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Abstract. New multiplicative and statistically self-similar measures p are defined on R
as limits of measure-valued martingales. Those martingales are constructed by multiplying
random functions attached to the points of a statistically self-similar Poisson point pro-
cess defined in a strip of the plane. Several fundamental problems are solved, including the
non-degeneracy and the multifractal analysis of . On a bounded interval, the positive and
negative moments of ||u|| diverge under broad conditions.

1. Introduction

This paper deals with a new class of random multifractal measures introduced in
[Ma6], to be called “multifractal products of cylindrical pulses” (MPCP). They
improve on the familiar “canonical cascade multifractals” (CCM) introduced in
[Ma3, Ma4].

As will be recalled, the construction of CCM involves a prescribed artificial
b-adic grid of intervals of [0, 1]. The basis b (integer > 2) was introduced to
simplify the construction in [Mal] and allow the conjectures in [Ma3, Ma4] to be
proven [KP]. This b-ary tree structure restricts the statistical self-similarity of CCM
to b-adic subintervals of [0, 1]. The CCM led to a considerable body of literature
(see [K2], [HoWa], [Mol], [B1], [B2] and references therein for extensions).

Let (2, B, IP) be the probability space on which random variables are defined
in this paper. To construct CCM, let W be a non-negative random variable having
expectation 1, and let W, v € U;‘l‘;I{O, ..., b — 1}", be a collection of random
variables i.i.d. with W. Consider the sequence of random measures ©,, n > 1, on
[0, 1], defined by

du -
n
dé (t) = jljll W(tl,‘..,tj)v
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wheret = (11, 12,...),t; € {0,...,b — 1}, is a b-ary expansion of 7 € [0, 1], and
£ denotes the Lebesgue measure. The CCM p is the almost sure (a.s.) vague limit
Of (Hn)nz1 (see [KP)). | |

The mass that 1 assigns to the subinterval [}_, ;677,37 ;b™/ +b7"]
is a product of two statistically independent factors: b™" ]_[']1-=1 W(tl,_,_,,j), and a
random variable Yoo (?1, ..., t,) that is distributed as the total mass ([0, 1]) (this
reflects the self-similarity).

The MPCP provide a continuous parameter extension of CCM. To relate CCM
and MPCP, the basic subintervals of the form [kb (k+l)b_j],k ef{0,1,..., bi—

1}, should first be reparametrized as [s — A, s + A], where the location and scale
k+1/2

1 . .
and Ap; = Tk This notation re-
states the density of u, as a product of random quantities associated, down to

a “resolution” &, = (2b™)7!, Wiph the atoms of the “deterministic point process”
S =A{(sk,j, Ak, j) 1 k=0,..., b/ —1, j=1,2,...}. Specifically, for (s, 1) € S
with 21 = b™/, one defines the “cylindrical pulse” P ;) by

parameters s and A are s¢; =

Wt iftels—A s+ Al
t€R— Pyyy) = { 1 et otherwise.

Then u is the a.s. vague limit (as ¢ — 07) of the family of measures p, given by

du . .
d; (t) = ]_[ Ps.y (1), with je = p, if & €lentt, &al.
(s,L)ES, A>¢

Note that for a given ¢ € [0, 1], the number of (non-unit) factors in the previous
product is the number of points in S “under” f and is equivalent to (log b) ! log 1/¢.
The factor 1/log b can be viewed as a formal density for the point process S.

The step from this framework to MPCP consists in replacing the point process
S by a Poisson point process S = {(s;, A;)} on R x (0, 1], with intensity

tdx
)\2

8d

A(dtdr) = 3 6> 0).
The “cylindrical pulses” associated with S are a denumerable family of functions
P;j(t), such that each P; is identically 1 outside the interval [s; — A, s; +A;], and
identically equal to a weight W; within [s; — A, s; +A;], so that the W;’s are i.i.d.
with W, and independent of S.

The MPCP 1 is the a.s. vague limit (as & — 07) of the family of measures /i,
defined on R by

dpie
o= 1 P

dal
(Sj,)»j)ES, Aj>e

For every ¢ € R, the expected number of (non-unit) factors in the previous product
is §log(1/¢). The CCM formal density 1/log b is now formally replaced by the
MPCP density 3.
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The first key virtue of the MPCP’s follows from the invariance properties of A:
these measures are statistically invariant under a continuous change of scale. They
involve no b-adic grid. Neither do the limit lognormal multifractals introduced in
[Mal], nor the “fractal sums of pulses” in [Ma5], which inspired the present study.

A second key virtue concerns a deep change in the form of the familiar
multifractal function 7 (¢ ). For MPCP, the next sections will show that when W > 0

(q) = —1+q —SEWT) —1).
For CCM, it is well known that
(q) = =1+ g — log, E(W).

The condition of divergence of high moments of y continues to be that 7(g) < 0
for some g > 1. The restriction 7(g) < 0 imposes on W is clearly less for MPCP
than for CCM.

Section 2 tightens up the construction of the MPCP p. When E(W) # 1, the
natural normalization of the products of the pulses is formed, to give the density

d
ﬁ(r) —SEW-D T P,
(Sj,)uj)ES, )LjZé‘

Then the main results are stated and a self-similar property is described. Theorem 1
concerns the conditions under which p is non-degenerate, i.e., positive with positive
probability. Theorems 2 and 3 concern the existence of finite moments for pieces
of u. Theorem 4 concerns the whole multifractal spectrum. Section 3 is devoted to
proofs of these theorems.

This paper incorporates, proves and much strengthens the conjectures in [Ma6].
In the absence of a grid, the geometrical properties of MPCP are subtler than those
of CCM, and serious mathematical complications arise. The reason why [Ma3,
Ma4] singled out CCM for study is that for CCM the mass ([0, 1]) = Y satisfies
the now-classical functional equation

b—1
E): Yoo =b""Y " Wi Yao (),
j=0

where the Yo (j) are copies of Y, and these random variables are mutually
independent and independent of the W(;). By construction, b~ !'W ;Yoo (j) =
,u,([jb_l, G+ Db~ for each 0 < Jj < b — 1. The properties of p are con-
trolled by () itself or its iterations. For a MPCP, Sect. 2.3 replaces (£) with the
far more difficult Eq. (3). The geometry of the Poisson point process S implies
that (3) no longer involves random variables having the same distribution as Y.
While copies exist, they are implicit in integral terms (by Theorem 5). Moreover,
the copies that concern intervals close to one another are correlated. Nevertheless,
several non-obvious reductions make it possible to adapt for MPCP some features
of the familiar approach developed for CCM.
Products of more general pulses are discussed in [BM].
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2. Definitions, results and self-similarity
2.1. Construction of the limit measure and main results

Let W be a positive integrable random variable and denote E(W) by V.
Let {Bk}k>1 be apartition of Rx]0, 1] such thatforallk > 1,0 < A(By) < oc.

