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Abstract We describe an O(n’/logn)-time algorithm for the all-pairs-shortest-
paths problem for a real-weighted directed graph with n vertices. This slightly im-
proves a series of previous, slightly subcubic algorithms by Fredman (SIAM 1J.
Comput. 5:49-60, 1976), Takaoka (Inform. Process. Lett. 43:195-199, 1992), Do-
bosiewicz (Int. J. Comput. Math. 32:49-60, 1990), Han (Inform. Process. Lett.
91:245-250, 2004), Takaoka (Proc. 10th Int. Conf. Comput. Comb., Lect. Notes
Comput. Sci., vol. 3106, pp. 278-289, Springer, 2004), and Zwick (Proc. 15th Int.
Sympos. Algorithms and Computation, Lect. Notes Comput. Sci., vol. 3341, pp. 921-
932, Springer, 2004). The new algorithm is surprisingly simple and different from
previous ones.
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1 Introduction

The all-pairs-shortest-paths problem (APSP) is of course one of the most well-
studied problems in algorithm design. We consider here the general case where the
input is a weighted directed graph and edge weights are arbitrary real numbers. The
problem is to compute the shortest-path distance between every pair of vertices, to-
gether with a representation of these shortest paths (so that the shortest path for any
given vertex pair can be retrieved in time linear in its length).

The classical Floyd—Warshall algorithm [7] solves the APSP problem in o3
time for a graph with n vertices. Fredman [11] was the first to realize that sub-
cubic running time is attainable: he gave an algorithm with an impressive-looking
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time bound of 0(n3(log logn/ logn)l/ 3). Later, Takaoka [21] and Dobosiewicz [8]
refined Fredman’s approach and reduced the bound to O(n3./loglogn/Togn)
and O(n3//Togn) respectively. Just last year, several interesting, independent
developments have occurred: first Han [13] announced an improved
O (n?(loglogn/logn)3/7)-time algorithm, then Takaoka [22] announced an even bet-
ter O (n>(loglogn)?/logn)-time algorithm (and later a newer O (n> loglogn/logn)-
time version [23]), and finally Zwick [26] found the algorithm with the current
record of O(n®+/Toglogn/logn) time. The record turns out to be short-lived—in
this note, we obtain yet another algorithm with a further improved running time of
on3/ logn).

Related Work  For sparse graphs, a more efficient solution to APSP is to apply Dijk-
stra’s single-source algorithm »n times, as described in any decent algorithm text-
book [7]. Using a Fibonacci-heap implementation (with Johnson’s preprocessing step
if negative weights are allowed), the running time is O (n*logn + mn), where m de-
notes the number of edges. For a long time, this was the best result known, until
recently Pettie and Ramachandran [16] and Pettie [15] have managed to bring the
time bounds down to O (mnloga(m,n)) and O (n? loglogn + mn) for undirected
and directed graphs, respectively, using rather complicated techniques.

A flurry of activities in the last decade has concentrated on the case of graphs with
small integer weights (and, in particular, unweighted graphs), where a number of
genuinely subcubic algorithms [2, 12, 18, 19, 25] have been developed using known
methods for matrix multiplication over rings [6, 20]. Currently, the best such APSP al-
gorithms for undirected and directed graphs run in O (%375 p1) and O (n2-575 M0-681)
time respectively [19, 25], where M denotes the maximum edge weight (in absolute
value). Note that these running times are subcubic only when M <« n%63*_ 1t is not
known whether such matrix multiplication methods can help for APSP in the case of
real weights, or for that matter, integer weights from the range {0, 1, ..., n}. (Even
if the answer is affirmative, algorithms that involve so-called “fast” matrix multi-
plication are not necessarily attractive from a practical point of view.) Feder and
Motwani [10] described an O (n3/logn)-time algorithm that avoids fast matrix mul-
tiplication but their algorithm works only for unweighted, undirected graphs.

