and thus as argued above, 131 has at most one v with )2}; = land
P, has at most one w with %)’ = 1. For %, Condition (18) holds approximately - with
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a factor of 2, and as in the primal-dual method, we obtain that X is a 2-approximation
of x.

We do not see half-integrality as in [13], and we do not see a direct primal-dual
algorithm.

4 k-BSIM

Without loss of generality, assume that every node is reachable from the start vertex
s. For technical reasons, add a new transparent start vertex, s’, with exactly one arc,
outgoing to the original s (do this regardless if s is transparent or not). Let F be the
set of transparent nodes other than s’, R be the set of required vertices, and, fora € B,
let R, be the subset of R with requirement a. As before, forv € V anda € B, 7
denotes the (possibly infinite) set of trails of G from v to some node of R!, and P?
denotes the set of simple paths of G from v to some node of RL’,.

Write the following integer linear program (IP2), with variables x; for every node
v € F and bank requirement b € B (x; in the IP would be 1 if transparent node v loads
bank b, in any of its registers), and variables dl'; for every node v € ((F U R) \ Rp)
and bank requirement b € B (d; in the IP would be 1 if either P, = ¢ or, for any
P ePy, P contains at least one node that loads bank b, in any register).

min Z xp

veF,beB
subject to Zx}; <k YveF (20)
beB
d>1 YaecBAVue({s}UR\R,) @1)
> di=|Bl—k VueF (22)

aeB
dy <d)+x, Yae BAYue (FUR\R;)AYveF
such that uv € E (23)
di =0 Yae BAYucF
such that v € R, such that uv € E

(24)
1>x)>0 YveFAVaeB (25)
lzdgz() Ya e BAVve (FUR\Ry,) (26)
x'.d’ €7 Yve FAVaeB 27)

Constraints (22) are the generalization of the “clever” constraints (6); in fact they
could (and should, if one uses an IP solver) be used together with Constraints (26)
to replace Constraints (6) in LP1. Indeed, Constraints (22) hold for integer solutions
since, if for vertex v there are k + 1 banks b with variable dl'; = 0, then for any of
these banks b, Py # ) and there is at least one path P € P such that no node in P
loads bank b in any of its registers. Then no matter what banks arrive or are loaded at
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v, we do not get a valid k-BSIM solution. Note that constraints

> di>10l—k YOS BAVueF (28)
acQ

are implied by (26) and (22).

IP2 above is not equivalent to k-BSIM, as it does not specify in which register a
bank is loaded. Nevertheless, from a k-BSIM solution, we can get an IP2 solution of
the same value (but not vice versa; that will be a coloring problem), by setting x; to
be 1 iff transparent node v loads bank b and d) to be 1 iff either P, = @ or, for any
P c 77;,’ s P contains at least one node that loads bank b. We relax IP2 to the linear
program LP2, and solve it in polynomial time.

Let ¥, d¥ be an optimum LP2 solution. Pick uniformly at random a real number
8€(0,1/(k+1).Setx? = 1iffd? <8 <d? +xV.

It is immediate that Pr[x) = 1] < (k + 1)x.. We load at v all the ¢ banks a with
&g < 1/(k + 1) if at least one of them has x; = 1, using registers 1,2, ...,q. We
have g < k, since Constraint (28) implies that, for any vertex u, at most k banks a can
have c?jf < 1/(k + 1). Thus the expected number of loads is at most k(k + 1) times
the LP cost.

One needs to check that indeed this is a valid solution of k<-BSIM: pick an arbitrary
a € B, an arbitrary u € R,, and an arbitrary trail P from s’ to u. Let u’ be the next-
to-last vertex of P. From Constraints (24) we get c?;‘/ = 0. From Constraints (21) we
get cf;, > 1/k. Let v be, as we go on P, the last vertex (last occurrence also) such that
d? > §; such a v exists since c?as/ > § and 3{1’/ = 0. Let v/ be the vertex following the
last occurrence of v on P. Note that 4V < &, and Constraints (23) give d? < d¥ 4V .
Thus d¥ < 8 <d? < d¥ + x¥'. Now, let y be, as we go on P, the last vertex (last
occurrence also) such that there exists b € B with JZ <5< a_lg + )EZ ; such a vertex
y exists since v’ is a candidate. Note that also d, < § since otherwise we could go
on P from y to u and find v’ after y as explained above. Then also d) < 1/(k + 1)
and therefore bank a is loaded in some register at y. As we go on P from y to u,
no load instructions are selected by the algorithm after y (as we cannot have vertices
w e P [y] and banks b with x}j’ = 1, since this contradicts the choice of y), and thus
P is fulfilled.

For the derandomization, we can try polynomially many values of 6 € (0, 1/(k+1)),
or prove as in Sect. 3.2 that any such value will do. The following comprises this
discussion (as well as that of Sect. 3):

Theorem 1 There is a k(k + 1)-approximation algorithm for k-BSIM.

Theorem 2 There is a polynomial-time algorithm whose output uses at most 2k — 1
registers and a number of load instructions at most 2k times the optimum solution with
k registers.