For every k > 1, let A|p, denote the restriction of A to By and choose a sequence

. . . A
(My n)n>1 of Bi-valued random variables with common distribution %; denote

by Ni a Poisson variable with parameter A(By), and (Wg ,),>1 a sequence of
copies of W.

Assume that all the random variables My ,, Ny and Wy ,,, k, n > 1, are mutually
independent.

S ={Mkn; 1 <k, 1 <n < Ni}is aPoisson point process with intensity A.
For M = (ty, Ay) = My, € S, define Wiy = Wiy, Iy = [tsr — Ams t + Aul,
and the cylindrical pulse Py : t € R~ Wy 1y, (1) + 11;4 ().

For all ¢ €]0,1] and ¢ € R, define the truncated cone C.(¢) = {(t/,A) €
Rx10,1]; t =A<t <t+ X, e <A <1}and

Oc.o) = l_[ W
MeSNCe (1)
For every 0 < ¢ < 1, denote by u, the measure on R defined by

du _ _
L 0=00=2""0 [T Pu =e""0cq
MeSN{r>¢)

and define F, = o (M, Wy, M € SN {A > ¢}). In all the text, weak convergence
of measures on a locally compact Hausdorff set K means weak*-convergence in
the dual of C(K), the space of real continuous functions on K.

The limit measure. By construction, for every t € R, (Q1/5(¢))s>1 is a positive
right-continuous martingale with respect to (F7/s)s>1, withexpectation 1. Therefore
Kahane’s theory of T-martingales ([K1]) is applicable. That is, for every n € Z and
with probability one, the restrictions of the measures . to the compact [, n + 1]
converge weakly, as ¢ — 0, to a non-negative measure u(”) on [n,n + 1]. It also
follows that the endpoints 7 and n + 1 are not atoms of .

Consequently (with probability one) there exists a unique non-negative measure
,uR on R whose restriction to [n, n 4 1] is u™ for every n € Z.

By definition of A, the measure X is statistically invariant by horizontal trans-
lations. The sequel will only consider the measure o = (V.

Remark 1. The choice of (Bk, Nk, (Mk.n)n>1)k>1 and (Wi n)n>1)k>1 affects nei-
ther the probability distribution of the stochastic process (Q¢(t))¢c0, 1], reR» NOT
those of the other random variables defined in this paper.

The function t(g). Recall that u denotes the restriction of u® to [0, 1]. Define
Y = ||u]. For ¢ € R define

(@) =—14+qg(1+8V —=1) —38EWI) —1) e RU{—o0}.
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Thus t is concave and finite on [0, 1].
Non-degeneracy of 1« and the moments of ..

Theorem 1 (Non-degeneracy). (i) If t/(17) > O then P(u # 0) = 1 and
EY)=1 (i) IfP(u#0)>0thenP(u#0)=1,EY)=1andt'(17) > 0.
If, moreover, E((1 + W)|log W|2+V) < oo for somey > 0, thent'(17) > 0.

Theorem 2 (Moments of positive orders). Leth > 1.
) Ift(h) > 0then 0 < E(Y") < oo. (ii) If 0 < E(Y") < oo then t(h) > 0.

Remark 2. [Ma6] conjectures that u is non-degenerate if and only if T/(17) > 0,
and that if 4 is non-degenerate then for 4 > 1, E(Y") < oo if and onlyif t(h) > 0.

The necessary and sufficient conditions for non-degeneracy and finiteness of
moments of positive orders are similar for MPCP and CCM, but, by design, are
less restrictive for MPCP. The following proposition characterizes the divergence
of high moments.

Proposition 1 (Divergence of high moments for MPCP and CCM). (i) Assume
that p is non-degenerate. There exists h > 1 such that E(Y") = oo if and only if
P(W > 1) > 0 (this is independent of §) or P(W < 1) =1l and E(W) < 1 —1/4.
(ii) Assume that E(W) = 1 and the CCM constructed with W is non-degener-
ate. There exists h > 1 such that E(Y;’o) = oo if and only if P(W > b) > 0 or
P(W =b) > 1/b.

Theorem 3 (Moments of negative orders). Assume Y is non degenerate and fix
a > 0.Then E(Y™%) < o0 holds if and only if E(W™%) < oco.

Multifractal analysis of ;.. New definitions are needed.
For a function f : R > RU{—o0}, define f*: o« € R > inf,cr(ag — f(q)).
Fort € [0, 1]and r > 0, denote [0, 11N [t — 5, ¢ + 5] by I,(¢), and for o > O
define

1 I-(t
E, ={t €[0,1]; lim M —
r—0t ]0g r

ol.

The multifractal analysis of i computes the mapping « +— dimy E, on an inter-
val as large as possible, where dim g stands for the Hausdorff dimension. Since the
geometry of u does not depend on a particular b-ary tree, the logarithmic density
in the definition of the E,’s is not expressed via b-adic intervals as for CCM, but
via centered intervals.

Theorem 4 (Multifractal analysis). Assume that t is finite on an interval J
containing a neighborhood of [0, 1], and that T'(1) > 0. Define J' = {q €
Int(J); t'(q)g — t(q) > O}, I' = {t'(q); ¢ € J'}, ains = inf(I') and asyp =
sup(I") ([0, 1] c J/, I’ C]O, oo[, ating > 0). With probability one:

(i) Foralla € I', dimy E, = t*().

(i0) If t* (ainf) = Othenforalla €10, aine[, E¢ = ¥. Ifagyp < 00 and T*(ctsyp) = 0
then for all o €]atgup, 00[, Eq = @.
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2.2. Additional definitions and a principle of self-similarity

X ~ X’ means that the two random variables X and X are identically distributed.
If B is a Borel subset of H = Rx]0, 1] with A(B) < oo, define

Op = l_[ Wu.

MeSNB

If I is a compact subinterval of [0, 1], then |/| stands for its length and we
define

T ={(t,A) e H; O <A< |I|,inf(I) — A <t <sup(]) + A},

T'={@,») € H; [I| <A <1, 1 € [sup(I) — &, inf(I) + A1},

Bl ={(t,2) € H; |I| <% <1, 1 € [inf() + yA, sup(1) + yAl}, y € {—1,1},
I I I

B' =B’ UB/.

Moreover, f; the affine transformation on R which maps inf (/) onto 0 and sup(/)

onto 1.
Then for all 0 < ¢ < 1 define Mg as the measure determined on / by

d:“«g s(V=1) S(V=1)
W(t) =¢ H Py(t)=¢ Oc O\ 0

MeSNn{e|T|<i<|I|}

Theorem 5 examines the strong similarity between the w,’s and the p,’s (see
Sect. 2.1).

