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Abstract. In this paper we study the path regularity of the adpated solutions to a class of
backward stochastic differential equations (BSDE, for short) whose terminal values are al-
lowed to be functionals of a forward diffusion. Using the new representation formula for
the adapted solutions established in our previous work [7], we are able to show, under the
mimimum Lipschitz conditions on the coefficients, that for a fairly large class of BSDEs
whose terminal values are functionals that are either Lipschitz under the L*°-norm or under
the L'-norm, then there exists a version of the adapted solution pair that has at least cadlag
paths. In particular, in the latter case the version can be chosen so that the paths are in fact
continuous.

1. Introduction

Let (2, F, P; {F:}) be a complete filtered probability space on which is defined
a d-dimensional Brownian motion W; and suppose that the filtration {F;};>0 is
generated by the Brownian motion W with the usual augmentation. The celebrated
Martingale Representation Theorem (see, e.g., [3], [12]) states that every square
integrable martingale must be of the form of a stochastic integral against the Brown-
ian motion W. In particular, for any Fr-measurable random variable & such that
E|&|? < oo, there exists an {F:;}-predictable process Z with E fOT |Z;2dt < oo

such that
t

E{Elfr}=E[§]+/O (Ze,dWy), 1 €[0T, (L.1)

where (-, -) denotes the inner product in R". Now our question is: what can we say
about the path regularity of the process Z? The answer to this question is quite
indefinite, as the following examples show:

(A) E=Wr.Then Z, =1,Vt € [0, T];
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(B) & = maxo<;<7 W;. Then by the Clark-Ocone formula, Z, = E{D;&|F;} =
E{1j0,z1(t)|F:}, where D is the “Malliavin derivative” and t is the a.s. unique
point where W attains its maximum (cf. e.g., [9]).

©) & = fOT hsd W, where h is any {F; }-predictable process such that E fOT |hg|?ds
< oo, then Z;, = h;,,Vt € [0, T].

While the example (C) shows that one may not conclude anything in general, ex-
amples (A) and (B) do show that in some cases Z could indeed be “piecewise
continuous”, especially when & is of the form as a functional of the Brownian path
W. In fact, it has long been conjectured that the process Z should have a version
that has cadlag paths whenever &€ = ®(W)7, where ® : C([0, T]) — Risa “nice”
functional of W.

The above problem has been observed in a more general setting: instead of
(1.1) let us consider a backward stochastic differential equation (BSDE) initiated
by Pardoux-Peng (1990) [10]:

T T
Y,=s+/ f(r,Yr,zndr—/ (Zp dW,), 1e[0,T], (1)
t t

where f : @ x [0, T]x R xR? - R is some appropriate measurable function. It is
easy to check that (1.1) corresponds to the the special case of (1.2) with f = 0, and
Y, = E{&|F:},t € [0, T]. A well-investigated case of (1.2) is the following exten-
sion of Example (A): £ = g(Xr), where g is a function and f = f (¢, X;, Yy, Z;),
where X is a diffusion given by the SDE:

t

t
Xt=x+/ b(Xr)dr+/ o(X,)dW,,  tel0,Tl. (1.3)
0 0

In this case, Pardoux and Peng proved in one of their seminal works [11] that,
among other things, the process Z has continuous paths provided that the coeffi-
cients of (1.2) and (1.3) are sufficiently smooth (in particular, f and g are C 3in
their spatial variables). In fact, viewing (1.2) and (1.3) as a special (decoupled) case
of the so-called forward-backward SDEs, it was shown in Ma-Protter-Yong [5] that
the process Z has a more explicit expression:

Zy = ux(t, X;)o (Xy), te[0,T], (1.4)

where u is the classical solution to a quasilinear PDE. Consequently Z must be
continuous, verifying the result of [11]. However, we should note that all these re-
sults require rather heavy smoothness of the coefficients f and g. In a recent paper
Jacod-Méléard-Protter [2] studied, among other things, the explicit form and path
regularity of Z, as a “martingale representation” problem when W is allowed to be
any Lévy process and g is continuously differentiable. But the results there are only
valid when f = 0 and g is at most the “discrete functional” as is defined in this
paper. In fact, to our best knowledge, so far there has been no regularity results for
the process Z, even in the Brownian case, when f (# 0) and g are only Lipschitz
continuous.
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In this paper we shall prove that the conjecture on the path regularity of the pro-
cess Z is indeed true for a large class of BSDEs with functional terminal condition
and Lipschitz generators. More precisely, we show that if the terminal condition of
a BSDE is of the form & = & (X)r, where ® is Lipschitz continuous (not necessar-
ily bounded!) under the sup-norm, then the process Z must have a cadlag version;
and only requirement on the generator f is that it is Lipschitz continuous in all
spatial variables. Moreover, if the functional g is Lipschitz under the L!-norm, we
show that Z will even have an a.s. continuous version. The significance of such a
result lies in that it will enable one to put the solution pair (Y, Z) in a canonical
path space, such as the well-known D-space with Skorohod topology, which opens
the door to many further studies on BSDEs, especially to those concerning the so-
lutions in a weak sense, both theoretically or numerically. Our result relies heavily
on the representation formula that we established in our previous paper [7]; and a
key device we use to prove the convergence of our approximation scheme is the
Meyer-Zheng topology on pseudo-paths of stochastic processes (cf. [8]).

The rest of the paper is organized as follows. In section 2 we give some prelimi-
nary results, including the notion of Meyer-Zheng pseudo-path topology. In section
3 we study the case when the functional ® depends only on finitely many points
of X and establish a crucial estimate on the conditional variation of Z. In section 4
we study the case where the functional @ is Lipschitz under the sup-norm; and in
section 5 we extend the result to the so-called “integral Lipschitz” case and prove
a much stronger result.

2. Preliminaries

Throughout this paper we assume that (€2, F, P) is acomplete probability space on

which is defined a d-dimensional Brownian motion W = (W;);>¢.LetF 2 {Fi}i=0
denote the natural filtration generated by W, augmented by the P-null sets of F;
and let 7 = F,. We shall denote EE to be a generic Euclidean space (or Ey, Eo, ...,
if different spaces are used simultaneously); and regardless of their dimensions we
denote (-, -) and | - | to be the inner product and norm in all E’s, respectively. We
should point out here that although most of the vectors in this paper are considered
as column vectors, we sometimes require certain multi-dimensional process to be
of row vector form for notational convenience. For instance, throughout this paper

we denote 0, = (%, S %). Thus if ¢ : R? > R is differentiable, then Ox @ 2
(0x, @, -, Ox,9) Will be a row vector! Also, if y = (y!, -, yHT : R > RY
is differentiable, then 0, 2 (éxillff)ﬁjzl is a matrix, with 0, ¢/, j = 1,.--,d

being its row vectors.
We inherit the notations from [7] for the following spaces that will be frequently
used in the sequel: let X denote a generic Banach space,

° LO([O, T1; &) is the space of all Borel measurable functions ¢ : [0, T] — X;
e C([0, T]; &) is the space of all continuous functions ¢ : [0, T] — X;
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e forintegers k and ¢, CH([O, T1 x E; Ey) is the space of all E{-valued functions
o(t, e), (t,e) € [0, T]xE, such that they are k-times continuously differentiable
in t and £-times continuously differentiable in e.

