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Abstract We consider the facility location problem with submodular penalties
(FLPSP), introduced by Hayrapetyan et al. (Proceedings of the Sixteenth Annual
ACM-SIAM Symposium on Discrete Algorithms (SODA), pp. 933-942, 2005), who
presented a 2.50-approximation algorithm that is non-combinatorial because this al-
gorithm has to solve the LP-relaxation of an integer program with exponential number
of variables. The only known polynomial algorithm for this exponential LP is via the
ellipsoid algorithm as the corresponding separation problem for its dual program can
be solved in polynomial time. By exploring the properties of the submodular function,
we offer a primal-dual 3-approximation combinatorial algorithm for this problem.

Keywords Facility location problem - Approximation algorithm - Submodular
function

1 Introduction

Facility location problems have been extensively investigated since the early 1960s.

These problems are usually NP-hard, implying that no polynomial-time exact algo-
rithm is expected to exist unless P = NP. Consequently, most of the research has
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been focusing on designing approximation algorithms with good performance. Gen-
erally speaking, exisiting approaches for designing approximation algorithms for fa-
cility location problems can be divided into three categories, namely, LP-rounding
techniques, local search heuristics, and primal-dual method. The first technique can
result in non-combinatorial algorithms, while the last two techniques are usually com-
binatorial in nature. These approaches can also be mixed or combined with other
techniques to yield better approximation algorithms.

One of the most basic facility location problems is the metric uncapacitated fa-
cility location problem (UFLP): Given a set of facility sites and a set of clients, we
want to decide which facilities to open and how to assign the clients to the open fa-
cilities such that the total cost of opening facilities and assigning clients to the open
facilities is minimized. Many approximation algorithms exist for this problem. The
algorithms by Shmoys et al. [16], Chudak and Shmoys [7], and Sviridenko [17] are
all based on LP-rounding technique. The algorithm of Korupolu et al. [14] is based
on local search heuristic technique. The algorithm of Jain and Vazirani [12] is based
on primal-dual technique. Moreover, these approaches can be mixed or combined
with other skills such as greedy augmentation, cost scaling and dual-fitting [13, 15]
to yield better approximation algorithms. So far, the best approximation ratio for the
UFLP is 1.50 due to Byrka and Aardal [3]. Their algorithm is based on LP-rounding
approach integrated with greedy and dual-fitting. In addition, Guha and Khuller [10]
proved that the best approximation ratio is at least 1.463 unless P = NP.

Many variants of the basic UFLP have appeared in the literature (e.g., [1, 2, 8,
18, 21-23] and the references therein). We are particularly interested in one of the
variants, namely, the facility location problem with penalties (FLPWP), which is the
same as the UFLP except that not all clients are required to be connected to a facility
and any unconnected client j incurs a penalty cost p;. The objective is to minimize
the total opening, connecting and penalizing cost. This problem was first studied by
Charikar et al. [5], who gave a 3-approximation primal-dual (and hence combinato-
rial) algorithm. Later, Xu and Xu improved the ratio to (2 4+ 2/e) and 1.8526 using
LP-rounding and primal-dual with greedy adding technique respectively [19, 20].

The main focus of this work is an extension of the above problem, called the
facility location problem with submodular penalties (FLPSP), first introduced by
Hayrapetyan et al. [11]. The FLPSP extends the above FLPWP by assuming that the
penalty cost is a monotone increasing submodular function %(-) defined on clients
set D. A function f(-) is submodular if it is defined on a finite set V, satisfying

JXUY)+ f(XNY)< f(X)+ f(Y), X, YCV.

Function f is monotone increasing if f(X) < f(Y) forany X C Y, where X,Y C V.
They presented an (1 + y)-approximation algorithm where y is the approximation
factor of an LP-based approximation algorithm for the corresponding UFLP, resulting
in a 2.50-approximation algorithm for the FLPSP as the best known ratio of LP-based
approximation algorithms for the UFLP is 1.50 [3]. However, their algorithm is non-
combinatorial because it has to solve the LP-relaxation of an integer program with
exponential number of variables. The only known algorithm for this exponential LP
is via the ellipsoid algorithm as the corresponding separation problem for its dual
program can be solved in polynomial time. Later, Chudak and Nagano [6] offered a
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more efficient (still non-combinatorial) approximation algorithm with slightly worse
approximation ratio of (1 + ¢)(1 + y). Their algorithm is based on an equivalent
compact convex relaxation for the FLPSP. They proposed efficient non-combinatorial
algorithms to solve this convex relaxation by using non-smooth convex optimization
technique. We continue this line of research to offer a primal-dual 3-approximation
combinatorial algorithm for the FLPSP by exploring the properties of submodular
function.