Proof For this bicriteria result, we choose independently and uniformly at random real
numbers 8, € (0, 1/2). Then, forevery v € F,ifthereisana withd} < 8, <d}+x],
wesetx, = 1.If x) = 1, we load at node v (in some of the available 2k — 1 registers)
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all the banks b with &g < &p; we write this as )?;; = 1. Indeed, there can be at most
2k — 1 banks b with d_;j < 1/2, from Constraint (28).

We next argue that the necessary trails are fulfilled. Pick an arbitrary a € B, an
arbitrary u € R,, and an arbitrary trail P from s’ to u. Let u’ be the next-to-last vertex
of P. From Constraints (24) we get cfc’f/ = 0. From Constraints (21) we get c?;j/ > 1/2.
Let v be, as we go on P, the last vertex (last occurrence also) such that 57;’ > 45
such a v exists since j;’ > 64 and d_j,‘/ = 0. Let v/ be the vertex following the last
occurrence of v on P. Note that ¥ < &,, and Constraints (23) give d* < d¥ + zV .
Thus d¥ <8, <d’ <d’ +xV.

Now, let y be, as we go on P, the last vertex (last occurrence also) such that there
exists b € B withd; < &, <d; + Xj; such a vertex y exists since v’ is a candidate.
Note that also d, < 8, since otherwise we could go on P from y to « and find v’ after
y as explained above. Therefore also bank a is loaded in some register at y. As we
go on P from y to u, no load instructions are selected by the algorithm after y (as we
cannot have vertices w € P| [y] and banks b with x;” = 1, since this contradicts the
choice of y), and thus P is fulfilled.

Moreover for any u € V, requiring a € B, any path P from s to u has vertex v/
with d” <8, < dv + X} . Let v be the last vertex on P with d” < 8;, < d” +xb, for
some b € B. Then also d}j < &4 (as otherwise there is a further, on P, vertex v” with
(fgﬂ <64 < é;” + )Eg”). and therefore bank a is loaded in some register at y. As we
go on P from v to u, no further load instructions are selected by the algorithm, and
thus at vertex u bank a is loaded.

Let O, be the set of banks a with c?}; < 1/2. The probability that bank b is loaded
at vertex v € Q, is (using the independence of the choices of §,):

Prigy =11< Prixy =11 + > Prix) =11 Prld} < 8] <2i}
acQ,\(b}

+ > 2% Pridy < &) (29)
acQy\{b}
and thus the expected number of loads at node v is at most
> l2wm+ D0 2xl-pPrid) <8l ) =D F (242 D Pridl <l
beQ, acQy\{b} beQ, a€Qy\{b}
If |Qy] <k, then
242 > Prid) <8.| <242(10u— 1) <2k
a€Qy\(b}

and thus the expected number of loads at node v is at most 2k >_,p X}
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Otherwise, | Q| > k + 1, and Constraint (28) together with 07;; < 1/2 gives:

> A =10 —k—172. (30)
acQy\{b}

We have

242 D Prldl <8 )=2+2 > (1-2dY)

acQy\{b} acQ,\{b}
=2+2(0l - -4 > 4
acQy\{b}
< 2|0, —4(1Qu| —k = 1/2)
=4k +2—2|0,]
<4k4+2—-2k+1)
=2k

where we used Inequality (30) for the first inequality and |Q,| > k + 1 for the last.
Thus in all cases, the expected number of bank loads is at most 2k times the LP solution
value. =

Assuming Inn << k, the following result is an improvement:
Theorem 3 There is a O(k Inn) randomized approximation algorithm for k-BSIM.

Proof Use the rounding method of the previous theorem, with the interval
(0,1/(81nn)) for each §,. Let Q, be the set of banks a with d} < 1/(81nn); as
above |Qy| < 2k. Let O/, be the (random) set of banks loaded by the algorithm at v.

Claim Pr[|Q}| > k] < -

Proof We are setting up a Chernoff bound. We define d, = cf}j, 0 = 0y,9 =10|,
ando = . o da- We may assume g > k or else the claim is trivially true. For bank
a € Q, define the random variables:

S [ it =4,
710 otherwise

Define the random variable Z = 3", €0 Zy. Let p, =8d,Inn and p = M. Let

X, (a € Q) be the random variables Z, — p,. Then X, are mutually independent with
Pr(X,=1— ps]l = ps and Pr[X, = —ps] = 1 — p,. Define the random variable
X = ZaeQ X,. Then X satisfies Assumptions A.1.3 of [1] and therefore Theorem
A.1.13 of [1] states that, for any o > 0,

PriX < —a] < e~@/2p4 G1)
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We have that the event | Q)| > k is included in the event Z < g — k, which is the
event X < (¢ — k) — ZaeQ Pa- Note that

—(q -k + > pa=—(q—k +8Inn Y dy>Toln,
acQ aeQ

where we used Constraints (28), which state o > (¢ — k). Note also thatg — k > 1,
and thus Chernoff’s bound from Eq. (31) gives