° C}]j’z([O, T1 x E; Ey) is the space of those ¢ € Ck’z([O, T] x E; E;) such that
all the partial derivatives are uniformly bounded;

o WL(E: E) is the space of all measurable functions i : E — [E1, such that for
some constant K > 0 it holds that || (x) =y (Mg, < Kllx —yllg, Vx,y € E;

e foranysub-o-field G € Fr and0 < p < oo, L?(G; E) denotes all E-valued, G-
measurable random variable £ such that E|&|P < oo. Moreover, £ € L>®(G; RY)
means it is G-measurable and is bounded;

e for0 < p < o0, LP(F, [0, T]; X) is the space of all X'-valued, F-adapted pro-
cesses & satisfying E fOT ||E,||det < o0; and also, § € L°°(F, [0, T']; X) means
it is a process uniformly bounded in (¢, w);

e C(F,[0,T] x E; Ey) is the space of all Ej-valued, continuous random field
¢ : Q2 x[0,T] x E+ Ei, such that for fixed e € E, ¢(-, -, e) is an F-adapted
process.

To simplify notation we often denote: C([0, T] x E; E;) = Cc9%9([0, T] x
E: E)); Ck4([0, T1xE) = c*4([0, T]1xE; R); C(F, [0, T] xE) = C(F, [0, T] x
E:R) and W (E) = WIL(E; R), ..., etc.

The main object of this paper is the following system of SDEs:

dX[ = b(t, X[)dt + U(t, X[)dW[,
dY, = —f(t, X;, Yy, Zp)dt + (Z;, dW,), 2.1
XO =X, YT = é

where x € R" and £ € Lz(}'T, R), and the negative sign in front of the drift of the
second equation is for convenience in the future. Note that the second SDE in (2.1)
is specified for a terminal value, it is thus called a backward SDE. The solution to
(2.1)is defined as a triplet (X, Y, Z) € L2(F; C([0, T]; R™)) x L2(F; C([0, T])) x
L? (F,[0,T7; Rd), where the process Z is called the martingale part of the solution.
To simplify notation from now on we make the convention that the martingale part
of the solution to the FBSDE (2.1), the process Z 2 (Z', -+, 7%, is a row vector.
Thus, the stochastic integral in (2.1) can now be simply written as f Z,dWs.

Throughout this paper we shall make use of the following Standing Assump-
tions:
(A1) n = d. The functions o € Cy'' ([0, T] x R4 R¥*4), b e CI' ([0, T] x

R4; RY); and all the partial derivatives of » and o are uniformly bounded by a
common constant K > 0. Further, there exists a constant ¢ > 0, such that

elot, x)ol (1, x)& > ||, vt € [0, T]Vx, £ € R, (2.2)

(A2) The function f € C([0, TIxR? xRxRHNLO([0, T]; WH®([RY xR xR?)).
Furthermore, we denote the Lipschitz constant of f by the same K > 0 as in (Al);

and assume that supy, {|b(z, 0)| + |0 (, 0)| + | £ (2, 0,0, 0)|} <K.
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The following results are either standard or slight variations of the well-known
results in the SDE and the backward SDE literature. As in [7], we state them for
ready references.

Lemma 2.1. Suppose that b € C(F,[0,T] x RY; RY) N LO(F, [0, T]; Wh®
(R4 RYY) and & € C(F, [0, T] x RY; R*dy 0 LO(F, [0, T]; W0 (RY; RE*dY),
with a common Lipschitz constant K > 0. Assume further that i;(t, 0) =0,
G(t,0) = 0, and for any h° € L?*(F, [0, T];RY), h' e L*(F, [0, T]; R?*%),
let X be the solution of FSDE:

t t
X =x +/ [b(s. X) + h1ds +/ [5 (s, Xs) + hy1dW: (2.3)
0 0

Then for any p > 2, there exists a constant C > 0 depending only on p and T and
the Lipschitz constant K, such that

T
E{ sup |X,|P}§C{|x|p+E/O [|h?|ﬂ+|h}|ﬂ]d;}. (2.4)

0<t<T

Lemma 2.2. Assume that f € C(F, [0, T] x R x RY) N LO(F, [0, T; WL x
R?)) with a uniform Lipshcitz constant K > 0; and assume further that f (w,s,0,0)
=0, P-ae we Q. Forany £ € L*(Fr;R) and h € L*(F, [0, T)), let (Y, Z) be
the adapted solution to the BSDE:

T T
Y, =§ +f [£(s, Yy, Zg) + hs] ds — / ZdW;. (2.5)
t t

Then, there exists a constant C > 0 depending only on T and the Lipschitz constant

K, such that
T T
E{f |Z,|2dt} < CE{IEIz—i—/ |h,|2dt}. (2.6)
0 0

Moreover, for all p > 2, there exists a constant C, > 0 that might depend on p,
such that
T
E{ sup |Y;|? prE{|E|”+/ |h,|pdt}. 2.7
0<t<T 0

To conclude this section we introduce the notions of pseudo-path topology and
quasimartingales (cf. Dellacherie-Meyer [1] or Meyer-Zheng [8]), adjusted to our

setting. To begin with, let us denote D 2 D([0, T]) < LO([0, T]) to be the space of
all cadlag function on [0, T']. For any w € LO_([O, T1]), we define the pseudo-path
of w to be a probability measure on [0, 7] x R:

T
PY(A) 2 %/O 14(t, w(t))dt, VA e B(0,T] x R). (2.8)
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It can be shown that the mapping ¥ : w — P¥ is 1-1 on L°([0, T']). Thus we can
identify all w e L°([0, T]) with its pseudo-path; and we denote all pseudo-paths
by W. In particular, using the mapping i the space D can then be imbedded into
the compact space P of all probability laws on the compact space [0, T] x R (with
the Prohorov metric). Clearly, in this sense

DcwcCP. (2.9)

The induced topology on W and D are known as the pseudo-path topology or
sometimes called Meyer-Zheng topology. The following characterization of the
Meyer-Zheng topology is worth noting.

Lemma 2.3. (Meyer-Zheng [8, Lemma 1]). The pseudo-path topology on WV is
equivalent to the convergence in measure.

Furthfimore, it is known that (see, e.g., [8]) W is a Polish space; and D is a Borel
set in P. Consequently, we have

BM) =DNBW)2{AND: AcBW)).

We now make the following observation. Denote M (D) to be the space of all prob-
ability measures on D, and M (W) be that of W. Then, any probability measure
P € M (D) induces a probability measure P € M (W) by:

P(A) = P(AND), VA e B(W). (2.10)

In this sense we then have M (D) C M(W¥).

The most significant application of the Meyer-Zheng topology is a tightness
result for quasimartingales, which we now briefly describe. Let X be an F-adapt-
ed, cadlag process defined on [0, T'], such that E|X,| < oo for all # > 0. For any
partitionw : 0 =1¢) <t] < --- <t, < T, letus define

T A
VE(X) = Y ElE(Xy,, — X4 | T} + EIX,, 2.11)

0<i<n

and define the conditional variation of X by Vr(X) 2 sup, VI (X). If Vr(X) <
oo, then X is called a quasimartingale'. We have the following result.

Lemma 2.4. (Meyer-Zheng [8]). Let { P,},>1 C M (D), such that under each P,
the coordinate process X;(w) = w(t), t € [0, T], w € D, is a quasimartingale.
Assume that V,,(X), n > 1, the conditional variation of X under P,’s, are uniformly
bounded in n. Then there exists a subsequence { P, } which converges weakly on ID
to a law P* € M(D), and X is a quasimartingale under P*.

' 'We should note that the quasimartingale in [8] is defined on [0, oo]. However, it is fairly
easy to check that if X is a quasimartingale on [0, T] as is defined above, then the process
X, = Xl () + Xrlir e (), t € [0, 00] is a quasimartingale in the sense of [8]. Fur-
thermore, the conditional variation V7 (X) defined here, although looks slightly different, is
exactly the same as V (X) defined in [8]. In other words, our quasimartingale is a “local”
version of that in [8].
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3. Discrete functional case revisited

Before we begin our investigation, let us first recall a path regularity result we
derived in [7]. Since this result is only valid when the terminal value & takes the
form & = g(Xy, ..., X;,), where g € C(RAM+DY) which is a functional depending
on a discrete set of variables, we call it a discrete functional case in the sequel. In
this section we shall establish some further properties of the adapted solution to
BSDEs with such terminal values.