Theorem 5. For every non-trivial compact subinterval I of [0, 1] one has almost
surely forall 0 < & < |I|

pe(I) = |I|8(V_l)/;QC\II(I)Mg/ll\(dt):|I|5(V_1)QT’/]QB’QC\I\(I) i) (D).

Here Q1 and t — Qpincy ) are independent of one another and of the s,

and, as ¢ — 0, the family (u£)0<851 converges a.s. weakly to a measure 1" .

Tl
B!, B!

1]

T,

0 inf (1) sup(l) 1 ¢

Fig. 1. Illustration of the sets in H defined early



Multifractal products of cylindrical pulses 415

Moreover, the following properties hold for all f € C(I):
(i) fl f@) /Lé(dt) ~ || f[o’]] fo fl_l(t) ue(dt) for all € €]0, 1]. In particular
Nkl ~ 120 el GO) fy @) ! @) ~ 1] figy, f o £ () u(d). In particular
I~ ] el

Proof. The equality pe (1) = |1]°V—D f] Qcm(t)/tg/l,l(dt) follows from the re-

spective definitions of 1. and .|| Because I C Iy forallM € SN T! . itfollows
that f; QC|u(t)/‘£/|1|(dt) = Q71 f; Qpinc; o) Mg/m(dt)

The random variable Q7 and the stochastic process t = Qpinc; ) are in-

dependent of one another and of the u,’s. Indeed they involve mutually disjoint
subsets of S, namely, S N T!, SN B!, and SN Ty.

The reason for a.s. weak convergence as ¢ — 0 is the same for the family

(u£)0<851 as for (ig)o<e<1 restricted to any compact interval.
(i) Fix & > 0. To show that [, f(t) ul(dt) ~ |1 f[O,l] fo fl_l(t) e (dt) for every
f € C(), it suffices to show that the same holds for the function f = 1; for
every subinterval J of I. Indeed, every f € C([) is the limit in || ||oc norm of
piecewise constant functions. Fixing such a J reduces the problem to showing that
1E () ~ e (fr(J)).

f1 is the restriction to the real line R of the similarity f 7 = hy o6 on the plane
R2, where hy 1y is the homothety with center (0, 0) and ratio |/ | —1 and g is the hori-
zontal translation by the vector (— inf(7), 0). Inspired by [Ma2], we use the property
that for every subset F of H such that f](F) C H,A(F) = A(f, (F)). Together
with the equality fI(Tlﬂ{(t, A e H; A>elll}) =TonNn{E A) € H; A > ¢},
this property implies that the point process fI SNTrn{, 1) e H; A > ¢|ll})
has the same distribution as S N Tjp,1; N {(t, A) € H; A > ¢g}.

Consider the measure v, constructed on [0, 1] like the restriction of u, to [0, 1],
but with the pairs (fI(M), Wy),for Min SNT; N {(,\) € H;, A > ¢|l|}, in-
stead of the pairs (M, Wy), for M in S N Tio,y N {(t, ) € H; A > &}. We
see that v (f7(J)) ~ we(f1(J)). Moreover, the change of variable ' = f;(¢) in
f] 1;() /Lg(dt) yields ué(]) = [I|ve(f1(J)), since, by construction, for every
tel

dul = dvg ,
20 D=7 U1

(ii) The measures ,ul and p are, respectively, the weak limit of (Mg )o<e<1 and
(te)o<e<1 as € — 0. It follows that (ii) is deduced from (i) by letting ¢ tend to 0.

Now define Y; = ||/,L§1/i|| for all s > 1. By construction, (¥s, Fi/5)s>1 is a
right-continuous positive martingale with mean 1 that converges to Y.

If I is a non-trivial compact subinterval of [0, 1], define Y; = ﬁ lle” || and, for
all s > 1, define Y ; = ﬁllu{/sll-

The measure u will be represented as the image of a measure on the boundary
of an homogeneous tree.
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2.3. Measure on a tree associated with |1

Given two integers b > 2 and m > 0, denote by A,, the set of finite words of length
m on the alphabet {0, ..., b — 1} (A¢p = {€}). Denote Ufnozo A, by A.Fora € A,
the length of a and the closed b-adic subinterval of [0, 1] naturally encoded by a
are, respectively, denoted by |a| and I,.
Forn > 1landa = (ay, ..., a,) € Ay, denote (ay, ...,a,—1) by a|(n — 1).
Define 0A = {0,...,b — I}N. The set A acts on the disjoint union of A and
dA by the concatenation operation. For a € A, let C, denote ad A, namely, the
cylinder generated by a. Denote by A the o-field generated by the C,’s in 0 A.
Denote by 7 the mapping t = (t1,...,%,...) €A —> > .4 t;/b' €[0,1].
Denote by ¢ the measure on (dA, A) such that forall a € A, Z(Ca) =plal,

If p is a non-negative measure on (3 A, A), the measure D,,.p will be defined,
f d(Dn.p) = _usv—1)
orn > 1, by T(t) =b ch_n (z(r))- The sequence (D;.p),>1 con-
verges a.s. weakly to a non-negative random measure D.p. Moreover, by [K1], the
operator L : p — [E(D.p) on non-negative measures on d A is a projection.

Define i = D.¢ and ji,, = D,.C foralln > 1. By construction, u = ft o w ™
and pp—n = fi, o~ forn > 1.

The following three relations, (1), (2), and (3), will prove to be fundamental.
By Theorem 5, for alln > m > 1

1

Ybn = Z I/Lb*"(la) =b*m8(V71) Z QTIa/I. QB’”ﬂCh—m(t) //Lll;,ln,,,(dt), (l)

acAy, achAy

RC) =5 D0r [ Qpunc, i n@n Yacan @)
Ia

(Proof: fi(C,) = lim,_, o L, (C,) since the space 9 A is totally disconnected; more-
over, fin(Cy) = pp—n(ly) foralln > 1, and pla({tyy; M € S, Ay = b7} =0
a.s.)

Y=Y i(Cy)=b"m"0 %" QT,a/ Qplanc, i K@) Ym =1.
Ia

acA, a€Ap

(3)
3. Proofs of the main results
3.1. Basic lemmas

Lemma 1. Fix B as a Borel subset of H such that A(B) < 00, g € Rand 8 > 0.