We present our algorithm and its analysis in Sects. 2 and 3 respectively, followed
by some concluding remarks in Sect. 4.

2 The Primal-Dual Algorithm

In the FLPSP, we are given a set of facilities F, and a set of clients D. Each facility
has an open cost f;, and a connection cost ¢;; for assigning client j to facility i.
There is also a monotone increasing submodular function %(-) defined on the clients
set D, which serves as the penalty function for any set of clients S € D that are not
connected to any open facility. Moreover, we assume that /(-) is given by an oracle
which returns /(S) for any given S € D. Our objective is to choose a facility set
F C F to open and a client set S € D to be penalized such that all the clients in
D\S are connected to the open facilities in F, and the total cost of opening facilities,
connecting clients to open facilities and penalizing unconnected clients is minimized.
Finally, we assume that the connection cost ¢;;’s satisfy symmetry and the triangle
inequality, that is, the metric version.
This problem can be formulated as the following integer program:

min Z Cijxij+ZﬁYi+Zh(S)ZS

ickF,jeD ieF SCD
s.t. inj-F Z zs>1, VjeD,
ieF SCD:jeS
Xij <y, VieF,jeD, 2.1

xije{O,l}, VieF,jeD,
€{0,1}, VieF,
zs €{0,1}, VSCD.

Variable y; indicates whether facility 7 is open or not, x;; indicates whether client j
is connected to facility i or not, and zs indicates whether the set S € D is penalized or
not. The first constraint states that a client is either connected to a facility or contained
in some subset of D that is not connected. The second constraint states that if a client

is connected to a facility, then this facility must be open. Relaxing the integrality
constraints, we obtain the relaxation program (2.2) and its dual program (2.3)

D cyxij+ Y fivi+ Y h(S)zs

ieF,jeD ieF SCD
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s.t. ZX{]+ Z zs>1, VjeD,
ieF SCD:jeS
xij<yi, VieF,jeD, 2.2)

x,-jZO, ViGF,jED,
% >0, VieF,
zs >0, VSCD.

max E a;j

st. aj <cij+Bij, VieF,jeD,

> e <h(S), VSCD, (2.3)
jes

Zﬂij <fi, VieF,

jebD

a;>0, VjeD,
Bij =0, VieF,jeD.

Intuitively, the first and the third constraints in (2.3) suggest that variable o ; being
viewed as a budget that j is willing to pay for getting connected to a facility. Part of
the budget pays for the connection cost and the rest pays for the facility open cost.
The second constraints imply that any budget collection is less than the corresponding
penalty collection cost. If some clients’ budget collection equals to the corresponding
penalty collection cost, these clients tend to pay the joint penalties.

Similar to the approach of Jain and Vazirani [12], we present a primal-dual algo-
rithm for the FLPSP, which consists of two phases. In the first phase, we construct
a dual feasible solution, leading to a primal feasible solution. But this solution may
have redundancies, which needs to be purified in the second phase.

Algorithm 2.1 (The primal-dual algorithm)

Phase 1: Constructing a dual feasible solution. We introduce a notion of time ¢,
and start the algorithm at time ¢ = 0. Initially, all dual variables are set to 0. All
facilities are closed and all clients are unfrozen. Let S denote the set of penalized
clients, and set S := 1. We increase the dual variables «;’s for all unfrozen clients
J € D uniformly at unit rate ¢. The algorithm declares an edge (i, j) tightif a; = ¢;;.
Henceforth, such an edge satisfies o; = ¢;; + B;; as B;; will be increased at the same
rate as o j. Keep increasing time ¢ until there is no unfrozen client. As time increases,
the following events may occur:

Event 1. Facility i is temporarily open if ) jenBij = fi. In this case, freeze those
unfrozen clients j € D with 8;; > 0 and connect them to facility i, which is called
the connecting witness for j.
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Event 2. If a; = ¢;; for temporarily open facility i and unfrozen client j, then freeze
Jj and connect it to i, which is also called the connecting witness for j.