Let us assume that the standing assumptions (A1) and (A2) hold, and that g €
CLRI™ Dy and f € CON([0, T] x R¥ ). Letmr : 0=1tg <t)j < ... <t, =T
be a given partition of [0, T'], and let (¥, Z) be the adapted solution to the following
BSDE:

T T
Yf =g(Xt07-”7th)+/ f(ra Xr,Yth)dr_/ ZrdWr» re [07 T] (3'1)
t t

Then from Theorem 5.1 of [7] and its proof we know that the martingale part Z
has a cadlag version, and that on each subinterval [#;_1, #;), Z is continuous, such
that the following representation holds:

Z, =VY,(VX) o, X)),  telti1h). (3.2)

Here in (3.2), VX satisfies the following variational equation: fork =1, - - -, d,
t d , .
ki =t [ 20 X)ViXedr + Y [ 10,00 X)X AW, G3)
0 . 0
j=1

andfori =1, ---,n, (ViY, ViZ) satisfies the following BSDE on [#;_1, T']:

T
VY, =) 9;8VX, +/ [fx(r)VXr + f,(r)V'Y, —i—fz(r)viz,]dr
t

j=i

T T
—{f vizeaw,| . t el T, (3.4)
t

k .
where ey = (0, -+, 1,---,0)7 is the k-th coordinate vector of RY; ¢/ (-) is the j-th
column of the matrix o (-); and with ®(-) 2 (X,7, Z2),

0jg = (ﬁx}g(XzO, ERD. % BEEER é’x;ig(Xzo, c X))
(fx(r), fy(r), f2(r)) = Ox f(r, ©()), Oy f (r, ©(r)), 0 f (r, O(r)).

The main purpose of this paper is to generalize the path regularity result of
above to the case where the terminal value of the BSDE (3.1) takes the general
form: Y7 = ®(X), where ® : C([0, T]; RY) — R is some functional on the
path space of X. Our plan is to approximate a general function ® by a sequence
of discrete functionals, and try to prove that the paths of the martingale part of
the solution under study is a limit of the sequence of corresponding solutions of
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BSDESs with discrete functional terminal on the path space(!), from which the path
regularity will follow.

To this end, we need some further properties on the adapted solution to the
BSDE (3.1). For a fixed partition 7 : 0 =19 <] < --- <t, = T, we denote

n
VY=Y V¥l () + V'Y liry(s), s e[0Tl (3.5)
i=1
Then V7Y is a cadlag process. The following result is essential.
Theorem 3.1. Assume (Al) and (A2); and that g and f are both continuously
differentiable in the spatial variable (x, y, z) with uniformly bounded partial de-

rivatives. Assume further that for some constant L > 0, it holds for all x =
(XO, T, Xn) € Rd(’H—l), y = (yo7 e yn) c Rn-l—l that

n
> 1058 ()yil < Lmax |y, (3.6)
i=0

Then, there exists a constant C > 0, depending on T, K and L, but independent of
the partition &, such that

ef|e{vry,  -vmy,

.7:11-,1”]+E{|V”YT|}§C. 3.7

i=

Proof. We begin by making the following convention: in what follows we denote

C > 0 to be a generic constant depending only on constants K in (A1) and (A2);

L in (3.6), and the time duraton T > 0, which is allowed to vary from line to line.
First note that (3.6) implies that |dy, g| < L. Thus by (3.5) we have

E{IV"Yr|} < LE{IVXr|} < C.

Next, since for each i (V'Y, Vi Z) satisfies a linear BSDE (3.4), let (y°, ¢0)
and (y/,¢’), j =1, ---, n be the adapted solutions of the BSDEs

T
v = / [HOVX+ [0 + L0050 ar — | / A
t

(3.8)
. . . . T
vt =059, + [ [howd +rog]ar—| [ daw]
t 1
respectively, we have the following decomposition:
Vi, =y2+ Y v, selionn. (3.9)

Jj=i
Therefore, using (3.5) and (3.9) we see that for each i,
VY = VY = VY =Y = () ) - (R Y )
j=>i Jj=i+l

=, — v+ + 2 [l - (3.10)

jzi
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Now let us denote the first term of the left hand side of (3.7) by I and show that
I < C as well. First note that
Al

n
I'= E{ Z ‘E{Vt?-l - Vt?
i=1
n

A+ e[ el
+E] > 1> el v

=1 j=i }
=L+ L+, (3.11)

fti—l}

where [;,i = 1,2, 3 are defined in the obvious way. We now estimate /;—13 sepa-
rately. First, by definition (3.8) we have

‘7:11'—1}

n 4
n=e{Y[el [ [£09x+ £0m+ o Jar
i=1 i-1

n 4
=S E| [ 1ROTE 0+ gerefiar)
i=1

ti—
T
= E| /0 VX, + [0 + L8 1dr |

T
< CE[ [ 419X + 127 + 16Par]) (3.12)

Applying Lemmas 2.1 and 2.2 to SDEs (3.3) and (3.8) we conclude that I1 < C.
To estimate I let us modify the BSDE (3.8) slightly. We define for any n €
LY(F, [0, T]) and @ € L2(F, [0, T1; RY) (viewed as row vector!),

A t
A;(n)zexp{/ n(r)dr]; 5.1 €0,T]: (3.13)

s

t s
Ef(e)éexp[/ Q(r)dWr—%/ |9(r)|2dr}, 5.1 €[0,T]. (3.14)
t

s

(£'(9) is known as the Doléan-Dade stochastic exponential of 0.) Then it is easily
checked that, for any p > 0, one has

g o =& oo (P2 Dp); (3.15)
and
&5 O =& 05 (1P). (3.16)
In particular, we denote, for s, t € [0, T],
AS = AJ(— 1)) MP=E(fo): (3.17)

and if there is no danger of confusion, we denote A = A? and M = MP. Since f;
is uniformly bounded, by Girsanov’s Theorem (see, e.g., [3]) we know that M is a
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P-martingale on [0, T'], and VT/, = W, — fot fz(r)dr,t € [0, T] is an F-Brownian

motion on the new probability space (€2, F, F), where P is defined by % = Mr.
Now we define

~ A ~ A
vi=yiaTY, =g A, relo, T (3.18)
Then, using integration by parts and equation (3.8) we have
) T _ T
7=t - {/ Gaw,| . e, (3.19)
t
where &; 2 6,-gVX,l.A}1. Therefore, by the Bayes rule (see, e.g., [3, Lemma 3.5.3])
we have, forr € [0, T],
vi =P A = E{&|F}A, = E(Mr&|FAM; A = E{M} A& F). (3.20)

Now, recall the definition of £/’s and the boundedness of fy (whence both A and
A~1), we obtain that

L = Z E‘E{Vri [Fiiy }
i=1

n
< Y E{IMiA&D
i=1

n n

= E{ Y 1igVX, A7 MiA I} < E {Z 108V Xy, MEIAT] ™|
i=1 i=1

ECE{mpMﬁV&dgc. 3.21)

0<t<T

Here we have used the assumption (3.6), as well as the fact that both M and VX
are continuous, square-integrable processes.
The estimate for /3 is a little more involved. First, from (3.20) we see that

Ely] = v \Fi_ Y = E&; (M} Ay, — MEAIF, )
= E{&;Mi(Ay,_, — M)\ Fy V4 ELEj Ay (M7 — MDIF, ).

