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Abstract The performance of an activated sludge waste-
water treatment process consisting of an aeration tank and
a secondary settler has been studied. A tanks-in-series
model with back¯ow was used for mathematical modeling
of the activated sludge wastewater treatment process. Non-
linear algebraic equations obtained from the material
balances of MLSS (mixed liquor suspended solids or ac-
tivated sludge), BOD (biological oxygen demand) and DO
(dissolved oxygen) for the aeration tank and the settler
and from the behavior of the settler were solved simulta-
neously using the modi®ed Newton-Raphson technique.
The concentration pro®les of MLSS, BOD and DO in the
aeration tank were obtained. The simulation results were
examined from the viewpoints of mixing in the aeration
tank and ¯ow in the secondary settling tank. The re-
lationships between the overall performance of the acti-
vated sludge process and the operating and design
parameters such as hydraulic residence time, in¯uent
BOD, recycle ratio and waste sludge ratio were obtained.

List of symbols
A m2 cross-sectional area of the settler
b l/h microorganism decay coef®cient
bf back¯ow parameter
C� mg/l saturated oxygen concentration
C mg/l dissolved oxygen concentration
GL g/m2h limiting solids ¯ux
GS g/m2h solids settling ¯ux due to gravity
KLa l/h overall volumetric mass transfer coef®cient
Ko mg/l saturation constant for oxygen or DO
Ks mg/l saturation constant for activated sludge

or MLSS
k m3/g constant of settling characteristics
m number of hypothetical stages

in tanks-in-series model
Q m3/h ¯ow rate
r1 mass of DO used/activated sludge produced
r2 mass of DO used/activated sludge decay
S mg/l BOD
X mg/l MLSS (activated sludge concentration)

XL mg/l MLSS corresponding to the limiting
solids ¯ux

Yx/s mg/mg yield of growth rate

V m3 volume of aeration tank
V0 m/h constant of settling characteristics

Greeks symbols
a sludge recycle ratio
s h hydraulic residence time
lmax l/h maximum speci®c growth rate

of activate sludge
x sludge wastage ratio

Subscripts
out ef¯uent
in in¯uent
r recycle

1
Introduction
In order to treat the domestic and industrial wastewater,
the activated sludge process has been the most commonly
used [1, 2]. It is considered to be the most cost-effective
way to remove the organic materials from wastewater.
Besides that, it is very ¯exible and can be adapted to al-
most any type of biological wastewater treatment problem.
The design and operation of the treatment processes,
however, have not been elucidated. They are highly em-
pirical and accurate description of the performance of
activated sludge wastewater treatment processes is still
dif®cult. In most previous studies, an ideal mixing ap-
proximation, i.e. the perfect mixing model [3, 4] or the
plug ¯ow model [4, 5] has been used to model mixing in
aeration tanks. Little work deals with imperfect or actual
mixing in aeration tanks [e.g. 6±8]. In most of them, the
mixing model used to represent imperfect and actual
mixing is an axial dispersion model which contains one
parameter, the axial dispersion coef®cient, characterizing
the deviations from ideal mixing. It should be noted that
the axial dispersion model is a kind of modi®cation of the
plug ¯ow model and therefore can represent satisfactorily
only mixing which deviates not too largely from the plug
¯ow mixing. Furthermore, a set of differential equations
and boundary conditions obtained for the axial dispersion
model has to be solved by rather complicated numerical
techniques. The extension of the axial dispersion model to
more complicated mixing is very dif®cult. On the other
hand, a tanks-in-series model used in this work is appli-
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cable to the whole mixing extents including perfect mix-
ing and plug ¯ow mixing. Moreover, the tanks-in-series
model provides a set of non-linear algebraic equations,
which can be solved using rather simple numerical tech-
niques. In the tanks-in-series model, a modi®cation for the
micro-mixing or back-mixing into the model can be
accomplished simply by introducing back¯ow which
causes no dif®culty in solving the equations. Therefore,
the tanks-in-series model is more rational and usable as
compared with the axial dispersion model.

