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Abstract An optimized fed-batch cultivation process for
the production of the polyoma virus capsid protein VP1 in
recombinant Escherichia coli BL21 bacteria is presented.
The optimization procedure maximizing the amount of
desired protein is based on a mathematical model. The
model distinguishes an initial cell growth phase from a
protein production phase initiated by inducer injection. A
new approach to model the target protein formation rate
was elaborated, where product formation is primarily de-
pendent on the specific biomass growth rate. Lower growth
rates led to higher specific protein concentrations. The
model was identified from a series of fed-batch experiments
designed for parameter identification purposes and pos-
sesses good prediction quality. Then the model was used to
determine optimal open-loop control profiles by manipu-
lating the substrate feed rates in both phases as well as the
induction time. Feed-rate optimization has been solved
using Pontryagin’s maximum principle. The solution was
validated experimentally. A significant improvement of the
process performance index was achieved.

Keywords Model-based optimization, Model for
recombinant protein production, Pontryagin’s maximum
principle, Fed-batch Escherichia coli cultivation, Virus
capsid protein

List of symbols
F1 mass flow rate in fermenter due to alkali feed,

medium evaporation, and carbon loss with CO2

in off-gas, kg/h;

F2 sampling rate in fermenter, kg/h;
H Hamilton function, U/h;
J total protein amount, process performance

index, U;
ki inhibition constant for substrate consumption,

g/kg;
kil inhibition constant in protein model, U/g;
km proportionality coefficient in protein model, U/g;
ks Monod constant for substrate consumption, g/kg;
kl Monod constant in protein model, 1/h;
m biomass maintenance term, g/g/h;
mox oxygen uptake parameter related to biomass

maintenance, g/g/h;
OUR oxygen uptake rate, g/kg/h;
pmax maximal specific protein activity, U/g biomass;
px specific protein activity, U/g biomass;
qpx specific protein accumulation rate, U/g/h;
qs specific substrate consumption rate, g/g/h;
s substrate concentration, g/kg;
sf substrate concentration in feeding solution, g/kg;
t current process time, h;
tf process duration, h;
tind induction time, h;
T medium temperature, �C;
Tref reference medium temperature, �C;
u substrate feed rate, control variable, kg/h;
w culture mass, kg;
x biomass concentration, g/kg;
X biomass amount in fermenter, g;
Yox oxygen uptake yield related to biomass growth,

g/g;
Yxs biomass/substrate yield, g/g;
a temperature constant, 1/�C;
l specific biomass growth rate, 1/h;
lmax maximal specific biomass growth rate, 1/h;
kp adjoint variable, related to px, g;
kX adjoint variable, related to X, U/g

1
Introduction
During the last two decades, more and more recombinant
proteins have been produced. In this period, time-to-
market was the main objective for process development
and the processes were often not thoroughly optimized. In
the near future, some of these first products will be run-
ning out of patent [1], and particularly in such cases the
efficient process optimization with respect to the benefit/
cost ratio will become an important issue in biopharma-
ceutical companies.
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Straightforward approaches to process optimization
and control rest on mathematical process models and their
exploitation with numerical optimization methods (e.g.
[2, 3]). Applications in industry require compact repre-
sentations of the relations between the process variables
that can be adjusted and the process performance mea-
sure. Further, fast and reliable numerical optimization
procedures should be used. The models must be accurate
enough to describe the relevant process features, and,
finally, it should be possible to exploit them such that the
optimal values of the control variables can be determined
within the constraints imposed by the real processes.

The foundations of model-based process optimization
have already been discussed in the literature. Ryu et al. [4]
discussed model-based optimization of recombinant fer-
mentation processes. Lim and Lee [5] discussed optimi-
zation of biotechnological cultivation processes from the
control engineer’s perspective and suggested Pontryagin’s
maximum principle [6] for determining optimal feed-rate
profiles. The maximum principle leads to a rigorous ana-
lytical solution for the control profiles. It is thus preferred
to nonlinear programming or stochastic optimization
methods for optimization of nonlinear systems, where
convergence problems may appear. However, the appli-
cation of the maximum principle requires mathematical
treatment of the process model.