Thus

I; = E[ i ‘ ZE {)/,'LI - yt{‘f.li—l} H
i=1

j=i
n
< DY EUEIMEIIA,, — Ayl
i=1 j>i
n
+ZE{‘ X:E{Ej‘j\t,‘,l(ngi1 - M[Tl) Fiii} }
i=1 j>i

=01+
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Again, using the boundedness of f), we have

t 14
exp { _ f fy(r)dr} —1 / fy(rydr
ti—1 fi—1

< C(t —ti1). (3.22)

|At,'71 - At[| = |Ali71| =C

Moreover, by assumption (3.6) we have
n
,; &)1 < ]ZO 12,8V Xyy A7l = € max [VX;| < € max [VX,|.  (3.23)
Thus, combining (3.22) and (3.23) we get

n

o= E{imgia,, - ad(Y161))

i=1 j=i

n
< CZE{|M¥| sup |VX1|}(ti —ti—1)
i=1

0<t<T

n
SCE{ sup |M412 + sup |VX,|2}Z(I,-—I,-_1)§C. (3.24)
i=l1

0<t<T 0<t<T

We now turn to 132. Define AZ = Et()(—fz), t € [0, T] (compare to M in (3.17)!).
Again, the boundedness of f, randers M a P-martingale, and by (3.16) we have

_ ~ A o~ ~
M7= M A fP) = MiA, 1 €]0,T], (3.25)

where K, 2 A (] S |2). Now by definition of (3.17) we have
M7 — M} = Mr{M,"| = M) = Mr{M,_, A,_, — M, 7).

Thus we see that the 132 can be written as

n
B =Y E{| Y ElgMra, (1, K, — #,R)IF )

i=1 j=i

]

< S B et K — F1F )
i=l

j=i
n
+ 3 E|| Y B Mra, i1, K - RolFE |} 626
i=1 jzi
Similar to (3.24) we can show that

SE|| Y EeMra i, Ry - Rl )| ) sc 62

i=1 j>i
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thanks to the boundedness of f,. Thus it remains to prove that the first term on the
right hand side of (3.26) is bounded as well. To see this we note that the bounded-
ness of f; and (3.15) imply that M7 € L?(2) and VX e L?(F; C([0, T]; R¥*%))
for all p > 2. Therefore for each p > 1, we use (3.6) to get

n
p
EY Mg} < cEfimMrr swp (vx,rf e 32s)
i—l 0<t<T
In particular, for each j, Mr§; € L%(Fr). Let us now define P-martingales
I‘tj = E{Mr&;|F:}, tel0, T], j=0,1,---,n. (3.29)

Since M is a P-martingale as well, it is easily checked that,

n
Z E‘ Z E{SjMTAt,‘,lAt,‘,l (Mt,‘,l - Mt,')|~7:l,'71}

i=1  j>i

=Y Efiag Ko 1| Y Bl My (i, — FE)IF, )

i=1 j=i

< CE| > E{[ > -1l p]dt,, - i)iF, )]

i=1 j=i

< CE| Z > r,{f_l)‘z + Xn:(z\?,,.f, /05 DR
i=1

i=1 j>l

Now, using It6’s formula one shows that the exponential martingale M satisfies
t ~
E(M,_, — My)* = E/ | £ M, Pdr < C(t; —1i-1),
fi—1

we have

n
> E(M,_, — M,)I* < C. (3.31)

On the other hand, since

E‘ Z(F] - Ft{ 1)‘
Jj=zi
1

_Z Z E/ d[ri, ray, Z Z / d[ri, raj,

i=1ji,jp=i - Jtp=lisjinR

/\t

= [ e = B )

Jii2 12
<2 Z E{( r,fjl1 ,ffl ) (3.32)

=)z
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Let us define, for each j, a positive martingale associated to r/:
T} = E{Mr&;||F},  t€l0,T],
then T/ | < |r|{,z €[0,T],j=1,---,n, such that

2 3 Bur) T <2 ¥ BN

J1=02 1<)2

n . n . n
:2215{|1"|{j‘l > |F|{j21} SZZE{|F| Z IFIf,l}

J1=1 =i j1=1 =1

=2 Z E[|MT§]'1| Z |F|g121] <2 Z E{|MT§]1| SUP Z |F|

J1=1 =1 J1=1

sE{(i|MTs,»|)2+( sup Zm,) }SCE{Z|MT§/|}2- (3.33)

<I=T o

Here for the last inequality above we used Doob’s inequality (applied to the
martingale Z;f:] [T'|/). Now by (3.28) we see that (3.33) and (3.32) yield that

E‘ Z(F’ ~ri )

Jjzi

E{ 3 |1\/1T5;,»|]2 <c. (3.34)
j=1

Now plugging (3.34) and (3.31) into (3.30), then combining with (3.27) and (3.26)
we obtain that 132 < C. This, together with (3.24), shows that /3 < C, and hence
I < C. The proof is now complete. (]

Remark 3.2. 'We should point out that the generic constant C in (3.7) is independent
of n and the choice of the partition 7. This will be crucial in our future discussion.

4. L°°-Lipschitz case

We are now ready to study the path regularity of the adapted solution to an BSDE:
T T
n=tt [ fexavzoar - [ zaw. rewor @
t t

where £ is an element in L2(F7; R). Throughout this paper we consider only the
case where the terminal value £ is of the form £ = ®(X), where ® is some func-
tional from C ([0, T']; Rd) to R and X is a diffusion, characterized by the following
SDE:

' t
Xi=x —i—/ b(r, X, )dr —i—/ o(r, X,))dW,, te]0,T]. “4.2)
0 0

In this section we are interested in the case where & satisfies the following
L®°-Lipschitz condition:
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There exists a constant L > 0 such that
dxhH—ox})| <L sup [x'(s)—x2(s)|,  Vx!,x* e C(0, T;RY). (4.3)

0<s<T

Our first step is to approximate a functional & satisfying (4.3) by a sequence
of discrete functionals satisfying (3.6). We proceed as follows. For any partition
m:0=1 <1t <..<t, =T, we define a mapping ¢, : C([O, T];Rd) —

C(0, T]; ]Rd) by X > @7 (X) 2 X, where

Xq (1) 2 [Civ1 —OX(@) + (¢ — )Xy D)), el tiy]l. (4.4)

i+1 — 1
Denote || = max; |t;+1 —t;| to be the mash size of the partition 7. Then, using the
uniform continuity of X it is easy to see that lim|; |0 Supg<,<7 Xz (¢) — x(#)| = 0.
Next, for the given functional ® we define a new functional &, as

Dr(x) = D(Xr), VX € C(0, T RY). 5)
then by assumption (4.3), one has

|1i|m0|<137,(x) —d(x)| < Lllim sup x5 (1) —x(1)] =0,
|-

|—0 0<t<T

vx € C([0, T]; RY). (4.6)

Now let X be the solution to (4.2), and denote £7 = @, (X). Then (4.6) implies

that§™ — ®(X), P-a.s.,as || — 0. Moreover, if we denote X” (w) 2 or (X)(w),
then (4.3) leads to

@0 = clioOI+ sup X7} < clio@+ sup 1x,}.

0<s<T 0<s<T
Thus, by the Dominated Convergence Theorem we see that
lim E|®,(X) — ®(X)|> = 0. 4.7)

| |—0
Consequently, if one denotes (Y™, Z™) to be the adapted solution of (4.1) with

& = ®(X) being replaced by &7 2 ®, (X), then the standard stability result of
BSDE tells us that

T
E[ sup Y7 — Y,|2+/ |ZF — z,|2dt} — 0, as|t|— 0. (4.8)
0<t<T 0
To construct the desired family of discrete functionals, we make a further reduc-
tion. For the given partition 77 we define a mapping v, : C([0, T]; R?) > RI(*+D
by
Yr (x) = (x(20), X(#1), - - -, X(#n)), Vx € C([0, T1; RY). 4.9)

Denote Cr ([0, T1; RY) = {x, : x € C([0, T]; R%)}, then Cy ([0, T]; R¥) is a sub-
space of C ([0, T']; Rd), and ¥, isa 1 — 1 correspondence between C ([0, T']; Rd)
and RY®+1_We have the following lemma.
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Lemma 4.1. Suppose that ® € L°(C([0, T]; R%); R) satisfies the L°°-Lipschitz
condition (4.3). Let T1 = {m} be a family of partitions of [0, T]. Then there exists
a family of discrete functionals {g, : w € I1} such that

(i) for each m € T1, g, € leo(Rd(”H)) and satisfies (3.6), with constant L
being the same as that in (4.3), where n = #m — 1, and #r denotes the number of
partition points in 7.

