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Abstract. We consider a heteroscedastic sequence space setup with polynomially increasing
variances of observations that allows to treat a number of inverse problems, in particular mul-
tivariate ones. We propose an adaptive estimator that attains simultaneously exact asymptotic
minimax constants on every ellipsoid of functions within a wide scale (that includes ellipoids
with polynomially and exponentially decreasing axes) and, at the same time, satisfies as-
ymptotically exact oracle inequalities within any class of linear estimates having monotone
non-increasing weights. The construction of the estimator is based on a properly penalized
blockwise Stein’s rule, with weakly geometically increasing blocks. As an application, we
construct sharp adaptive estimators in the problems of deconvolution and tomography.

1. Introduction

Let X be a separable Hilbert space with inner product (-, -) and the norm || - ||.
Consider the operator equation g = Af where A is a known linear operator from
D C X into Range(A) C X. Inverse problem with random noise consists in sta-
tistical estimation of f from noisy observations of g. Symbolically, the statistical
model can be written in the form

Y = Af + &€, (I.D
where £ is a random X-valued noise, 0 < ¢ < 1 is a small parameter (the noise

level) and Y is the observation. Often D = X = L,(T) where T is an interval in
R¥, f: T — R and A is the integral operator defined by

Af(1) =/ K(t,x) f(x)dx, (1.2)
T
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where K (t, x) is a given kernel. If K (¢, x) = K (¢ — x), we get a deconvolution
problem. If A is a compact operator the problem is ill-posed since the inverse of A
is not bounded.

In this paper £ is gaussian, and the writing (1.1) is understood in the sense that
for any u € X, the random variable

Y(u) = (Af,u) + €& (u) (1.3)

is observable, where £(u) is a gaussian random variable on a probability space
(22, A, P), with mean 0 and variance ||u||%>. We also assume that E{£(u)&(v)} =
(u, v), for any u, v € X, where E is the expectation w.r.t. P.

The study of inverse problems with random noise was initiated in 1960-ies
[Sudakov and Khalfin (1964), Bakushinskii (1969)] and has been in the focus of
recent statistical literature. Several methods of statistical estimation were proposed:
the Tikhonov-Phillips type regularization techniques, recursive estimation proce-
dures in Hilbert space, projection (or Galerkin) methods [see Wahba (1977, 1990),
Vapnik (1982), O’Sullivan (1986), Vainikko and Veretennikov (1986), Johnstone
and Silverman (1990), Korostelev and Tsybakov (1993), Donoho (1995), Mair and
Ruymgaart (1996), Efromovich and Kolchinskii (1998), Johnstone (1999), Mathé
and Pereverzev (1999) and the references cited therein].

Here we deal with weighted projection methods. A natural way of projection
for ill-posed problems is associated with the singular value decomposition (SVD)
of A. Denote A* the adjoint of A and assume that A*A is a compact operator on

X with eigenvalues {b,%}, by > 0,k =1,2,..., and with orthonormal system of
eigenfunctions {¢y}. Clearly, || A¢x || = bi. Set
A¢k -1
Y = = b, A¢y.
| Al k

The system {y} is orthonormal. Furthermore,

Ak = bk, A"V = b (1.4)

We may also write, for any f in D,

Af =Y b AL YOAG =D bi(f d v (1.5)
k k
f=Y b Af, vd +u, (1.6)
k
where u € kerA and the series converge in || - ||. The relations (1.4) — (1.5) yield

the SVD of A.
Typically (1.6) holds with # = 0, due to boundary or periodicity conditions.
This is the case in the examples considered below, where we may write

£ =Y b AL ). (1.7)
k
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Then the projection (or Galerkin) estimator f for f has the form of a truncated
series (1.7) where the unknown coefficient (Af, ¥ ) is replaced by the observed
value yr = Y (Y¢):
n
=Y b o
k=1

and n is the number to be chosen. One may consider a more general class of weighted
projection estimates

F=> " aibg yeor (1.8)
k=1

where Ay are some weights, 0 < A; < 1. In particular, a typical version of the
Tikhonov-Phillips method corresponds to the weights

1

o= ———
1+ Ck

1.9
where C > O and t > 0. Optimizing over A, in general, should produce estimators
with better quality than the simple projection or Tikhonov-Phillips techniques. The
quality of estimation is evaluated in terms of the mean squared risk w.r.t. the norm
in X. To define the risk in a convenient form, we need some notation.

Using (1.3) and (1.4) we may write

Yk = bk +¢e&, k=172,..., (1.10)

where & = £(Y) are i.i.d. standard normal random variables and 6y = (f, ¢r).
We call (1.10) the sequence space model corresponding to (1.1).

Thus, we have a correspondence between (1.1) and (1.10) if the bases {¢;},
{v;} arise from the SVD of A. Note, however, that the model (1.10) is not confined
to this case and it appears in many other situations. For example, some well-posed
inverse problems with noise can be reduced to (1.10) with by — oo (rather than
by — 0 characteristic for the ill-posed problems). Furthermore, the problems with
direct observations and dependent noise can be reduced to the same model, see
Johnstone (1999).

The mean squared risk of the linear estimator (1.8) is

R(f, /) =Eslf = fIP =Eq <Z<ék - ek)2> =Eylld — 6],

k

where § = {ék},fil, 6 = b,:lkkyk, 6 = {6k}, and the notation || - || means the
£>-norm when applied to 6-vectors in the sequence space. Here and later E  and
Ey denote the expectations w.r.t. Y and y = (y1, y2, ...) respectively for models
(1.1) and (1.10). Analyzing the risk R(f, f) of the estimator (1.8) for the model
(1.1) is equivalent, under our assumptions, to analyzing the risk Eg ||é — 0|2 for
the sequence space model (1.10).

The aim of this paper is twofold. First, given a class A of weight sequences
{A}, we propose adaptive estimators of f that mimic asymptotically the best linear
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oracle in A. The oracle inequalities are proved for an arbitrary subclass A of the
class of all monotone non-increasing weights A, or piecewise constant weights
A*. Second, we consider the adaptive estimation of f in a minimax setting. We
assume that f belongs to one of the functional classes corresponding to ellipsoids
® in the space of coefficients {6 }:

®=0(, Q) = {Q:Zagekng},

k=1

where a = {a;} is a non-negative sequence that tends to infinity, and Q > 0. Such
classes arise naturally in various inverse problems, they include as special cases the
(weighted) Sobolev classes and classes of analytic functions. We assume that the
statistician does not know the parameters (a, Q) of the “true” ellipsoid, and only a
general information on the possible values (a, Q) is available. This defines a scale
of ellipsoids. We show that the same method of estimation guarantees sharp mini-
max adaptation, i.e. it achieves the exact asymptotics of minimax risk, whatever
is the true ellipsoid in a given scale. The minimax results are obtained as a direct
consequence of the oracle inequalities.

Minimax estimation for statistical inverse problem (1.1) (or for its sequence
space analogue (1.10)) was discussed in a number of papers. Optimal rates of con-
vergence in this problem are obtained for the L,-risk [Johnstone and Silverman
(1990), Korostelev and Tsybakov (1989, 1991, 1993), Koo (1993), Donoho (1995),
Mair and Ruymgaart (1996)] and for the pointwise risk [Donoho and Low (1992),
Korostelev and Tsybakov (1991, 1993), Chow, Ibragimov and Khasminskii (1999)].
Exact asymptotics of the minimax L,-risks are known in the deconvolution problem
with somewhat different setup [Ermakov (1989)], in the inverse Cauchy or Dirichlet
problems for partial differential equations [Golubev and Khasminskii (1999a, b)]
and in tomography, for minimax L,-risks among linear estimators [Johnstone and
Silverman (1990)]. Exact asymptotics for pointwise risks on the classes of analytic
functions in tomography are due to Cavalier (1998a, b).