(i) E(Q%) = eABEWD-D,
(i) E(Qplog Qp) = AMBEW? log W)erBEWD-Dir B(We|log W) <
005
(iii) E(Q%|log Qpl) < A(B)E(WY|log W[)erBIEWH-1),
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(iv) Denote by B the integer such that B < B < B + 1. There exists a constant
Cg > 0, independent of B, such that

E(Qzllog 0sl%) < Ca(1 + AB)PH2(1 + V)PHEW|log W|F)er BV =D

Proof. We begin by proving (iii) and (iv). Conditionally on #S N B = k > 1,
we have Op = ]_[f;l W;, where the W;’s are i.i.d. with W and independent of S.
Hence, by using the subadditivity on R, of the mapping x > x# when0 < 8 < 1
and its convexity when 8 > 1, forevery 8 > 0 and g € R we get

k k

E(Q%Ilog Qs #SN B =k) <E([[W/I>_ llog Wil1¥)
i=1 i=1

< kM CEEW log WIP) V!,

where V, = E(WY). Since P#SN B = k) = e’A(B)%, taking the uncondi-
tional expectation yields

E(0%|1 By < B loe WiFre—AB 5~ BB (axt it
(Q%llog Qpl") < E(W4|log W|F)e Py " ——— o
k>1 :

and in the particular case g = 1, we get (iii). To get (iv), put ¢ = 1 and define
p=pB8+2(p>max(l, B)) and x = A(B)V. We have

- (k+ 1)
E(Qpllog 05l") < E(W|log W|P)e A(B)A(B),; CEE
Define C,B = max( sup (k + )Pk!’ sup (k + l)P )

o<k<p—1 (k+ 1!

(k+1)?
Z(k+1)' Cﬁzk!+cﬁz(k+1

k>0

i2p b+ Dk...(k+2—p)

p)!

< Cge™ + CpxP~ IZ— < Cg(l +x)P71e"
k>1

(p—1=>1).Since 1 +x < (1 + A(B))(1 + V), it follows that
E(Qs|log 051%) < Cs(1 + AB)FT2(1 + V)PTIE(W|log W|P)er BV D,

Assertion (ii) follows from the fact that if X > 1 then

E(Q%log Qsl#S N B =k) = E([ [W/[)_log Wi)

= kE(W?log W)V, "

Then (i) follows by a similar computation or simply by integrating the equality
given in (ii).
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Lemma 2. Fixt € R. Foreverys > 1, A(Cy/5(t)) = dlog s, and (Q1/5(t))s>1
is a right continuous martingale with respect to (F1/s)s>1, with expectation 1.

The verification, left to the reader, uses Lemma 1(i) with B = Cy/s(¢) and g = 1.
If B C H and [ is a non-trivial compact subinterval of [0, 1] and g € R, we
define

mp | = inf QBQC‘”(M)’ MB,] = sup QBOC‘”(M),
uel uel
vi(@) = Lig<oymy, | + Lig=0) M, ;.

Lemma 3. Fix a non-trivial compact subinterval I of [0, 1].

(i)a) A(TT) = 5(10gﬁ — 3(1=[1])); (b) A(By) = 8(1 — |I|). (c) For every
tel, A(BjNCy (1) = A(B)/2.

@ii) Fix B > 0. If E((14+ W)]| log Wlﬂ) < 00 then there exists Cg > 0 independent

g
of I such that sup,_; E <Q|1|(t) llog 117! f; Q1o ) < Cp.

(iii) (@) E(Mpi ;) < S Emaxd@. W)=,

(b) E(sup, ek v1(q) < e‘S(E(max(l'Wmf(K)*WSUP(K)))*l)for every compact subinter-
val K of R.

Proof. (i) The computations are left to the reader.
(ii) Fix t € I and define

B
T =

—1
log |I| \/I QBIQC‘[‘(I)OC”‘(M)Q(BI\C‘”(I))QC”‘(M) du

It follows from the definitions of mp ; and Mp  that

~1
[T msiacuo.msncy . <1l /IQB'mcm(t)ncm(u) O (BI\Cy1 ()NC 1 ()4
ee{—1,1}

= H Mginc, .1 MBI\c .1
cel=1,1)

Hence, Ty <47 Y, .| ,(Tac + T3) with
T =|log mBgmcm(t),ﬂﬂ + | log MBéﬁC‘1|(t),I|ﬂ
T3,8 = |10g nIlB’(g’\C‘”(Z),I'}3 + |10g MBEI\C”‘(I),[lﬂ'

Therefore

B
T:= 0@

log |1|71 /; QBlﬂCm(u) du

= |1|5(V_1)Qcm(z)7"1
<Ty+Ts
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with

Ty =410 0, in\s1[Qpncy 0 (T2t + Tan)]
Ts = 4ﬁ|1|5(v71)QC“|(I)(T3,—1 + T13.1).

Then the identity |I|‘3(V*‘)E(Qcm(t)\ 8DE(Qpinc, ) = 1, together with the
fact that the sets Cj7|(¢) \ B! and B! N C|;(¢) are disjoint, as well as C;(¢) and
B\ Cj (1), yield

1
E(T) < 4P| —————E(Qpinc, o)T2-1 + To,1) + E(T3 -1 + T3],
E(QBlﬂCm(t))

where by (i)(c) and Lemma 1(i) (IE(QBIQC“‘(I)))’I = ¢~ 30DV =1/2 js bound-
ed independently of /.

It remains to show that E(Q BINC, ”(,)Tz, ¢) and E(T3 ) are bounded indepen-
dently of 7 and ¢ for ¢ € {—1, 1}.

First, we estimate E(QBIQC‘”(,) T>,—1). Conditionally on #5 N B'n Cn@ =

k> 1, we write SN BT N Ci1|(t) = {N1, ..., Ni}. Conditionally on #5 N Bil N
C(@)=1e[l,k]Gfkorl =0then T _; = 0), we can assume that Ny, ... N; €
Bil and ty, + Ay, < --- <tn, + An,. Then, for every u € I, we have

1
QBilﬂCm(l)ﬁCm(u) € {1_[ Wri; 1 <j<Il}U({l}
i=j

according to whether or not u € ﬂﬁz j Iy, for some 1 < j <. This implies that

k
To,—1 < 2k"XOF7D % 7l log Wi |F.

i=1
Consequently for ¢ € {—1, 1} and k > 1 we obtain

E(Qpincy i Toe#S N B N Cypi(1) = k) < 2™ OF-DE

k k
x ( 1_[ Wy, Z | log W, |ﬁ>
j=1 j=1
= 2k"* AR (W log WPV
Similarly we obtain
E(T3.¢[#S N B!\ Cj1(1) = k) < 2k™>*LPE(|10g W|P).

Since A(B' N C((?)) and A(B! \ C|1/(¢)) are bounded independently of I and ¢
(by (i)(b)), taking the unconditional expectations in the previous inequalities (as
in the proof of Lemma 1) yields the conclusion.

(iii)(a) One obtains E(Mpr ;) < (eA(Bil)(H‘:(’m"(l’W))_l))2 as follows. Use the in-
equality M gr ; SMBL],I-MB{,I andtheequalityE(MBil’I.MB],’I):(IE)(MBil’I))z
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(B-1 and Bj are disjoint, and orthogonally symmetric with respect to the line
{t = (inf({) + sup(/))/2}). Then use computations very similar to those done
in (ii) to estimate IE(QBMCI”(,)TQ,S): conditionally on #S N Bil =k > 1and

SNBL ={Ni,..., N}

k
My p = sup []Wy < []maxwy, 1.
-1 Lc{l,...k} o i=1

This yields
E(MBL],H#S N Bil = k) < [E(max(W, 1)1~.