In this paper, using the example of heterologeous virus
capsid protein production in E. coli, we show that the
relevant features of production processes for recombinant
proteins can be described by relatively simple process
models. The mechanistic model proposed describes the
substrate consumption by the E. coli cells, the accumula-
tion in the cells’ biomass, and the formation of the desired
viral capsid protein within the bacteria. We are not aiming
at a comprehensive description of recombinant protein
production. Instead, we focus on a compact accurate
representation of the specific VP1 production process
under consideration. The main advantage of the then
simpler model is that its parameters can be identified more
reliably with the limited amount of data available.

The procedure reported is used to identify the process
model using data measured during a few well planned
experiments, and then to use the model for calculating the
optimal open-loop control strategy, which maximizes the
amount of product that can be harvested within a fixed
cultivation time. Pontryagin’s maximum principle is em-
ployed to determine the optimal feed-rate profile directly,
thus avoiding iterative or stochastic optimization methods.
It is shown that the algorithm can be kept compact and
fast, so that it can be used for online optimization as well.
The resulting control strategy is then tested experimen-
tally. A comparison of the measurement data obtained in
this validation experiment with the model predictions was
performed in order to test the extrapolation capability of
the model.

The process considered is the production of the re-
combinant protein VP1 in E. coli bacteria. The three
proteins forming the envelope of a polyoma virus are
named VP1, VP2, and VP3 . VP1 makes up about 75% of
the envelope, and can be expressed in E. coli cells, where it
appears within the cytoplasm in soluble form [7]. Inter-

estingly, artificial capsid envelopes can be constructed
with VP1 only [8]. After incorporation of DNA material
into such in vitro constructed virus envelopes, transfection
into eukaryotic cells proved to be possible [9]. Conse-
quently, VP1 is considered as an interesting species for
constructing artificial virus envelopes for gene transfer
purposes.

2
Materials and methods

2.1
Microorganism, medium and culture
The bacterial host used in this study was E. coli BL21
harboring a derivate of the pBR322 plasmid. This contains
a gene encoding for VP1 fused with the enzyme dihydro-
folreductase (DHFR, EC 1.5.1.3). Additionally it has a gene
segment that confers ampicillin resistance. The VP1-DHFR
gene was expressed under stringent control of the tac
promoter. The latter was induced using 1.5 mM isopropyl-
b-D-thio-galactopyranosidase (IPTG).

Pre-cultures were developed by inoculating 100 ml
defined medium containing 5 g/l glucose with 2 ml of
frozen culture at 37�C in shaker flasks. After the initial
amount of the supplied substrate is depleted, the cells were
centrifuged, washed and transferred to the main 10 l fer-
menter (Biostat C+, B. Braun Biotech International,
Melsungen, Germany). The fermenter was operated under
the local control of B. Braun’s DCU, supervised by the
MFCS/Win software (B. Braun Biotech International,
Melsungen, Germany).

The fermenter was equipped with 2 standard T/3-
Rushton turbines and 4 flow baffles in standard configu-
ration. The stirrer speed was varied between 400 and
1200 rev/min and the aeration rate between 1 and 2 vvm
in order to keep the dissolved oxygen level above 25%.

pH was controlled at 7.0 with 25% ammonium hy-
droxide and 20% phosphoric acid. Temperature was con-
trolled at 37�C before induction, but afterwards
temperature was reduced to 32�C, which proved favorable
for soluble protein production.

Fermentations were started as batch cultures. Upon the
consumption of all of the initially supplied substrate glu-
cose, which was observed by an increase in the dissolved
oxygen concentration, the operation mode was switched to
fed-batch.