Adaptive minimax estimation in (1.1) has been studied quite recently. Adaptive
rates of convergence under pointwise risk are analyzed by Goldenshluger (1998)
(deconvolution problem) and Cavalier (1998a) (tomography). Johnstone (1999)
studies adaptation in > by wavelet-vaguelette decomposition on the Besov scale
of classes and proposes an estimator that mimics the optimal soft thresholding rule.
Efromovich and Kolchinskii (1998) deal with adaptive rates for the L,-risk when
the operator A is not known and is estimated from an additional learning sample. A
result on minimax adaptation in (1.1) with exact asymptotical constant among all
estimators is due to Efromovich (1997) who considers the deconvolution problem
with logarithmic convergence rates and supersmooth kernels (which corresponds
to exponentially decreasing by in (1.10) and polynomially increasing ay ). Tsybakov
(2000) considers the problem where both a; and by are exponential and shows that
the Ly-adaptive rates in this case are logarithmically worse than the optimal rates.

Here we consider the general sequence space setup (1.10) with polynomially
decreasing by that allows to treat as special cases a number of inverse problems, in
particular multivariate ones (deconvolution, tomography, inverse Cauchy problems
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for partial differential equations etc.). We propose an estimator that attains simulta-
neously exact asymptotic constants on every ellipsoid ® (a, Q) within a wide scale
(including both polynomial and exponential {a;}) and, at the same time, satisfies
asymptotically exact oracle inequalities for every 6 € £, and with any class of
estimates having monotone weights {A}.

Our approach is designed for models that allow the sequence space representa-
tion (1.10). For ill-posed inverse problems it supposes the exact knowledge of the
eigenfunctions ¢y, ¥y in the SVD (1.4) — (1.5) and of the singular values by. This
is the case in many problems of mathematical physics. If the SVD is not available,
one can use a projection onto general Galerkin bases ¢, ¥, which leads to the
model of linear regression with growing number of parameters. This happens, for
example, if the bases ¢y, Y are imposed by the structure of a particular experiment
and cannot be chosen by the statistician [see Mathé and Pereverzev (1999), Gold-
enshluger and Pereverzev (1999) for further discussion and results on the rates of
convergence].

2. Linear minimax estimates in sequence space

Consider the sequence space model (1.10) where y; are the observations, & are
independent standard gaussian random variables, 0 < ¢ < 1,b = (b1, b2, ...)is a
known sequence, by >0, k=1,2,...,and 8 = (01, 03, ...) € £> is an unknown
parameter of interest.

Introduce the class of linear estimators :

O=0h)=O1,0,..), O=hye, k=12,...

where h = (hy, ha, ...) is an arbitrary sequence. Since 6 is uniquely determined
by h we will sometimes use the name “estimator” for the sequence # itself.
The mean squared risk of the linear estimator 6 (/) has the form

Re(h,0) =Egll0(h) — 011> = ) ((1 — behy) 0} + £7h) @2.1)
k=1

if & is such that the right hand side is finite. For fixed 6§ € ¢, the minimum of
R:(h, 6) is attained on the linear oracle ht = (hL, hlz“ ...) where

2 2
L bib;; —1 6;

CT el F 2202

The oracle cannot be realized from the data since it depends on the unknown 6. We
write also ht = hl ().

The linear minimax risk rf(@) on the ellipsoid ® = O (a, Q) is defined by

rE(©) = inf sup R, (h, 0),
h gec®
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and the minimax risk r.(®) is defined by

re(®) = infsupEg || F — 0 ||,
r He®

where inf; denotes the infimum over all estimators.

The estimator é(h*) is called linear minimax estimator on ® if it satisfies

sup R.(h*, 0) = inf sup R.(h, 0).
00 h 9eo

Pinsker (1980) shows that linear minimax estimators on ellipsoids ® are as-
ymptotically minimax among all estimators. To define linear minimax estimators,
introduce some notation. Let w, be a solution of the equation

o0
) bl ar(l —wear)+ = ¢ 0, 2.2)
k=1

where x4 = max(0, x). If the sequence a; — oo is monotone non-decreasing, the
solution w, is unique and defined by

n -2
w, — D k=1 by "ak
& — ) n b_2 27
Qe ™2+ 4y b "a;

where n = n.(®) is finite integer:

2.3)

l
n=max{k : ar <w;'} =max{l: & Zbk_zak(al —a) < 0} (2.4)
k=1

The following theorem is due to Pinsker (1980).

Theorem 1. Let {ar} be a sequence of non-negative numbers, a — o0, and let

by >0, k =1,2,.... Then the linear minimax estimator h* = {h{} on ©(a, Q)
is given by
ng =b (1 — weap)+, 2.5)
and the linear minimax risk is
o0
rE©) =" b (1 — wear) - (2.6)
k=1

Furthermore, if
-2
maXg:q; <d bk

Zk db72 =o0(1), d— oo, 2.7
war<d Yk

then
re(©) = rk(@)(1 +o(1)), (2.8)

as e — 0.

Thus, under the condition (2.7), the linear minimax estimator given by (2.5)
is asymptotically minimax among all estimators. Also the weights of the linear
minimax estimator satisfy 4} = 0 for all k > n.(®).
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3. The method of adaptation and oracle inequalities

An ideal goal of adaptation in the sequence space model (1.10) would be to find a
data-driven estimator 6 of 6 that

(i) mimics asymptotically the risk of the linear oracle hL () for almost all
0 € £, (“almost” means here that some 6 should be obviously excluded, for exam-
ple, 6 = 0),
and

(ii) attains asymptotically the minimax risk over any ellipsoid ©.

We attain this goal only partly : we construct § satisfying (ii) for a large scale
of ellipsoids and satisfying slightly restricted versions of (i) where the linear oracle
h’(0) is replaced by the linear monotone oracle or linear blockwise oracle with
rather general blocks.

Consider the class of monotone sequences
Apon ={A={M} el 1>A>...> ... >0}, 3.1
and the class of weights
Humon = {h = {hi} : hi = b "M, (i) € Apon). (3.2)
The linear monotone oracle A" = h™°" () is defined as a solution of

R:(W"",0) = inf R.(h,0).
€/ lmon

If the coefficients 6y are monotone non-increasing, we have h (0) = h™°"(9).

The class H,,0n contains most of interesting examples of weight sequences
{hi}. The projection weights hy = bk_ll {k < n}, where n is an integer, and the
Tikhonov-Phillips weights (1.9) belong to H,,,. Next, typically by are monotone
non-increasing and ay in the definition of the ellipsoid are monotone non-decreas-
ing. Then the Pinsker weights (2.5) belong to H;,on. It can be shown that some
minimax solutions on other bodies in £ than ellipsoids (e.g. hyperrectangles) are
also in H,,0.

We look for an adaptive estimator 6 = (51, éz, ...) of the form

bk = hi vk, (3.3)

where i~zk = ﬁk (y) are some data-driven weights.

A well-known idea of choosing /i is based on the unbiased estimation of the
risk (Mallows (1973), Akaike (1973) and Stein (1981)). In fact, the £,-error of the
linear estimator 6 is

16 =6 1P= D6 + > hiyg =2 hvibr
k k k
Thus, for any fixed 4, the function

T () =) gy — 2k (3f — 7))
k
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satisfies

Eo(J(h) = Eq|l0(h) — 01> = > 67 (3.4)
k

In other words, the function 7 (4) is (up to the summand Zk 0,(2 independent of &)
an unbiased estimator of the risk R, (h, 6).