This estimate also holds if k& = 0. Taking the unconditional expectation yields
E(Mpr ;) < eMNBLDEmax(LW)=1) ¢ A(B')) < 8/2 by (i)(b), we have the
conclusion. _ 5

(iii)(b) Notice that sup, g v1(q) < Mpi ;, where My  is defined as Mg ; but
with W = Winf(K)  wsup(K) jnstead of W. Conclude by using (iii)(a).

Lemma 4. Fix b, an integer > 2, and q € R such that E(WY) < oo. There exists
Cy = Cy(W) > 0 such that forn > m > 1l anda € Ay, :

(@) wjn o) < wgU) Y, with wy(Ig) = b~™4NHV=DIQY, 1y (g) and
]E(wq (1)) < Cqb_m(r(q)+l);

(D) Ygen, Bl (Ia)) < Ceb™™  DEY),_,.);

(¢) ifqg > 1 then ]E(Yl?") > b_’"f(‘”e%(l—b’"’)(q(v_l)_(E(Wq)_1))E(Ylfn,m).

(i) (@) 19(Cq) < wg()Y] ; () e n, E(A1(Ca)) < Cyb " DE(YY).

Proof. Fixn >m > landa € A,,.
(i)(a) By Theorem 5

q
— - 1,
Mz_n(]u) — p—mas(v ”Q(;z,, (/ QB,mefm(,) Mhm—n(df)> .
I(L

Hence, MZ_,,(IQ) < wq(la)Y;’,,_m’ ,, follows from the definitions of y;,(¢) and

Yb'17177,lg .

We have E(w, (1)) = b*’"q”*‘s(‘/*l)'E(Q?,a YE(y1,(q)) since Q‘;,a and
v1,(q)) are independent. Moreover, by Lemma 3(i)(a) and Lemma 1(i) applied
with B = T'la,

y—1) —3(1=p—m _
E(Q?,a)mea(]E(W) l)g 5@ b~™)(EWT) l)’ (4)

and by Lemma 3(iii)(b) applied with K = {g}, E(y1, (q)) < e®Emax(1,2WH)=D)
Therefore

E(wq(la))Ee—%(1—b*”’)(]E(W‘1)—l)eS(E(max(1,2W‘1))—1)b—m[q(1+8(V—l))—S(]E(Wq)—l)]

< Cq b—m(‘[(q)'f‘l)

) —m
where C, = dE@XAZW)-D) gy 1 o=51=b")EWH=1),
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(i)(b) Follows from (i)(a) and the independence between w, (1) and Ypn-m .
(i)(c) The super-additivity of x > 0 > x7 applied in (1) yields

q
EYi) = Y b—mq‘S(V—“E(QqT,a)E([ fl OBlanc, mr) u{;”(dn} ) (5)

acA,,

The Jensen inequality applied in 7 = E(][ f I, Opla ACym (1) /Lll"}n,,, @) Upce<p—m
F,) yields

q
1o
T Z (/ E(QBIaﬂCb,m (t)| UO<S§b7”’ FS):u’bm—n (dt)>

1y

q
- (/ E(QB’aﬁCb_m (t))u“ll:)lnfn (dt))

Iy

8 —m q
= (ef(l_b )(V_l)b_mYbnfm’1a>

by Lemma 3(i)(c) and Lemma 1(i) applied with B = B« N\ Cy-n(t) and ¢ = 1.
Then, by using (4) and the previous computation in (5), we get

8 —m
]E(an) > Z p=mad(V—1) pmsEW)—1) , =5 (1-b"")EWH—1)
acAy
S(1=b"™)q(V=1)1,—mq q
X e2 b™MEY ),

71

and the conclusion follows.

(ii)(a) and (ii)(b) are deduced from (i) (a) and (i) () by letting n tend to co.
The random function f; , ,» involved in Lemma 5 is defined in the proof of

Theorem 1(i) in Sect. 3.2.

Lemma 5. (i)]E(fé’nym(l’)):b”” (—m log (b) T/(17) + E(Ypn-m log wan)) .
(ii) Z E (Ml%—" (Ia)ulé_,,(la/)> <5C+cCb" (IE(Yb%,,_,,l))2 for some C > 0
a#a' €Ay
independent of m and n.
Proof. (i) Differentiate f; , m at 1~ yields E(fa/,n’m(l_)) =T, + T, + T3 with
Ti = —mlog (O)[8(V — DIE(fa,nm(1) = —b""mlog (b)3(V — 1),
7, =b""""DE ( /1 E(Qc¢, 1) 102 (Qc, ) Hpm— 1, (dr))
=b""mlog (b)SIEZWlog W),
T3 =b""""DE ((log (Yyn-m 1,) — mlog (b)) /I E(Qc, () pm—n.1, (dr))
= b (E(Ypn-m log Ypn-m) — mlog (b)), '

by using Lemma 1(i) and (ii) with B = Cp-m (f) andg = 1.As t/(1) = 1 +8(V —
1) — SE(W log W), we have the conclusion.
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(ii) By the Cauchy—Schwarz inequality and Lemma 4(i) (a), for every (a, a’) € A,zn
we have

1 3 1 1
E ((:ub" (Ia)/va*” (Ia/)) 2) S Cl b " E(Ylfn—m’[a Yhzn—m’[a,)'

Moreover, Yjn-m j, and Ypn-m p, are independent when 17, N T} , = @, otherwise
1 1 “ “
wehave E(Y,,_,, , Y5 ;) < 1 since E(Yy-n) = 1.As#{a’ € Ay; T1,NTy, #
@} < 5foreverya € Ay, we get
1 1 1

Y EGyaUaiy (1) < 56" x Cro™" + 5™ x C1 o™ (E(Yy,-))".
a#a' €A,

The probability measures P; involved in Lemma 6 are defined in the proof of
Theorem 1(ii) in Sect. 3.2.

Lemma 6. If t/(17) = 0 and E((1 + W)|log W|**?) < oo for some y > O then
foreveryt € [0, 1], P;(limsup,_, o, Ypm = 00) = L.

