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Abstract. Consider the Cauchy problem du(x,t)/9t = #Hu(x,t) (x €
z? ,t > 0) with initial condition u(x,0) = 1 and with 2 the Anderson
Hamiltonian »# = x A 4+ &. Here A is the discrete Laplacian, « € (0, 00) is
a diffusion constant, and & = {£(x):x € Z%} is an i.i.d. random field taking
values in IR. Girtner and Molchanov (1990) have shown that if the law of
£(0) is nondegenerate, then the solution u is asymptotically intermittent.

In the present paper we study the structure of the intermittent peaks for the
special case where the law of £(0) is (in the vicinity of) the double exponen-
tial Prob(£(0) > s) = exp[—e*/?] (s € IR). Here 6 € (0, c0) is a parameter
that can be thought of as measuring the degree of disorder in the £-field. Our
main result is that, for fixed x, y € Z% and t — oo, the correlation coeffi-
cientof u(x, t) and u(y, t) converges to ||w, ||£_22 Zzezd Wy (x+2)w,(y+2).
In this expression, p = 6/k while w,: Z¢ — R is given by w, = (v,)%?
with v,:Z — R™" the unique centered ground state (i.e., the solution
in £>(Z) with minimal />-norm) of the 1-dimensional nonlinear equation
Av +2pvlogv = 0. The uniqueness of the ground state is actually proved
only for large p, but is conjectured to hold for any p € (0, 00).

It turns out that if the right tail of the law of £(0) is thicker (or thinner)
than the double exponential, then the correlation coefficient of u(x, t) and

Key words random media, intermittency, large deviations, variational problem, nonlinear
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u(y, t) converges to 8, , (resp. the constant function 1). Thus, the double
exponential family is the critical class exhibiting a nondegenerate correla-
tion structure.

Mathematics Subject Classification (1996)H25, 82C44 (primary), 60F10,
60J15, 60J55 (secondary)

0. Introduction

0.1. The parabolic Anderson model

Consider the Cauchy problem

0
gu(x, 1) = Hu(x,t) (xezé:t>0)

ux,0) =1 0.1)

with # the Anderson Hamiltonian 2# = kA + £. Here A is the discrete
Laplacian, « € (0, co) is a diffusion constant, and & = {£(x):x € Z%}isan
i.i.d. random field taking values in IR. As an operator, J# only acts on the
spatial variable:

Awe, )= Y [u(y,n) —ulx, 0]
yily—x|=1

Euw)(x, 1) =E@)u(x,1) . 0.2)

Depending on « and on the marginal law of &, the equation in (0.1) can be
used to model various physical and chemical phenomena. For background
the reader is referred to Carmona and Molchanov (1994).

Let (-) denote expectation w.r.t. the £-field. Let Z = {Z(¢): t > 0} denote
simple random walk on Z¢ jumping at rate 2dx (i.e., the Markov process
with generator ¥ A). Write P,, E, to denote probability and expectation on
path space given Z(0) = x.

Proposition 1 [Gartner and Molchanoy1990)]. If
£ 7 ith&,.(0) = £(0 0.3
M <oo with&, (0)=£&0) ve, 0.3)

then(0.1) has a unique nonnegative solutigra.s. This solution admits the
Feynman-Kac representation

ulx,t) =E, (exp [/t E(Z(s)) ds}) . 0.4)
0
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Moreover for all + > 0 the random fieldu(x, r):x € Z%} is stationary
and ergodic under translations.

The proof of Proposition 1 shows that in dimension d > 2 condition
(0.3) is in fact necessary: if (0.3) fails then a.s. there is no nonnegative
solution to (0.1).

0.2. Intermittency

A discussion of some mathematical problems related to (0.1) can be found in
Carmona and Molchanov (1994). In the present paper we shall be concerned
with one particular aspect of (0.1), namely the occurrence of intermittency.

We shall henceforth assume that the cumulant generating function of the
&-field is finite on the positive half axis:

H(t) =1log(e*®) < 0o forall +>0 . (0.5)

It is easily seen from the representation in (0.4) that assumption (0.5) is
equivalent to all moments and correlations of the u-field being finite for all
times (see also Lemmas 1 and 2 in Section 1).

Definition Let Ax(t) = log(u*(0,1)) (k = 1,2,...). The systent.1) is
said to be intermittent if

lim
—0o0

{Al(f) (@)
l k

}:oo forall I >k>1. (0.6)

Qualitatively, (0.6) means that the u-field develops sparsely distributed high
peaks as t increases. These peaks give the dominant contribution to the
moments as they become sparser and higher. Thus the landscape formed by
u is so irregular that the a.s. growth at a fixed site differs from the average
growth in a large box.

As is evident from (0.1), peaks tend to grow in the vicinity of where the
&-field is large (at a rate proportional to the field), but tend to be flattened
out by the diffusion. By analogy with the theory of Anderson localization
(see e.g. Frohlich et al. (1985)), one may expect to find from a spectral
analysis of the operator /# that the effect of the randomness in the &-field
qualitatively dominates the effect of the diffusion term « A. This is indeed
the case, as expressed by the following result.

Proposition 2 [Gértner and Molchanov1990)]. If £(0) # constantthen
(0.1) is intermittent.
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0.3. Correlation structure: %) and Theorems 1-2

Our goal in this paper is to show that there is a qualitative change in the
structure of the intermittent peaks when the law of £(0) is (in the vicinity
of) the double exponential

Prob(£(0) > s) =exp[—e?] (seR) . (0.7)

Here 6 € (0, o) is a parameter that can be thought of as measuring the
degree of disorder in the £-field, because the density associated with (0.7)
rapidly drops to zero outside the interval [—6, 8]. Our main result, Theorem
1 below, gives the correlation coefficient of u(x, t) and u(y, t) for x,y €
Z¢ fixed and r — o0o. We shall see that what this result says is that the
intermittent peaks have a particular asymptotic shape that depends on the
ratio 8/« (see Section 0.6).

To formulate Theorem 1 we introduce the following 1-dimensional non-
linear difference equation:

(%) Av+2pvlogv =0,
v:Z — RT =(0,00), p=0/k .
We shall be interested in the ground statesf (x), i.e., the solutions in /%(Z)
with minimal /2-norm.

Theorem 1 Fix «, 0 € (0, oo0) and putp = 6/k. Suppose that the law of
£(0) is given by(0.7). If there exists @,: Z — R™ such that

Al. v, is a ground state ofy),
A2. all other ground states are translations of,

then for anyx, y € Z¢

w Nu(y.0) 1
= (u?(0,1)) _||wp||§zzezzdwp<x+2>wp<y+z>, (0.8)

wherew,: Z¢ — R* is given byw, = (v,)®".

Theorem 1, which will follow from Theorem 3 in Section 0.5, gives us
a precise description of the correlation structure of the intermittent peaks
provided assumptions A1-A2 are met. However, the verification of these
assumptions is a nontrivial problem, due to the discrete nature of (x). As a
partial result we can offer the following theorem, which will be proved in
Section 5.
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Theorem 2 Let7", = {v,:Z — R*: v, is a ground state of)}.

I. Forall p € (0, 00):
(1) Al holdsi.e, 7", # #.
(2) v, is compact in theé>-metric modulo shifts.
(3) For every centered, € 7,: >
(i) eitherv,(x) < v,(0) for all x # 0 (single-point maximuior
v,(x) < v,(0) = v,(1) for all x # 0,1 (double-point maxi-
mum;
(ii) v, is strictly unimodali.e., strictly monotone left and right of
its maximum
(iii) v,(x +1)/v,(x) ~ 1/(2pxlogx) (x — oo), and similarly for
X — —OQ.
II. For p sufficiently large
(4) A2 holds i.e., 77, is a singleton modulo shifts.
(5) The centerea, has a single-point maximum and is symmetric.

Our estimates in Section 5 show that Theorem 2II holds when p >
2/log(1 + e~2) & 15.7. Possibly it holds for all p > 0, but we are unable
to prove this. * See Section 0.7 for a description of numerical work.

Note that Theorem 2I(3)(ii1) implies

vp(x) = exp [—(1 + o(1)|x|log |x|] (lx] = o0) . 0.9
Remarks

(A) The proof in Sections 2—4 will show that we do not require the law of
£(0) to be given precisely by (0.7). What we actually need is that H (¢)
defined in (0.5) has the following asymptotic property:

tlirn tH'(t) =6 forsome® € (0, c0) . (0.10)

The parameter 6 in (0.10) takes over the role of 6 in (0.7). For the
double exponential in (0.7) we have H (t) = log I' (67 +1), which indeed
satisfies (0.10).

' For v € I2(Z), let [v] = {v(- + x):x € Z} be the equivalence class given by the
translations of v. For ¥~ C I>(Z),let [¥"] = {[v]: v € ¥} be the set of equivalence classes
of . We equip [[>(Z)] with the metric ||[u] — [v]|,2 = inf__z llu(:) — v(- + x)||,2. The
statement in Theorem 2I(2) means that [7,] is compact in the topology induced by this
metric.

2 We call v € [2(Z) centered if v(0) = max, v(x) and v(x) < v(0) for x < 0.

3 The continuous version of () is trivial. In fact, v’ + 2pvlogv = 0 for v: R — R*
has only one solution in L2(IR) (modulo translations), namely v, (x) = exp[(1/2)(1—px?)].
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(B) The proof in Sections 2—4 will also show that if lim, .o, tH"(t) = 0
or oo, then the Lh.s. of (0.8) is §, , resp. the constant function 1. Thus
the distributions characterized by (0.10) form the critical classwith an
interesting correlation structure.

(O) It is possible to prove that for any centered family (v,),e(0,00) With
Vp €Y p:

(i) limy—ov,(1x//p)) = exp[3(1 —x*)]in L*(R) and uniformly on
compacts in IR (see footnote 3).
(i1) lim,_, o v, = 8o pointwise.

0.4. A variational problem:#£x) and Proposition 3

In view of (0.4), it is no surprise that the proof of Theorem 1 uses large de-
viation theory and that the nonlinear equation () comes from an associated
variational problem. We shall formulate this variational problem here. In
Section 0.5 it will reappear in Theorem 3, which describes the asymptotic
behavior of the 1-st and 2-nd moments of the field {u(x, t): x € Z} and
which is a refinement of Theorem 1.

Let 2, = 2(Z%) denote the set of probability measures on Z¢. On 2,
define the functionals

up= Y (Vi -vrm) 011

{x.y}lx—yl=1
Ja(p) == px)log p(x) . (0.12)
X
Define |
() x(p) = 2 plgd{ld (p)+pJa(p)} .