About the New Algorithm We confess that our result represents only a minute
improvement over previous slightly subcubic algorithms in the general real-weight
case—a mere +/loglogn-factor speedup over the previous result by Zwick! How-
ever, we believe that our algorithm is interesting, because (i) it is conceptually very
simple (note the length of the paper) and (ii) it is markedly different from previous
approaches:

Fredman’s original approach [11] broke the O (n?) barrier by constructing a deci-
sion tree to solve certain small-sized subproblems. Takaoka [21] continued this ap-
proach but using table lookup instead to handle small subproblems. Dobosiewicz’s
approach [8] avoided explicit table lookups by exploiting word-RAM operations
(specifically, performing bitwise-logical operations on (log n)-bit words in unit time).
The recent algorithms by Han [13], Takaoka [22], and Zwick [26] all involved even
more complicated combinations of approaches. For example, Zwick [26] sped up
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Dobosiewicz’s approach by using ideas found in the “four-Russians” method for
Boolean matrix multiplication [3], resulting in an algorithm that uses both table
lookups and word-RAM operations. In contrast, our approach uses neither table
lookups nor word operations! In fact, our algorithm is readily implementable within
the pointer-machine model. Curiously, our approach is geometrically inspired (based
on a multidimensional divide-and-conquer technique commonly seen in computa-
tional geometry). Considering the long history of the APSP problem, it is amusing
that this little idea alone can beat all previous algorithms for arbitrary, real-weighted,
dense graphs.

2 A Geometric Subproblem

We begin with what may at first appear to be a complete digression: a problem in com-
putational geometry, concerning a special case of off-line orthogonal range searching
(also similar to the “maxima” problem) [17]. The problem is to find all dominating
pairs between a red point set and a blue point set in d-dimensional space, where a red
point p = (p1,..., pd) € R4 and a blue pointg = (q1,...,94) € R4 are said to form
a dominating pair iff py < gy forall k =1, ..., d. For simplicity, we assume that no
red point and blue point have the same k-th coordinate for any k. The algorithm in
the lemma below is standard [17], but unlike traditional analysis in computational
geometry, we are interested in the case where the dimension is not a constant.

Lemma 2.1 Given n red/blue points in R, we can report all K dominating pairs in
O(cffn]“ + K) time for any constant ¢ € (0, 1), where ¢, := 28 /(2% — 1).

Proof We describe a simple divide-and-conquer algorithm. If n = 1, we stop. If
d =0, we just output all pairs of red and blue points. Otherwise, we divide the whole
point set into two halves by the median d-th coordinate, and let Plef,, (resp. Prigh,y)
denote the subset of all points of color y in the left (resp. right) half. (Note that
we can avoid invoking a linear-time median-finding algorithm to improve constant
factors, by initially pre-sorting all the coordinates.) We then recursively solve the
problem for Pleft,red U Pleft,blue> f0r Pright,red U Pright,blue, and finally for the projec-
tion of Pleft,red U Pright,blue ON the first d — 1 coordinates. (Note that we can avoid
actually projecting the points, by just ignoring the d-th coordinates.) Correctness is
immediate.
Excluding the output cost, the running time obeys the recurrence

Ta(n) <2Ta(n/2) + Ty—1(n) + O(n),

with Ty(1) = O(1) and Typ(n) = O(n). The additional output cost is bounded
by O(K), since each pair is reported once.

Naively, one can establish by induction on d that T;(n) = O (nlog® n), yielding an
O logd n + K)-time algorithm. This result is already known. (In fact, it is known
that one can save one or two logarithmic factors by handling the base cases d = 1 and
d =2 directly.)
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We offer an alternative analysis of the recurrence that is better for certain non-
constant values of d and is thus slightly more effective for the application in the next
section. We make a change of variable: fixing a parameter b and letting 7'(N) :=
max{T,;(n) | over all n, d with b%n < N}, we have

T'(N) <2T'(N/2)+T'(N/b) +¢cN,

for some constant c. This single-variable recurrence can be solved by standard tech-
niques. For example, by induction, the bound T'(N) < ¢'[N I+¢ _ N1 follows from
T'(N) <2c[(N/2)'*% — N/2]+ ¢'[(N/b)!T¢ — N/b] + cN, as long as the constant
¢’ is sufficiently large, and

2/21+8 + 1/b1+8 — 1’

which holds by setting b := ¢t/ ") Thus, 7/(N) = O(N'+%), implying T,(n) =
O((b%n)'+8) = O(cn'*#), and the lemma follows. O

(We note in passing that the above two-variable recurrence can also be recast to fit
the type studied by Eppstein [9], by considering the exponential function T” (r, d) :=
Ta(27).)