Proof. Fixt € [0, 1]. For n > 1, denote by I, (¢) the b-adic subinterval of [0, 1]

of the n'h generation which contains . One has Yy = ||[up—n| = pp-n(1,(2)) so it
suffices to show that P; (lim sup,,_, o, ttp—n (I (1)) = 00) = 1.
Define

Rl,n ) =— ]Og ch_n (O\T @
Ry (t) =log b" QBIn(’)ﬂCb_n (u)du.
In ()
We have
log wp-n(In(1)) =1log Qp-—n(t) —nlog(b) + Rin(t) + Ron(2),
so the conclusion results from the two following properties:
1 -n(t) —nlog (b
(1) P, (lim sup og Qp—n(1) —nlog(b)
s 00 (nloglogn)i/2
random variable Xy = log (Qp,—«(t)/Qp-«-1 (t)) — log (b). By construction, the
Xy are i.i.d. with respect to P; and by Lemma 1(i), (ii) and (iv)(g = 1, B = 2)
applied with B = C-1 (¢)

Ep, (Xi) = Ep, (X1) = E(Qp-1 (t) log Qp-1(1)) — log (b) = —log(h)7'(17) =0

and EPI(X,%) < 0. Moreover ]EPI(X,%) > 0, otherwise P(Qch,l(t)

p'*H3V=Dy — 1 implying that W = 1 a.s. and 7/(17) = 0. One concludes
using the law of the iterated logarithm.
R (D] + [Ron (D) . .
2) Pr( lim (1loglogm 12 = 0) = 1: this holds if sup;c(; 2,51 Ep,
(|R; n(1)|717) is finite. We have
Ep, (IR1o (D) = E(Qpn(Dlog e, _, onrmo|*7)
=0~V DE(Qrn0)
XE(QCb,n (O\T1n® | log ch,,l (O\NTIn® |2+V),

and Ep, (| Ro.n (0P7) = E(Qp-n ()] log b" [, 1) @ pnoc, . dul*H).

> 0) = 1: for every k > 1 define the
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These expectations are uniformly bounded over N*. This results from
Lemma 1(i) applied with B = 7% and ¢ = 1 and Lemma 1(iv) applied with
B = Cpn(t)\ T""® and B = 2 + y , together with Lemma 3(ii) applied with
B=2+y.

Now we consider the assumptions of Theorem 4. Fix an integer b > 2. For
g € J', let jiy be the measure on (dA, A) obtained a.s. as the weak limit of

d
(flg,n)n>1, where 'Z%” 1) = b~ nS(E(W)—1) ch () The total mass of fi, is

denoted by Y, and for every a € A, Y, 1, denotes bl ||uq“ | and is a copy of ¥,.

Lemma 7. With probability one

(i) Foralla € A, the sequence of functions (q = fLg,n(Ca))n>1 converges uniform-
ly on the compact subsets of J' to q +— [i4(Cy), which is positive. Consequently
the measures iy, q € J', are defined simultaneously and have d A as support.

(ii) For every q € J', for fig-almost every t = (t1, ..., t;,...) € 0A

> ¥l )
Jim SR > ()

Proof of (i). The next few lines will assume the following property, (P), whose
validity will be proven momentarily. (P): there exists a deterministic complex
neighborhood of J’, to be denoted by V, such that for every a € A and n > |al,
the mapping ¢ € J' = fig,,(Co) = Za’eAn_m fg.n(Caar) possesses the analytic
extension

7€V~ Iﬂrga)(z) = Z b~ —nSEWH)- 1)/ ch n(t)

=Y. P—

Moreover, given a € A, for every compact subinterval K of J’, there exist three
constants # > 1, ¢ < 0, C > 0 and a complex neighborhood U of K, such that for

alln = 1, sup.cy E(1y, %, () — " @I") < Corehe,

For every a € A, the Cauchy formula applied as in [Bi] gives a.s. the uniform
convergence of (w,ia)),pm on the compact subsets of a complex neighborhood
of J/, and so the one of (g — fig,n(Ca))n>1, on the compact subsets of J’, to
g = f14(Cy). This happens almost surely simultaneously for all the a’s in A
because A is countable, so the measures fi, are defined simultaneously.

To see that ¢ > fi,(C,) is almost surely positive on J' for every a € A, so
that the support of the fi4’s is 0 A, adapt the proof of Corollary 5 (ii) (8) of [B2]
by using Theorem 5 and Eqgs. (2) and (3).

Proof of (P). J' is an open subinterval of J. Consequently, there exists a deter-
ministic complex neighborhood V of J’ so that the mapping z > E(W?) is defined
and analytic on V. Moreover, for every n > 1, the piecewise constant function
tel0,1]— QC 1s almost surely defined for all z € C and depends analyti-

cally on z. This 1mphes that for every a € A the 1//,, ,n > |a|, are all defined and
analytic on V. The fact that i, (Cy) = w,ﬁ“) (¢) on J’ follows from the definition
of fig.
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Fixa € A. Forevery zin V, ¥\%,(2) — ¥, (2)

_ —n8E(WH-1) )2 —SEWH-1) )z _
= b e, .l QC, ity O\Cpuny — 1141

(6)

Let the b-adic intervals of the n'™ generation involved in the previous sum be
numbered from 0 to »" ™™ — 1 as they appear on the real line, and denoted by J;’s,
0<k<d'm,

Fort € Ui:om_l Ji, define

— p—n8(EWH—-1
{un(z’t) -, . )chb—n(t)’

— p=8EWH-1) nz _
vn(z, 1) =b QC, iy O\Cpon ) — -
Then fori € {0, 1,2} and ¢ € Jy define
3k+i 3k+i
Li(z, 1) = Z Un(z, 1+ b”——”') Un(z, 1 + o )-

0<3k-+i<bm—m

It follows from (6) and a Holder inequality that for 7 > 1,

E(y % () — v @ @I < 3" gl / > E(TiG. oMde. ()

J0i€0,1,2)
For each t € Jy, in I';(z, t), the v,(z, t + %)’s are mutually independent since

the T, ’s are pairwise disjoint. Moreover, they are by construction of mean 0 and

independent of the u, (z, t + %)’s. Then, it follows from Lemma 1 in [Bi] that

3k 4\ |"
IE(lI‘,-(z, z)|h) <2 Y E ( Uy <z,t+ e ) )
0<3k+i<b?—m
3k 4\ |"
xE(vn <z,t+ bnm) )
for every 1 < h < 2. By using Lemma 1(i) with |W?| instead of W and B €
{Ch-ei1) (1) \ Cpn (1), Cpn(t)} we get

E(|un(z, )"E(va(z, )|") < 2"pr+DIGEH 9)

independently of #, where 0(z, h) = —hS[E(R(W?)) — 1]+ 8[E(|Wz|h) —1].
It follows from (7), (8), and (9) that (with Cj, ,, = 12"p=+DU=h))

E(lw,(f’_)l (Z) _ ,(//rga)(z)v’l) S Ch,mb(n-‘rl)(l—h-l—e(Z,h))_

Finally, if K is a compact subinterval of J’, a study of function using the def-
inition of J’ yields A €]1,2] and a complex neighborhood U of K such that
c=sup,cy 1l —h+0(z,h) <O0.
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log 114(Cq.....1,)
—nlog b
g € J',e > 0andn > 1. It suffices to show that for every compact subinterval K
of J/ and every ¢ > 0, a.s. forevery ¢ € K, )Y, .| fig(Eq.n,e) < 0.
Fix such a K and €. For every > 0 and n > 1, by definition of E4 n,c and by
Lemma 4(ii)(a), we have

Proof of (ii). Define E; . = {t € 0A; < (' (q)) — ¢} for

fig(Eqgne) < Y [y T(CHp" T T@=0 < £ o (q)

achA,

with fo5¢(g) = "1 TN [sup y;, ((1 4 )g/)]p~"HFDAFEWD=1)
acA, q'eK
(%1, Yq.1)".