In order to design and operate an activated sludge
wastewater treatment system ef®ciently, it is necessary to
understand the role of the microorganisms to decompose
the organic waste and to form a satisfactory ¯oc, which is a
prerequisite for the effective separation of the biological
solids in the settler. Even though excellent ¯oc formation
is obtained, the ef¯uent from the system could still be high
in biological solids as a result of poor design of the sec-
ondary settler and poor operation of the aeration tank. The
performance of the secondary settler is sometimes crucial
for achieving the ef¯uent quality required. When, there-
fore, we discuss the overall performance of a wastewater
treatment process, not only an aeration tank but also a
settler must be examined.

In this paper, the overall performance of the activated
sludge wastewater treatment process consisting of an ae-
ration tank and a secondary settling tank has been dis-
cussed from the viewpoints of the mixing in the aeration
tank and the behavior of the secondary settler. A tanks-in-
series model has been used to consider incomplete or
actual mixing in the aeration tank besides the ideal mixing
conditions, i.e. a complete mixing and a plug ¯ow. The
multi-nonlinear algebraic equations for the tanks-in-series
model resulting from material balances on activated sludge
or MLSS (mixed liquor suspended solids), BOD (bio-
chemical oxygen demand) and DO (dissolved oxygen) and
from the behavior of the secondary settler under the
steady-state condition were solved using the modi®ed
Newton-Raphson technique.

2
Mathematical modeling
Figure 1 shows a schematic diagram of the tanks-in-series
model for an activated sludge wastewater treatment pro-
cess consisting of an aeration tank and a secondary settler.
This is a typical con®guration of the activated sludge
wastewater treatment process. The tanks-in-series model

for the aeration tank is composed of m hypothetical well-
mixed stages connected in series with back¯ow.

The steady-state material balance of MLSS, BOD and
DO for the aeration tank may be written as follows:
MLSS or activated sludge:

fx1 � QXin � aQXr ÿ �1� bf ��Q� aQ�X1

� bf �Q� aQ�X2 � V

m

�
�

lmax

S1

Ks � S1

C1

Ko � C1
ÿ b

�
X1 � 0 ; �1�

fxi � �Q� aQ��Xiÿ1 ÿ Xi��1� bf �
� bf �Q� aQ�Xi�1 ÿ bf �Q� aQ�Xi

� V

m
�
�

lmax

Si

Ks � Si

Ci

Ko � Ci
ÿ b

�
Xi � 0 ; �2�

fxm � �Q� aQ��Xmÿ1 ÿ Xm� ÿ bf �Q� aQ�Xm

� V

m
� lmax

Sm

Ks � Sm
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Ko � Cm
ÿ b

� �
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BOD:

fs1 � QSin � aQSr ÿ �Q� aQ��1� bf �S1� bf �Q� aQ�S2

ÿ V

m
� lmax

Yx=s

S1
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C1
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X1 � 0 ; �4�

fsi � �Q� aQ��Siÿ1 ÿ Si��1� bf � � bf �Q� aQ�Si�1

ÿ bf �Q� aQ�Si ÿ V

m
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DO:

fc1 � QCin� aQCr ÿ �Q� aQ��1� bf �C1� bf �Q� aQ�C2

� V

m
KLa�C� ÿ C1� ÿ r1 � lmax
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��
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�
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�
� 0 ; �7�

Fig. 1. Schematic diagram of the
tanks-in-series model for an acti-
vated sludge wastewater treatment
process
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fci � �Q� aQ��Ciÿ1 ÿ Ci��1� bf �
� bf �Qÿ aQ�Ci�1 ÿ bf �Q� aQ�Ci

� V

m
� KLa�C� ÿ Ci� ÿ r1 � lmax

Si

Ks � Si

��
� Ci

Ko � Ci
� r2 � b

�
Xi

�
� 0 ; �8�

fcm � �Q� aQ��Cmÿ1 ÿ Cm��1� bf � ÿ bf �Q� aQ�Cm

� V

m
�
"