Wehave 0 < x(p) < 1(because I, J; > Oresp. 1;(59) = 2d, J;(59) = 0).
Moreover, p — x(p) is nondecreasing and concave with limits
Hmp—)O x(p) = O resp. hmp—>oo x(p) =1

The following proposition will be proved in Section 5.1 and provides
the link between () and (k).

Proposition 3 For all p € (0, c0):

(1) (x%) has a minimum.

(2) p is a minimizer of(xx) iff p = @, (v7/||v;[|3,) with vy, ..., vy any
ground states of«).

(3) x(p) = plog vl with v any ground state of x).

Note that x (p) does not depend on the dimension d. Remark (C) and Propo-

sition 3(3) imply that x (o) = (p/4)[log(1/p) +1log(we?) +o(1)](p — 0).
Thus yx has infinite slope at p = 0.
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0.5. Asymptotics of the 1-st and 2-nd moments: Theorem 3

The y-function appears in the following asymptotic expansions. Recall the
definition of H in (0.5) and of w, in Theorem 1.

Theorem 3 Fix «, 6 € (0, co) and putp = 6/k. Suppose that the law of
£(0) satisfieq0.10) and suppose that1-A2 in Theoreml hold. Then for
x,y € Z¢ fixed andt — oo

(u(x, 1)) = { Z w,(x —|—Z)}

2eZ’
X explH (t) — x(p)2dkt + Ci(p, kt) + o(1)] (0.13)

(u(x, Du(y, 1) = { Y wplx +z>wp<y+z>}
eZ’
x exp[H (21) — x (p)4dict + Ca(p, kt) + o(D)] , (0.14)

whereC(p, kt), C»(p, «t) are functions of ordes () that are independent
M ofx, y.

Theorem 3, which will be proved in Sections 2—4, obviously implies
Theorem 1. It is crucial that the expansions in (0.13-0.14) are independent
of x, y up to the error term o(1). The dependence on x, y sits solelyin the
prefactors. We shall see in Section 2 that the functions C, C; are in fact very
sensitive to the precise form of the function H, but that the prefactors only
depend on the asymptotic behavior of H assumed in (0.10). It is beyond the
scope of the present paper to identify Cy, Cj.

0.6. Discussion

Since, by Proposition 2, the u-field is intermittent, the k-th moment is
controlled by a differentclass of peaks for each k. Moreover, as k increases
the peaks in the ‘k-class’ become sparser and higher (recall (0.6)).

For ¢ large but fixed, the ergodic theorem tells us that the ratio of 2-nd
moments appearing in the Lh.s. of (0.8) essentially counts how often two
peaks in the class k = 2 are seen at a relative distance y — x resp. O in a large
box. In other words, if we think of the peaks as located on random islands
then the ratio essentially counts the pairs of sites in a large box that are at
distance y — x resp. 0 and both belong to an island. It is in this sense that
the correlation structure established in Theorem 1 is related to the typical
size and shape of the islands.
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The result in Theorem 3 should be interpreted as follows. Let the highest
peaks in the islands corresponding to the classes k = 1,2 have heights
hi(t), hy(t) and densities d;(t), d»(t). If x(¢), x,(¢) denote the centers of
arbitrarily chosen peaks, then (0.13-0.14) tell us that

k=1 a4 x0 =295 o) (0.15)
w,(0)
k=2 (o +x.0 = 2290 0 (0.16)
w,(0)
and
di(t)h(t) = w,(0) exp [H(t) — x(p)2dxt + Ci(p, k1) +0(1)]

(0.17)

do(YR2(1) = w2 (0) exp [H(Zt) — x(p)4dxt + Ca(p, kt) + 0(1)] .
(0.18)

In other words, modulo an unknown height and an unknown density, the
peaks have a non-random shapehat is given by w,, for both classes. (The
same result holds for the classes k > 3, but these will not be considered in
the present paper.)

Theorem 2 and Remark (C) show that the islands contract to single points
when p = oo, grow unboundedly when p = 0, but develop an interesting
finite structure when p € (0, 00).

0.7. Numerical study af)

For each p € (0, co) there are two centered Symmetrigolutions of (x), one
with a single-point maximum and one with a double-point maximum. Let
vM and v® denote these solutions, respectively. Then

v ) > vV (1) > v 2) > .- VD (—x) = vV (x) (x € Z)
v@0) =v@(1) > v?PQ) > - VO(=x) =P +1) (xeZ) .
(0.19)

Now, we may ask which of these two solutions has the smaller /?>-norm and
whether there exist values of the parameter p for which the norms coincide.
We have done high precision computations with the package Mathematica.
These strongly indicate that always [[v® |,z > |[v'" ||, although for small
values of p the difference §% = ||v® ||/§2 — JJv® ||/§2 is extremelysmall:
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P \ 2 1 0.5 0.25 0.1 0.05

V2| 249 4.38 6.58 9.48 15.1 215
82 [6.81107!1 9.58 1072 1.23 10~* 6.75 10~!! 2.47 10730 3.69 10~63

If there would be no other candidates for the centered solution of (x) with
minimal /2-norm (which we do not know!), then these numerics would lead
us to the conclusion that for all p € (0, co) the minimal /%-solution of () is
uniquely given by v" modulo shifts (i.e., Theorem 211 would hold forall p €
(0, 00)). Therefore, theoretically, the high peaks of the u-field contributing
to the moments have a unique shape determined by v, as explained in
Section 0.6. However, practically, for small p also the peaks with shape v®
have to be taken into account, unless the time is extremely large.

Let us briefly explain our numerical algorithm, which is based on the
following observation. The symmetric solutions of (x) corresponding to an
initial datum v(0) are: (i) not strictly decreasing when v(0) is small, (ii) not
everywhere strictly positive when v(0) is large. Given an initial datum v (0),
we compute v(1), ..., v(N) (with N ranging from 25 to 75 depending on
p) by the following rules:

v(1) :=v(0)[1 — plogv(0)] for the single-point maximum,
v(1) := v(0) for the double-point maximum,
vin+ 1) :=vm)[2—-2plogv(n)] —vn —1), ifv(n) > 0,

vin+ 1) :=v(n), ifv(n) <0,

forn = 1,..., N — 1. The algorithm varies v(0) until failures (i) and (ii)
are removed (as is required by Theorem 2I(3)(i—ii)) and v(N) is very close
to zero. The correct initial datum v(0) is computed by using the following
interval approximation. We start with the interval [ag, by] := [1, 2] and take
v(0) := (ap + by) /2. Then we compute v(1), ..., v(/N) in accordance with
the above rules. If this sequence of numbers is not strictly decreasing or if
v(N) > 0, then we put a; := (ag + bg)/2 and b, := by. Otherwise we put
a; = ag and by := (ag + bg)/2. We then take v(0) := (a; + b;)/2, etc.
This process is iterated m times until b,, — a,, becomes less than 10100,

0.8. Related work

As a further reference to intermittency we mention the following papers.
Antal (1995) studies the survival of simple random walk on Z¢ in a random
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field of traps with density ¢ € (0, 1). This model is equivalent to (0.1) when
£(0) takes the values —oco and 0 with probability ¢ resp. 1 — ¢ (as can be
seen from (0.4)). His analysis shows that at time ¢ the ‘islands’ have a size
of order ¢!/“*+? Greven and den Hollander (1992) and Sznitman (1994)
study models related to (0.1) when a drift is added to the diffusive part
kA and the &-field is bounded. It turns out that in this situation there is a
critical value for the drift, below which the a.s. exponential growth rate and
the box-averaged exponential growth rate are the same but above which
they are not. This fact indicates that for a bounded &-field the occurrence
of intermittency depends on the strength of the drift. We also mention the
lecture notes by Molchanov (1994) and the recent monograph by Sznitman
(1998), where many aspects related to intermittency are discussed in detail.

Finally, Bolthausen and Schmock (1997) study simple random walk on
Z? with a self-attractive interaction inversely proportional to time, which
technically leads to similar questions. They show that this process is lo-
calized and has a limit law that can be identified in terms of a variational
problem and an associated nonlinear difference equation similar in nature to
our (k%) and (). We have picked up several ideas from their paper, although
the functionals arising in our context require a modified approach.

The outline of the rest of this paper is as follows. In Section 1 we give a
heuristic explanation of Theorem 3. In Section 2 we formulate the main steps
in the proof of Theorem 3 by listing six key propositions. These propositions
are proved in Sections 3—4. In Section 5 we prove Theorem 2 and Proposition
3. Theorem 1 is implied by Theorem 3, as was pointed out above.

1. Heuristic explanation of Theorem 3

In this section we explain where (0.13-0.14) come from. We give a heuristic
argument showing how the quantity x (p) arises from large deviations of
local times associated with our simple random walk Z = {Z(¢):t > 0},

and how the higher order terms in the expansions require an analysis of the
corrections to large deviations.

1.1. Expansion for the 1-st moment

Return to the Feynman-Kac representation (0.4). Define the local times

t
Et(Z) = / l{Z(s):z} ds (Z € Zd,t > O) . (11)
0
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Lemmal Forall x € Z¢ andr > 0

(ur,0) = E(exp| Y- HE@))]) - (12)

zeZ’
Proof. Use (1.1) to rewrite (0.4) as u(x, t) = E(exp[)_, £(2)€;(z)]). Take

the expectation over &, use Fubini’s theorem, and use (0.5) in combination
with the i.i.d. property of &. 0

Since ) _¢,(z) = t, the exponent in (1.2) may be rewritten as

ZH(Z(Z))—H(I)+IZ [ (“Z)> Etf) | a3

Now, H has the following scaling property (which is implied by (0.10)):

1
lim —[H(ct) — cH(t)] =6clogc uniformlyinc € [0,1] . (1.4)

t—o0o t

It therefore seems plausiblefrom (1.3) that as ¢t — oo

4 (Z) <Z’§Z)) +o(1) . (1.5)

Let L, denote the occupation time measure associated with Z, i.e., L,(-) =
£,(-)/t. Then, recalling the definition of the functional J; in (0.12), we see
that the sum in the r.h.s. of (1.5) equals —J;(L,). Substituting (1.5) into
(1.2) we thus get

(u(x, 1)) = E.(exp [H(t) — 10 J4(L,) + o(1)]) . (1.6)

Next, according to the Donsker-Varadhan large deviation theory, L, satisfies
the weaklarge deviation principle on 2, with rate function « 1;, where I,
is the functional in (0.11) (Deuschel and Stroock (1989), Theorem 3.2.17).
Thus it seems plausiblefrom (1.6) that as t — oo

Z H((2) =

(u(x,1)) =exp[H(1) — tpiggd{Kld(P) +0Ja(p))+o] . (17)

The infimum in the exponent is precisely x (6 /«)2dk, with x defined in (sx).
So this explains the first two terms of the expansion in (0.13). A rigorous
proof of (1.7) is given in Gértner and Molchanov (1998).
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To get the full expansion in (0.13) we need to go one step further and show
that the term exp[o(#)] in (1.7) is actually { ZZ wpy(x +z)} exp[Ci(p, kt)+
o(1)]. To achieve this we must analyze the corrections to the large devi-
ation behavior of L,. This will be done in Sections 2—4 and amounts to
studying the local times of a transformed random wallchosen in such a
way that its occupation time measure performs random fluctuations around
the minimizer wf) /lw, ||§2 of our variational problem () (modulo shifts).
More precisely, we consider the random walk Z, = {Z,(s):s > 0} whose
generator G, is

G, =k >

yily—x|=1

w,(y)

Wy (x)

Lf() — f(0)] (1.8)

considered as a self-adjoint operator on ¢2(Z; w>/llw,ll7.). The crucial
point is that the invariant probability measuref Z,, is precisely w? /[[w, |7,
The absolute continuous transformation from Z to Z, gives rise to the
prefactor in (0.13) and to the first two terms in the expansion. The higher
order terms in the expansion are therefore determined by the fluctuations
of L; under the law of Z,. The details are worked out in Sections 2—4.