Event3.1f ) jesj = h(S) for some set S, then freeze those unfrozen clients in S
and set S := S U S. Any client contained in S is said to be a penalized client.

When all clients are frozen, the first phase terminates. If several events occur simul-
taneously, the algorithm executes them in an arbitrary order.

Phase 2: Opening facilities. Let F’ be the set of temporarily open facilities. We
choose set S at the end of Phase 1 to be the set of unconnected clients. We say
facilities i and i’ (i, i’ € F’) are dependent if there exists some client j € D such
that both B;; > 0 and B;/; > 0. We choose a maximal independent subset FCF'to
open. Connect each client in D\ § to an open facility that is closest to it.

Let SOL be the solution of Algorithm 2.1, whose cost consists of facility cost Fsop,
connection cost Csor, and penalty cost Psor.

3 Analysis

First, we will show that our algorithm is a well-defined polynomial time combinato-
rial algorithm. This claim follows from Lemmas 3.1 and 3.2 below.

Lemma 3.1 Consider any time t at which one of the three events of Phase 1 in
Algorithm 2.1 occurs. Then we can find the next closest time t* such that one of the
three events occurs again in polynomial time.

Proof Let D be the set of frozen clients and F be the set of temporarily open facilities
at time 7. Now we consider the following three possibilities.

Case 1. Event 1 occurs at the next closest time 7. One can show that ¢ =
min; . F\ 1]}, where ] is the root of the following equation with respect to ¢

Z:Bij"‘ Z max{r —c;j, Oy = fi, ie€F\F.

jeb jeD\D

Evidently #{ can be found in polynomial time by comparing ¢#; for all i € F \ F
as long as each t}; can be found in polynomial time. For the latter, sort the costs
{cij:jeD\ D}ina nondecreasing order, generating at most |D \ D| + 1 intervals
along [0, c0). Then ¢}; can be found by exhausting all these (polynomial number of)
intervals.

Case 2. Event 2 occurs at the next closest time #; = min, _ F.jeD\ plcijl.

Case 3. Event 3 occurs at the next closest time #3. In Algorithm 2.1, we always
maintain the following inequality from time 7 to #§

dt+ ) aj<h(S). VSCD, 3.1

jeS\D jesnD
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which implies that

M) = e
- IS\D|

, VSCD:S\D#. (3.2)

Then we can calculate the time #; by the following formula

h(S) =Y. SO
= min JESND 7 (3.3)
SCD:S\D#0 |S\D|

The last problem is the minimization of a ratio of a submodular function and a modu-
lar function, and it can be solved in polynomial time by a combinatorial algorithm [9].
Setting 1* = min{ti*, t;‘, t;‘} concludes the proof. O

Lemma 3.2 At any time t of Phase 1 in Algorithm 2.1, the set S always satisfies the
following property

D i) =h(),
jeS

where aj(t) is the value of the budget of client j at time t, and increases with time t
until client j is frozen.

Proof Let S1 and $> be two arbitrary sets such that
D i) =h(S)
JESI

at time f; and

D ej(t) =h(S))

JES2

at time # (> 11). Since client j € Sy is frozen at time #;, we have o (f) = o (#1) for
anyt>1, j €5;.
To prove this lemma, we only need to show that

> aj(t) =h(51US).

JjESIUSY

From Algorithm 2.1 and the submodularity of (), we have

Yoo+ Y i)=Y ait)+ Y ajn)

jesSius, jesins; JjeS jes
= h(S1) +h(S2)
> h(S1US) +h(S1NS). 3.4

@ Springer



Algorithmica (2012) 63:191-200 197

Moreover, in Algorithm 2.1, we always maintain

Y (i) <h(S1U S, Y @i <h(SiNS). (33

jesSiusr JESINS,
It follows from (3.4) and (3.5) that
D i)+ Y i) =h(S1US) +h(S1 NS,

jeS1US, JjeSINS,

implying that
> aj(t) =h(S5US).