(ii) for any x € C ([0, T1; RY), it holds that

|7}i|£10 187 (Y (X)) = P (x)| = 0. (4.10)

Proof. Let ® and € I be given. Define G, 2 Do w;l, and denote n = #m — 1.
Then it is easily checked that G is a mapping from R?®+D to R, such that

G (x(t0), x(t1), -+, X(1)) = Gx (Y (X)) = P(X7), V¥x € C([0, T]; RY).
“4.11)
Since & satisfies (4.3), one has

|G (x0, X1, Xn) — Gz (Y0, Y1, -+ +» Yu)| < L max |x; — y;l. 4.12)
0<i<n

That is, G is (uniform) Lipschitz continuous with Lipschitz constant L being the
same as that in (4.3).

Now let ¢ € CS°(RY D) be such that ¢ > 0 and [paw1) ¢(z)dz = 1. For
fixed w and ¢ > 0 we define

G:(x) = / Gr(x —e2)¢(2)dz,
Rd(n+1)

Then GZ € C,‘,’o(Rdm*])), such that sup, cgae+n |G% (x) —Gr(x)] = 0,ase — 0.
Next, for each & € IT choose ¢(r) such that

sup |G;(n)(x05xl""9xn)_Gﬂ(x()axlv"'vxn)l < |7T|7 (413)
(X0,X157+5Xn)

and define g, = G;(”). Then, clearly g, € C;O(Rd("“)); and by definitions of
G:™, G, and (4.11), for any x € C([0, T]; RY) we have

gz (W (X)) — @ (X)| = |GE™ (Y (X)) — G (Y (X))
sup  |GE) (x) — G (x)] < ||

xeRd®n+1)

IA

Namely (4.10) holds, proving (ii).
We now show that g, satisfies (3.6). Indeed, denoting § ; (x) = sgn(d; gz (x)y;),
x = (xq, X1, - -, X) (same for y, z € R4+ and by a slight abuse of notation,

A
y8 = (yOSO(X)» )’151 (x)v ) yl’lan(-x)) we have
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n n
Z |ajgn(X0s s xn)yj| = Zajgn(xm s xn)yj‘sj
=0 j=0

= li ! (x + hyd) (*))
= hl—rﬁ) n (gr(x y 8x (X

= lim —

h—0 h JRdo+D) {G”(x — ez +hyd) — Gr(x — E(ﬂ)Z)}¢(Z)dz

= lim — do w;l(x —e(m)z+hys) —do w;l(x — e(n)z)] ¢ (z)dz

h—0h JRdo+ [

1
< liminf — /
h—0 h Rdn+1)

L sup [[Y;'(x — e(m)z + hys) — ¥y ' (x — e(m)2)1(5) | (2)dz

0<s<T
1
= lim inf — L hy;d; dz=1L il 4.14
im in h/Rd(n+]) Orélfgnl yjdjld(z)dz m]e,lXijl 4.14)
This proves (i), whence the lemma. O

We now give the main result of this section.

Theorem 4.2. Assume (Al) and (A2). Assume that the termial value of the BSDE
(4.1) is of the form & = ®(X), where X satisfies (4.2) and ® satisfies (4.3). Let
(Y, Z) be the (unique) adapted solution of (4.1), then Z admits a cadlag version.

Proof. Again, in the sequel we denote all constants that depend only on 7', K in
(A1) and (A2), and L in (4.3) by a generic one which is allowed to vary from line
to line.

Let IT = {m} be the family of all partitions of [0, T']; and let {g;, m € I1} be the
family of discrete functionals constructed in Lemma 4.1. Further, let { f¢, ¢ > 0}
be a family of molifiers of f, thatis f* € leo([O, T] x RY x R x Rd) such that

Sup |f£(taxayaz)_f(t7x7y’z)|_>0’ aS€—>O. (415)
(t,x,y,2)

Let e(;r) be the one chosen in (4.13), and define f™ = f¢(). Then it is clear that
[T, x,y,z2) = f(t,x,y,2),as|7| = 0, uniformly in (¢, x, y, z).

Now let us consider the following BSDE: foreach 7w : 0 =# < < --- <
th=T,

T T
Yr =g”+f £, X,,Y,”,zf)dr—/ Z7dW,, t€[0,T], (4.16)
t t

where §7 = g, (X4, ..., X;,) and X satisfies (4.2). Since each g, satisfies (3.6)
with the same constant L > 0 of (4.3), we see that

67 = Igx (X, -+ X;)P = 2(10OF + L2 max [X, )
0<i<n

gc(1+ sup |X,|2). 4.17)

0<t<T
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Further, similar to the derivation of (4.7) (recall the notations there), we now apply
Lemma 4.1 to get, P-almost surely,

ET — @(X)| < gz (Yz (X)) — Pz (X)) + P (X) — @(X)| - 0, as|7| — 0.

(4.18)
Therefore, the Dominated Convergence Theorem leads to that E |7 —®(X)|> — 0,
as || — 0. Now taking (4.15) into account and applying the standard stability
result for BSDEs, we have that

T
E{ sup |Y7 —Yt|2+/ |Z" —Z,|2dt} -0, as|r|—0. (4.19)
0

0<t<T

We now analyze the family {Z”}. First, recall from the previous section (or [7])
we know that each Z7 has a cadlag version, we will always take such version from
now on. Second, each Z” has the following representation:

ZF =V'YT[VX, ] lot, X)), tel0,T], (4.20)

where V7 Y7 is defined similar to (3.5), with ¥ being replaced by Y™, and V! Y™
satisfies the following BSDE:

T
VYT =Y 08 VX, +/t [(’)xf,, (VX 40y fr (VYT + 0, fr (1) V! z;’] dr

j=i
T T

—|/ Vlz;de,], telti,Tl, i=1,---,n. 4.21)
t

We prove that the family {V* Y7} is tight. To this end, fix # € II, and let
7T :0=s5) < ..< s, = T be any partition of [0, T]. We shall estimate the
conditional variation of VYT (see (2.11)):

Va(V*YT) = ZE{|E{V”YS7Z,T - VYT | Fa Y+ E{VTYT).  (422)

Si—1
i=1

To begin with, we note that for any process A, V;(A) < V(A) if # C 7/,
here the inclusion means all partition points of 7 are contained in 7’. Indeed, for
any r| < rp < r3 one has

E{|E{Ar3 - Ar1|-7:r1}|}
=< E{|E{Ar3 - Ar2|~7:r1}|} + E{|E{Ar2 - Ar| |fr1}|}
= E{|E{E{Ar; - Ar2|-7:r2}|fr1}|} + E{lE{Arz - Ar1|-7:r1}
= E{|{E{Ar3 - Ar2|]:rz|} + E{|E{Ar2 - Arl |f71}|} (423)
Namely, the conditional variation increases as the partition gets finer. Therefore

without loss of generality we may assume that 7 C 7 (otherwise we simply con-
sider r U7). To be more precise, let us assume that; = s¢;,fori =0, ..., n. We now
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recast the BSDE (4.16) as follows. Define a discrete functional g% : RAm+D 5 R
by
G5 (X0, X100y Xm) = 8 (Xegs -0 Xe,),

then gz (X, .. Xs,,) = &n (Xggs s Xp,) = &7, and (Y™, Z™) can be viewed as
the solution of the BSDE