Now, given a class H of sequences {/} (not necessarily H = Hynon), We may
define the sequence of adaptive weight coefficients /4 (H) as follows

h(H) = argmin 7 (h). (3.5)
heH
It is clear that fz(H) depends on the data yx, k = 1, 2, ..., and not on the unknown

parameter 6 = {6;}. Denote Wt = hH(G) the oracle for the class H:

R.(h™,0) = inf R.(h,0).
heH

For the problems of “direct” estimation (where by = 1, k = 1,2,...) it is
known that, under a proper choice of H, the adaptive estimator 6 defined by (3.3)
and (3.5) achieves the required behavior : it is asymptotically minimax on ellip-
soids ® and has the asymptotic risk at least as small as that of the linear monotone
oracle (Golubev (1987, 1990, 1992), Golubev and Nussbaum (1992), Oudshoorn
(1997)). Other methods of adaptive weighting in the “direct” case that achieve the
same properties are suggested by Efroimovich and Pinsker (1984) and Nemirovski
(2000). In particular, Nemirovski (2000) uses a randomized method. Results on
linear monotone oracles in the “direct” case for somewhat different setup can be
found in Beran and Diimbgen (1998).

We show that, for polynomial (or quasipolynomial) {b;} the estimator § defined
by (3.3) and (3.5) can be modified to have the same adaptivity properties as in the
direct case. Namely, we consider as H the class of coefficients with piecewise con-
stant Ay = byhy over suitably chosen blocks, and we apply a properly penalized
Stein’s rule in every block.

Define

H* = {h = (i) i = by "o, () € A, (3.6)

where A* is the set of piecewise constant sequences,

A*Z{AE(Zz:OfAkSl,)\kZ)ij,VkE[Kj,l(j.;,_l—l],
j=0,...,J -1, % =0,k > N}, 3.7

and J,N,«k;, j=0,...,J, areintegers suchthatko = 1,k = N+1,k; > kj_1.

Denote I} ={k e [kj_1,k;j =1} and T} = kj —kj_1forj=1,...,J.
Note that the solution /* of the minimization problem

() = min T (k)



Sharp adaptation for inverse problems with random noise 331

is given by h* = (h*, fzﬁ, ...), where

2
-1 o .
~ 1 — —4— Ii, j=1,...
]’l: = bk ( ||)_’|%j)>+7 ke i J ’ ’ J’

, (3.8)

0, k>N,

with x4 = max (0, x),
of =&Y bt 15, =D i (3.9)
kEIj kEIj

S=b 'y =60 +eb & ¥ =) (3.10)

and s

maxyey. b,

— kel Tk G.11)

Jj= o
Zkelj bk

The weights (3.8) define a blockwise Stein’s rule. The blockwise Stein’s estimator

is 6* = (6%, 65, ...) where oF = ﬁzyk.
‘We now modify the weights i* and define h = (le, fzz, ...) by

151,
0, k>N,

2(1+¢;
» bk1<1_¢7/( ‘/’_I)) ,kelj,jzl"""]’
]’lk: +

where ¢; > 0 is some penalty term.

Finally, the adaptive estimate that we propose has the form 6 = 0y, 65, ...)

where
o7 (14+¢))

_ 5 (1 - I, j=1,...
b, = yk( 51Z, >+’ke pod=hed, (3.12)
0, k> N.

This estimator can be interpreted as a penalized blockwise Stein’s rule. The pe-
nalizing factor (1+¢;) forces the estimator to contain fewer nonzero coefficients ék
than for the usual blockwise Stein’s rule (3.8): our estimator is more “sparse”’. How-
ever, we consider the case where the values ¢; are small and maxi<j<y ¢; — 0, as
& — 0. Therefore, the difference from Stein’s rule is not very strong. The choice of
the penalty ¢; in the examples considered below is ¢; = A;, where 0 < y < 1/2.

The assumption y < 1/2 is important, as shows an inspection of the proof:
y = 1/2 already will not suffice to get the same order of remainder terms in oracle
inequalities. Intuitively, this effect is easy to explain. If by decreases as a power
of k we have: standard deviation(Z ;)/expectation(Z;) ~ A}/ * where Z j is the
stochastic error term corresponding to jth block. Hence, to control the variability
of stochastic terms, one needs a penalty ¢; that is slightly larger than A}/ % The

choice ¢; = A;, where 0 < y < 1/2, is sufficient. Other choices are possible that
give similar first order asymptotics but with somewhat different remainder terms,

for example, the penalty ¢; = C /A log %, with C > 0 large enough (cf. Birgé
J
and Massart (2001) for the case by = 1).
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Assume that the sequence {by}, the blocks Iy, I, ... I, and the penalties ¢;
satisfy the following conditions.

(A1) There exists a constant ¢ > 0 independent of e, such that

2

(/)4
b_2 _ J < .
Z(I/?S}f k )eXp< 16A,(1+2 /—<p,-)2> =l

Jj=1

(A2) Forall j =1,...J, we have

A/<1_—§0J.
=7

Assumption (A1) is satisfied if by are polynomially decreasing and the blocks
1; are growing sufficiently fast as j grows. On the other hand, it does not hold if by
are exponentially decreasing, since in this case A ; 4 0as j — o0, ¢; are bounded
(in view of (A2)), and thus the sum in (A1) is not bounded as J = J(g¢) — oo.

A natural simplification of these assumptions would consist to suppose that the
by are of the same order within a block /;: max; ; bk_2 / min I bk_2 < C for a con-
stant C. Then instead of A ; we can substitute in the above formulas 1/T; where T;
is the size of the jth block. A motivation of the more general formulation involving
A lies in multivariate applications. We will see in particular that in the context of
tomography (Section 5.2) we have max;; bk_2 / miny; bk_2 — oo and nevertheless
the assumptions (A1) and (A2) hold.

The next proposition yields a first oracle inequality. It states that the adaptive
estimator (3.12) is at least as good as the blockwise constant oracle U () (up to
small residual terms), for any 6 € £5.

Proposition 1. Let H* be the class of all piecewise constant rules (3.6) and let 6
be the estimator defined in (3.12). Assume (Al) and (A2). Then for any 0 € £, and
any 0 < ¢ < 1 we have

Eolld —0)> < (1 + ¢(e) inf Re(h,0)+ 8c1e2,
e *

where (&) = max|<;<yj(2¢; + 16A;/¢;).

Remark that we choose ¢; — 0 as j — oo and J — oo. Then, to satisfy (Al),
one needs that A; = o(golz.). Thus, (A2) holds automatically for j large enough,
and ¢(¢) < Cmaxi<j<y ¢; for some C > 0.

Proposition 1 has the following asymptotic corollary.

Corollary 1. Let by — 0 as k — oo, and ¢(¢) — 0 as ¢ — 0. Let the se-
quence 0 € £, have the infinite number of non-zero coefficients 6. Then, under the
assumptions of Proposition 1,

Eoll0 —0]> < (1+o0(1) inf Re(h,0),
heH*

as & — 0.
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Proof of Proposition 1 and Corollary 1 is given in Section 6.

Remark 1. Proposition 1 and Corollary 1 deal with general blocks /. For example,
these results apply to the wavelet setup considered by Johnstone (1999) where the
blocks are the resolution levels of size T; = 2/, the coefficients by are constant
within each block and decrease with j as apowerof Tj: by =T j_’g , Yk € I, with
some B > 0. In this case assumptions (A1) and (A2) are valid with ¢; = A?, and
we get that the estimator (3.12) is asymptotically at least as good as the levelwise
constant wavelet oracle. Moreover, Proposition 1 allows to cover a more realistic
situation where C ijﬂ <b, < Cszfﬂ for some C, > C; > 0.

The next step of our argument is to show that an oracle inequality similar to
that of Proposition 1 holds for 6, but with Hnon in place of H*. This is obtained as
a consequence of Proposition 1 and of Lemma 1 stated below.

The following additional assumption is needed.

(A3) There exists 0 < n, < 1/2 such that

In the examples that we consider below n, — 0 as ¢ — O.

Lemma 1. Letr > 0, N > max {m : Yy, by > < r2e ™22}, and let (A3) hold.
If 10]| < r then, forany 0 < ¢ < 1,

1nf Re(h,0) < (1 —n.)~2 inf R.(h, 9)—}—01 (3.13)

€/mon

Furthermore, if h € Hyon and 6 € €y are such that R.(h,0) < r2, then there
exists h € H* such that, for any 0 < & < 1,

Re(h,0) < (1 — 1) 2R (h, 0) + 0. (3.14)

Proof of Lemma 1 is given in Section 6. It is inspired by the argument in

Nemirovskii (2000), Section 6.3.3.