Besides glucose, the defined medium used during pre-
culture as well as the fed-batch cultivations contained:
KH2PO4 13.3 g/l, (NH4)2HPO4 4 g/l, citric acid 1.7 g/l,
EDTA 8.4 mg/l, CoCl2 6H2O 2.5 mg/l, MnCl2 4H2O 15 mg/
l, CuCl2 2H2O 1.5 mg/l, H3BO3 3 mg/l, Na2MoO4 2H2O
2.5 mg/l, ZnSO4 7H2O 2 mg/l, FeSO4 7H2O 200 mg/l and
2 ml/l of trace element solution.

Composition of this trace element solution was: CaCl2
2H2O 0.5 g/l, ZnSO4 7H2O 0.18 g/l, MnSO4 H2O 0.1 g/l,
Na2-EDTA 20.1 g/l, FeCl3 6H2O 16.7 g/l, CuS04 5H2O
0.16 g/l, CoCl 6H2O 0.18 g/l.

Depending on the experiment, the initial biomass,
glucose concentrations, culture broth mass, induction
time, and glucose concentrations in the feed were as
specified in Table 1.
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2.2
Assays
Cell concentrations were obtained by measuring the ab-
sorption in the culture broth at 600 nm with a spectro-
photometer (UV-2102PC, Shimadzu Scientific
Instruments, Inc., Columbia, Md., USA), and recalculating
it to dry cell mass concentration by means of a predeter-
mined correlation.

Glucose was measured during the cultivation enzy-
matically with an analyzer (YSI 2700 Select, Yellow Springs
Instruments, Springfield, Oh, USA).

As the product, the viral capsid protein VP1 of the
murine polyoma virus is fused with the enzyme dihy-
drofolate reductase (DHFR, EC 1.5.1.3), the protein con-
centration could easily be measured via the activity of its
enzyme moiety. For product quantification it is assumed
that the measured enzyme activity is proportional to the
concentration of the desired protein. The desired product
is the protein construct that remained dissolved within the
cytoplasm of the bacterial cell. A sample with a fixed
amount of biomass is taken. The biomass is first separated
by centrifugation. Then, the cells within the pellet are
disrupted in a ball mill and, after a further centrifugation,
the protein in the supernatant is probed.

The following DHFR-activity measurement is derived
from the method of Ginkel et al. [10]. Raw enzyme extract
(100 ll) was added to a sample of 850 ll. This was aug-
mented with 50 mM potassium phosphate, 1 mM EDTA,
10 mM mercaptoethanol and 0.1 mM NADPH and 50 ll
0.1 mM dihydrofolate. In this solution, DHFR catalyses the
reduction of dihydrofolate, using NADPH/H+, to tetrahy-
drofolate and NADP+. The change in the NADPH/H+

concentration was determined by an extinction measure-
ment at 340 nm wavelength. Under these conditions, the
change in the extinction is directly proportional to the
activity of DHFR.

3
Modeling of the physical system

3.1
Model description
Identification of the model structure and its parameters
was based on experimental data obtained from fed-batch
laboratory scale cultivations.

The model is based on mass balances for biomass x and
substrate s. As the processes were performed in the fed-
batch mode, an equation for the culture mass w is added.
Additionally, an equation for the specific activity of the

desired recombinant protein is considered. This is a bal-
ance around a representative cell, formulated in terms of
px [units/cell mass], and does not refer to the protein
concentration usually taken in the medium, in so far as it
must be distinguished from the balances of biomass and
substrate around the reactor. The variables defining the
state vector c are [x, s, px, w].

The following structure of the mathematical model was
obtained:

dx

dt
¼ lðsÞx� ðuþ F1Þ

x

w
ð1Þ

ds

dt
¼ �qsðsÞxþ u

sf

w
� ðuþ F1Þ

s

w
ð2Þ

dpx

dt
¼ qpxðl; pxÞ ð3Þ

dw

dt
¼ uþ F1 þ F2 ð4Þ

Note that the rates by which the culture mass w changes, is
split into three mass flows: u is the main control variable,
the rate by which substrate s is fed to the reactor. F1

considers the changes in culture mass w through alkali
addition, CO2 outflow through the vent line, and evapo-
ration. These components are computed, using separate
algebraic equations and the state variables obtained during
the model (1–4) integration procedure, as described by
Galvanauskas et al. [11]. F2 considers the changes due to
sampling for offline analysis.