3 The APSP Algorithm

We are now ready to present our new APSP algorithm. Like previous algorithms, we
employ a well-known reduction from APSP to the computation of the distance prod-
uct (also known as the min-plus product) of two n x n real matrices: given matrices
A ={ajx)ik=1,...n and B = (bg;j)k, j=1,...n, the result of this multiplication is defined
as the matrix C = (¢;;);, j=1,...n With ¢;; := ming(a;x + by;). Given an algorithm for
the distance product, we can solve the APSP problem by repeated squaring [7], but
this would increase the running time by a logarithmic factor (which we obviously
cannot afford); instead, we apply the reduction described in the text by Aho et al. [1,
Sect. 5.9, Corollary 2], which avoids the extra logarithmic factor. It is thus sufficient
to upper-bound the complexity of the distance product problem. We emphasize that
Strassen’s matrix multiplication method and its relatives cannot be applied directly,
because in the min-plus case, elements only form a semi-ring.

For notational simplicity, we assume that the minimum term in the expression
ming (a;x + by;) is unique. (General perturbation techniques can ensure this but are
not necessary if we break ties in a consistent manner; for example, in case when
aik + bxj = ajp + by j, we can treat a;x + by; as smaller if k < k’.) We note that our
algorithm can automatically identify the index k attaining the minimum for each c¢;;.
(This property is required so that we can not only determine each shortest path dis-
tance but retrieve each shortest path.)

In the following lemma, we reveal the key connection between our earlier geomet-
ric problem and distance products of rectangular matrices:

Lemma 3.1 We can compute the distance product of an n x d matrix A and ad x n
matrix B in O(dc?n'* +n?) time.
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Proof The outline of the algorithm is simple: For each k = 1,...,d, we compute
the set of pairs Xy = {(i, j) | VK'=1,...,d, ajx + bxj < ajp + by j}; we then set
cij = aj + by for every (i, j) € Xy.

We first make an obvious observation (used also in previous approaches): a;x +
brj < aji + by j is equivalent to a;; — a; < by’ j — brj. We now make the next obser-
vation (which was missed in previous approaches): computing X for a fixed k cor-
responds exactly to computing all dominating pairs between the two d-dimensional
point sets

{(aik — ai1, aix — a2, ..., aik — ajqg)}i=1,...,n and
{(b1j —bij,baj —byj, ..., baj — bkj)}j=1,..n-

(The dimension is actually d — 1, since the k-th coordinates are all 0’s.) By
Lemma 2.1, this computation takes O(C?nH‘8 + | Xk|) time for each k. Since

Zle |X¢| = n?, the lemma follows. O

The highlight of our approach is already over. To get a subcubic algorithm for the
distance product of square matrices, and consequently for APSP, all that remains is
to choose an appropriate value for the dimensional parameter d:

Theorem 3.2 We can compute the distance product of two n X n matrices in
O (n3/logn) time.

Proof We split the first matrix into n/d matrices Ay, ..., A, q of dimension n x d,
and the second matrix into n/d matrices By, ..., By/q of dimension d x n. We com-
pute the distance product of A, and By foreach £ =1, ...,n/d, by Lemma 3.1, and
return the element-wise minimum of these n/d matrices of dimension n x n. The
total time is at most the time bound of Lemma 3.1 multiplied by n/d, i.e.,

n3
o (cfn2+£ + g> .

The theorem follows by choosing d to be logn times a sufficiently small constant
(depending on ¢ € (0, 1)). For example, we can set ¢ & 0.38 (with ¢, &~ 4.32) and
d ~ 0.42Inn, to minimize the constant factor in the dominant term. O

Corollary 3.3 We can solve the APSP problem in O (n3/logn) time.