We need that the term 012 were small enough w.r.t. the main term infy ¢y,
R (h, 0). If this main term is O (&%), ¢ — 0, for some 0 < s < 2 and b,:l =
OkP),k — oo, for some B > 0, the asymptotic negligibility of 012 is easily
obtained by choosing 77 of logarithmic order.

Proposition 1 and Lemma 1 entail the following oracle inequalities.

Proposition 2. Let 0 be the estimator defined in (3.12). Assume (Al)—(A3), and let
r>0, N>max{m: ) ;_ b 2 < r2e72972). Then :

(i) For any 0 such that ||0|| < r and any 0 < ¢ < | we have

Eoll0 — 0|1 < (1 +T) inf Re(h,0)+ ca(e® + od), (3.15)

€/ lmon

where 'y = 2n. 4+ ¢(¢))/(1 — 2n,) and ¢ > 0 does not depend on 0, ¢.
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(ii) For h € Hypon and 6 € £ such that R.(h, 0) < r? and any 0 < ¢ < 1 we have

Eoll6 —0]> < (1 + Te)Re(h, 0) + c2(e? + o). (3.16)

We introduce now a construction of weakly geometrically increasing blocks I
where the conditions (A1) — (A3) are satisfied, provided by decreases as a power of
k. In the next section we will show that with this construction the estimator (3.12)
is sharp minimax adaptive on a large scale of classes.

Let v, be an integer valued function of ¢ such that v, > 2 and v, — 00 as
& — 0. A typical choice would be v, ~ log(1/¢) or v, ~ loglog(1l/e). Let

1
Pe = .
log v

Clearly, p. — 0 as ¢ — 0. Define the sequence {«;} by
1 Jj=0,

Kj =1 Ve o J=1 3.17)
K./—l + |_v8108(1 + IOS)J_IJ .] = 27 3, ]

where | x| is the maximal integer that is strictly less than x. Let N* be any integer
satisfying
m
N* > max {m : Zbk_z <e2p3). (3.18)
k=1

Then, for & small enough, N* > max {m : Zle bk_2 < r28_2,08_2}, Vr > 0. The
following assumptions will be used: (B1) The blocks are I; = [kj_1,k; — 1], j =
1,...,J, such that the values « j satisfy (3.17), and J = min {j : k; > N*} where
N* satisfies (3.18).

Clearly, N = k; — 1 > N*if (B1) holds.
(B2) The penalty is ¢; = AJJ{, where 0 <y < 1/2.
We also assume that the values by decrease as a power of & :

(B3) There exist B > 0,buax > 0,byin > 0 such that bmink™® < by <
bnaxk™P, k=1,2,...

The next result follows from Proposition 1.

Corollary 2. Let H* be defined in (3.6) and 6 be the estimator defined in (3.12).
Assume (B1) — (B3). Then for any 6 € €, and any 0 < ¢ < €1 we have

Egllf —601% < (1 +c3(0eve)77) nf Re(h, 0) + cye?,
E *

where the constants 0 < &1 < 1, c3 > 0 and ¢4 > 0 do not depend on 9, ¢.
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Proof of Corollary 2 consists in checking the conditions (A1) and (A2) and it
is given in the Appendix.

Note that (B1) — (B3) do not imply (A3), and to get oracle inequalities over
Hmon, as in Proposition 2, we need a stronger condition on by, :

(B4) The coefficients by are positive and there exist § > 0, b, > 0 such that

by = bk P (1 +0(1)), k —> oo.

Corollary 3. Let 6 be the estimator defined in (3.12). Assume (B1),(B2) and (B4),
and let r > 0 be fixed. Then :

(i) For any 6 such that ||0|| < r and any 0 < ¢ < & we have

Eollf — 0> < (1+7,) inf Re(h,0)+cse?vft!,

€ Mmon

where the constants 0 < ¢y < 1 and c5 > 0 do not depend on 0, ¢, and 1, =
o(l), e = 0, 5, does not depend on 0. (ii) For h € H;,0n and 6 € £, such that
R.(h,0) < r2 and any 0 < & < & we have

Eollf — 01> < (1 + fie)Re (h, 0) + 56202+

Proof of this corollary is given in the Appendix.

Remark 3. Since p,v, — 0o and 77, — 0, the oracle inequalities of Corollaries
2, 3 are asymptotically exact. Note also that Proposition 2 and Corollary 3 yield
asymptotically exact oracle inequalities on smaller classes than H,,,,, . In particular,
our estimator 6 is asymptotically at least as good as the optimal projection estima-
tor i.e. estimator in the class Hproj = {h : hi = b,:ll(k <n),n=12,..}
and 1the optimal Tikhonov-Phillips type estimator in the class Hrp = {h : hy =

b
H_kW, >0,C > 0}

Remark 4. Beran and Diimbgen (1998) show that the estimator fz(Hm,m) for the
case where by = 1 can be computed numerically and has a piecewise-constant
structure on random blocks. We believe that this is also true for general by and it is
possible to prove a result similar to Corollary 3 for this estimator (in the “direct”
case where by = 1 such a result is implicit in Golubev (1990)). Although, since the
values of fz(Hmon) on the blocks are monotone decreasing, this estimator will not
mimic the blockwise constant oracle, unless 6 has a special form, and thus it will
not be useful, for example, in the wavelet context.

Remark 5. After this paper has been submitted, the paper of Cai (1999) was pub-
lished that considers the estimator (3.12) for the “direct” case where by = 1. The
approach of Cai (1999) is different from ours: he suggests a fixed penalty ¢; for
all j and logarithmically small blocks (rather than weakly geometrically increas-
ing blocks as we do), and does not consider the oracle inequalities for monotone
oracles. He studies rates of convergence rather than exact asymptotics of the risks.
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4. Minimax sharp adaptation

In this section we apply the results of Section 3 to show that the estimator (3.12)
with weakly geometrically increasing blocks /; is sharp adaptive in a minimax
sense on the classes of ellipsoids.

Theorem 2. Let ® = ©O(a, Q) be an ellipsoid with monotone non-decreasing
a = {ai}, ap — oo and Q > 0. Let the blocks 1; satisfy (BI), the penalties satisfy
(B2), and the coefficients by satisfy (B4). Assume also that v, is chosen so that

28+1
szvgﬁ“L

re(0)

=o0(1), e > 0. “.1)

Then the estimator 8 = {6} defined in (3.12) is asymptotically minimax on ©
among all estimators, i.e.

sup Eg |60 — 01| = re(®)(1 + o(1)), 4.2)
0e®

as e — 0.

Proof . This is a simple consequence of Corollary 3 and Theorem 1. In fact, note
that under the assumptions of Theorem 2 the minimax sequence of weights A*
defined in (2.5) satisfies h* € H,,0,. Next, since @i is monotone non-decreasing,
ay — oo, and by, satisfies (B3), we have

lim - (©) = 0, 4.3)
e—0

by Theorem 2 of Pinsker (1980). Hence,

sup R (h*,0) = rk(®) = r.(@)(1 + o(1)) = o(1),

6e®
as ¢ — 0 where we used (2.8) and (4.3). Thus, the assumptions of Corollary 3 (ii)
are satisfied for h = h*, 6 € ® and r = 1 if ¢ is small enough, and we may write

supEglld — 0% < (1 4+ o(1)) sup Re(h*, 0) + coe?v2P T, (4.4)
He® 0e®

This, together with (4.1), yields

sup Egll6 — 0]* < r2(©)(1 + o(1)),
He®

which is equivalent to (4.2), in view of (2.8) and of the definition of 7, (®). O

Note that Theorem 2 states a sharp adaptivity property of 6 : this estimator is
sharp asymptotically minimax on every ellipsoid ® = ®(a, Q) satisfying (4.1),
while no prior knowledge about a and Q is required to define 6. Moreover, no “el-
lipsoidal” structure appears in the definition of §. In fact, minimax results similar
to Theorem 2 can be formulated for other classes than ellipsoids (for example, for
hyperrectangles), provided the minimax solution 2* belongs to H,,0s,

Remark also that the condition (4.1) is quite weak. It suffices to choose v,
smaller than some iterated logarithm of 1/¢, in order to satisfy these conditions for
most of usual examples of ellipsoids ®.
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Corollary 4. Let ©® = ©O(a, Q) be any ellipsoid with monotone non-decreasing
a = {ay} such that k*° < a; < exp(ak”), Vk, for some ap > 0,0 > 0,r >
1, O > 0. Assume (B1), (B2) and (B4) with v = max(|loglog1/e],?2). Then the
estimator 6 defined in (3.12) satisfies (4.2).