The dependency of the specific biomass growth rate l
on substrate concentration s and temperature T is de-
scribed as follows:

l s;Tð Þ ¼ lmax

s

ks þ s
� ki

ki þ s
expðaðT � TrefÞÞ ð5Þ

Besides the Monod kinetics, expression (5) also considers
possible substrate inhibition effects. This expression was
taken for both the biomass production as well as the
protein formation phase. The difference between both
phases is that the temperature during the protein pro-
duction phase is lower than the one adjusted during the
biomass growth phase, where it was T=Tref=37�C. This
reduces the maximally possible biomass growth rate dur-
ing the induction phase.

The desired temperature for the protein production
phase was found from exploratory batch experiments
performed beforehand [12], where the temperature was
changed over a relatively wide range of 17–37�C. The ex-
perimental results showed that the maximal specific pro-
tein concentration is to be expected at a cultivation
temperature of T=32�C.

As the optimal values of temperature in the biomass
growth and protein production phases are determined
beforehand, the exponential term in model equation (5)
can be considered a constant parameter, the value of which
depends on the process phase. Therefore, the specific
growth rate in model equations (1, 2, 3) is considered a
function of the substrate concentration only.

Table 1. Initial conditions, induction time, and substrate concen-
trations in feed in experiments 1–4

Abbreviation Value in experiment Dimensions

1 2 3 4

x(0) 0.143 0.119 0.116 0.116 g/kg
s(0) 10.7 10.1 9.6 9.5 g/kg
w(0) 4.7 4.9 4.95 5.05 g/kg
tind 5.27 5.47 6.75 8.0 h
sf 100. 100. 156. 151. g/kg
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The specific substrate consumption rate qs is assumed
to be mainly dependent on the specific biomass growth
rate l. Additionally, maintenance requirements of the cells
by means of a term m are considered:

qs sð Þ ¼ 1

Yxs
l sð Þ þm ð6Þ

Figure 1a–c depicts the measurement data for biomass
and substrate concentrations in experiments 1–3. These
experiments were performed in order to provide data for
process model identification. The curves depict the cor-
responding modeling results obtained after fitting the
model to all three data sets with the same parameter set
(see Table 2).

The kinetic expression for the rate by which the specific
product concentration px changes, which was also derived
from the experimental observations, is very important to
the objective of the project. In order to get reliable data
about the dynamics of the product development, experi-
ments 1–3 were designed in such a way that the specific
growth rate l was held constant at different values for
periods of about 1.5–3 h (see Fig. 2a–c). Hence, the spe-
cific protein concentrations, as depicted in Fig. 2a–c, could
be estimated quite reliably for the adjusted growth rates.

Separate analyses of the data from the time intervals
within which the specific growth rate remained unchanged
suggested that the specific concentration of the recombi-
nant protein, which accumulates within biomass, ap-
proaches a maximal value. The approached maxima pmax

is different at different specific biomass growth rates.
Higher specific product concentrations were observed at
lower specific growth rates, and vice versa, lower specific
product concentrations were achieved at higher growth
rates (see Fig. 2a–c).

In order to quantify these observations, the rate of
change of the specific protein concentration qpx in Eq. (3)
was described by a first-order dynamical process in the
following way:

qpx l; pxð Þ ¼ 1

Tpx
pmax lð Þ � pxð Þ ð7Þ

where Tpx is the corresponding time constant. This
approach can be considered as a form of self-inhibition
effect [13]. However, we assume that the maximal specific
product concentration value pmax, approached asymptoti-
cally, to be dependent on l. pmax was observed to decrease
with higher biomass growth rates l, but is expected to be
very low when the specific biomass growth rate l ap-
proaches zero. This function was modeled by means of an
equation of the following structure:

pmax lð Þ ¼ lkm

kl þ lþ l2=kil
ð8Þ

Note, that no recombinant protein is produced during the
biomass growth phase. For the growth phase, Eq. (7) is
replaced by qpx=0.