We conclude by mentioning how easy it is to adapt our algorithm to run on pointer
machines: Lemma 2.1 poses no problem by using linked lists. In Lemma 3.1, for
each pair (i, j) € Xk, we cannot directly set the value of ¢;; since random access is
forbidden; instead, we insert the pair (j, k) into i’s “bucket”. Afterwards, for each i,
we sort its bucket according to the j value (by scanning through all pairs (j, k) in the
bucket, putting the index k into j’s “slot”, and collecting all slots at the end). We can
then set ¢;; for every i and j, all within 0 (n?) time.

(To be fair, we should mention that it might also be possible to modify some of

the previous APSP algorithms to work on pointer machines, for example, by using
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radix-sorting techniques [4]; however, such a modification would seem to require
more effort.)

4 Discussion

We have demonstrated that a slightly subcubic time bound for the general APSP
problem with real weights can be obtained without “cheating” on the RAM via table
lookups or word operations, and without algebraic techniques for fast matrix mul-
tiplication. Although we have taken a geometric approach, the resulting algorithm
shares some similarities with previous algorithms: for example, like in our proof of
Lemma 3.1, Fredman’s algorithm and its successors use the same primitive operation
on the weights (comparing values each of which is the difference of two entries from
a common row or column); in addition, Dobosiewicz’s algorithm also goes through
each index k and computes the same set X; of index pairs (but in a different way, of
course).

We should mention that this paper is hardly the first to draw connections between
geometric problems and matrix/graph problems. One related work, for example, is
an algorithm by Matousek [14] which uses matrix multiplication to solve the domi-
nance problem in high dimensions (in a way, our approach proceeds in the opposite
direction).

Among the series of slightly sub-cubic upper bounds obtained, O (n3/1logn) looks
the most “natural”, and it is interesting to contemplate whether we have reached the
limit, at least as far as purely combinatorial (nonalgebraic) algorithms are concerned.
In any case, reducing the running time further by more than a logarithmic factor
would be difficult: even for the simpler problem of Boolean matrix multiplication,
the best known combinatorial algorithm [3] runs in O(n®/log?n) time and has not
been improved in over three decades.

If we are permitted to use the full power of the word RAM, Zwick’s algorithm [26]
actually takes O (n3,/10g w/(wlogn)) time if a word holds w > logn bits. We do not
know how to speed up our algorithm further for larger word sizes.

Although our algorithm is simple enough for implementation, it is primarily of
theoretical interest. Some preliminary experiments seem to indicate that even for n
about 1000 (where the size of the graph is on the order of a million), the best choice
of d is still 2 (i.e., the dimension for the geometric subproblems is 1). Compared to
the naive cubic method for computing distance products, the log n-factor speedup can
only be “felt” when the input size is very large, but in such cases, caching and other
issues become more important.

An interesting theoretical question is whether a similar log-factor-type speedup
is possible for sparse graphs. For example, for the simpler problem of computing
the transitive closure of an unweighted directed graph, Yuster and Zwick in a recent
paper [24] asked for an o(mn)-time algorithm, but we have the following observation:

Observation 4.1 We can solve the transitive closure problem in O (mn/logn) time.

Proof Assume that the graph is acyclic, since we can precompute the strongly con-
nected components in linear time and contract each component. We want to find the
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set S, of all vertices reachable from each vertex u. For each vertex u in reverse topo-
logical order, we can compute S, by taking the union of S, over all vertices v incident
from u. Each of these O(m) set-union operations can be carried out in O (n/logn)
time by representing a set as an (n/logn)-word vector and by using the bitwise-or
operation or table lookup. (Note that if m = o(nlogn), the output would not be a ma-
trix with n? entries, but is rather an implicit representation of the matrix that supports
constant-time lookups.) U

The author has recently obtained similar o(mn) time bounds for APSP in the case
of unweighted, undirected graphs [5], but no such bound is known for APSP for real-
weighted graphs.

Finally, we remark that in his original paper [11], Fredman showed that the general
APSP problem can be solved by a decision tree using O (n%) comparisons of sums
of edge weights. The gap between this decision-tree complexity and the near-cubic
algorithmic complexity is what initially drew the attention of this author. It remains
an open problem to close this gap, or to find improved upper bounds or nontrivial
lower bounds on the decision-tree complexity.
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