Proof. The fastest convergence rate of the minimax risk . (®) to 0 is attained for
2B+1

2p+1
the ellipsoid © with a; = exp(ak”), and this rate equals &2 (log %) " . Therefore,
for any ellipsoid ® satisfying the assumptions of Corollary 4, we have

28+1

&2 <log é) /re(®) = 0(1), ¢ — 0.

This, together with the definition of v, yields (4.1). O

One can also get uniform results over certain scales of ellipsoids. We give now
such uniform results for the Sobolev scale (polynomially increasing ay) and the
scale of classes of analytic functions (exponentially increasing ay).

Theorem 3. (Sobolev scale of classes). Let ©4(Q) = O(a, Q) where a = {k“},
a >0, Q > 0.Assume (Bl), (B2) and (B4), with ve = max(|loglog1/¢], 2). Then
the estimator 0 defined in (3.12) satisfies

Egl6 —0)* _

lim sup =1, 4.5)

6= Oyefar,ar], 0€[Q1,0210€04(Q) & (@ Q)

forany O <o) <ap <00,0< Q1 < Qr <00, where

r¥(@, Q) = Cla, Q)e ™5

1 241 ab? T T
— - 20421 [ — —*
Clo, )= 2B+ 1) (QQa + 2B + 1)) %+2% <a+2ﬂ+1> :

Proof. The fact that rSL (®(Q)) = ri(a, Q)(1 + o(1)) is shown in Belitser and
Levit (1995). It is easy to prove in the same way that somewhat stronger relation
holds :

L
7 (Ou(0) 1‘ —o(l), &0, (4.6)
(@,0) e | Te (o, O)
where U = [a1, a2] x [Q1, OQ2]. Moreover,
2,261
=o0(1), ¢ > 0. 4.7

(o, Q)eld Te (o, O)
Now, we apply the same argument as in the proof of Theorem 2, taking in (4.4)

the weights h* = h*(«, Q) that are computed via (2.5) for ©,(Q). Using (4.6),
(4.7) and the fact that o(1) and c¢ in (4.4) do not depend on « and Q, we find

5 5 .
sup sup M < (1+0(1)) rs (®Ot(Q))

+o(1) =1+o0(1),
(@.0)ell 0€6,(0) T¢ (e, Q) @oeu i, Q)
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as ¢ — 0. On the other hand, using (2.8) fora = o1, Q = Q1 and (4.6), we obtain

Egll6 — 6] Eg|l6 — 6|
sup sup ———— > P
(@,0)elU 00, (0) TE(@, Q) 0e0y,, (o T (a1, Q1)
®
- Vg( otl(Ql)) -1 +0(1)’ e 0. O
ré(ar, O1)
We now consider the classes of analytical and supersmooth functions that cor-
respond to ellipsoids ® (a, Q) with ay = exp (@k”), o > 0,7 > 1.

Theorem 4. Let Oy ,(Q) = O({exp (¢k")}, Q), where ¢ > 0,r > 1,0 > 0.
Assume (B1), (B2) and (B4) with v, = max(|loglog 1/¢],2). Then the estimator
0 defined in (3.12) satisfies

Eg|0 — 0]
lim  sup sup M =1, 4.8)
£=0 (a,r,0)eW 00, (0) (@, 1, Q)
where
b2 DR A
* * 2
s Iy = _l -
re (o, r, Q) 2,3+18 <(x 0g8>

and the supremum in (4.8) is taken over (a,r, Q) in W = [a1, o] X [r1, 2] X
[Q1, O3], where 0 <) <ap <00, 1 <ri<rp<00,0< Q1 < Q) <00.

Proof . Direct calculations using (2.6) yield

rt©u,(Q)

" ‘ =o0(1), ¢ > 0.
@nrew | Ti(e, 1, Q)

The rest of the proof follows the same lines as in Theorem 3, and we omit it. O

5. Examples
5.1. Deconvolution and estimation of derivatives

The above results allow to construct sharp adaptive estimators for deconvolution
problem in Gausssian white noise. Optimal rates of convergence for this problem
were obtained in different settings by Ermakov (1989), Donoho and Low (1992),
Koo (1993), Korostelev and Tsybakov (1993), Donoho (1995), Johnstone (1999).
Sharp asymptotics of the minimax risk in the Pinsker type framework is calculated
by Ermakov (1989) and Efromovich (1997). Goldenshluger (1998) and Johnstone
(1999) propose rate adaptive estimation methods for deconvolution. Efromovich
(1997) shows that for the case of convolution kernels with exponentially decreasing
Fourier transforms the usual projection estimate is sharp adaptive. Here we con-
struct sharp adaptive estimators for deconvolution with polynomially decreasing
Fourier coefficients of a kernel.
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Consider the model
dY(t)=gx* f(t)dt + ¢dW (), t €]0, 1], 6.1

where we observe the process {Y (¢),t € [0, 1]}, g is a known 1-periodic filter in
L>([0, 1]) (convolution kernel), f is a 1-periodic signal in L,([0, 1]),0 < & < 1
is the level of the noise and W (¢) is the standard Wiener process. Let {¢x(¢)} be the
usual trigonometric basis on [0, 1]:

d1() =1, ¢or(t) = V2cosrkt), ¢ous1(t) = 2sinQrkt), k=1,2,....
(5.2)
The model (5.1) is equivalent to the sequence space model

Ve=bp O + €&, k=1,2,..., (5.3)

where & = fol ¢r(t)dW(t) are standard normal random variables and 6; =

Jo FOG 01, b = [y gO)pi(t)dr.

Assume that the filter g has the Fourier coefficients by that satisfy the assumption
(B3).

Introduce the Sobolev class of functions

Wi, Q) ={f =) _ b : 6 € O4(Q))

k=1

where O} (Q) = ©(a, Q) with the sequence a = {ax} such that

k¢ for k even, k=12,...,

_ { (k — 1) for k odd,
wherea > 0, Q > 0.Ifw is aninteger, W(a, Q) = {f : fol (f@))2dt < n2@ Q)
where (@ denotes the weak derivative of f of order c.
Consider also the classes of infinitely many times differentiable functions

Ale,r, Q) ={f =) 6kt : 6 € O, (Q))

k=1

where ¢ > 0,7 > 1, Q > 0. The case r = 1 corresponds to usual classes of
analytical functions.
The following result is a straightforward modification of Theorems 3, 4.

Theorem 5. Let the Fourier coefficients by of the filter g satisfy (B4), the blocks I

satisfy (B1)and the penalty satisfies (B2), with v, = max(|loglog1/e], 2). Then
the estimator f Zk 1 Ocx, where 0 is defined in (3.12) and {¢y} is the trigo-
nometric basis (5.2), satisfies

Eoll f — fI?

lim sup sup  ————— =1,
e=>0nefar,a21,0€[01,051 fEW(@.0) Te (@ Q)
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and

i Eollf—fI* _
im  sup sup ———— — =1
e=0 (a,r,Q)eW QEA(OI,V,Q) rg (av r, Q)

’

forany 0 <aj <oy <00,0< Q1 < Q2 <oo, where r}(a, Q), r}(a,r, Q), W are
as in Theorems 3 and 4.