The experimental data depicted in Fig. 2a–c were used
to identify the parameters in Eqs. (7) and (8). The re-
sulting fit shows that the agreement between model and
measured data is satisfactory, particularly if one takes into
account the significantly different operational conditions
under which the process was examined.

The conventional approach used for example by Miao
and Kompala [13] and Bellgardt [14] was tested for its ability
to describe the measurement data presented in this paper.
This showed that our measurement data was accurate when
compared with the representation proposed here. However,
with respect to process optimization, the approach [13]
requires additional state variables and more complex ki-
netics to avoid unrealistic control profiles. The latter tend to
maintain a specific biomass growth rate in the protein
production phase close to zero. Furthermore, the increased
number of modeled, but not measured, variables and free
model parameters reduce the extrapolation capabilities of
the model. This is particularly important at the beginning of
the process investigation providing that the number of
measurement data available is quite small.

Parameter identification was performed using an evo-
lutionary programming algorithm [15]. The resulting
model parameter values identified from experiments 1–3
are given in Table 2.

Fig. 1a–c. Biomass (solid triangles) and glucose (solid circles) concentrations measured during three fed-batch cultivations (subplots a–c
correspond to experiments 1–3 respectively) together with the corresponding model outputs (solid line and dashed line) determined from
Eqs. (1–9)
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3.2
Feed-rate optimization
The goal of the optimization is to maximize the total
amount of recombinant protein at the end of the cultiva-
tion process. Manipulated variables are the inducer in-
jection time tind and the feed-rate profile u(t).

The mathematical model applied for solving of the
optimization problem consists of the set of generalized
state Eqs. (1), (2), (3), and (4) and the functional rela-
tionships (Eqs. 5, 6,, 7, and 8), described in the previous
section. The model parameter set depicted in Tables 2 and
3 was used in the calculations.

3.2.1
Formulation of the optimization problem
The objective function, as quantified by:

J ¼ px tfð Þx tfð ÞwðtfÞ ! max ð9Þ

has to be maximized while satisfying the following con-
straints: the cultivation time tf was limited to 10 h, and the
feed pumps allowed feed-rate variations in the interval

0 � u � umax ð10Þ
As the exploratory batch experiments [12] performed

beforehand suggested that the cells become irreparably
injured when they are exposed to extremely small oxygen
concentrations during production, pO2 was kept above

25%. This lead to another constraint that is discussed later
in more detail.

3.2.2
Solving of the optimization problem
The optimization procedure was divided into three parts.

The first subproblem is to maximize the amount of cell
biomass at a given induction time tind.

The second subproblem is to maximize the amount of
recombinant protein at the end time tf.

The third subproblem is to find the maximum of the
performance index (9) by repeatedly solving of subprob-
lems 1 and 2, and varying induction time tind, i.e. the
maximal amount of the desired protein at the end of the
cultivation.

Solving the first subproblem
The objective function in the first subproblem is:

J ¼ x tindð ÞwðtindÞ ! max ð11Þ

where tind is a given induction time instant.
Model equations (Eqs. 1, 2, 3, and 4) are solved with

initial conditions x(0), s(0), px(0)=0, w(0) (see Table 1,
experiment 4) to determine the feed rate uopt, which
maximizes the objective function (11). The solution of this
optimization subproblem is trivial: the objective function
(11) is maximized if the specific growth rate is controlled
at its maximum value. The optimal feed rate, maximizing
the specific growth rate, can be calculated from Eq. (2) at
ds/dt=0:

uopt ¼ w
qs sopt

� �
x

sf � sopt
þ soptF1

sf � sopt
ð12Þ

where sopt is the s value satisfying the condition

dl sð Þ
ds
¼ 0 ð13Þ

Solving the second subproblem
Optimization of the feed rate within the recombinant
protein production phase, i.e., the time interval [tind tf],