Note that Z, has a drift towards O that increases rapidly with the distance
to O (see Theorem 2I(3)(iii)). Thus it has strong ergodic properties.

1.2. Expansion for the 2-nd moment
The heuristic explanation of (0.14) is in the same spirit. This time the starting
point is the following analogue of Lemma 1.
Lemma 2 Forall x, y € Z¢ andt > 0
wx, u(y,0) = Exy(exo[ Y HE@)]) . (9)
zeZ’

whereE, , = E, ® E,, and{,(-) = £!(-) + £2() is the sum of the local
times of two independent copiesbtarting atx resp.y.

Proof. Same as for Lemma 1. Use (0.4). 0
An argument similar to (1.3—-1.7) produces the first two terms of the

expansion in (0.14). Namely, the analogue of (1.7) reads

(u(x, Hu(y,t)) = exp [H(Zt) — 2t inf {K% (Id(pl) + Id(pz))

pl.p?e?y

+6J, (%(pl + pz))} + o(t)] . (1.10)
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Because p — Jy(p) is strictly concave, the infimum reduces to p' = p? =
p with p € 2,4, which again equals x (k/0)2d«. To get the full expansion in
(0.14) will amount to studying the occupation time measure L ()= 2, (+)/2t
associated with two independent copies of the transformed random walk
defined in (1.8). The details are worked out in Sections 2—4.

2. Main propositions

In this section we outline the main steps in the proof of (0.14) in Theorem 3.
These steps are formulated as Propositions 4-9 in Sections 2.1-2.6 below.
The proof of these propositions will be given in Sections 3—4, the proof of
(0.14) subject to these propositions in Section 2.7. It will become clear from
the whole construction that (0.13) in Theorem 3 holds too, namely, via a
straightforward simplification of the arguments given below to oneinstead
of tworandom walks (compare Lemmas 1 and 2).

Our starting point is Lemma 2, which gives us a representation for
(u(x, t)u(y, t)) in terms of H, the cumulant generating function of the
g-field, and £, = ¢! + 2, the sum of the local time functions of two inde-
pendent simple random walks with step rate 2d«x. Throughout the sequel it
will be assumed that H satisfies the condition in (0.10). For ease of notation
we shall abbreviate

Z Hl,(z)=Hol, . .1

d
zel

Throughout Sections 2—4 assumptions A1-A2 in Theorem 1 are in force.

2.1. Clumping of the local times: Proposition 4

Proposition 4 below states that the asymptotic behavior of the 2-nd moments
is controlled by paths whose occupation time measure L, =1, /2t is close
toda minimizer of (xx). This property will allow us in Section 2.2 to truncate
VAS

Let .# denote the class of minimizers of (). By assumptions A1-A2 in
Theorem 1 in combination with Proposition 3(2), .# is a singleton modulo
shifts.

For € > 0, define

Ue = { € P(ZY): |;n — v|p < € forsome v € .4} . (2.2)
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Proposition 4 Fix x, y € Z?. For everye > 0 there exists & > 0 such
that

~ 1 4 ~
Evy(explH o G116 e wc}) = (1 =™ E (explH 0 L) 23)

forall r > 0.

The proof of Proposition 4 is in Section 3.1 and is difficult for the fol-
lowing reason. From the full large deviation principle on the box Ty =
(=N, N1 N Z¢ we know that for large ¢ the periodizedoccupation time
measure, defined by if\'(z) = ZZ,Ezde ﬁt(z +7') (z € Ty), is close to a
minimizer of the periodierd variational problem (see Section 1.1). However,
this does notimply that L, is close to a minimizer of (). Essentially, what
we must show is that the main contribution comes from paths whose local
times are concentrated in one large box and not in two or more boxes sep-
arated by some distance. Namely, this precisely guarantees that L, is close
to L N modulo a shift. We can then use the full large deviation principle on
Tx, and Proposition 4 will follow by showing that the minimizers of the
periodized variational problem are close to the minimizers of (xx) when N
is large.

2.2. Centering and truncation of the local times: Proposition 5

For € > 0 and z € Z¢, define (see footnote 2)

U (2) = {u € 2(Z: | — v||pn < € for some v € .# centered at z} .
2.4

By Theorems 2I(2) and 21(3)(i), the %.(z)’s for different z’s are disjoint
when € is small enough. Write out

~ 1 4
Evy(explH o 4,11 {Zet ew.l)

= Z Ex’y<exp[H Oét]l{%ét € %e(Z)})

eZ’
- Ex_z,y_z<exp[H ° 12,]1{%12, c %(0)}) 25
eZ’

Proposition 5 below is an estimate on the x, y-dependence of the summand
in the r.h.s. of (2.5). This estimate implies that the summation over z and
the limit 1 — oo may be interchanged. This will allow us in Sections 2.3—
2.7 to first compute the asymptotics of the summand for fixed x’ = x — z,
y' =y —zand t — oo and afterwardscarry out the summation over z.
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Proposition 5 There existA, @ > 0 andr, €y, Ry > 0 such that

A 1 A R
Ex,y(exp[H o et]l{zet = %E(O)D < Ae—“ﬂxlﬂy‘)Eo,o(exp[H o zt])
(2.6)
forallr > 1y, all 0 <€ <eyandallx,y ¢ Tg, (with |x]| the lattice norm
of x).

The idea behind this estimate is that when the two random walks are
forced to build up their local times in the neighborhood of the origin, then
this will be harder to do when they start far away from the origin then when
they start at the origin.

The prefactor in the r.h.s. of (2.6) is summable over x, y ¢ Tg,, showing
that the remote terms in the r.h.s. of (2.5) are negligible uniformlyin ¢.

Letv,: Z — IR™ be the unique centered ground state of (x). Let w,: Z*
— IR™ be the product function w, = (v,)®* and define p, = w?/||w, ..
Then, by assumptions A1-A2 in Theorem 1 in combination with Proposition
3(2), p, € Z,4is the unique centered minimizer of (xx). Henceforth, instead
of %.(0) we shall write %, (p,), the e-neighborhood of p,. In Sections 2.5—
2.6 we shall be able to use Propositions 4 and 5 to expand H o ¢, around
H o (2tp,). But before that we need some preparations.

2.3. Two time scales: Proposition 6

In order to do the expansion we shall need an estimate in the spirit of
Proposition 5 but with two times 0 < ¢ < T. For R > 0 define

6g = inf{s > 0: Z'(s) ¢ Tg or Z%(s) ¢ Tg} . (2.7)

Proposition 6 Fix x, y € Z%. There exist, « > 0 and Ty, 8y, €y, Ry > 0
such that

A 1 4
Evy (el o b1 5= € w(pp) | 116r < 1))
< AtR'e=RE, (exp[H o ir]) (2.8)

forall T > Ty, all t > 0witht/T < §p,all 0 < e <¢yandallR > Ry.

Note that T takes over the role that r was playing in the previous propositions,
and that ¢ is now used as an auxiliary time. We shall henceforth stick to this
notation.

Proposition 6 states that the main contribution comes from paths that do
not move out of a large box before time ¢ uniformlyin the length T of the
path.
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Incidentally, the restrictions on ¢, €, x, y in Proposition 5Sresp. 7, ¢, €, R
in Proposition 6 are partly an artefact of our proofs in Sections 3.2-3.3.
However, these restrictions will not bother us in what follows.

2.4. Transformation of the random walk: Proposition 7

In order to exploit Propositions 4-6 we shall make an absolute continuous
transformation from our reference random walk with generator k A to a new
random walk whose generator G, is chosen as in (1.8). The point is that G,
has precisely p, = wf) / ||wp||§2 as its unique invariant probability measure
(see Section 4.1). Thus, under the law of the random walk driven by G,
and for large T, we have that L}, = ¢5./T (i = 1,2) are close to p, with
probability close to 1, and hence so is L = {7 /2T = (L} + L2)/2. Write
P!y = P ® Py and E{, = E{ ® EY to denote the joint probability and
expectation for two independent random walks driven by G, and starting
at x resp. y.

Proposition 7 Forall0 <7 < T,alle, R > 0and allx, y € Z¢

Ex,y<exp[H ° ET]l{%éT e %e(pp)}l{a‘lg > t})

=/ Pp(X)pp(y) exp[H(2T) — x (p)4d«T]

fo,y(exp[FT(iT)] WLt € Ue(pp)}1 {6k > r}) ,
JPoZN @) po(22(T))
(2.9)

whereoy, is defined in2.7) and

Fr(Ls) =Y {HQTLr(2)) — Lr(2)HQT) — 2T0L7(2) log py(2)} -

(2.10)

The proof of Proposition 7 is in Section 4.1. Think of F7 as a fluctuation
functional Fr(p,) = o(T) as T — oo because of (1.4), so in the r.h.s. of
(2.9) the contribution of the expectation is of higher order than the prefactor.
The point of Proposition 7 is that the prefactor has precisely the form we
are looking for in (0.14). To complete the proof of (0.14), we must show
that as T — oo the expectation in (2.9) becomes independent of x, y up to
and including order 1. This will be described in Sections 2.5-2.6.
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2.5. Separation of the time scales: Proposition 8

Pick 0 « ¢t <« T and split the occupation time measure as

Lir .11

where i,,T is the occupation time measure over the time interval [z, T).
Later we shall let T — oo followed by ¢t — oo. The first limit will allow
us to get it,r close to p,, the second limit will allow us to get rid of the
x, y-dependence.