Thus, fisa sharp adaptive estimator in minimax sense simultaneously on Sobo-
lev classes, classes of analytical functions and classes of supersmooth functions.

A special case of Theorem 5 corresponds to the adaptive estimation of deriv-
atives. Assume that g in (5.1) is such that the derivative (g * f)® = f, where
B < « is an integer. In view of the periodicity assumptions, this implies that the
Fourier coefficients of g % f have the form b;6; with by = 0, and

k=2,3,...,

[ (=1D)PPr=B(k — 1)7P for k odd,
K=V (=P —Br—B for k even,

if B is even (if B is odd, similar expression is obtained after some reordering of the
Fourier coefficients). Thus, (B4) is satisfied, and Theorem 5 applies in this partic-
ular case. Note that for this case and for the scale of Sobolev classes a different
method of minimax adaptive estimation is suggested by Efromovich (1998).

5.2. Tomography

The problem of tomography is to reconstruct a 2-dimensional function f from
observations of its integrals over lines. This problem appears in different fields,
for example, in radiology. For references see Deans (1983) and Natterer (1986).
Statistical aspects of the tomography problem have been studied by Johnstone and
Silverman (1990), Korostelev and Tsybakov (1989,1991,1993), Donoho and Low
(1992), Cavalier (1998a, b) among others. The main models analyzed in a statistical
context are positron emission tomography (a density estimation type model) and
X-ray tomography (a regression type model). Here we consider the X-ray tomogra-
phy problem that can be formulated as the problem of estimating f in (1.1) from
the noisy data Y where A is the Radon transform operator.

Let H = {x € R : ||x|| < 1} be the unit disk in R?, and let x denote the
Lebesgue measure in R%. Consider the integrals of a function f : H — R over all
the lines that intersect H. We parametrize the lines by the length u € [0, 1] of the
perpendicular from the origin to the line and by the orientation ¢ € [0, 27r) of this
perpendicular.

Suppose that the function f(x1, xp) belongs to L1(H, u) N Lo(H, p). Define
the Radon transform Rf of the function f by

T V1—u?
Rf(u,go):—/ f(ucosep —tsing, using + t cos ¢)dt,
201 —u2ys Jvita

(u,p) €S, 5.4

where S = {(u,¢) : 0 <u <1, 0 < ¢ < 2m}. With this definition, the Radon
transform Rf (u, ) is  times the average of f over the line segment (parametrized
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by (u, ¢)) that intersects H. It is natural to consider Rf as an element of L2 (S, o)
where (o is the measure defined by dpo(u, ¢) = 211 — u2)%du de.

The SVD of the Radon transform is well known (see Deans (1983) or John-
stone and Silverman (1990) for further references). To introduce it, define the set of
double indices I' = {v = (j, k) : j > 0, k > 0}. An orthonormal complex-valued
basis for L, (H, w) is given by

uo(r.0) =1 2 (jHk+ D ZV ) Uy = () e T, (r60) € H, (5.5)

where Z Z denotes the Zernike polynomial of degree a and order b. The correspond-
ing orthonormal functions in L> (S, wo) are

Uy, @) = 72U el ™0% . v = (jk) e, (u.¢) €S, (5.6)

where Uy, (cos0) = sin((m + 1)0)/sin6 are the Chebyshev polynomials of the
second kind. We have R, = b, v, with the singular values

by=n"'(j4+k+1"2, v=(j,k) eT. (5.7)

Since we work with real functions, we identify the complex bases (5.5) and (5.6)
with the equivalent real orthonormal bases {¢,}, {1/, } in a standard way,

V2Re(¢y) if j > k,
by =1 by if j =k, (5.8)
V2Im(e,) if j < k.

Consider the statistical model (1.3) where A = R is the Radon transform op-
erator. Using the SVD (5.5) — (5.7), and arguing as in Section 1, we reduce (1.3) to
the sequence space model

yl) =bl)01}+ 851)7 V= (J’k)’J 207](207 (5'9)

where 0, = (f, ¢,), and &, are i.i.d. standard gausssian random variables.
Following Johnstone and Silverman (1990), consider the class of functions with
polynomially decreasing coefficients 6,, i.e. the set

Fle. @ =1f=Y 6y Y G+ D*k+1*60 <0

vel v#0

Johnstone and Silverman (1990) show that F(«, Q) can be identified with the
set of functions f which have 2« weak derivatives (provided 2¢ is an integer)
that are square integrable on H with respect to the modified dominating measure
dpaas1(x) = (I — [|x[?)®*du(x). This is weaker than the square-integrability
with respect to © assumed for the usual Sobolev spaces.

Definea, = (j + D)%k + D)%, forv = (j,k) € ', j+k #0,and ap = 0. To
obtain a non-decreasing sequence {a, } we order the set of indices I' in the direction
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of increasing |v| = (j + 1)(k 4+ 1) (the multiple v with the same value |v| are
ordered in the direction of increasing first coordinate j).

Define the blocks I, = {v € T : x¢—1 < |v| < k¢ — 1}, which satisfy (B1).
Letn = |G| where G € T is given by G = max{n € " : Z(n) b;zav(a77 —ay) <
Qe 2}, with () = {v € ' : 0 < v < n} and the inequality v < n forv,n € T
means the ordering as defined above.

The following lemma is an easy extension of Lemma 4.3 in Johnstone and
Silverman (1990).

Lemma 2. Forr > 0, as |n| — oo, we have

D GHD G+ =0+ D ™ lognl + 0™, (5.10)
)

2
Y G A+ DG+ G+ D=0+ I 4+ 01 og ).
(n)
(5.11)

and

DGHk+D G+ D k+ D" =ct+3) ™ + 0(nl" log n)),
()
(5.12)

where c is a positive constant.

Using Lemma 2 we obtain

Z bgzau(aG —ay)

(€9

4

= mmﬁ““ + 0(GI* ' 1og |G)).

Therefore

1
3@ +2)Ra+2 o\ 22
=( ShblLl 2) (1+o0(1)),
Tt
and, according to (2.4),

we =n (1 +o(1)).

Now, we compute the linear minimax risk rgL (®). From (2.6) and Lemma 2 we get

rE©) =&Y b (1 — weay) =r] (@, Q)(1 + o(1))
(&)

where
2a

4 2042 2 4a
) (Qa +2)Q)%F g%tz

T 1 b
o= (5

These expressions coincide with those in Johnstone and Silverman (1990), up to
constant factors. However, the model that we consider here is different: it is a
regression type model, while Johnstone and Silverman (1990) study the positron
emission tomography (a density type model).
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Using Lemma 2 it is easy to check (2.7) and to conclude (by Theorem 1) that
the optimal linear estimator attains the minimax risk among all the estimators.

Note that we cannot use the results of Section 4 to prove that f= > 6, ¢, (with
6 as in (3.12)) is a minimax adaptive estimator on the scale of classes F(«, Q). In
fact, the conditions (B3) or (B4) are not satisfied in this two-dimensional structure.
However, the conditions (A1) — (A3) hold and we can apply directly the oracle in-
equalities of Proposition 2. The details of this agrument are omitted: we use Lemma
2 and act as in the proof of Corollaries 2 and 3 to check (A1) — (A3). As a result,
the following analog of Theorem 3 is obtained.