KLa�C� ÿ Cm� ÿ
 

r1 � lmax

Sm

ks � Sm

� Cm

Ko � Cm
� r2 � b

!
Xm

#
� 0 �9�

As a kinetic model, the Monod type equation including the
effects of oxygen limitation [9] and the death of micro-
organisms [4, 5, 10] is used. It should be emphasized that,
even if more complicated kinetic models are used, the
simulation algorithm described below does not require
any change and still is very useful. The material balances
for DO, Eqs. (7)±(9), include the oxygen uptake by mic-
roorganisms [9].

The steady-state material balances for the settler may be
written as follows:
MLSS:

fm�1 � �Q� aQ�Xm ÿ �aQ� xQ�Xr

ÿ �Q� xQ�Xout � 0 ; �10�
BOD:

fm�2 � Sm ÿ Sr � 0 ; �11�
DO:

fm�3 � Cm ÿ Cr � 0 : �12�
Eq. (11) for material balance of BOD indicates that no
biological reaction occurs in the secondary settler. This
relationship also indicates that BOD in the ef¯uent Sout is
also equal to BOD in the aeration tank outlet and recycle
¯ow Sm and Sr. The DO balance for the settler, Eq. (12),
implies no oxygen consumption in the settler. Therefore,
the DO in the ef¯uent Cout is equal to Cm and Cr.

The main functions of settler are clari®cation and
thickening of sludge. They play an important role in the
performance of the activated sludge wastewater treatment
process. The settler has to be operated in either a critical
loading or under-critical loading for steady state. The
over-critical loading results in operation failure, since
under this condition a portion of the solids ¯ux beyond
the limiting ¯ux is lost in the ef¯uent.

According to the limiting ¯ux theory [11], the gravity
settling ¯ux of MLSS or activated sludge in the secondary
settler is given as [12±14]:

GS � XLV0 exp�ÿkXL� : �13�
Here XL denotes the suspended solids concentration cor-
responding to the limiting solids ¯ux. Under the critical
loading condition, GS is written as:

GS � GL 1ÿ XL

Xr

� �
; �14�

where GL is the limiting solids ¯ux in the settler. This is
equivalent to the tangent of Eq. (13) from X = XL. From
these two equations, we have:

GL 1ÿ XL

Xr

� �
� XLV0 exp�ÿkXL� : �15�

Equating the derivatives of Eqs. (13) and (14) gives:

ÿGL

Xr
� V0�1ÿ kXL� exp�ÿkXL� : �16�

Using Eqs. (15) and (16), we obtain the expression for XL:

XL � Xr

2

� �
1�

����������������
1ÿ 4

kXr

r� �
: �17�

This equation provides the following residual function:

fm�4 � XL ÿ Xr

2

� �
1�

����������������
1ÿ 4

kXr

r� �
� 0 : �18�

From the material balance around the secondary settler,
we have:

GL � aQXr � xQXr

A
: �19�

Arranging Eqs. (15) and (16) and eliminating Xr gives:

GL � kV0X2
L exp�ÿkXL� : �20�

Using the above two equations, we obtain the following
residual function:

fm�5 � Xr
�a� x�Q

A
ÿ V0X2

Lk exp�ÿkXL� � 0 : �21�
The residual functions obtained for the aeration tank and
the secondary settler were solved simultaneously using the
modi®ed Newton-Raphson technique [15]. It was modi®ed
to avoid the divergence of numerical calculations. Itera-
tions required achieving the ®nal solutions in numerical
examples described below were less than 10.

Equations (4)±(6), (10)±(12) and (16)±(18) form a set of
(3m + 5) non-linear algebraic equations and there are
(3m + 5) dependent variables in the model. In order to
solve the set of algebraic equations, all other parameters
included in the model must be speci®ed. The dependent
variables, which are calculated by solving the residual
functions, must equal in number to the residual functions.