Table 2. Values of the model parameters, identified from experi-
ments 1–3

Abbreviation Value Dimensions

ki 93.8 g/kg
kil 0.0174 1/h
km 751 U/g
kl 0.61 1/h
ks 0.00333 g/kg
m 0.0242 g/g/h
Tpx 1.495 h
Yxs 0.46 g/g
a 0.0495 1/�C
lmax 0.737 1/h

Fig. 2a–c. Specific concentration of viral capsid protein VP1, px (solid squares) measured during three fed-batch cultivations (subplots a–c
correspond to experiments 1–3 respectively) together with the corresponding model output (solid line), and specific biomass growth rate, l
(dashed line) determined from the Eqs. (1), (2), (3), (4), (5), (6), (7), (8), and (9)
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is solved using Pontryagin’s maximum principle (see
Appendix). Model equations (Eqs. 1, 2, 3, and 4) are solved
with initial conditions x(tind), s(tind), px(tind)=0, w(tind) to
determine the feed rate uopt, which maximizes the objec-
tive function (Eq. 9):

uopt ¼ w

dl
dt

� �

opt

.
@l
@s þ qsx

sf � s
þ sF1

sf � s
ð14Þ

where

dl
dt

� �

opt

¼
@qpx

@l
@qpx

@px
� @2qpx

@l@px
qpx

@2qpx

@l2

ð15Þ

The corresponding derivatives can be directly determined
from the model equations (5), (7) and (8) already dis-
cussed.

Solving the third subproblem
Once the algorithm for determining the optimal profiles
(subproblems 1 and 2) corresponding to a predetermined
induction time tind is implemented, one can vary this
single parameter by means of a simple search in order to
find the tind corresponding to the maximal value of the
performance index (Eq. 9). This can be done by applying
any search algorithm, e.g., the golden search method. Al-
ternatively, as the computation time for a single optimi-
zation run is below a second on a standard PC, it can be
solved by polling across the relevant time interval with a
time increment Dtind corresponding to the time resolution
of the experiments. For the experiments discussed,
Dtind=3 min proved to be sufficient for such a polling.

3.3
Optimization results
The optimal feed-rate time profiles were calculated by
integrating the model equations (1, 2, 3, 4, 5, 6, 7, 8). The
feed rate in the growth phase was determined by rela-
tionship (12) while relationships (14) and (15) were used
for the calculation during the protein production phase. If
the calculated feed-rate values violate restriction (10), they
are replaced by the boundary values.

In practice, one additional restriction on the substrate
feed rate was introduced in order to avoid oxygen limi-
tation in the reactor. The oxygen uptake rate was modeled
by means of

OUR ¼ Yoxl xþmoxx ð16Þ

The relationship (16) together with Eqs. (5), (6), and (12)
are used to calculate the maximal feed rate u, which does
not lead to violation of the oxygen supply restriction. Such
a restriction of the feed rate was implemented in the

control algorithm in experiment 4 during the cultivation
time interval between t=7 h and t=8 h. This is illustrated
in Fig. 4, where the oxygen uptake rate approaches the
constraint of OUR £ 6 g/kg/h (see Fig. 4a), and u (see
Fig. 4c) is continuously reduced to maintain the necessary
l (see Fig. 4b) and OUR. The identified values of the pa-
rameters Yox and mox are presented in Table 3.

The optimal induction time tind=8 h was determined.
The biomass concentration, the specific activity of recom-
binant protein and the optimized feed-rate time profiles
maximizing the amount of recombinant protein at tf=10 h
are depicted in Fig. 3 and 4c. Note, the curves are model
predictions and the symbols are measurement values
obtained from the subsequently performed experiment.