Proposition 8 below separates the contributions from i, and I:,,T.
We expand

T —1t

. . t oA
Fr(Lt) = Fr ( L7+ ?LI)

T—1.
=FT( T Lt,T)
+flds<ili DF [T_II: +sii]> (2.12)
0 T ] T T t, T T t . .

Here, (-, -) is the standard inner product and D Fr is the Fréchet derivative
of Fr given by (see (2.10))

DFr[M](z) =2TH'(2TA(z)) — HQ2T) — 2T0log p,(z) . (2.13)

Using the identity ) . Li(z) =1, we may write

‘- 1 . A
<?L,, DFT[X]> =2 (H’(ZT) — 57 HQT) + <L,, Vi -k + 6 log —>)

Po
(2.14)
with V7:IR™ — R the potential
2T du
Vr(¢) = H'2T¢) — H'(2T) —0log¢ = / —I[0 —uH"()] (2.15)
2T U

and V7 - A the composition of Vy with A. (The reason for splitting terms as
in (2.14) is that V7 is small for large T (see (0.10)). Together with the trivial
inclusions

{Li7 € Ue,(pp)} S Lt € U(py)} S {LiT € Uer(py)}

— 26 268 t
for 61=6 ) €2=E+ and 0 < —
1-34 1-356 T

<§ (2.16)
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valid when 0 < § < €/2, we obtain the following lower resp. upper bound
for the expectation in the r.h.s. of (2.9).

Proposition 8 Fix0 < § < ¢/2. Let0 <t < T ande¢;(8,¢) (i = 1,2) be
asin(2.16). ThenforallR > 0 and allx, y € Z¢

Ef(explFr (L] HLr e 2 (p,)W1 (6 > 1))

VPo(Z' (1)) p,(Z(T))
> (=1 i i .
—i=) > P, RVP (v, DVEL ((Wr(x, yi %, 53 Ly 51, T)
- i,&eTR
x$(Z(T —1), ZX(T —1); Ly 1, T)
X WL7— € Ueis.0)(Pp)}) - (2.17)

Here P/ (-, -) is the transition kernel of the random walk driven &y in
(1.8), while v and¢ are the functions given by

Yrx, y; X,y s t, T)

1 T—t P
o T —1t N a4 L
= E7y| exp 2ff d& Lt,VT-(—u+$—L,)+910g—T nrsrle
- 0 T T PR
x 1{supp(L) € TR}’ZI(I) =% 720 = y)
¢, 95 151, T)

T —1t )] 1
r VPo®)pp(3)

forO0<t<T,ue2@andx,y, %,y %, 5 e Z°

— exp [2t<H/(2T) - %H(ZT))] exp [FT< (2.18)

The proof of Proposition 8 is in Section 4.2. The point of Proposition 8
is that the x, y-dependence sits all in the first three factors of the summand
in (2.17).

2.6. Loss of memory: Proposition 9

Our last proposition shows that the first three factors of the summand in
(2.17) become independent of x, y for T — o0, and hence so does the
expectation in the Lh.s. of (2.17). The reason for this is that the transformed
random walk has a drift towards O that increases rapidly with the distance
to 0, so it has strong ergodic properties.
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Proposition 9 (1) Forallz > 0,all R > 0,all 0 < € < e€g = inf c7, pp(2)
and allx, y € Z¢
liminf inf inf Yrx, y; X, y; u;t, T)
T—o0 x,y€Tg uee(py)
€

2t6 ~
> (1-=)" inf Py (supp(Ly) € Tx|Z'(0) = %, 2°(1) = 5)
€R X,yeTg ’

2t6
limsup sup sup Ygr(x,y;x,y; u;t,T) < <1 + i) . (2.19)
€R

T—oo X,yeTgr neU(py)

(2)Forall x € Z¢
Pl (x, %)
P/(0, %)

lim  sup 1‘ —0. (2.20)

=09 |%|=0(t/ log 1)

(3)Forall x,y € Z¢

lim inf inf Pfy(supp(l:t) - TR|Zl(t) =X, 2%0) = 5;) =1 .
t—00 /t/loglogi=0(R) X,YETR ’
R=o(t/logt)

(2.21)

The proof of Proposition 9 is in Section 4.3. We have now completed our
list of key propositions.

2.7. Completion of the proof of Theorem 3

Let us finally collect Propositions 4-9 and explain why they prove Theorem
3. For this we take limits in the following order:

T — 00,8 >0,¢e—>0,R=+11— 00 . (2.22)

The summation in (2.5) is restricted to the box T and the limit N — 00 is
taken last. The proof comes in 4 steps.

1. Propositions 4-6 and (2.5) can be summarized as follows (the lower
indices indicate the choice of the variables):

Ex,y(exp[H o ZT]) = (1 + ax,y,T,e){l'h's'(2-3)}x,y,T,e

{Lhs. 23} eyre= Y (1hs.(2.6)) s zy o7

z€Ty

+ bN‘x,y,T,gE(),()(eXp[H o ET])
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{l-h-s-(2-6)}xfz,yfz,T,e = {l-h-S-(2-9)}xfz,)'fz,T,e,R,t

+ CooyoieriEx—zy_c(explH 0 £1]) (2.23)
with

Tlim acyr.e=0 foralle >0andallx,y € z°
—00

lim by, y7e=0 uniformlyin7T > fopand 0 < € < ¢

N—o00 d
forallx,y e Z

lim lim ¢, 7. g_y;, =0 uniformly in 0 < € < ¢ for all x, yez! .
t—>00 T—o00

(2.24)

2. Propositions 7-9 can be summarized as follows:

{L.h.s.29}x—zy—zTe.rit =/ Po(X —2)pp(y — 2)
x explH(2T) — x(p)4dxT]

X{Lh.s. QAN ez y—2Toe Rt

> (i=1)
{l-h-s-(z-17)}x—z,y—z,T,e,R,t ;(,':2) {r-h-s-(z-17)}x—z,y—z,T,s;(S,s),R,t

{rhs.CIND oy Ta60R = +dezy—275.eR1)

x{r.h.s.(2.17)}0,0,7,¢:(5,),R.t
(2.25)
with

lim limlim lim d, , 75 p-s;, =0 forall x,y € z¢ . (2.26)

t—00e—>08—->0T—>00

3. Now firstpickx =y = 0. Then (2.23-2.24) and (2. 25—2 26), together
with the identity E_, __(exp[H o ET]) = Ejo(exp[H o ET]) (z € Zd) and
the fact that lims_,¢ €;(¢,8) = € (i = 1, 2), yield a closed set of equations
for Ey o(exp[H o ZT]) from which the expansion in (0.14) forx =y =0
easily follows.

4.Finally, pick x, y arbitrary. Then (2.23-2.24) and (2.25-2.26), together
with the identity E,_, ,_.(exp[H o €7]) = E, ,(exp[H o £7]) (z € Z%) and
the result in step 3, yield the expansion in (0.14).
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Note that the precise form of the higher order term C,(p, xT) = o(T)
in the exponent in (0.14) does not come out of the analysis. Clearly, it is
sensitive to the precise form of H beyond the asymptotics assumed in (0.10)
(and remains hidden in the last factor in the r.h.s. of (2.25) after the limits
in (2.22) are taken).

3. Proof of Propositions 4—6

3.1. Proof of Proposition 4

The difficulty behind the proof was explained in Section 2.1. We shall use
several ideas from Bolthausen and Schmock (1997), where a similar prob-
lem is handled.

A key role will be played by the variational problem () and its restric-
tionto Ty = (—N, N]¢ with periodic boundary conditions (see Sections 0.4
and 5.3). Let .# resp. .#" denote the sets of minimizers of these variational
problems, and let %, resp. %~ denote their e-neighborhoods in the £!-norm
(see (2.2)). We shall abbreviate

E,y(1{-}exp[H o {,])
E, ,(exp[H o {,])
and write L,(B) = Y.z Li(z) (B € Z% resp. LN(B) = .., LY (2)

(B € Ty) to denote the occupation time measures of the two random walks
resp. its periodizedversion. The goal of this section is to prove that

ﬁx,y;t(') —

3.1

1 N N
lim sup?log Poyi (L ¢ %) <0 foralle >0andx,y € z¢ . (3.2

—00

This implies Proposition 4. For ease of notation we shall drop the superscript.

Proof. Fix ¢ > 0 and x, y € Z“. Throughout the proof, N is so large that
x,y € Ty. Define the event

1
AV = {Lrv+a=1- Ze} , (3.3)
e’
i.e., no translate of T contains more than mass 1 — (1/4)e. We may then
split
Peyi(Le & Ue)

< Py (Lt ¢ U, LY e %NT) + Py (Lfv ¢ w’i)

32d
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C
< P (Lo ¢ e, [ANT) 4 Py (LY € AN

Py (LY ¢ wﬁl) . (3.4)

We shall show that all three terms are exponentially small, which will prove
(3.2). The proof comes in 7 steps.

1. Third term By the full large deviation principle on Ty, there exists
an Ny > 1 (depending on €) such that

1
lim sup ;log Py yii (Lﬁv ¢ @/NLJ <0 forN >Ny . 3.5

1—00 32d

Indeed, because of (3.1) this is a statement about a quotient of two terms.
This quotient behaves as f:)(p[—{)((1\1//32d)E (p)—x(p)}4dkt+o(t)], with x (p)
given by (s#x) and XEN (p) by (5.25), while a common factor exp[ H (2¢)]
drops out. By Lemmas 16(f—g) in Section 5.3, we have XEN (p) > x(p) for
all e > 0 and N sufficiently large (depending on €). This implies (3.5).

2. First term One easily checks that {L, ¢ %, [Aﬁv’é]"} C {Lﬁv ¢
U2} for all N > 1. Moreover, by Lemma 16(c) in Section 5.3 there
exists an Ny > 1 (depending on €) such that %é\{ /32d)e C U2y for all
N > N;. Hence, via (3.5),

1
lim sup " log Py . (L; & e, [Afv’e]”) <0 forall N> NyVv N; .