The residual functions and dependent variables for the
operating analysis are grouped as:�

fxi; fsi; fci; fm�1; fm�2; fm�3; fm�4; fm�5

	�i � 1; . . . ;m� ;
�22�

and:

Xi; Si;Ci;Xr; Sr;Cr;XL;xf g�i � 1; . . . ;m� ; �23�
respectively.

This calculation scheme is applicable to various types of
wastewater treatment process calculations without any
signi®cant change in the computer program. Even if one or
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more variables from the unspeci®ed variable list is ex-
changed with the same number from the list of speci®ed
variables, the procedure required is only a replacement of
those variables. For example, in the case of the operating
analysis in which the concentration pro®les of MLSS,
BOD and DO are calculated. When the outlet concentra-
tion of BOD, Sout (=Sr), is speci®ed and the corresponding
recycle ration, a, is estimated, the residual functions can
be considered to contain (3m + 5) dependent variables
fXi�i � 1; . . . ;m�; Si�i � 1; . . . ;mÿ 1�; a;Ci �i �1; . . . ;m�;
Xr; Sr;Cr;XL;xg.

3
Results and discussion
Values of parameters speci®ed in most of the numerical
examples are summarized in Table 1.

3.1
Backmixing or backflow
Typical concentration pro®les of MLSS (Xi) and BOD (Si)
in the aeration tank are illustrated in Fig. 2. BOD decreases
monotonously from the inlet to the outlet. On the other
hand, the change in MLSS is relatively small and near the
center of the aeration tank the maximum MLSS can be
found. It should be noted that the extent of mixing rep-
resented by 20 hypothetical well-mixed stages is almost

equivalent to a plug ¯ow mixing. The effect of backmixing
described by back¯ow on MLSS and BOD pro®les is also
depicted in Fig. 2. Values of the ef¯uent BOD with and
without back¯ow are 0.036 and 0.030 [mg/l], respectively.
It is seen that the backmixing causing a decrease in the
concentration gradients results in higher BOD in the ef-
¯uent or lower ef¯uent quality.

3.2
Hydraulic residence time or aeration tank volume
As shown in Fig. 3, the relationship between hydraulic
residence time, s �� V=Q�, which is equivalent to the ae-
ration tank volume, V , at constant Q, and the ef¯uent
BOD, Sout. With decreasing ef¯uent BOD or increasing
ef¯uent quality, s or V increases. An increase in mixing
extent or decrease in m causes longer residence time or
larger aeration tank volume. Effect of ef¯uent quality on
residence time or aeration tank volume becomes more
signi®cant at more intensive mixing. In other words, the
aeration tank volume required signi®cantly increases with
an increase in ef¯uent quality when the mixing in the
aeration tank is complete �m � 1�. For the aeration tank
the mixing of which is equivalent to m > 5, on the other
hand, the residence time is insigni®cantly affected by the
ef¯uent BOD.

3.3
Recycle ratio
As shown in Fig. 4, BOD in the ef¯uent, Sout, considerably
decreases with an increase in recycle ration for a < 0:3,
whereas MLSS at the aeration tank outlet or settler loading,
Xm, increases with recycle ration. This result indicates that
the operation for a > 0:3 is not ef®cient. It is also seen
from Fig. 4 that MLSS is not affected by the mixing extent
in the aeration tank or the change in m.

3.4
Residence time
Figure 5 depicts the effects of s in the aeration tank on
BOD in the ef¯uent, Sout, MLSS in the aeration tank outlet,

Fig. 2. Pro®les of MLSS and BOD in the aeration tank
Fig. 3. Relationship between ef¯uent quality, Sout and residence
time, s (or aeration tank volume, V)