The optimized feed-rate profile in the protein produc-
tion phase depicts a specific biomass growth rate l=0.12 1/
h at t=tind=8 h, which is then monotonically reduced to
l=0.105 1/h at the end of cultivation. These values of the
specific growth rate are slightly higher than the one that
maximizes pmax in Eq. (8). The optimal specific growth rate
l depends on the structure of Eqs. (14) and (15).

Until t=7 h , the specific growth rate was slightly
smaller than expected, as can be seen in Fig. 3: where only
a level of about 95% was obtained when compared to the
predicted values. Nevertheless, at the predetermined in-
duction time, the predicted biomass concentration could
be achieved.

Specific protein activities in the cell mass were found in
the predicted range. The total productivity J of the process
also met the predicted values.

The experimental results showed notable improve-
ments in the productivity with respect to the total amount
of desired protein (Eq. 9) as compared to the exploratory
experiments 1–3 (see Fig. 5).

4
Conclusions
The mechanical mathematical model proposed for pre-
diction and optimization of the operational procedure in
recombinant protein production processes reliably pre-
dicts the experimental data.

Table 3. Values of the parameters in Eq. (16), identified from
experiments 1–3

Abbreviation Value before
induction

Value after
induction

Dimensions

mox 0.15 0.015 g/g/h
Yox 0.5 0.75 g/g

Fig. 3. Predicted trajectories of the state variables: biomass concen-
tration, x (solid line), and specific protein concentration, px (dashed
line) in experiment 4, where tind=8 h. Additionally, the obtained
experimental data for biomass (solid triangles) and specific protein
(solid squares) concentrations are depicted
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Equations (3), (7) and (8) describe the dynamics of the
protein formation in a different way from the conventional
approaches. The dynamics of the protein formation reflect
the experimentally observed fact that the desired protein
VP1 is preferentially produced at low specific growth rates
of �0.10–0.12 1/h, indicating that the metabolic load of the
cells should be kept lower in order to produce a larger
amount of soluble protein within the given cultivation time.
The adaptation of the cells to a new physiological protein
production state, as characterized by a new specific
growth rate, is dynamically described by a first-order
dynamical process. The small number of parameters in the
process model allows a reliable identification of the
parameters from the usually quite small experimental data
base.

The final model was used to predict the optimal feeding
strategy. With Pontryagin’s maximum principle, the opti-
mization problem could be solved directly. The resulting

optimal control strategy was tested in a validation exper-
iment. A good agreement between prediction and
experimental data was observed, indicating the good
prediction properties of the model. As compared to
the initially obtained amounts of product, the optimi-
zation led to a significant improvement in the process
performance.

The computation time required to determine induction
time and the corresponding feed-rate profiles is a few
seconds only. Hence, the procedure proposed in this re-
port can be applied for the online correction of the optimal
induction time and the feed-rate profile. This is of prac-
tical advantage wherever deviations in the operating con-
ditions from those assumed during the optimization
appear. To perform an online re-optimization, online es-
timations of the biomass growth and substrate consump-
tion rates together with measurements of these variables
are required. Based on the deviations between the modeled
and measured quantities, the model parameters in Eqs. (5)
and (6) should be re-identified online. Nevertheless, an
appropriate minimal number of measurement points is
necessary in order to assure the convergence of the iden-
tification algorithm.

As measurement values of the specific protein con-
centrations are not available during the cultivation, the
online correction of the parameters in Eqs. (7) and (8) is
not possible. Thus, a recalculation of specific protein
concentrations must be based on the assumption that the
product formation dynamics remains the same as identi-
fied from the previously performed experiments.

After model re-identification, optimal feed-rate profiles
and the induction time can be recalculated using the
procedure described in the optimization section. As initial
conditions, the currently estimated process state must be
used.