Then, using Lemma 1(i) (ii) and Lemma 3(iii)(b) together with computations
patterned after those in the proof of Corollary 1 in [B2] lead to the following con-
clusion: for  small enough, there exist two positive constants Cx > 0 and Cy > 0
such that

d o
Vi > 1, sup E(fune(@) + sup B(|=— fup.e(@)]) < Cxknb "k,
gek gek dq

This implies that a.s. the series anl Jun,e(q) < oo converges uniformly on K.
3.2. Proofs of the results in Sect. 2.1

Proof of Theorem 1(i). Fix an integer b > 2.
Define ¢ = E(Y) (< 1). A being invariant by horizontal translations, the defini-
tion of £ implies that, for every n > 1, E(t(C,)) does not depend upon a € A,,.
Consequently, (3) yields E(it(Cy)) = cbh™ 14l = cl(C,) for every a € A. In the
notations of Sect. 2.3, this implies that L(Z) = ¢l Moreover, ¢ = ¢ since L is a
projection.

Moreover, as W > 0, by using (3) with b = 4 and m = 1 we see that {Y =
0} c {uf =0, uB3 = 0}. By Theorem 5 this implies that {¥Y = 0} C (Y, =
0, Y5, = 0}, where Yy, and Y/, are copies of Y, and Y;, and Y/, are independent
since Ty, N Ty, = @. It follows that P(Y = 0) < (P(Y = 0))2. Finally, all that
remains to prove is P(Y > 0) > 0.

Fixn > m > 1 two integers. By Lemma C of [KP], if # < 1 is large enough,
expression (1) yields

h h
Yoo = Y i) — A =h)y Yl (), ().

acA, aFa’ €Ay

Moreover, Theorem 5 and the Jensen inequality yield ug,n (Ig) = fan.m(h), with

- - - - — Ia
fa,n,m(h) =b mhé(V l)thnfi!n’[Ub m(h 1)\/[\ Q}éb—m(l) /’mefn(dt)'
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Write

EY) = Yuea, EGanm(h))
h—1

h h
< Y EuiaUopi.a).
aFa' €Ay

By letting / tend to O and by using the fact that E(Yn) = ZaeAm E(funm(l) =1
and Lemma 5, we get C > 0 independent of m and n such that

m log (b) T/ (17) + E(Ypn log Ypn) — E(Ypu-m log Ypn-m)
1
<5C+CH" (EB(Y2))

By the martingale nature of (Ypn)n>1, E(Ypn log Ypn) —E(Ypn-m log Yipn-m) > 0.
1
Hence, m log (b) t/(17) < 5C + C b™ (E(szn,m))z. Moreover, as t/(17) > 0, we

1
can choose m to havem log (b) T/(17)—5C > 0.Consequently inf,,>; E(Y;%) > 0.

We conclude as in the proof of Theorem 1 in [KP] for CCM.

Proof of Theorem 1(ii). (i) shows that P(u # 0) > 0 implies P(u # 0) =1 =
E(Y). Fix h €]0, 1[. For all m > 1, we have Y" < ", _, i"(C,) by (3), and
by Lemma 4(ii) there exists C > 0 such that E(Y") < C.b~*™WE") for all
m > 1. So if Y is non-degenerate then 7 (k) < O near 1~ and t/(17) > 0 since
(1) =0.

Now assume that t/(17) = 0 and E((1 + W)|log W|tY) < oo for some

y > 0. For every ¢t € [0, 1] and n > 1, define the measure P; , on Fj,-» by

dP
ﬁ(w) = Qp-n(t)(w). By Lemma 2 (Qp-n(t), Fj—n)n>1 is a martingale with

expectation one. So P, the Kolmogorov extension of (P; ,)p>1 to 0 (Fp—n, n > 1),
is defined, and P;(lim sup,,_, ., Y» = 00) = 1 by Lemma 6. This yields P(Y =
0) = 1 by adapting the proof of Theorem 4.1(i) of [WaWi] for CCM.

Proof of Theorem 2(i). It suffices to show that (¥31),>1 is bounded in L" norm.

Number the intervals 1,, a € A, (here b = 3) as they follow one another
from O on the real line, and write {I,; a € A,,} = {J;; 0 < i < 3™}. Then, for
i €{0,1,2}and n > m define

Zin= Y m3o(Js).
0<3k-+i<3m

By construction the Z; ,,’s have the same distribution, so E(Yz{“,,) < 3hE(Zg )

Let 4 be the integer such that h <h < h+1 glnd use the sub-additivity of
x = x40 on R, to write Zg,n <[ Z ,ugff,hﬂ)(hk)]h*] and obtain
0<k<3m-1

. h
Jk7 5
E(vy) <3" Y B Gaw) +3"Y aj o EC [T w5 G,
05k<3m71 0§k<3mfl
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where in the last sum the~j,-’s are < /1, Jo+ ot jam-1_g = h+1, Jji = 0and
Zajo j . — 3(m—1)(h+1) _ 3m—1'
ceeJym—1_1
On the one hand, given such a jo ... jzm—1_; we have (with the notations of
Lemma 4)
jk,;hj i jkﬁ
[1 wo" = [ @m0 [T vl

0<k<3m-1 0<k<3m-1 0<k<3m-1
where the Y3u-m j,, s areiid. (T, N Ty, = @ if k # k') and are also independent

i
of n05k<3m4 (wq (J3k))jk5+' . Then, Lemma 4(i)(a) and computations similar to
those made in the proof of Theorem 2 of [KP] yield a constant Cj, > 0 (independent
of m and n) such that

. h
Jk7 _ = =
El [] w (s | < 3 EWHEWY, )"

0<k<3m-1

On the other hand,

3 ) B <33T WE®W)
0<k<3m-1

by Lemma 4(i)(b) and the submartingale property of (Y;’n)nz 1. Since for a fixed
m large enough we have 3h_1Ch3_f”(h) < 1 (z(h) > 0), we conclude that
SUp,> | E(Y3hn) < oo by induction on £, as in the proof of Theorem 2 in [KP].

Proof of Theorem 2(ii). Fix an integer b > 2. By letting n tend to oo in Lemma
4(i)(c) we get (") > p=mt o3 1=b"" BV =D=EWH=DIEyh) for all m > 1.
This yields (k) > 0.