JESIUS,
O

Secondly, we will bound Fso;, and Cspy, in the next two lemmas. Let us denote
the neighborhood of facility i € F as follows

Ni:={j | Bij > O}.
From the construction of F, we have
NiNNy =@, foralli, i'eF. (3.6)
It follows from Algorithm 2.1 that

Lemma 3.3

Fsor=Y fi=)_.Y Bi

ieF ieF JEN;

For any client j € D\ S, leti(j) be the connecting witness for j. Denote D :=
UieFNi’ Dy:={jli(j))eF,j¢DgUS},and Dy := D\ (D U Dy US). The
connection cost of SOL is bounded in the following lemma.

Lemma 3.4

CSOLSZ Z cij + Z aj+3 Zotj.

ieF jeN\S Jj€Di JEDy

Proof For any client j € D\ S, consider the following three possibilities.

Casel. j € D\ S. There exists i € F such that j € N; and j ¢ Dy \ N;. Connect
J to facility i with connection cost c;; .

Case 2. j € D;. Since i(j) € F. Connect j to i(j) with connection cost
Ci(j)j =&j- _ _

Case 3. j € D;. Since i(j) ¢ F, there exists a facility i € F and a client j such
that 8;(;);» > 0 and B;;» > 0. Connect j to i. Let ¢; and 7, be the times at which facil-
ities i (/) and i’ are temporarily open respectively. Since B;(j); > 0 and B;j > 0, we
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have ajr > c;(jy;j» and aj» > ¢;jr. Client j’ is frozen earlier than min{zy, 12}, implying
that o < min{zy, £,}. Since facility i (j) is a connecting witness for j, we obtain that
aj > t. Consequently, o; > « . From the triangle inequality, we have that
Cij < cije +cigjj + i =3¢
Summarizing the three cases above concludes the proof. g

Finally, we are ready to present our main result.

Theorem 3.1 Algorithm 2.1 is a 3-approximation combinatorial algorithm for the
FLPSP.

Proof 1t follows from (3.6) and Lemmas 3.3-3.4 that the cost of SOL is at most

cost(SOL) = Fsor + Csor + Psor

<ZZ'3’J+Z Z c,]+Za]+3Za]+Za]

ieF JEN; ieF jeN;\§ J€D) j€D

<y otj+Za]+3Zotj+ZZa]
JEDF\S JjeD jeDy

<3) aj. O
jeD

4 Concluding Remarks

In this paper, we offer a primal-dual 3-approximation combinatorial algorithm for the
FLPSP by exploring the properties of submodular functions. There are two interesting
questions for future research.

Chariker and Guha [4] present a greedy augmentation procedure for the UFLP.
They bound the cost of the solution after running the greedy augmentation procedure
in terms of the cost of the initial solution and an arbitrary solution. It is natural to
consider the following algorithm for the FLPSP (cf. [15, 20]).

Algorithm 4.1

1. Scale the opening costs of all facilities by a factor of § (> 0) and then apply
Algorithm 2.1 to obtain solution SOL.
2. Run the greedy augmentation procedure on SOL; and return solution SOL;.

Currently we do not know how to bound the cost of SOL; in terms of those of
the initial solution and an arbitrary solution of FLPSP. Therefore, how to analyze

@ Springer



Algorithmica (2012) 63:191-200 199

the performance guarantee of Algorithm 4.1 is an open question. One can obtain the
following inequality from the proof of Theorem 3.1,

2Fsor+ CsoL + PsoL <3 ) @,
jeb

which may be useful to analyze the performance guarantee of Algorithm 4.1.
Another question is to further improve the approximation ratio for the FLPSP
using other techniques such as dual-fitting (cf. [13]).

Acknowledgements We would like to thank three anonymous referees for their constructive comments.
The research of the first author is supported in part by the Natural Sciences and Engineering Research
Council of Canada (NSERC) grant 283103. The third author’s research is supported by NSF of China
(Grant 11071268, 60773185), Beijing Natural Science Foundation (Grant 1102001), and PHR (IHLB).