As the proposed model is simple and the proposed al-
gorithm allows a quick calculation of optimal feed-rate
profiles, the optimization approach presented is an at-
tractive solution to optimization problems in industrial
recombinant protein production processes.

Appendix: Employing Pontryagin’s maximum principle
for feed-rate optimization
The optimization problem involves maximizing the ob-
jective function (9), when process state variables are re-
lated by model equations (1), (2), (3) and (4) and the
restrictions (10) are imposed on the duration of the pro-
cess and the control variable.

The original problem given by Eqs. (1), (2), (3), (4), (9),
and (10) can be reduced by introducing a new state vari-
able, total biomass X=xw, and a new control variable,
specific growth rate l.

With the new variables, the optimization problem can
be formulated as follows:
Model equations:

dX

dt
¼ lX ðA1Þ

dpx

dt
¼ qpx l; pxð Þ ðA2Þ

Fig. 4a–c. Profiles of the process variables in experiment 4.
a predicted oxygen uptake rate, OUR; b predicted specific biomass
growth rate, l; c optimized substrate feed rate, u

Fig. 5. Process performance index (Eq. 9) achieved in exploratory
experiments 1–3 (boxed 1, 2, and 3 respectively) and in optimized
experiment 4 (boxed 4), calculated from the experimental data
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Objective function:

J ¼ px tfð ÞX tfð Þ ¼
Ztf

0

d pxXð Þ
dt

dt

¼
Ztf

0

pxlX þ qpx l; pxð ÞX
� �

dt ! max ðA3Þ

In using the maximum principle for the problem given
by Eqs. (A1), (A2), and (A3), the Hamiltonian becomes:

H ¼ pxlX þ qpx l; pxð ÞX þ kXlX þ kpqpx l; pxð Þ ðA4Þ

Equations for the adjoint variables are:

dkX

dt
¼ � @H

@X
¼ �pxl� qpx l; pxð Þ � kXl ðA5Þ

dkp

dt
¼ � @H

@px
¼ �lX � @qpx

@px
X � kp

@qpx

@px
ðA6Þ

From the transversality conditions, the final values of
the adjoint variables are:

kX tfð Þ ¼ 0 ðA7Þ
kp tfð Þ ¼ 0 ðA8Þ

According to the necessary conditions of optimality,
the Hamiltonian must remain constant along the optimal
trajectory:

H ¼ C ðA9Þ

where C is some constant related to the fixed duration of
the controlled process.

From the maximum principle, the control law must
satisfy the following condition:

@H

@l
¼ pxX þ @qpx

@l
X þ kXX þ kp

@qpx

@l
¼ 0 ðA10Þ

As follows from equation (A9), the time derivatives of
the Hamiltonian must be identically zero along the optimal
trajectory:

dnH

dtn
¼ 0; n ¼ 1; 2 ðA11Þ

By combining the equations (A1), (A2), (A4), (A5),
(A6), (A9), (A10), and (A11) the adjoint variables kX and
kp can be eliminated, and the necessary condition of op-
timality for the controlled process can be expressed in
terms of the control and state variables:

@2qpx

@l2

dl
dt
þ @2qpx

@l@px
qpx �

@qpx

@l

@qpx

@px
¼ 0 ðA12Þ

From the equation (A12) the optimal change of the
specific growth rate can be determined as:

dl
dt

� �

opt

¼
@qpx

@l
@qpx

@px
� @2qpx

@l@px
qpx

@2qpx

@l2

ðA13Þ

Returning to the original control variable (feed rate, u),
the specific growth rate l and the feed rate u are related by
equation:

dl
dt
¼ @l
@s

ds

dt
¼ @l
@s
�qsxþ u

sf � s

w
� F1

s

w

� �
ðA14Þ

By combining equations (A13) and (A14), the following
functional relationship is obtained for the optimal feed-
rate calculation:

uopt ¼ w

dl
dt

� �

opt

.
@l
@s þ qsx

sf � s
þ sF1

sf � s
ðA15Þ
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