Proof of Proposition 1. (i) Due to Theorem 2 and the concavity of the function
7, the divergence of high moments holds if and only if lim;_, o, 7(h) = —oo. If
P(W > 1) > 0 it is immediate that limy, oo T(h) = —c0. f P(W < 1) = 1
then §(E(W") — 1) is bounded over R, and lim,_, o T(h) = —o0 if and only if
14+5EW)—-1) <0.

(ii) See Theorem 3 in [KP].

Proof of Theorem 3. fTE(W™%) < cothenE(Y ™%) < oo : write (3) withb = 4 and
m = 1 and define B; = 47°V=D=1Q 1 mp;, |, fori € {0,3} (with the notations
preceding Lemma 3). We have

Y = BoYy, + B3Ypy

where Y, ~ Y, ~ Y, and Yy, Y, and (Bo, B3) are mutually independent. More-
over E(B, “) < oo (use Lemmas 1 and 3) and By ~ Bj. Consequently the approach
[Mol] uses for generalized CCM yields E(Y %) < oo.
Conversely, by using (3) with b =2 and m = 1 we get

Y < 278(V71)QT10mT11 [Qrionrt Mgty 1y + QriptoMpn 1 1(Y1y + Y1),
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the random variables Q 71on71 » [Q 710\ Mgt 1y +Qrn\rioMpn 1 1and Y+ Y7,
being mutually independent. Hence, E(Y ™) < oo yields E[(Qrinqrn) %] < 00
and as A(T N T > 0, Lemma 1(i) gives the conclusion.

Proof of Theorem 4. Theorem 4 is a consequence of Proposition 2.2(a) of [F] and
the following Propositions 2—4.

For g € J', let i1, be the measure obtained as u by replacing the Wy,’s by the
W;l],, ’S.

Proposition 2. With probability one: (i) the measures jvq, q € J', are defined si-
multaneously and have [0, 1] as support; (ii) for every q € J', for jq-almost every

1 I.(t I I-(t
t e [O’ 1]’ llm lnf Oguq—(r()) > M = ‘[/(q).
r—0 log r log r

*(t'(¢)) and lim
r—0

Proof. (i) Direct consequence of Lemma 7(i) since g = fig o a~ L

log puq(r (1)) |

(ii) Result on lim inf, _, ¢ ogr fix an integer b > 2 and fore > 0,q € J’

and n > 1 define

]Og /J,q([bfn (t))

Fq,n,e ={r €0, 1]; log h—n

<t (t'(q) — &}
It suffices to show the property (P’): for every ¢ > 0, a.s. for every ¢ € J/,

anl g (Fgne) < 0.
From the covering |, Fype 1= (1) OF Fg n e, We extract two finite unions of

intervals, namely | J; J; and | i Jf, so that two distinct J;’s or J ]’.’s have at most
one point in common, and Fy . C J; Ji U, JJ/..
Then, since 1 < ) (1) @ @)=8 when I € {J;; J7}, for 1) > 0 we have

tig(Fyne) < Z Mllﬁrl(_]l.)bm?(f*(f/(qn*&) + Z M}]Jrﬂ(‘]]{)bm)(f*(f/(@)*s)_ (10)
i J

Moreover for every I € {J;, JJ’.; i, jlwehave I C I,Ul, forsomeaanda’ € A,,

and consequently /L(11+17 (I <2 (;L;Jr"(la) + ;1,,11+’7 (1,)). So we deduce from (10)
that if » < 1 then

W(Fgne) <8 gt )b @70,

acA,

Since g (Iy) = fiy(Cy) foreverya € A (ug = fig on~!and fig has no atoms by
Lemma 7(ii)), (P’) comes from the proof of Lemma 7(ii).

Result concerning lim, _, %: define

- Cog (1)) _
Fq,n,s = {t [S [0, 1], T()gb >1T (q) +8}

log (1 (Ip-n (1))
Fl ={rel01]; =2 = <
gae =1 €10.1] —nlogh ~

v'(q) — &}
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It suffices to show (P”): forevery e > Oa.s.foreveryq € J',} 4 uq(Fq_,,ll,s)
—i—uq(Fql,n!S) < oo.

The sets F, qf,i’ cand F, ql’ny . admit the same kind of covering as the one used for

Fyne,andforn > 0and y € {—1, 1}
g (Fine) < Z“q(Ji)My"(Ji)b””"(f’(w—ya)
i
+ g U pHp T @=re),

j
Therefore if n €]0, 1] we get

g(F) ) 4T @ Ny )y Y pi)

acA, ceAy; 1,NI#D
g (Fyh o) <2670 @F0 N~ =) > s
C_lEA,H_] CGA:H»I; Iﬁ\nﬂlcln¢w

since, for every I in these coverings, we have I; C I C I, U I, for some
a,a’ € A, and a € A,y1. Then (P”) comes from computations very similar
to those needed for the proof of Lemma 7(ii), by using the additional remark:
SUP, ceAy: TN 0 A(AT+:T)IP) tends to 1 as n tends to oo.

Proposition 3. Let b be an integer > 2. For (¢, 1) € R?, define

Co(g. 1) = limsup,_, o Con(q. 1) = Y yen, 19U ol and

Clq.t) = limgooinf(X,oy pd(DILI5[0.1] € Upsy Iy @)oo € 10,11,
ri| <4}

(i) For all g € R, gp(q) = inf{r € R; Cp(q,t) = 0} and ¢(q) = inf{r €
R; C(q,t) = 0} are defined, the function @p is convex and ¢ < @p.

(i) Fixa > 0. If (—¢)*(a) > 0 thendimy E, < (—@)*(a) else E, = @.

This Proposition is deduced from [BMP] and [O].
Proposition 4. With probability one, (—@)*(a) < t*(a) for everya € I.

Proof. 1t adapts the beginning of the proof of Theorem VI.A.a in [B1].
Fix ¢ € J'. By using Lemma 4(ii)(b) with (1) instead of i(C,) (i has no
atoms by Proposition 2) we get C; > 0 such that for everyn > 1andt € R

E(Cp.n(q, 1)) < Cgb " TDDE(yY), (11)

Moreover E(Y?) < oo by Theorem 2 (resp. 3) if ¢ > 0 (resp. ¢ < 0). It follows
from (11) that for every t > —t(q), Cp(q,t) = 0 a.s., and by definition of ¢;(q)
we get gp(q) < —7(g) as.

Since 7 is continuous on J’ and ¢, is by definition almost surely continuous, we
obtained more: a.s. for every g € J', ¢p(q) < —1(g), so by Proposition 3(i), a.s.
for every g € J', —¢(q) > ©(q). The conclusion follows by taking the Legendre
transforms (—¢)™* and t* on the previous inequality.
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