Table 1. Values of speci®ed variables

lmax � 0:35 l/h a � 0:18
Ks � 100 mg/l Q/A = 1 m/h
Ko � 2 mg/l Sin � 200 mg/l
b = 0.0067 l/h s � 5 h
Yx=s � 0:5 mg/mg bf = 0
KLa � 5 l/h
r1 = 1
r2 = 0.75
k = 0.0048 m3/g
V0 = 5.68 g/m2h
C� = 10 mg/l
Xout � Xin � 0 mg/l
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Xm, and sludge wastage ratio, x. The ef¯uent BOD seems
to decrease signi®cantly as hydraulic residence time in-
creases, while the MLSS and sludge wastage ratio increase.
The increase in sludge wastage ratios is closely related to
the increase in BOD concentration in the in¯uent, will
result in high excess sludge in the aerobic wastewater
treatment process. At the hydraulic residence time over 4
hours, all parameters become almost constant. This means
that the activity of the activated sludge to degrade the
organic compounds contained in the wastewater is effec-
tive until the hydraulic residence time is less or equal to 4
hours. When the hydraulic residence time exceeds 3 hours,
the in¯uence of mixing extent in the aeration tank on Sout,
Xm and x is signi®cant. The ef¯uent BOD for incomplete
mixing in the aeration tank �m � 5� is lower than that for
complete mixing �m � 1�. The sludge concentration or
MLSS at the tank outlet for m � 5 is slightly higher than
that for m � 1, the sludge wastage ratio for incomplete

mixing is rather higher than that for complete mixing. The
higher sludge wastage ratio implies that the excess sludge
for incomplete mixing is higher than that for complete
mixing. From the viewpoint of higher ef¯uent quality,
however, it is clear that the overall performance of an

Fig. 5. Effects of residence time on Sout, Xm and x

Fig. 6. Effects of surface over¯ow rate on ef¯uent BOD, MLSS at
the aeration tank outlet, MLSS in recycle ¯ow and sludge wastage
ratio

Fig. 7. Effects of solids ¯ux on ef¯uent BOD and sludge wastage
ratio. a) Sin � 200 mg=l; b) Sin � 800 mg=l

Fig. 4. Effects of recycle ratio, a, on MLSS at the aeration tank
outlet, Xm, and ef¯uent BOD, Sout
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incomplete mixing aerator for activated sludge wastewater
treatment process is better than that of a complete mixing
aerator.

3.5
Performance of secondary settler
Figure 6 shows the in¯uence of the surface over¯ow rate,
Q=A, on ef¯uent BOD, Sout, sludge concentration at the
aeration tank outlet, Xm, and sludge recycle concentration,
Xr. The design of sedimentation tanks is normally based
on the surface over¯ow rate. The ef¯uent BOD decreases
with increasing surface over¯ow. Values of Xm are rela-
tively constant whereas those of Xr increase.

In Fig. 7, the effects of limiting solids ¯ux, GL, on sludge
wastage ratio, x, and ef¯uent BOD, Sout are shown . With
increasing limiting solids ¯ux or the performance of sed-
imentation, x and Sout decrease. The higher performance
of the secondary settler provides higher ef¯uent quality
and lower excess sludge. It is seen from Fig. 7a for
Sin = 200 [mg/l] that the higher extent of mixing in the
aceration tank or the smaller hypothetical stage number
suppresses ef¯uent quality and increases sludge wastage
ratio. As shown in Fig. 7b for Sin = 800 [mg/l], on the
contrary, the mixing in the aceration tank improves ef-
¯uent quality and reduces excess sludge. The in¯uence of
mixing extent in the aeration tank is more signi®cant at
lower solids ¯ux rates.

4
Conclusions
Using the computer simulation, the design and operation
of the activated sludge wastewater treatment process have
been discussed from the viewpoint of mixing in the aera-
tion tank and performance of the secondary settler.

Performance of wastewater treatment processes con-
sisting of an incomplete mixing reactor described by the
tanks-in-series model is better than that of a completely
mixed aeration tank. Mixing in wastewater treatment
processes strongly and complicatedly in¯uences BOD
concentration, hydraulic residence time, sludge recycle
ratio, sludge wastage ratio and settler performance. The
model proposed in this work may be useful and usable for

design, scale-ups and feasibility studies of the activated
sludge wastewater treatment processes.
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