—00
(3.6)
3. Second termWe first write

Py (Lf’ € %:\;%15’ Aﬁ\”f) <> Py (LtN € v?l:\%e(z), Af\”e)

zeTn

= Tyl max Pu (LY € 2 (©0),41)
s, ¢

(3.7

where JZZ?’ (z) denotes the e-neighborhood of the elements in .#" that are

centered at z. Next, put N = 5M and define

1
B = () [LiTsw +10M) < 1= e} 2 a0 . (y)

d
zel
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The proof of (3.2) will be complete once we show that there exists an My > 1
(depending on €) such that

{—>00 u, veT g
u—v=x—y

1
lim sup;log|: max P, “(LSM € 9 Q/SM (0, BSM 6)i|

forall M > M, . 3.9

This will be done in Steps 4—7 below.
4. We begin with a combinatorial lemma. Define the halfspaces

mt=1{zez':z > (5+ 10k)M}
T={zez%z; <(5+10k)M} (keZ,i=1,...,d) .
(3.10)

Lemma 3 B)"¢ C |,z U (Li(hsT) = (1/8d)e, Li(h; ™) > (1/8d)e).

Proof. Elementary. O
5. Next, the random walks Z', Z? whose local times we are monitoring
cannot move far away in time ¢, namely

1
lim —log |: max P, . (Z (s) ¢ T2y forsome 0 < s < t):| <0
t—)OOl’ MLGZL 4

@i=12) . (3.11)

Indeed, since H o ¢, < H(2t) = O(tlogt) = o(t?), it suffices to prove
the claim under the freerandom walk measure, i.e., without the exponential
weight factor in (3.1). But the latter follows from a rough large deviation
estimate because the jump times of the random walk are i.i.d. exponentially
distributed with finite mean. The details are omitted. Combining (3.11) with
Lemma 3, we see that in order to prove (3.9) it suffices to show that

t—00 uveZd 8

u—v=x—y

1 1
limsup; log|: sup PMQU;,<L,5M JZJSM 0), L,(h") > —e,

N
Li(h™) > ge)j| <0 (3.12)

with At = h1 th = h1 ~. Indeed, because of (3.11) the r.h.s. in Lemma
3 may be restrlcted to Ui <112)/10 w U, and after that we may pick k = 0,

i=1°
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i = 1by shift-invariance and isotropy of the random walks, thereby ignoring
a harmless polynomial factor.
6. Now, by Lemma 16(b) in Section 5.3 there exists an M| > 1 such that

1
{LfM e uM (0)} c LM (intTy) > 1 — —e} for M > M, .
724 € 16d
(3.13)
Hence to prove (3.12) it suffices to show that

. 1 1 _ 1
h?ligp;log Mi‘:gd Pu,v;t<Lt(h+) = S_dé, Li(h™ —4Mey) > 16—de,

L3M (intTy) > 1 — ﬁe>:| <0 (3.14)

(e; = (1,0,...,0)). Indeed, by periodization with period SM the slab
between ht and h~ — 4Me, is mapped entirely inside Tsy \ Tjs. On the
event in the r.h.s. of (3.13) this slab therefore carries mass at most (1/16d)e.
Consequently, on the event {L;(h~) > (1/8d)e€} the half space h~ —4Me,
carries mass at least (1/16d)e. What (3.14) says is that it is exponentially
unlikely to have substantial local times in two halfspaces separated by a
slab.

7. To prove (3.14) we shall do a reflectionof the random walks w.r.t.
gu = Uz U {z € Z% 2 = 2k + 1)M}, the grid of size 2M. The
object of this argument (see below) is to transfer the problem to the finite
box Tsy,. Define

. 1 .
f(gm) = H0=s= 1:Z'(s) € gm, Z(s—) g gm}l (i =1,2) ,
(3.15)

ie., th(gn) = tlt! (gm) + ﬂtz(gM)] counts the number of times the ran-
dom walks hit gy during the time interval [0, #]. We may then bound the
probability in (3.14) by the sum of two parts, namely for any § > 0

(1) Pasi (5 (gn) > 8. Li(gw) = (1/164)e)

@) Pus(B1(gm) = 8, Lih™) = (1/8d)e, Li(h™ = 4Mey) = (1/16d)¢)
(3.16)
where we use that {LfM(intTM) >1—=(1/16d)e} C{L:(gn) < (1/16d)e}
because by periodization with period SM the grid g, is mapped entirely
outside int7),. Thus (3.14) will follow once we have proved Lemmas 4-5
below.
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Lemma 4 There exists &; > 0 such that for alle < C;8 and allM > 1

1
limsup —log | sup (3.16) (1) | <O . (3.17)
t—>00 t u,veZd

u—v=x—y

Proof. By shift-invariance and periodization with period M

1
sup (3.16) (1) = max Py, (80T > 8, LI GTy) < @e> .
uweZd

U—v=x—y (3.18)
Therefore, similarly as in (3.5), the r.h.s. of (3.18) is a quotient of two terms.
The denominator is the same as for (3.5). The numerator can be bounded
above by

exp[H(Zt)]max Pxf - Z(m(aTM) > 4, wa(BTM) < ée) , (3.19)

where in the r.h.s. of (3.19) appears the freerandom walk measure P/. Now,
the latter probability equals exp[—;{{tﬁ (p)4dkt 4+ o(t)], where fsﬂi (p) can
be made arbitrarily large by picking € /§ sufficiently small, uniformly in M.
The reason is that it is unlikely for the random walks to spend a local time
on 0Ty, that is much smaller than 1/2d« times the number of times they hit
0Ty . The details are omitted. Pick €/ so small that Q")ﬁ (p) > x(p) to get
the claim. 0

Lemma 5 There exists &, > 0 such that for alls§ < C,elog(1/¢) and
all M sufficiently larggdepending om, ¢)

1
limsup—log| sup (3.16) (2) | <O . (3.20)
=00 t umezd

U—v=x-—y

Proof. The proof comes in 2 steps.

1. Consider the paths of the random walks up to time 7. We can fold these
paths inside 75y, by doing a number a reflections w.r.t. the hypersurfaces
of dimension d — 1 that lie on the grid gy, starting from the outside and
working our way inwards to Ts),. With each reflection H o ft increases,
because H is convex and because the local times of the paths are stacked on
top of each other. Each piece of the paths that is thus folded adds a factor 2
to the counting. Hence the supremum in (3.20) does not exceed
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1
25" max P yzi| Li(Ty +4Mey) > —e,
ZETSM Sd

1
L(Ty) > 1—

d’ L(Tsy) = 1) . (3.21)

Indeed, we can fold all the local time in 2™ into the box Ty +4Me;, all the
local time in A~ — 4M e, into the box T}, and all the remaining local time
in the box Ty + 2Me;.

2. We now have an event inside the finitebox Ts,; where substantial local
times are carried by two subboxes separated by a third box. The probability
in (3.21) is the quotient of two terms, which behaves as exp[—{{eM (p) —
x(p)}4dkt + o(t)], where g‘GM(,o) = MiNyeqm.e) Fa(p) with €(M, €) the
set fitting the event in (3.21). Now, Lemma 16(h) in Section 5.3 shows that
g‘GM(,o) — x(p) > Cielog(l/e) for some C, > 0 and M sufficiently large
(depending on €). Thus it suffices to pick § smaller than this difference and
the claim follows from (3.21). 0

By combining Lemmas 4-5, picking € sosmall thate /C; < Cye log(1/e€),
and picking § somewhere in the middle, we get (3.14). This completes the
proof of Proposition 4. 0

3.2. Proof of Proposition 5

Fors > 0 and A C Z¢, let 2,(A) denote the set of all measures concen-
trated on A with total mass s. For an arbitrary measure x on Z9, write the
abbreviation

Hop= Z H(u(2)) . (3.22)
eZ°

We recall that (0.10) implies

tlim [H'(Bt) — H'(yt)] = 0 log <€) forallB >y >0 . (3.23)

The following lemma, which is an estimate for onerandom walk, is the key
to Proposition 5.

Lemma 6 Fix « > 0 arbitrarily and let1 > 8 > y > 0 be such that

0 log (g) > ddice”. (3.24)
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Let A be a finite connected subsetZf containing0. Define

oA =g, (A) ={ve2(Z):v0) > B, minv(z) >y > maxv(z)} .
ZEA ZEAC
(3.25)
(a) There existA > 0 and Ty, Ry > 0 such that

1 |
E, (eH°‘T1{7eT e 42/}) < Ae‘“""EO(eHOZTl{?ET e M}) (3.26)

forall T > Ty and allx ¢ T, .
(b) Leto = inf{s > 0: Z(s) € A} denote the first hitting time of.
Then there exisft > 0 andT,, Ry > 0 such that

E, (eHo<&+v>1{%(z, +) e yi}l{o <11 f(Z@), ;e,))
< e~y (M| (6 +v) e | £(Z), 1)) (B27)

forall T > Ty, all 0 <t < Ty, all x ¢ Tk, all v e QJT,,(Zd), and all
measurable functiong: Z¢ x 2,(Z%) — R, satisfying

f(z, p) > f(z,q) whenevep > gonA andp <gonA® . (3.28)

Before presenting the proof of Lemma 6, let us give an heuristic explanation
for (3.26). Let Z be our random walk, starting at x ¢ A and hitting A for
the first time at time o. The basic idea is to replace (Z(s):s € [0,0]) by a
path that starts at 0, stays at 0 during the time interval [0, o /2] and moves to
Z (o) during the time interval (o/2, o] without leaving A. In this way we
switch from paths starting at x to paths starting at 0. In terms of local times
this switch means that mass o/2 is moved from A° to 0 and another mass
o /2 from A€ to A. This moving obviously increases the event {{7/T € .<Z}.
Moreover, we shall see that H o {7 increases by at least 2dke“o because
of (3.23-3.24). Hence we gain a factor exp[2d«e®o ] under the expectation.
However, it will turn out that by the restriction to the new class of paths
we loose a factor C;exp[2dko]. Altogether, we therefore gain a factor
exp[2dk (e* — 1)o]/C;. But we shall see that

C1E,(exp[—2dk (e* — )o]) < C;Cre™M | (3.29)

which yields the desired prefactor in the r.h.s. of (3.26). The argument for
(3.27) is essentially the same.
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Proof. The proof of assertion (a) comes in 7 steps.
1. Choose Ty so large that

H'(BT) — H'(yT) > 4dke* for T >Ty . (3.30)

This is possible because of (3.23-3.24). Throughout the proof, T > T and
x € Z¢ are fixed arbitrarily.