T T
YT =~3(XS0,...,XSW)+/ @, x,,yf,z;’)dr—f ZFdW,.  (4.24)
N N

Furthermore, since ax/. g7(x0, -, xp) =0,if j & {£y, - -, £}, we have

m n
D 10kZz (0, -, Xkl = D 10ign (s -+ Xe,)ve;| < Lmax |y,
k=0 i=0 '

= L max |y,

thanks to Lemma 4.1. Thus g7 satisfies (3.6) as well. We now apply Theorem 3.1
to (Y™, Z™) (regarded as the solution to BSDE (4.24)!) to get that

iE”E{VﬁYSZ —VAYT fS,HH] +EIVTYE| < C, (4.25)

where C > 0 is a constant independent of the choice of partition 7,

m
VYT =3 VY Iy (0405, 85 (Xgg. - X, )V X7 1y (1), £ €[0,T],
k=1

and

T
katn :Zajgﬁvxstr/ [6xfﬂ(r)VX,+6yfn (r)vkyr” +azf,,(r)vkz;f]dr
t

J=k
T __ T
—{/ v"z;de,} . telsk-n Tl k=1,---,m. (4.26)
t
Now note that 08z (xo, - -+, xn) = 0 for j ¢ {lo, -, ,}. For any [sx—1, sx) €
[ti—1, t;) we have
Zajgﬁvxsj = Zajg,,vxlj.
Jj=k j=i

Thus, by the uniqueness of the solution to BSDE (4.21) we have V¥ YI = Viyr,
Vs € [sk—1,5k) C [ti—1, t;). In other words, we have VﬁYt” =V'YT,te[0,T],
and (4.25) becomes Vz(V7Y™) < C. Since C is independent of 7 and 7, and both
m and 7 are arbitrarily chosen, we obtain that sup,.; V(V*Y™) < C. Conse-
quently, all V7 Y7 ’s are quasi-martingales; and the family {V” Y7} is tight, thanks
to Lemma 2.4.
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Now denote Z¥ = V7Y™ and Z = Z,o~l(t, X,)VX,. Since 7™ satisfies
(4.20)and VX € LP(F; C([0, T]; RY)) forall p > 2, using (4.19) and the Holder
inequality we have forany 1 < g < 2,

T T
lim E/ \VTYT — Z,9dt = llilmOE/ (ZF = Z)o ' (t, X,)VX;|9dt = 0.
0 = 0

|7 |—0

4.27)
Therefore, we can find a sequence {m;} such that outside an exceptional P-null
set, for all w € 2, one has fOT |ka (w) — Z(a))l‘fdt — 0, as k — o00. Thus, as
functions in LO([O, T)), Zm (w) converges to 4 (w) in measure. Applying Lemma
2.3, we see that, as W-valued random variables Z™ converges to Zin Meyer-Zheng
pseudo-path topology, P-a.s., and hence convergence in law. Denote the law of VAL
by P¥, and that of Z by PO.

On the other hand, since {Z7*} are quasimartingales with uniformly bound-
ed conditional variations, by Lemma 2.4 we know that, possibly along a subse-
quence, P¥ converges weakly to a probability law P* € M(D). Let P* e M(W)
be the extension of P* in the sense of (2.10). The uniqueness of the weak limit
then implies that ﬁ*(A) = PO(A),VA € B(¥). Since D € B(¥), from (2.10), the
definition of P*, and the equality above we see that

1 = P*(D) = P*(D) = P°(D) = P{Z e D}.

In other words, 2, whence Z, has paths in D almost surely. This proves the
theorem. O

5. L!-Lipschitz case

In this section we consider BSDE (4.1) where & satisfies a stronger Lipschitz con-
dition of functional type, which we shall call L'-Lipschitz condition. To be more
precise, we assume:

There exists a constant L > 0, such that
T
[ox)—d x| < L/ Ix!(s) —x%(s)|ds, vx!, x> € C([0, T];: RY). (5.1)
0

Clearly, the L'-Lipschitz condition (5.1) implies the L-Lipschitz condition
(4.3). Therefore if (Y, Z) is the solution to the BSDE (4.1) with & satisfying (5.1),
then Z at least has a cadlag version. The main purpose of this section is to prove
the following stronger result.

Theorem 5.1. Assume (Al) and (A2). Assume that the terminal value of the BSDE
(4.1) is of the form & = ®(X), where X satisfies (4.2), and ® satisfies (5.1). Let
(Y, Z) be the (unique) adapted solution of the BSDE (4.1), then Z has a continuous
version.
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The proof of Theorem 5.1 is quite lengthy, we shall split it into several lem-
mas. We begin with some preparations. Let I1 = {7} be a family of partitions of
[0, T]. For a given partition 7, let (Y™, Z™) be the solution to BSDE (4.16). Re-

call the _process Z 2 Z,o e, X)VX,. Smce Z has a continuous version if and
only if Z does, it would suffice to prove that Z has a continuous version, which we
shall do in the sequel.

Let us first give a lemma which is a refinement of Lemma 4.1, under the con-
dition (5.1). Recall the mappings ¢, (or X ) and V¥, defined by (4.4) and (4.9),
respectively, for a given partition 7 € TII.

Lemma 5.2. Assume that ® : C([0, T]; R?) R satisfies the Integral Lipschitz
condition (5.1). Then there exists a family of discrete functionals {g, : m € I}
such that

(i) for each w € T, gz € CP(RIVTD) wheren = # — 1;

(ii) foreachmw € 11,0 < 51 <50 < T,andx,y € C([0, T]; ]Rd), it holds that

Z 10j&x (Y X))y ()l < 2L sup |yel(ls2 — s1l + |7 ]); (5.2)
s1<tj<sp te[0,T]

tiemw

J

where L is the constant in (5.1);
(iii) for any x € C([0, T1; RY), it holds that

IJ}iIIEO lgrx (U (X)) — @ (x7)| = 0. (5.3)

Proof. Let®andn e I1be given. We construct the family {g } as the same as those

inLemmad4.1. Thatis, G, 2 CDolp;l,and gr = Gi(”),where G € C}‘)’O(Rd(”"’l))
is the molifier of G, and &(7r) is chosen so that (4.13) holds.

Since the condition (5.1) implies (4.3), (i) and (iii) follow from Lemma 4.1, and
we need only check (ii). Todo thislet0 < s1 < s < T,andx,y € C([0, T']; R9) be
given. Assumethatsy € [tj,—1,7;)andsy € [tj,—1,1),),forsomel < j; < j» < n.
Thus

ltj, — tji—1] < (Is2 — 51| + 2|7]) < 2(|s2 — s1] + |7 D). 5.4)

Next, for each j we denote

5 — sgn[0gx (W XY j1 < J < jos 5.5)
J - . .
0 otherwise,
and § 2 (80, - - -, 8n). Also, by a slight abuse of notation we denote V/; (Y ) 2

(¥(10)80, -, Y(tn)84), and §°. 2 ¥~ (Y (yx)8x). Notice that both 1, (whence
w;l) and ¢, are linear mappings, and that yf, (s) =0, fors ¢ [tj—1,tj,], then
similar to (4.14) we have (with ¢ = £(71))
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D 108 Wa KDY =Y 082 (Wr (Xa))Y (1)

S1<tj=s$2 j=0
= hm (gn(wn (Xz) + Mg (Y2)87) — 8x (Vr (X))