Theorem 6. Let f = > ver 6,¢, be the estimator of the function f, where 0 is
definedin (3.12), {¢y} is the basis (5.8) and b, is as in (5.7). Let the blocks I satisfy
(BI) with v = max(|loglog1/¢e],?2). Then

Eflf—fI?

lim sup sup  ————— =1,
e~ Oyefa), 2], Q€[ Q1,021 feF(@.0) Te (@ Q)

forany O<oay <oy <00,0< Q1 < Qy<o0.
6. Proofs

Proof of Proposition 1. We have

mf R.(h,0) > me Z a- bktj)zek +82;2) + Z 0k2

j=1 g kel; k>N

J
Z o; ||9||(J) Ze’g’ 6.1)

=1 G + ”9”(1) k>N
where (|01, = Y_rc;, 6 Also,
Eqgl6 — 01> = ZEeIIB 0Ig,) + Y 6¢- (6.2)

k>N
To prove Proposition 1 we bound the risks
gl —0II¢;, =Eo Y (G — 60)°
kel;

by the respective summands in the last but one sum in (6.1), modulo small remain-
ders terms.

Fix j € {1,..., J}. The risk Eg 16 — 9”%/') will be upper bounded differently
for the two following cases :

1°. 1013, < @jo}/2,



344 L. Cavalier, A.B. Tsybakov

2°. 1101¢) = pjo; /2.

Bound on the risk under 1°. If 1° holds, write using Lemma 6,

Eg[l6 — 01, < 101, + Eq (W(Hyn%,))z(/a‘j)) : 6.3)
where \ i
W(x) = —x +20% + 2 “a;a+ ‘px") —d -
and

Aj ={lI3IIg;, < o7 +)).

It is easy to see that the derivative W/(x) < O for all x > 01.2(1 + ¢;) and also
W(o}(l +9j) = 4Aj0j2. Thus,

Eo (WAISIZ)1(A)) = 48,07 P(A)). (6.4)

On the other hand, under 1°,

1 2< i (6.5)
- - - .
if2 = a? + 10112,

Substituting (6.4), (6.5) and the result of Lemma 4 (see the Appendix) into (6.3)
we obtain

5 o2 1 ”9”(/) j 2 ¢

Egll0 —01l(;) < +8Ajojexp | - ) -2 |

— /2 0 + ||9||(]) 16A;(1+2,/9))
6.6)

Bound on the risk under 2°. From Lemma 5 in the Appendix we get

Egll6 — 013 < Eglld — 011, = Y Ea(Gk — 61)°,
kE[j

- o7 (1 +¢))
=Y\l ——5—]-
||Y||(j)

Next, using (A.6) in the Appendix we find

ko (1 + ¢;)) Fiot(l 4+ ¢))?
Eg (O —00)* = &b > +2Eg | 0k — ) —2—5—— | +Eg | —L—F——
I311E;, 1311,

25 — I3 Veo (L +9p?
= 22 4 2625202 (1 + B | D ) g, (KT )
311, Y1)

where
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Therefore,

Egll6 — 017

_2 —

1 Zke] yib k

<o;—(1—¢))o Ky +4%07(1+ 9By | —L——
’ ’ ” ”(j) ” ”(j)

1
<o;—(1—¢))o Ky +4e’07 (1 + ¢j) max b Eg | ——
kel; ”)’”(/)

”y”(j)

1
=0} — (1 —¢; —4A;(1+9)))0 Eg (u 2 ) :
)

where the second term is negative in view of (A2). By Jensen’s inequality

1 1 1
Eg ( ) > = .
S112 - _ 2 2
Gy /) By (Ilyllfj)) aj + 101,

Thus, under 2° we have

2 2 2 2 2 N2
E9||§—9||2 - ”9”(1) Uj +”9”(j) _ Gj ((pj+8Aj)0j
D=2+ 0012, \ 1012, o1z, o1z,
2 2 2 .
a?lel;) 2(¢3 +84))
< 5 1+ . 6.7)
a7 +161F;, 9j

Final bound on the risk. We have 0 < ¢; < 1, in view of (A2). Thus,

<l+¢;i <1+ 2(¢]2+8Aj)
- < g < -y
—9j/2 ! ®j
Using this remark and (6.6), (6.7), we obtain for any 0 € {3,

: a?lolz;,
2
+191IF;,

(p.
8Ajo? — / :
8859 exP( 16A;(1 42 /_goj)2>

Summing up over j and using (6.2), we find

Egll6 — 017, < (1+ 20, + 164 /¢,

2 2
o} 191,
Eqllf 61> < (1 + ¢(e >)§ T”ejf)+§je,3+scle%
) k>N

In view of (6.1), this proves Proposition 1. O
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Proof of Corollary 1. Denote
k(e) = max {k : 67b} > &%}

Note that k(¢) — 00, as ¢ — 0. In fact, assume that this is not true. Then, there ex-
ists a sequence &; — 0 (asi — oo) and an integer M < oo (independent of i) such
that sup; k(e;) < M. We get Glfb,% < 8i2, Vi, Yk > M, and thus 6, =0, Vk > M,
since by > 0. This contradicts the assumption that there exists the infinite number
of non-zero coefficients 6. Next,

27292 =2 27,2
e2b720 b 2b

inf Ro(h,0) > infRe(h,0) =) ——h *->e2 KO > KO
heH* h e2b; ~ + 6; s2bk(€)9k(€) +1 2

k

Since by — 0 ask — oo and p(g) — 0 as ¢ — 0, we get
(14 ¢(e)) inf R.(h,0)+ 8c1e? < (1 + pe) + 16clb,%(8)) inf R.(h,0)
heH* heH*
= (1+4+o0(1)) inf R.(h,0H).
heH*

This, together with Proposition 1, proves the Corollary. O

Proof of Lemma 1. Let & € H,,,, be given. This means that A € A,,,, is given
where A = bihy. Define

_ 1 kEIl,
=g kel j=2,....J,
0 k>N,

and by = bk_l)_\k. It suffices to show (3.14) since for the proof of (3.13) we can con-
sider only the case where inf, ey, Re(h,0) < r2. Indeed, the sequence h° = {h,?}
such that ) = b 'I{k € I} satisfies R, (h,0) < o + 01> < o? + r?, and
h® € H*. Hence, if inf¢p,,, Re(h, 0) > r?, (3.13) is straightforward.
Thus, assume that & € H,,on, 0 € £7 are such that R, (h, 0) < r2. Let us prove
that
(1= < (=020 = 10)% (6.8)

We first show that Ay < n. for k > N. In fact, let M = max {k : Ay > n¢}. Then,

M M
r? > Re(h,0) = &> b °Ap = &0l Y b”
k=1 k=1

which implies M < max {m : Yy, by > < r?e2n;2} < N. Thus, At < . for

k > N.Fork > N we have A4 = 0 and thus (6.8) holds since (1 — M)PE=1<
(1= 1) 72(1 = W), ]
Next, we have 0 < A < Ax < 1forall k < N. Hence (6.8) holds for k < N.
Using (6.8) we get

o o0 o
DA =M +h) < A=) 2 Y (A= a0+ ) k. (6.9)
k=1 k=1 k=1
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It remains to show that

o0 o0
EZZE,E <(1-— ng)—2522h§+ol2. (6.10)
k=1 k=1
We have
N 00 00 N
2 2 72 72
D=y ke Y k=) k.
k=1 k=1 k=1 k=1
Remark that

N N J—1
2 § P2 _ 2 § —232 2 2 72 2

Under assumption (A3) this gives

N J—1 J—1
2 hp<(+mn)) b, 07 +of <(1—ne)” > b, 07 +oi. (611
k=1 j=1 j=1

Now, by monotonicity, A% > A%j = )_ij, k € I;. Hence,

N J—1
sZZhﬁ > foil,o}. 6.12)
k=1 j=1

Using (6.11) and (6.12) we obtain (6.10). Finally, note that (6.9) and (6.10) entail
(3.14). O

Appendix

Lemma 3. Foranyt > 0:

1 r
p1(@) =P E Ocby Szt =exp|\ ——=—">5= | (A1)
kel 2 Zkel_,- O by

2
p2(t) =P Zbk_z(sz—l)zt §exp<— ! )

-7 ;)
kel, 4(Zk€,j by "+t maxker; by )
(A.2)

Proof . Inequality (A.1) is straightforward since ), I kak_lék is a gaussian ran-

dom variable with mean zero and variance ) I szbk_z. Inequality (A.2) is proved
by a standard argument using exponential Markov inequality (see e.g. Cavalier,
Golubev, Picard and Tsybakov (2000)). O.
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Lemma 4. Under the assumptions of Proposition 1 and if 1° holds, we have

- ‘P
P(Aj)EZeXp< / ) j=1,...,J.