2. The monotonicity of t — H'(¢) obviously implies the following two
inequalities:

[H(a+A)+ Hb)]—[H(a)+ HOb + A)]

3.31
>0 forA>0, a>b (331

> A[H'(a) — H'(h+A)] forA>0, a>b+A .

Using these inequalities we next prove the following statement:

A R
Ho (g + o + p) < Ho<580+/i3+,u> —ddee”s  (332)

for all
0<s<T, pe€?s(A), €PN,
us € 25(A), € Pry(Z7) (3.33)
such that
%(m tuatp) e . (3.34)

Indeed, it follows from (3.34) and the definition of .7 in (3.25) that
max(puy + 2 + u)(z) < min(u; + w2 + w)(2) - (3.35)
zeA° zZEA

Hence, moving mass distribution @, from A€ into A and distributing it
according to pt3, we can use the first part of (3.31) to estimate

Ho(ui+p2+wp) < Ho(u+uz+pn) . (3.36)

Moreover, after the move we obviously have

1
?(m +ust+ped, (3.37)
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SO
u1(0) + u3(0) + n(0) = BT
IZQ%(M +us+ w2 <yT . (3.38)

Therefore, now using the second part of (3.31), (3.38) and the monotonicity
of t — H'(t), we may move mass distribution p from A€ onto 0, to obtain

Ho (i +pa+m) < Ho (38 +pa+p) = SIH(BT) = H'(/T)] .
(3.39)
Note that also after the last move
% (%60 + w3 + u) € o . (3.40)
Combining (3.30), (3.36) and (3.39), we arrive at (3.32).
3. We next use (3.32-3.34) to move local times. Let ¢ = inf{u >

0: Z(u) € A} be the first hitting time of A. Clearly, £7/T € ./ implies
o < T because § > 0. To estimate the expectation in the l.h.s. of (3.26)
we proceed as follows. Applying the strong Markov property at time o, we
have

1
E (1| Ztr € 7)) = E(¥(0. 20). toop. top.)llo < TY)
3.41)
where £, , denotes the local time over the time interval [a, b], and we define

1
Vs, y, w1, pa) = E, (eHO(“‘+“2+£T*”1{7(M1 + to 4 lr—y) € &/})
(3.42)
for

0<s=<T, yeA, we€Zs(N), pe2s(A). (3.43)

Since by_; € P, (Zd), we may now recall (3.32-3.34) and (3.40) (for
uw = £7_;) to estimate

Y,y ) < oxp | —4diee” S [ s,y ua) forall s € 24(A)
(3.44)
where we define

s 1
(s, v, u3) = Ey(eHo(i&Hruerﬁrﬂ)l{_(%80 + 13 _|_£T_X) c Jz/})

d (3.45)
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Combining (3.41-3.45) we arrive at the bound

E(e#r1]fer e )

<E, (exp [ — 4dKe°‘%] ( min  ¢(o, Z(o), v)) o < T})
veZg (A)
(3.46)
4. The Lh.s. of (3.46) equals the L.h.s. of (3.26). We next derive a lower
bound for the r.h.s. of (3.26) that will be combined with (3.46) to yield

(3.26). Let t = inf{u > 0: Z(u) # 0} be the first exit time from 0. For
y € A, define the set of paths

B; = {Z(-): Z(0) =0, z(%) — v, Z(u) € Aforu e [o, %]} . (3.47)

Fix 0 < s < T and y € A arbitrarily. We may then apply the Markov
property at time s to write

1
Eo (eH°€71{7£T c &/})

s S % Hot 1
> Eo(l{r > E,Z(——i—-) € By }e Tl{?ZT € 52/})

2
N S s
— E, (1 {r > z(5 + ) c B;}¢(s, y,z%,s)) . (3.48)
Here we have used that £y, = (s/2)8y on the event {r > s/2} and

lsns € Pspp(A) on the event {Z(s/2 + ) € B;/z} (recall (3.45)). Since
Py(t > 5/2) = exp[—dks], we thus find that

1 s
E, <eHoKT1{?£T € M}) > exp[—dks] Py (Bf) ver{}};r(lmqb(s, v, V)
(3.49)
forall0 <s < T and y € A. Combining (3.46) and (3.49) we arrive at

E, (eHOZTl{%ZT c y/}) < K(x)Eo(eHoeTl{%ZT e &/}) . (3.50)

with

K@) = E, <|:yrr61in Py (Bf>i|] exp | — 2dic(2e” - 1)%]) . (351

IA
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Thus, to complete the proof of (3.26) we must show that K (x) < A exp(—a|x])
for x ¢ Ty, for some A, Ry > 0.

5. We next estimate minyeya Po (B;’ / 2) from below. Let 71, 17, . . . be the
jump times of the random walk: i.i.d. exponentially distributed with mean
1/2dk.Fix y € 0A and let D = D, be the length of the shortest path from
0 to y inside A. Obviously,

PO(B;) = (Zd)DP(Tl-i-----l-TD <s<TtT +-:--+7Tp+1TDp11)
1 (2dks)P
= ) T exp[—2dks] . (3.52)

From (3.52) it follows that there exists a C; > 0 such that

-1
[mg& PO(B;):| < Cyexp[2dis]{l + (2s)_D/} (s =0) , (3.53)
ye

where D’ = sup,., Dy. Substitution into (3.51) gives

K(x) < C,E, ({1 + oDy exp[—2di (e” — 1)0]) . (3.54)

We shall estimate the two terms in (3.54) separately.

6. Second termTo reach A from x, the random walk Z has to make at
least D” = dist(x, A) jumps. Hence ¢ > 17y 4 - - - 4+ tpr. Since 2dx (11 +
-+ + 7p+) has a Gamma distribution with parameter D", we can estimate
for D" > D’

E, <a—D’ exp[—2dic(e% — l)a])

/ 1 © /" /
D D"—1-D 4
< (ZdK) m‘/o‘ u exp[—e Lt] du

. p (D" —1—D"! B vy
= (2dk) —(D” Y exp[—a(D D"]
< Cyexp[—a(D" — D")] (3.55)

for some C, < oo. Clearly, D” > |x| — C; for some C3 < oo.

7. First term The same estimate holds with D’ replaced by 0. Combine
steps 6 and 7 to get the bound on K (x) claimed below (3.51). This completes
the proof of assertion (a).

The proof of assertion (b) goes along the same lines. All we have to do
is replace w by u +v € Zr_(Z%) and £y_; by €,_s + v € Pr_(Z).
Since (1/T) (¢, + v) € o/ does not automatically imply o < ¢, we need to
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include the indicator of the latter in the Lh.s. of (3.27). The property of the
function f stated in (3.28) ensures that f(Z(¢), (1/t)¥€,) can only increase
when the path (Z(s):s € [0, o]) is redistributed inside A. This completes
the proof of Lemma 6. 0

The next lemma is the analogue of Lemma 6 for two random walks.

Lemma 7 Letthe assumptions of Lemmaold. Leto'!, o denote the first
hitting times ofA. Then there exist > 0 andT;, Ry > 0 such that

1
E., <eHo<f%~+Z%~>1{ﬁ(6; +2)e &f}l{al <1lfo? < t})

< Azea(lxlﬂyl)EO,o(eHO(ZlTJFZZT)1{%(EIT + £2T) e M}) (3.56)

forall T > Tp and allx, y ¢ Tg,.

Proof. This is an easy consequence of (3.27). Namely, first condition on
Z?%(-), take the expectation over Z!(-) by applying (3.27) with ¢, = ¢! and
v = 2, and then take the expectation over Z2(-). After that, interchange
the order of the expectations (Fubini) and apply (3.27) with ¢, = Etz and
v = (). Recall that E, , = E, ® E,. O

We can now formulate the tightness result that implies Proposition 5.
For u € 2,(Z%), let . (n) = {v € 2,(Z%:||v — pullp < €} be the
e-neighborhood of 4 in the £'-metric.

Lemma 8 Letu € 2,(Z%) be such that
(i) ©(0) = max u(z) (3.57)
eZ’

(i) Ay, ={z € 7% u(z) > y} is connected for alj sufficiently small.

Fixa > Oarbitrarily. Thenthere existt > 0 ande, Ty, Ry > 0(depending
on i, o) such that

Ex,y(eHo(ZlTHZT)l{%(ﬁlr+€27) c %e(M)D < A2€—a(|x|+\y\)EO.O(eHo(KIT+ZZT)
(3.58)
forall0 <e <e¢p,all T > Toandallx, y ¢ Tg,.

Proof. Choose yy > 0 so small that (A,,) > 1/2 and

(i") 6 log (%) > ddke®

(ii'’) A = A, is connected and contains O forall 0 < y <y .

(3.59)
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Next choose 1 > B > y > 0 such that assumption (3.24) of Lemma 6 is
satisfied and

w(0) > B, min u(z) > y > max u(z) . (3.60)
zeA zEAC

(Because of (3.57) (i-ii), the latter can be done by picking § < ©(0) close
to u(0) and y < yp close to y,.) Now, because of (3.60) there exists €y > 0
such that forall0 < € < ¢pandall i € % (1)

- - - - 1
@n(0) > B, minu(z) >y >maxiu(z) and @(A,) > = . (3.61)
ZEA ZEAC 2

Hence % () € o/ for 0 < € < €y, where .o/ = /g, (A) with A = A,
the set defined in Lemma 6. Moreover, (1/ 2T)(£1T + EZT) € U () implies
1/2T (¢5.(A) + €3.(A)) > 1/2, which in turn implies £}-(A) > 0 and
€2.(A) > 0,hence 0! < T and 02 < T. We may therefore apply Lemma 7
(compare (3.25) with (3.61)) to obtain (3.58). 0

The proof of Proposition 5 is now complete. Indeed, we know from
Theorem 2I(3)(ii) that the minimizer of (%) centered at O is unimodal in
all directions, which guarantees that conditions (3.57)(i—ii) in Lemma 8 are
fulfilled for u = p, = u)%/llwpﬂﬁ2 (recall Section 0.5).

3.3. Proof of Proposition 6

The proof uses ideas from Section 3.2. The following lemma is an estimate
for onerandom walk. Define oy = inf{s > 0: Z(s) ¢ Tr}. Let 3" Tk denote
the exterior boundary of T.