1 _ -
=fim o [ (@00 v @ 4 hg) — @00 —ev @0 [ ooz

<tpipr [ 1 [ [isioasoca:
=Lt [ Wm0z < Linax iyl = 0
Rd(n+1) 1j -1 J

<2L sup |y@®I(s2 —s1l+ |7,
0<t<T

thanks to (5.4). This proves (ii), whence the lemma. U

We now take a closer look at the process Z™ = V7Y™ Let us introduce some
notations similar to those used in §3. Define

/[5 Fe VX, 40y fr ()]0 + 0: fro &1 r—{/ ;”OdW ;

Vg = 6x,gnVXt f yfn(r)y +a frr(r)é‘nl ldr — / é‘ﬂldWr

(5 6)
Then, using the linearity of the BSDE (4.21) we see that V' Y7 can be written as

VYT =y 0+ >y selion TLi=1n. (57

Jj=i
Now let us recall the “exponentials” A and £ defined by (3.13) and (3.14). We
denote, for a given m € II, AT 2 A?(Oyfn) and M 2 Elo(&zfﬂ), t €[0,T].
Since f; € Cg’l ([0, T1 x R? x R x RY), we may assume without loss of general-
ity that (0x fx, Oy fx, 07 fx) is uniformly bounded. Thus by the Girsanov theorem,
M™ is a martingale; and the process W/ = fé[& fa1Tdr, t e [0 Tl,isa

Brownian motion on the new probability space (Q F, PT), where = M7.
Furthermore, by virtue of (3.15) and (3.16) we see that there ex1st constants
C,Cp, > 0 with p > 1 such that

sup AT <Cp, p=1;

0<t<T
Ef swp 1M71P}+ B swp i1 1) <6 pz1 GB)
0<t<T O<r<T

AT, = ALl = Clsi =52l Vs1,52 €0, T1.

Now, using integration by parts we have

ATy™0 = TA”@ _ ! 7m0 g | L
t Ve = r Ox [z (NV X, dr AL AW,

t t
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|l

T T
F?O—r;”o—{/ Af{”’odwf} . tel0,T], (5.9
t

where
70 A/ AToy f2(r)VX,dr,  te[0,T]. (5.10)

Taking conditional expectation E” {-|F;} on both sides of (5.9) and using the Bayes
rule we have

ATy = ETrE0 1 F) - 110 = EMETT Y FyMA T - TR0 (5a0)
Similarly, for each i we have
ATy = E"{AT0;8: VX, | Fi} = E{METT | FIM !,

where

7'[!A

™= AT0;g. VX, (5.12)

Therefore (5.7) can be written as

Viy]T [AT[] IA;T]/IJTO_‘_ZA;TV;T]]

Jj=i

= (AT EFrE O + S nE 1 - )

Jj=i
= E(EF|FYATMI) = [A7F1'TR0, relyo,T1,  (5.13)

where

(1]

A ,0 W .
F=MIrT’+ ) 0 i=0.1-n
jzi

Consequently, we have
n
VYT = E{ > Ef1[&.71,,[,)0)‘?,}[A;’M,”]—l —[AT]'TO
i=1

=E{Ef‘}",}[AfM,”]_1—[Af]_ll‘f’o, 1€[0.T), (5.14)

where

I|>
=

n
—T ,0 J
E7 Loy (1) = M7[T7 +ZZF211[U71J;’)0)]

i=1 j>i

n
= MFICFY+ 33 I 1 (0]

J=lisj

[I]

—_

i=

”°+ZF lo.p(0], 1 €[0,T). (5.15)
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For notational convenience we shall again denote C > 0 to be a generic con-
stant depending only on the constant K in (Al) and (A2), L in (5.1), and T > 0;
and further we denote {x, : w € I1} be a family of generic random variables that
may depend on the partition 7, such that for all p > 2,

sup Elxz|” < Cp, (5.16)
mell
for some constant C, > 0. Note that all C, Cp,, and x are allowed to vary from
line to line. Moreover, from now on we shall fix a sequence {r,} C II such that
. A ~
lim,— o || — 0; ang denote W" = U™ where W = A, M, M, B,... etc. Fur-
thermore, we donote Z" = V™ Y™ f, = f. | 70 = rm.0 pri — i apd
Xn = Xn,. We have the following lemma.

Lemma 5.3. There exists a family of positive ramdon variables { xn}n>1 satisfying
(5.16) such that for all stopping time T € [0, T], it holds that [M?]f1 < xn and
|E’;| < Xn, n = 1, P-a.s. Furthermore, forall0 <s; < s, < T,

_ _ _ — 1
217" — [ME]7Y + (B2 — 8L < pullst — s2lF + [l n= 1 (5.17)

Proof. First, note that (5.8) implies that [M;’]_1 < xn- Second, for each n and any
p > 2,by (5.10) and (5.12),

T
E|IM0p < C,,E{/ |0y £, () VX, |Pdr < C,,E{ sup |VXt|p};
0 0<t<T
{ sup ‘Zrtn 1,01'1)(;)’ }<C E{Zm]g,,vxm}
tel0,T] =1
SC,,E{ sup |VX,|”},
1€[0,T]

(5.18)
thanks to the assumption (5.1) (whence (3.6)). Combining this with (5.8) we see
that (5.15) yields |EZ| < x,.

To estimate |[M”] 1 [M”] 1| we recall from (3.25) that [M]']™ L=

MZ”A?(lﬁz fal?), where M" = 8_0(—6an) is a P-martingale, thanks to the bound-
edness of 0, f;,. Now define
- |M} — M|
M; = sup —.
0<ri<n=<T (rp, —ry) 2

Using (3.15) it is easy to show that the exponential martingale M" satisfies, for any
p = 1, that E{|M;} — M} |>P} < C|ry — r1|?. Therefore, applying Theorem 1.2.1
of [13] one shows that 1\71,2‘ € LP(Q) for all p > 1. Consequently,
M2t —
< ALAL (10 ful) = AL (102 fuDIME | + |AL (10 ful DML — M|

1 1
< xullst — s2l + [s1 — 52131 < xulsi —Sz|3-
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Next, recalling the definitions (5.12) and (5.15), we apply Lemma 5.2 to get

n

B, — EL1 < IMFI Y IAF0;8n VX 1551 (2))]
j=l1
< Xn sup |[VXi|(Is1 —s2l + |ma]) < xn(ls1 — s2| + |70 ).
0<t<T
Combining the above we derive (5.17). O

Finally, we give a seemingly simple lemma to facilitate our argument in the
proof of Theorem 5.1.

Lemma 5.4. Let {,}1>1, {nn}n>1 C LY (Q) be two sequences such that
(i) |l < 1, V1, P-a.s.;
(ii) lim,— 5 &, = & and limy,_, oo N, = 1, both weakly in LY().
Then it holds P-almost surely that |£] < n.

Proof. Denote D = {a) €] —n > 0} and p 2 sgn{&}. Then plp € L*°(K2), and

E(l¢lip} = Elgplp} = lim E{g,plp} < liminf E(lg,|1p} < lim E{n,1p)

= E{nlp}.
Thatis, E{[|€] —n]lp} < 0. By definition of the set D we see that P(D) = 0 must
hold, proving the lemma. (]

Proof of Theorem 5.1. As we pointed out before, we need only show that Z has a
continuous version on [O T1. Note that Z has a cadlag version, so does Z. We will
take such a version of Z from now on.