2
PV[|Q;| - k] < e—(7olnn) /(2-80 Inn) < e—ZUlnn < e—21nn’

which is what the claim requires. O

The expected number of banks loaded at vertex v, computed as in the bicriteria
algorithm, does not exceed (2 + 8k Inn) ZheQu X, . Thus Markov’s inequality gives
Pr[number of banks loaded > 20k(Inn)Zj p,] < 1/2, where Zj p, is the objective
value of LP2. From Claim 4, taken as a union over all v, the probability that there is
a vertex loading more than k banks is at most 1/n. So with probability 1/3 no vertex
is overloaded and less than 20k(Inn)Z7 ,, banks are loaded in total. This concludes
the proof of Theorem 3. O

4.1 Integrality Gap

Let opt(I) be the optimum value for a k-BSIM instance I, Z7 p, (/) be the optimum
value for the constructed IP2 instance, and Z z po (1) be the optimum value for the LP2
relaxation. We are unable to find the worst case ratio between opz([) and either Z ;‘ pa(D)
or Zj p,(I). The next theorem relates Z7 p,(I) to Zj p,(I) and is not surprising in
view of the connection of k-BSIM to (k + 1)-uniform Hypergraph Vertex Cover.

Theorem 4 For any € > 0, there exists a k-BSIM instance I with Z7 p5(I) > (k +
1 —e)Z7 py(I).

Proof We use the first reduction from Sect. 2, starting with a complete (k4 1)-uniform
hypergraph G with n vertices (and thus ( kil) hyperedges). The number n will be picked
large enough (and depend on €). We obtain a k-OBSIM instance, which we call J.
In J, we call nodes corresponding to the hyperedges in G hyperedge-nodes and call

nodes corresponding to vertices in G hypervertex-nodes. The hypervertex-nodes come

in n groups, where all the k(kfr 1)2 nodes of / coming from the same vertex of G are

in the same group and have the same requirement, and vertices in different groups
have different requirements. To simplify some notation, we change J by making the
hyperedge-nodes transparent. We further transform J into a k-BSIM instance / using
the second reduction of Sect. 2; this adds for every hypervertex-node v a node v;, (it
should also add v, but with no arc leaving v,,; we ignore it) and then we add s” and
construct an IP2 instance we call .

Next we describe a fractional (LP2) solution to I’. For every hypervertex-node
v, in a group with requirement a (where a is a vertex in G), set dy" = 0, and for
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allb # a € B,setd,™ = 1. Also set x;” = 1/(k + 1), and forall b # a € B,
set x;j"" = 0. For every hyperedge-node w, corresponding to a hyperedge e of G,
set foralla € e, dy = 1/(k + 1) and x’ = k/(k + 1), and for all b ¢ e, set
dy’ = 1 and x;/ = 0. Set for both s and s’ all d-values to be 1 and all x-values to

be 0. One can check that this is indeed a feasible LP2 solution, and its objective is
;pk(")241Ak+1»4—gg)wk+4)mkﬂk+1».ﬂmg

k+1
7% () < nk n 2 Tk n (32)
LR = 1 \k+ 1 k+1

Now assume for a contradiction that
n 2
Zipy (1) > (n — k)k 33
1p2() = (n )(k+1) (33)

does not hold. Let d and X be this feasible solution. Then there exist k + 1 groups, from
vertices V1o V2o e vns Vitl of G, such that each has a node v', fori =1,2,...,k+1

such that )Ejv)f" = 0. G being complete, there is a hyperedge e = {y1, y2, ..., Yk+1},and
let w be the hyperedge-node corresponding to hyperedge e. Foralli = 1,2,..., k+1,

Constraints (24) for vfn and v; give ci;f” = 0, and Constraints (23) for w and vfn give
d ”l’ = 0, leading to contradicting Constraint (22) for w, a contradiction to d and &
being a feasible solution.

Thus Eq. (33) holds, and together with Eq. (32), n <— oo and k fixed, we conclude
that indeed for any € > 0, there exists a k-BSIM instance / with Z7,, (1) > (k+ 1 —
€)Z7] p,(I). O

5 Conclusion

For k-BSIM we presented approximation algorithms with ratios k(k 4+ 1), and
O (klog n). Another algorithm outputs a valid solution with objective at most 2k times
the optimum for k registers, using 2k registers. These results hold in arbitrary input
CFGs. Our algorithms can easily be extended to the case when required nodes each
has a set of banks A C B with |A| < k, and all banks of A must be loaded.

Our hardness results, that hold for acyclic CFGs as well, are that for any € > 0, an
approximation ratio of k — € is NP-hard, and an approximation ratio of k + 1 — € is
unlikely, as it would imply that Vertex Cover has approximation 2 — €.

We leave open the existence of a O (k)-approximation. It is not immediate to apply
our methods to the following variant of the problem: For every CFG node v that
requires bank b, we must select a register i € {1, 2, ..., k} and ensure every directed
path from s to v loads bank b in register i, and no further loads in register i are
allowed. Notice, as for example in Fig. 3, that k-OBSIM does not require such an i to
be selected.
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