Lemma 9 Fix x € Z?. Let the assumptions of Lemrdiold withx € A.
Let rz denote the first hitting time ok after ox. Then there exis > 0
andTy, Ry, 8y > 0 such that

Hot 1
Ex(e Tl{?ETEQ/}l{O’RSZ‘})

|
< A% 2 R|3TTRLE, (eHoﬁrl{TzT e &/}) (3.62)
and
1
E, (eHO“T*”)l{ﬁ(ﬂr ) e M}I{GR <t 1{tg < T})
|
< A% 2 R|3T TR E, (eH°<fT+">1{ﬁ(£T ) e &/}) (3.63)

forallr > 0,all R > Ry, all T > tvTywitht/T < dpandallv € QJT(Z”’).
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Proof. Throughout the proof we pick R so large that A € Tk and x € Tk.
We also pick §g = B and ¢t/T < 8. If £7/T € o/ and op < t, then the
latter guarantees that the random walk must hit O in the time interval (og, T)
(recall (3.25)). We choose Ty to be the same as in Lemma 6. The proof of
(3.62) comes in 8 steps.

1. First we use the strong Markov property at time s to write

Hol 1
Ex<e Tl{TET c M}I{GR < z})

= Z / P.(og € ds, Z(s) = 2)
0

7€t T
X Ex(V(s, 2. bs)|og = 5. Z(s) =2) , (3.64)
where we define
1
_ Ho(u+lr-5)1) —
V(s 2w = Eoe i+t e o)) (3.65)

forO <s <t,z € dtTg and u € 2,(Tg). Our choice of §, guarantees that
A/T)Y(u +£r—s) € o implieso < T — s for s € [0, t], where o again
denotes the first hitting time of A.

2. By assertion (b) in Lemma 6 with f = 1 we know that

Vs, z, 1) < Ae Fly(s,0,n) forall 0<s <t and e 2,(Tx) .
(3.66)

Combining this with (3.64) we have

t
l.h.s. (3.64) < Ae R Z f P.(or € ds, Z(s) =2)
0

zedt Ty
X E.(¥(s,0,€)|or =5, Z(s) =2) . (3.67)
3. Now apply Fubini to write

Ec(¥(s,0,8,)|or =5, Z(s) = z) = Eo(p(s, x, 2, €7—y)) ,  (3.68)

where we define

1
¢(s,x, 2, n) = Ex (e’“w“ﬂl {7<u +£) € ﬂ} \aR =s5,Z(s) = z) :
(3.69)
for0<s <t,z€dtTg and pu € 27_(Z%).
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4. Next, do a time reversal on the random walk over the time interval
[0, s]. Let z~ be the unique site in Tk that neighbors z € 9" Tg. Then

1 1
GG x.z ) = o (emw“ﬂl{?(u +0) e &f}]oR > s,

Z(s)=x,Z(s+) # x)

1
P.(ogr € ds, Z(s) =2) = ﬁPZ—(GR >s,7Z(s) =x)2dkds .

(3.70)

Here the jump away from z to z~ at time s is replaced by a jump away
from x at time s in the time reversed random walk. The factor 2d counts
the number of ways this last jump can occur. The local times are invariant
under the time reversal.

5. Combining (3.67-3.70) we obtain

t
[.h.s. (3.64) < Ae R Z / 2dk dsP,-(og > s, Z(s) = x)
0

z€0t Ty

1
X E()(EZ— (eHo(lH_e‘v)l{?(,U« + ;) € &/HO'R > s,

Z(s) = x, Z(s+) x) ‘HH ) . (3.71)

6. Again apply Fubini. After that we can write

rhs. (371) = Ae*R Y / dsEo(g(s,x,z*,zT_X)), (3.72)
0

z€0+ Ty

where we define

E(s,x,27,n) = E- (eHo(“Ms)l{%(u—l-Zs) € y/}l{ak >s,Z(s) = x})
(3.73)

7.Next, Z(s) = x implieso < s becausex € A.We may therefore apply
assertion (b) in Lemma 6 with f(z, p) = §,(2)1{p(Tx) = 1}, to obtain
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E(s,x,27, 1) < Ae *Re(s, x,0, ) . (3.74)

Combining (3.71-3.74) we arrive at

Lh.s. (3.64) < A% 2% Y / dsEo(é(s,x,O,ET_s)>. (3.75)
0

z€0t Ty

However, using the strong Markov property at time s and doing once more a
time reversal of the random walk over the time interval [0, 5], we may write

1
Eo(g(s,x, 0, zT_S)) —E, <eHofT1{F£T c &/}1{@ > 5, Z(s) = 0}) .
(3.76)
8. Finally, drop the last indicator to get

1
Lhs. (3.64) < A%~ 2R|9+ Ty ¢ E, (aHoffl{TeT e ﬂ}) NG 7D

This completes the proof of (3.62).
The proof of (3.63) goes along the same lines. (Compare with the proof
of assertion (b) in Lemma 6.) This completes the proof of Lemma 9. 0

The analogue of Lemma 9 for two random walks is similar. Namely,
using (3.63) we get the estimate

1
Ex,y(eﬂo“‘r“?n {—(z; +2) e @/}
2T
x| loh = 01z = T) + 1o} = 01(7} = T)])

o1
< 2A2e—2“R|a+TR|rEx,y(eHO“‘r+@r>1{ﬁ(e; +2) e yz})
(3.78)

(compare with the proof of Lemma 7).

For the final step in the proof of Proposition 6, we recall that %. (p,) C </
for 0 < € < ¢ (see the proof of Lemma 8) and that 6 = min{o}, 03} is
the stopping time defined in (2.7). We choose y so large that p,(A,,) >
(1/2)(1 + §¢) (recall that o = B < 1). Then the same inequality holds for
all measures in %.(p,), provided € < € and ¢y is sufficiently small. But
now we note that

t . .
?550, op<t=1,<T (=12 .

(3.79)

1
57 (€7 +€3) € Uc(py),

Hence we can apply (3.63) and get the claim in Proposition 6.
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4. Proof of Propositions 7-9

4.1. Proof of Proposition 7

Let u% = pp, = w/zj/llwplli2 = (U§/||U§||g2)®d be the unique centered
minimizer of (xx) in Section 0.4. To ease the notation we shall write u
instead of u,,.

Lemma 10 The semigroug, = (S,(¢):t > 0) associated with the gener-
ator G, in (1.8) is given by

(5,00 = s Eu(ew[ - [ s Bz |uzan rzay)
( ) 0 u @n
and is a strongly continuous contraction semigroupl&Z<; u>

Proof. Standard. 0O

The above representation leads us to the following.

Lemmall LetP, , = P, ® PyandP{, = P{ ® P{. Thenforanyl > 0

d .X'for
p (216 226)c0m)
1 2 T
_ uw(ZA(T)Hu(ZX(T)) exp[_/ d”{g(zl(s)Hg(zz(s))}] '
u(x)u(y) 0 u u @2)
Proof. Immediate from (4.1). 0

Using Lemma 11 we can now do the absolute continuous transformation
in the expectation appearing in the Lh.s. of (2.9) in Proposition 7. Indeed,
recalling that ZiT (x) = fOT dslyzi)=x) (i =1, 2), we obtain

~ 1 -
Evy(explH o 1| by € 2 (pp) | 1160 > 1))

= u(@u()EL,(explH o Erlexp [Zéﬂz){K%(z)}]

1 1
M(ZI(T))M(Zz(T)) { ET €U (Pp)}l{UR > f}) . (4.3)

To complete the proof of Proposition 7, we simply note that
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Au
7(Z) = —2plogu(z) —2dx(p) , 4.4)

as follows from (x) in Section 0.3 and Proposition 3 via the relation u =
(vp/llv, l:2)®¢. After substituting (4.4) into the r.h.s. of (4.3) and using the
relations u> = p,, p = 0/«, Ly = {7/2T and >, L7(z) = 1, we obtain
the r.h.s. of (2.9).

We conclude this section with the following observation.

Lemma 12 The random walk driven bys, is ergodic withu® as the
reversible equilibrium.

Proof. Standard. The ergodicity of the transition probabilities immediately
follows from (4.7) and (4.9) below, which makes that u? is the unique
equilibrium. 0

4.2. Proof of Proposition 8

Proof. Consider the 1.h.s. of (2.17). First bound 1{£T € U:(p,)} from be-
low and above by 1{L, 7 € U¢,(5,¢)(Pp)} resp. {L; 1 € Ue,(5,¢)(Pp)} using
(2.16). Next substltute (2.12), as well as (2.14) with A= aQ—-¢/THn+
(t/T)L, and u = Lt 7, and write {0g > t}= {supp(L ) C Tg}. Next, let

Z ;1 denote the o -field generated by the two random walks on the time in-
terval [¢, T]. We can take the conditional expectation over the two random
walks on the time interval [0, 7] given %, r. Since lA,t,T is #; r-measurable,
this produces the two transition kernels as well as the product under the
expectation in the r.h.s. of (2.17). Finally, take the expectation over #; r
using the Markov property at time ¢ and shift [#, T] to [0, T — ¢]. 0

4.3. Proof of Proposition 9

Proof. (1) Fix¢t > 0 and R > 0. Note first that g > 0 because p, > 0 ev-
erywhere (see Lemma 13 in Section 5.1). Next, we have limy_, o, V7 ({7) =
0 as long as ¢r is bounded away from O and oco. This easily follows from
(0.10) and (2.15). Next, if 0 < € < eg then u € %.(p,) guarantees that
inf,cr, n(z) > 0. Together with supp(I:,) C Ty we therefore have that,
for ¢ fixed and T — oo, the first part of the inner product in the definition
of Yr(x,y; X, y; u;t, T) in (2.18) vanishes uniformly in X, y € T and
W € Uc(p,). The bounds in (2.19) are now easily obtained from the second
part of the inner product by using that |u(z) — p,(z)| < € forall z € z¢
when u € %(p,).
(2) By (4.1) and (4.4)
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P/ (x, %) = (S,(1)87) (x)

=2k (ox0[ - [ S zonas]izo =)
- Zg;Ex(exp [/Ot V(Z(s))ds]l{Z(t) = )z}) (4.5)

with V: Z¢ — R the potential (recall (4.4) and Proposition 3)
d

V() =20logu(x) +2dicx (p) =260 Y logu,(x') . (4.6)
i=1

Now, let (Sy(¢#):t > 0) be the semigroup associated with the generator
Gy = kA + V. Then, using the Feynman-Kac formula, we have

PY(x,%) = (—)(Sv(t)5 )(x) = ux )<8)m Sv()dz) , 4.7)

u(x) u(x)

and so
P/ (x,%) %(SX,Sv(t)&)
Py, %) (y, Sy (1)d5)

(4.8)

u(y)

with (-, -) the standard inner product.