16A; (1 +2 /9;)?
Proof. From the definition of y in (3.10) we have

P(Ap =P (1513, = 021 +¢)))

=P (23 abta +e2 > 02E - 1) = ole; — 013,
kGIj kGIj

Using 1°, forany 0 < § < 1 we get

o2
0 Qj
PAH)<P|2 2 —1> -
(4)) DI S B R G
kel kel
2
- (Sojfpj N (1—8)0 ®; (A3)
== p2 —22 .

Applying (A.1) of Lemma 3 and 1° we find

2. 2,2
o (SUJ"PJ <exp(— (501-‘/’])
e ) 3262 ) el 9k2bk_2

82|l0?
< exp (— i . (A4)

1662 maxey; bk ||9 1%,

52¢j
=exp| — ,
P\ 7164,

whenever 01| # 0.1f ||8]|;) = 0, (A.5) is obvious.
Next, (A.2) of Lemma 3 yields

. (1- 5)0.,'2%'
282
2
(I- 5)2%2'( Zkelj bl:z)

<exp| - (A.5)
—4 -2 -2
16(Zkelj b + (1= 8)g; Zke[j by~ maxer; by /2)

(1= 9?3
=P\ Tl6a, ¢/ )

Choose

__N¥
142 /gol,"
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Then
(1- 5)2 1
1+<p]/2 1+2/9)*
Using this inequality and (A.3) — (A.5) we obtain the lemma. ]

Lemma 5. Let

9_]{=)_)k<1_ _C2>9 ékzyk<1_ _cz) ) C>0'
512, 1512, ),

Egll6 — 017, <Eallf — 01,

Then

Proof of this lemma follows the same lines as the proof of Theorem 6.2 in
Lehmann (1983), where the case by = 1 is considered.

Lemma 6. We have

- 257 — 1513
Eo |0k — 510 —— | = €2 2Ep | ——— ), (A.6)
||Y||(/) ||y||(.,')

and, forany j =1,...,J,

Eqll6 — 017,

4 2
_ ot @A (1+¢) — (1 -
N o [(—||y||%,)+za}+ / L 1A |-

)
Iyl ()
(A7)
Proof. Equation (A.6) follows from integration by parts (cf. Stein (1981)). Next,

using Stein’s (1981) unbiased risk estimator for Eg (Ok —60)? and summing up over
k € I; we find after some algebra

Eolld - 01, = o7 + o [(I51, — 201 (4))]

4802(1+(p) o bR 4(— ) _
+E9[( J Zkl k Yk 9 ¢’>I(Aj)]

151, 1517,
Since
2 bty <€ maxbk 1311, = o7 A 131,
kel;
andE9||y||(]) ||9||(])+a we obtain (A.7). ]

Proof of Corollary 2. Suppose w.l.o.g. that ¢ is small enough, so that 0 < p, < 1.
Note that

lx] > (1= pe)x, Vx=p; . (A.8)
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We first study the asymptotics of A; when (B1)—(B3) hold. Clearly, as ¢ — 0,

_ _ 28

maxj<g<v, bk bmm V‘g 1

M= o= =0 (A.9)
k=1 %k max 1 €

Next, for j > 2, assuming that k; — 1 > «;_1 (which is true for &£ small enough),

Kj—1
Yob b2 > kP =k b2 k- ko). (A.10)
kel k =Kj-1

Thus, for j > 2,

maxge;, by 2 b2 .\ 2P 1
Aj= —lk < "”2"( / ) : (A.11)
Zkelj bk bnax \Kj—1 Kj—Kj-1

Using (A.8) we find

Kj— ki1 = vepe(1+ pe) 71 > (1= pe)vepe (1 + pe)? 71, (A.12)

provided ¢ is small enough, so that v p, > o L
We now show that the ratio «/« ;1 in (A.11) is bounded. By definition, for
ji=2

j—1
Kj=Ve+ Z [vepe (1 + ps)v_ I =<ve |1+ pe Z I+ pe) = V(1 + Ps)],
s=2 s=1
(A.13)
and, using (A.8) (we suppose that ¢ is small enough, so that ve o, > o, b,
J . s—1 ] 1 pé‘
Kjo1=ve+ ) Lvepe(l+p) '] = ve(l + pe) s
s=2
Thus,
S \2B 1 28
< < > < (ﬂ) —14o0(), &—0. (A.14)
Kj—1 I — pe
This, together with (A.11)~(A.12) yields max,< <, Aj = O <p£1u£) . & — 0. Tak-

ing into account (A.9) and (B2), we find that (A2) is satisfied for ¢ small enough,
and
p(e) = max 2AY +16AL77) = 0((peve) ), & — 0. (A.15)
I<j=<J J J

We now check that (A1) holds for ¢ small enough, whenever (B1)—-(B3) hold.
Fix an arbitrary C > 0. For j = 1, using (A.9), we have maxiey, b
exp (— CAZV Y <po lzvg exp (— CAZV 'Y 50, e > 0,forany C > 0,0 <
y < 1/2. Now if j > 2, using (A. 11) (A.12), and (A.14) we find, for & small
enough,
2y—1

A’

7Tz e (L4 pe) fdD)!
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and, by (B3) and (A.13),
max b > < b2 (ve(1+ pe))F = p; b2 (vepe(1 + pe)/)*P,

min min
kEIj

where d; > 0 is a constant. Thus, there exist constants d; > 0 and g9 € (0, 1)
such that for all 0 < & < g we have maxiey; bk_2 exp(—CA?V_l) < pg_zﬂ

exp(—dzAiyfl), j =2, and

J

3 (max b;z) exp(~CAY
j=2 kEIj

[e¢)
< 0723 exp (—da(vepe(1+ o) /) 727 ) = o(D),
j=1

as e — 0, since (1 + pg)/ > jpe and in view of the definition of p., v.. We see
that (A1) is satisfied, and even more: the sum in (A1) is o(1), as ¢ — 0.

Thus, we have shown that the assumptions of Proposition 1 are satisfied under
the assumptions of Corollary 2. Hence, the oracle inequality of Proposition 1 holds
with ¢(¢e) satisfying (A.15). This yields the inequality of Corollary 2. O

Proof of Corollary 3. Using Proposition 2, it suffices to check the conditions (A1)
— (A3) and to show that

ne =o(l), ot =0@EW¥, ¢ 0. (A.16)

But (A1) and (A2) have already been checked in the previous proof, and the second
relation in (A.16) is straightforward. Thus, it remains to show that (A3) holds with

ne = o(1).
First,
2 2B _
% _o (%H’”)) — 0(pe) =o0(1), &— 0. (A.17)
o
1 K1

Now, in view of (B4) there exists «(¢) > 0, a(¢) — 0, independent of k, such that
|b,:2 - by 2j2p | < by 2k2B o (¢) for all k > v,. We assume that ¢ is small enough,
sothata(e) < 1.Ifk € I;, j > 2, we have k > v, and thus for j > 2,

2 28 28 .
o2 ok Kk —K
o <1 “(8)> 2kery < j1 (K ’)(1 +o(1)), ¢—0.

o} I—a(e)) Yyer K KJZ'EI(KJ' —Kj-1)

J
(A.18)

Using (A.12) and (A.14) we obtain

<Kj+1>2'8 Kji+l = Kj _ (1 + ,Os>4ﬁ
Kj—1 Kj—kj—1  \1—p¢
vepe (1 +p£)j

X .
(1 — pe)vepe (1 + )08)171
This and (A.17) — (A.18) entail (A3) with n, = o(1). O

=1+4+0(), ¢ —>0.
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