References

1. Aardal, K.I., Chudak, F.A., Shmoys, D.B.: A 3-approximation algorithm for the k-level uncapacitated
facility location problem. Inf. Process. Lett. 72, 161-167 (1999)

2. Ageev, A., Ye, Y., Zhang, J.: Improved combinatorial approximation algorithms for the k-level facility
location problem. SIAM J. Discrete Math. 18, 207-217 (2003)

3. Byrka, J., Aardal, K.I.: An optimal bifactor approximation algorithm for the metric uncapacitated
facility location problem. SIAM J. Comput. 39, 2212-2231 (2010)

4. Charikar, M., Guha, S.: Improved combinatorial algorithms for facility location and k-median prob-
lems. In: Proceedings of the Fortieth Annual IEEE Symposium on Foundations of Computer Science
(FOCS), pp. 378-388 (1999)

5. Charikar, M., Khuller, S., Mount, D.M., Naraasimban, G.: Algorithms for facility location problems
with outliers. In: Proceedings of the Twelfth Annual ACM-SIAM Symposium on Discrete Algorithms
(SODA), pp. 642651 (2001)

6. Chudak, F.A., Nagano, K.: Efficient solutions to relaxations of combinatorial problems with submod-
ular penalties via the Lovasz extension and non-smooth convex optimization. In: Proceedings of the
Eighteenth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pp. 79-88 (2007)

7. Chudak, F.A., Shmoys, D.B.: Improved approximation algorithms for the uncapacitated facility loca-
tion problem. SIAM J. Comput. 33, 1-25 (2003)

8. Du, D., Wang, X., Xu, D.: An approximation algorithm for the k-level capacitated facility location
problem. J. Comb. Optim. 20, 361-368 (2010)

9. Fleischer, L., Iwata, S.: A push-relabel framework for submodular function minimization and appli-
cations to parametric optimization. Discrete Appl. Math. 131, 311-322 (2003)

10. Guha, S., Khuller, S.: Greedy strikes back: improved facility location algorithms. J. Algorithms 31,
228-248 (1999)

11. Hayrapetyan, A., Swamy, C., Tardos, E.: Network design for information networks. In: Proceedings of
the Sixteenth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pp. 933-942 (2005)

12. Jain, K., Vazirani, V.V.: Approximation algorithms for metric facility location and k-median problems
using the primal-dual schema and Lagrangian relaxation. J. ACM 48, 274-296 (2001)

13. Jain, K., Mahdian, M., Markakis, E., Saberi, A., Vazirani, V.V.: Greedy facility location algorithms
analyzed using dual fitting with factor-revealing LP. J. ACM 50, 795-824 (2003)

14. Korupolu, M.R., Plaxton, C.G., Rajaraman, R.: Analysis of a local search heuristic for facility location
problems. J. Algorithms 37, 146—188 (2000)

15. Mahdian, M., Ye, Y., Zhang, J.: Approximation algorithms for metric facility location problems.
SIAM J. Comput. 36, 411432 (2006)

16. Shmoys, D.B., Tardos, E., Aardal, K.I.: Approximation algorithms for facility location problems (ex-
tended abstract). In: Proceedings of the Twenty-Ninth Annual ACM Symposium on Theory of Com-
puting (STOC), pp. 265-274 (1997)

@ Springer



200 Algorithmica (2012) 63:191-200

17. Sviridenko, M.: An improved approximation algorithm for the metric uncapacitated facility location
problem. In: Proceedings of the Ninth Integer Programming and Combinatorial Optimization (IPCO),
pp. 240-257 (2002)

18. Xu, D., Du, D.: The k-level facility location game. Oper. Res. Lett. 34, 421-426 (2006)

19. Xu, G., Xu, J.: An LP rounding algorithm for approximating uncapacitated facility location problem
with penalties. Inf. Process. Lett. 94, 119-123 (2005)

20. Xu, G., Xu, J.: An improved approximation algorithm for uncapacitated facility location problem with
penalties. J. Comb. Optim. 17, 424-436 (2009)

21. Xu, D., Zhang, S.: Approximation algorithm for facility location with service installation costs. Oper.
Res. Lett. 36, 46-50 (2008)

22. Zhang, J.: Approximating the two-level facility location problem via a quasi-greedy approach. Math.
Program. 108, 159-176 (2006)

23. Zhang, J., Chen, B., Ye, Y.: A multiexchange local search algorithm for the capacitated facility loca-
tion problem. Math. Oper. Res. 30, 389—403 (2005)

@ Springer



	A Primal-Dual Approximation Algorithm for the Facility Location Problem with Submodular Penalties
	Abstract
	Introduction
	The Primal-Dual Algorithm
	Analysis
	Concluding Remarks
	Acknowledgements
	References