We first prove that 7 is a.s. continuous on [0, T1], for all T} < T. Since 7 is
already cadlag, we need only show that for all stopping time 7 € (0, T1], it holds
that Z,_ = Z; (cf. [14] or [1]). To this end, we first recall that (4.27) implies that
forall l < g <2,

T
f E{|Z! — Z,|"}dr - 0, asn— oc.
0

thus for any stopping time 7 such that 0 < 7 < Tp, a.s., we have

T-1 _ T-(h-o _
{ [ 128, - Zevar) = [ 20— Z,19dr)
0 T

T
< E{/ \Zn — Zrlqdr} 0, asn— oo.
0
In other words, for a.e. r € [0, T — T}], one has
{IZW 2}+,|ff} 50, asn— oo. (5.19)

Next, we note that F is a Brownian filtration, whence quasi-left continuous.
Thus every stopping time 7 > 0 is accessible. To wit, there exists a sequence
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of stopping times {tx} such that t; < 7, and ©; 1 7, as k — oco. Now setting

T =1 = tand 7, k = 1,2, - - -, respectively. Taking away a countable union of
null sets in [0, T — T7], we see that (5.19) should hold for 74, k =0, 1, - - -, for a.e.
r € [0, T — T1]. Now let us choose 7, | 0 such that (5.19) holds for all k, m.

Since 0y fz, and 0, fr, are bounded, using definitions of A" and "0 one
derives that, for all £ and m,

29, —Trd | <C sup |VXlt — wl;

0<t<T
1
|[Ark+rm] [AT+7'111] | = C|Tk - T|'

Tk +rm

A

Thus, denoting p(7, 1) = HE{n|F). (. 1) € L2Q)X[0, T1, B2 = AT M,

and applying Lemma 5.3 we derive from (5.14) that
= 7, ) — BB, 1 Farn) — BB, | Fein |

=n 1 11,0
= E { St T T+r ||frk+rm } + |[ Tk+rm] ka+rm [A;l"l‘rm] F?"I‘rm |

<E i'E - B} |[Ark+rmM?k+rm] |ffk+rm}

2

Tk+rm

Ttrm St
+E{ OLNTN| VIS e VP |[Mtk+rm]_l|~7:rk+rm}
+E {|Ef+rm|[Af+rn]* [ RZE R VL7 A ||J-'rk+,m}
AL 17T, =T
AL, 7T A, Tl
< PO (1T = 715 + [7a]). T + 7). (5.20)

To analyze (5.20) we observe that Lemma 5.3 implies that for any stopping time
T € (0, T], the sequence {E’;}nzl is bounded (uniformly in 7) in LZ(Q), thus it is
weakly relatively compact in L2(2), and so is in L' (). Consequently, possibly
along a subsequence, may assume itself, it holds that

lim, o B, = En € L1(Q), weakly in L!(); 5.20)
limy—o0 EBm = 8 € L1Y(Q), weakly in L1 (). :
An elementary calculation then shows that, for fixed k and m,
lim E{87,, |Frtr,} = E{&m|Fysr,},  weaklyin L'(Q);
HT)OO :n I'm m ~ m ‘ ; (522)
nlgrolo E{ET 4, | Frtr,} = E{Em|Frir, } weakly in L (2).

Similarly, since by (5.16) {x,} is also bounded in L2(2), we can also conclude that
sn — x € L*(RQ), weakly in L'(Q) (1), as n — oo. Therefore,

. 1 1
lim x,(lie — 7|3 +|mal) = xloe — 7133
n— oo

. 1 1
lim E{x,(Itx — 713 + [7aDIF54r,} = E{X|te — 713 [ Frpt,
n—00
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both weakly in LY(Q). Let us now denote

- Z¥+rm] - [E{Ef;Jrrm |Ftk+rm} - E{EﬁJrrm |-7:t+r,,,}];

A 1
Bl’cl,m = otk — 7|3 + |mmal), T + ).

Zn

2
- [ Tk+rm

n
Ak,m

Then (5.20) shows that IA’,;m| < B,’jym, P-a.s. Further, by (4.27) (or (5.19)) and
(5.22) we see that, as n — 00,

Az - = =
{ Z,m - Ak,m = [ZTk+rm - Zr+rm] - [E{Dm|-7:rk+rm} - E{@mlff+rm}];

A 1
By, = Bim = p(X1t — 713, w4+ 1),
(5.23)
both weakly in L'(£2). Applying Lemma 5.4 we obtain that

[ Zer—Zetr - LE(Em| e, )~ E (| e, M < p O 1T—T0]3 ibrm). Pas.
(5.24)

To complete the proof we need to send m — oo in (5.24) and apply Lemma
5.4 again. To this end, for any ¢ € L°°(Q2) we let ¢9 = E{¢|F:} and ¢, =
E{¢|F+r, }. Then using the right-continuity of the filtration F and the Dominated
Convergence Theorem one has ||, — ¢oll2(q) — 0, as m — oo. Note that {ﬁm}

is bounded in L2(2) and converges weakly in LY(Q) (see (5.21)), we see that for
any ¢ € L*°(R), it holds that
|E{LE(EnlFein,) = EEIFNG) | = EEndn — Edo)
< |E{[En — Elgo}l + | E{Emldm — o}

< |E{[En — El¢o}| + [IEmlIL2(@)1Pm — b0l L2() = 0, asm — oo.

That is, E{Emlff+rm} — E{EI]—}}, weakly in L(€), as m — oo. Similarly,
~ ~ 1
we have E{B,|Fy 1, } — E{B|F}, and E{x|t — w|3|Fy+r,} = E{xlt —

rkl% | Fz, }, weakly in LY(), as m — oo. Furthermore, we define for each integer
£ >1aset

A ~ ~ ~ ~
@ =loeQ: swp (1 Zysr - Zol+ 120, — Zell < ],

0<r=<r,

where ri > r, | 0,as m — oco. Then Q; 1 2, as £ — 00, modulo a P-null set;
and for each ¢, Dominated Convergence Theorem yields that

Loy Akm = o {(Z = Ze) — [EEIF) - EEIFN], weaklyin L'(@).

(see (5.23) for definition of Ay ;). Since (5.24) implies that [1q, Ax m| < p(x|T —

rkl%, Ty + rm), we can now send m — o0 in (5.24) and apply Lemma 5.4 again to
get

10, {170 -Z-EEIF)-EEIFN]| < piln—715 w0, P-as. (5:25)
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Finally, first letting £ — oo and then taking expectation and letting k — oo on
both sides of (5.25), using the fact that F is quasi-left continuous, and applying
Fatou’s Lemma, we c~onclude that E|Zr_ — ZT| < 0. That is, Z_ = Z, P-a.s.
Since t is arbitrary, Z (whence Z) is continuous on [0, T1], for all T; < T. That
is, Z is continuous on [0, T'). Defining Zr = Z7_, we see that Z is continuous on
[0, T']. The proof is complete. |

The following theorem is a direct consequence of Theorem 4.2 and Theorem
5.1.

Theorem 5.5. Assume (Al) and (A2), and assume that the terminal value of BSDE
(4.1) is of the form &€ = ®(X) where, for some 0 < t; < tr < T, ® satisfies that

1
|<I>(x‘>—<1>(x2>|5L</2|x‘<r)—x2<r)|dr+ sup |x‘(t)—x2(r>|>.
n

tel0,T]—(t1,12)

Then the martingale part of the solution to (4.1), Z, has a version that is cadlag on
[0, T and continuous in [t1, tp).

Proof. By Theorem 4.2, Z is cadlag. Restricting the stopping time 7 in (¢, £;) and
following the same argument as that of Theorem 5.1 one shows that Z is continuous
in [t1, ). O

In particular, we have the following result proved in our previous paper [7].

Corollary 5.6. Ifin BSDE(4.1) the terminal value is of the form & = g(Xr),where
g € WLoO(RY), then the martingale part of the solution to (4.1), Z, is continuous
on [0, T].

Proof. By Theorem 5.5 we know that Z is cadlag on [0, T'] and continuous in [0, T').
Letting Zr = Z7_, we see that Z is indeed continuous on [0, T']. O
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