The generator Gy is self-adjoint and Gyu = 0. Because V is bounded
from above and limy|, o, V (x) = —00, we know that Gy has a compact
resolvent R(A) = (A —Gy)~!in€? (Zd). From the semigroup representation
of R(A) (which holds for A sufficiently large) it is also clear that R()) is a
positive operator. Therefore, by the strict positivity of u, we see that 0 is the
largest eigenvalue of Gy and that this eigenvalue is simple. Moreover, the
compactness of R (1) tells us that the rest of the spectrum lies in (—oo, —Ag]
for some Ay > 0, the spectral gap.

Next, let IT denote the projection onto u, i.e., [1f = (u, fiu/(u, u).
Then, by the spectral theorem, we have

(8x, Sy(1)8z) = (B, I18%) + (dx, [Sv (1) — IT]8z)

_u(u(x)
()
Combining (4.8—4.9) we find
Pl(x,%) 1+ ;(;) O(M(X) e ™)

P,p(y,)z) 1+ u”(;) ( e e—hot)

+ 0™ (t > 00) . (4.9)

(t - o) . (4.10)
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Thus the ratio tends to 1 when the order term tends to zero. But, by (0.9)
and the fact that u(x) = []_[f: | Vo (Xi)1/ expld x (p)/p] (recall Proposition
3), this will be the case when |X;|log |X;| = o(¢) fori = 1, ..., d. Hence
we have proved the claim in (2.20).

(3) Because of the product property of the transition kernel

d
PP,y =P 'y forall x,yez’ 4.11)

i=1

it suffices to give the proof of (2.21) for d = 1. Moreover, because the two
random walks are independent, it suffices to prove the analogue statement
for one random walk. Thus, letting o = inf{s > 0: Z(s) ¢ [—R, R]}, we
must show that

lim  inf inf PP(og >t|Z()=%) =1 . (4.12)
t—>00 /i/loglogi=o0(R) XE[—R,R]
R=o(t/logt)

Fix x € Z and X € [—R, R]. By time reversal we have
PP(og <1|Z(t) =X) = P{(or <t|Z(1) = x)

_ Plor=t,Z(1) =x)
 PI(Z@M) =x)

(4.13)

The numerator equals

PLor =1, 2 = x) = B} (1{or < )P, (Z(t =) = O)limo,

4.14)
Since
PP(Z(t) =x) = PP(Z(t —s) = x)PP(Z(s) = x)
forallzeZ and 0 <s <t , 4.15)
and since by ergodicity
glg PP (Z(s)=x)=c>0, (4.16)
we obtain via (4.14) that
Pl(og <t|Z(t) = x)
< %Pf(aR <1 Pry1(Z(1) ;;X()ZZ)P;R;;(Z(I) = X) RT
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The quotient in the r.h.s. of (4.17) tends to 1 uniformly in x € [—R, R]
when t — oo and

RlogR =o(t) , (4.18)

as can be seen from (4.10) (use that u is unimodal and centered at 0). Hence,
to prove the claim in (4.12) it remains to show that P; (og < t)tends to zero
uniformly in X € [—R, R]. For this we shall want to let R grow sufficiently
fast with ¢, but it will turn out that (4.18) can still be met.

Let n, = inf{s > 0: Z(s) = z}. Then

Pl(og <t) < PP(ngs1 < 1)+ PL(n_p—1 < 1)

< PR(pe1 <)+ PPr(n_g—1 <1) (X €[-R,R)) .
4.19)

We shall only give the argument for the first term in the r.h.s. of (4.19), the
second term being similar.
For 0 < n < R, define the event

Apg., = the first R — n steps of the random walk go to the left. (4.20)

Then we can estimate

Pr(rs1 < 1) = PR([AraIY) + Pr(Mr+1 <1, Agn) . 4.21)

We begin by looking at the first term in the r.h.s. of (4.21). Let r(x)
be the probability that a step from x goes to the right. Then, by Theorem
21(3)(iii),

r(x) = (x > 00) .
4.22)

(Recall that u and v are linked as u = v/||v||2; the p-dependence is sup-
pressed from the notation.) Therefore for n — oo

vx+D[vix—1) ovx+1) - N
v(x) [ v(x) v(x) i| (2px log x)?

R R
1 1
Pp A n = 1— = —_— 1 1 —
% (ARon) x:|n+| (A =r) exp{ o ))x:§n+ﬁ1 Toar
4.23)
and it follows that
lim inf P,?(AR,n) =1 . 4.24)

n—o00 R>n
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Thus we have proved that the first term in the r.h.s. of (4.21) tends to zero
as n — oo uniformly in R > n.
Let us now turn to the second term in the r.h.s. of (4.21). Because

PR(Mry1 < t|Arn) < PP(Mgy1 < 1), (4.25)

we see from (4.24) that it suffices to show that the r.h.s. of (4.25) tends to
zero. By Markov’s inequality

R
PP(nry1 < 1) < igg eV’]j[Ef;(e‘V”M) : (4.26)

Next, starting from x the time 7, to reach x + 1 is bounded from below
by

Doyt = D &xk s (4.27)
k=1

where &, ; is the sojourn time at x prior to the k-th jump from x and v, is
the number of jumps from x going to the left before hitting x + 1. Now,
the &, ;’s are i.i.d. exponentially distributed with mean given by the second
factor in the r.h.s. of (4.22), while v, is geometrically distributed with mean
1/r(x). Hence the r.h.s. of (4.27) is exponentially distributed with mean
v(x)/v(x + 1). Therefore

1 - lv(x +1)
v(x) Ty v
vix+ 1)

Substitute (4.28) into (4.26), pick y = 1/R and n = |R/2], and use that
v(x + 1) /v(x) ~2pxlogx (x — 00), to arrive at

E)/C) (e—yﬂx+1) <

(4.28)
1+y

! R
Plrpy(Mrs1 < 1) < exp [§ -1+ 0(1))3 loglog R] , (4.29)

where o(1) holds for R — oo uniformly in ¢. The r.h.s. tends to zero as
R — 0o when

t = o(R*loglog R) . (4.30)

Combining (4.19), (4.21), (4.24-4.25) and (4.29), we have proved that the
Lh.s. of (4.19) tends to zero, provided (4.18) and (4.30) are met. The latter
are exactly what determines the restrictions on R and ¢ in (4.12). 0
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5. Functional analysis

In this section we analyze the variational problem () of Section 0.4 and its
relation to the nonlinear difference equation () of Section 0.3. Proposition
3 will be proved in Section 5.1, Theorem 2 in Section 5.2. Section 5.3
contains Lemma 16 and its proof. This lemma was already used in Section
3.1. Throughout most of this section p will be suppressed from the notation.

5.1. Proof of Proposition 3

Fix p € (0, o0) and let F;: 2; — [0, o] be the functional

Fy(p) = 1a(p) + pJa(p) (5.1
with 1, J; defined in (0.11-0.12) and 2, = 2(Z%). Then (x%) reads

1.
x(p) = 2 plgd Fa(p) . (5.2)

F, is lower semicontinuous in the weak topology. #, is not compact in
the weak topology, but with an easy argument we shall be able to show
existence of a minimum. However, the trouble with (5.2) is that Fj is the
sum of a (continuous) convex part, I;, and a (non-continuous) concave part,
pJ4. Therefore uniqueness of the minimum is a more subtle problem.

5.1.1. Analysis of ()

Lemma 13 (a) inf ,c», Fy(p) = dinf pcp, Fi(p).

(b) Let.#,; < 2, denote the set of minimizers Bf. Then.#, = (.#,)%.
(c) .My # B

(d) All p € .4, are strictly positive.

Proof. (a-b) See Girtner and Molchanov (1998), Lemma 1.8.
(c) For ease of notation we shall henceforth suppress the dimension index
1. The proof comes in 2 Steps.

Step 1For everyp € 2 thatis not unimodal and satisfig¥ p) < oo there
exists a permutatiop of p that is unimodal and satisfids(p) < F(p).

Proof. Werecallthat F = I+ pJ with I, J given by (0.11-0.12). The proof
is by induction. We show that if p is not unimodal and satisfies F'(p) < oo,
then there exists a permutation p’ of p such that:

(i) F(p") < F(p).
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(ii) p’ has a strictly larger domain of unimodality than p.

The argument is as follows. Let A = {u, ..., v} (u < v € Z) denote any
maximal interval such that p restricted to A is unimodal and max, ¢4 p(x) <
min,c4 p(x). Then clearly max{p(u — 1), p(v+1)}< min,c4 p(x). More-
over, since p is not unimodal, there existsaset B = {s,...,t} CZ\A(s <
t € Z) such that p is constant on B and max{p(u — 1), p(v+ 1), p(s — 1),
p(t + D}< p(s) < min,cs p(x). To obtain p’ from p, we move B to the
border of A, say from the right, and close up the hole it leaves behind. In
doing so, we loose three terms in /(p) and gain three terms in 7 (p’). Let
us abbreviate a = +/p(v), b = /p(s),c = /pw+1),d = /p(s —1),
e=+/pt+1)(a>b=>c,d,e). Then we easily compute

I(p)—1(p)={@a—c)+(d—b)*+(b—e)?
—{@=b*+®-0c)*+d-e?

=2a—-byb—c)+2b—d)b—e) >0 . (53)

On the other hand, J(p) = J(p’). Hence (i-ii) hold true.

By iterating the above contraction we obtain a sequence (p,),>1, with
p1 = p and p,.1 = (py), that is obviously pointwise convergent and
whose limit p obviously satisfies the claims made above (recall that F' is
lower semicontinuous). 0

Step 2inf F = min F.

Proof. Let (g,) be a minimizing sequence in 2, i.e., lim,_ o F(g,) =
inf ,e» F(p). We may assume that F(g,) < F(8) = 2 for all n, that
all g, are unimodal (by Step 1), and that all g, are maximal at zero (by
shift-invariance). It follows from the unimodality that ¢, (x) < 1/m for all
x ¢ [—m,m] and all m, n. Since —q,(x) log g,(x) > 0 for all x € Z and
all n, we have

plogm D gu(x)<—p Y gu(x)logg.(x)

xg[—m,m] xg[—m,m]

=pJ(gn) = Flgn) =2 . (5.4)

This gives a bound on ) —— (x) that is uniform in »n and therefore
proves that (g,,) is tight. 0

(d) The proof is by contradiction. Suppose that p € .# is not strictly
positive. Then there exists some xy such that p(xp) = 0 and p(xo + 1) +
p(xo—1) > 0.Fore € (0, 1), define p. € Z as pc = (1 —€)p +€6,,. One
easily deduces from (0.11-0.12) and (5.1) that
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F(py = (= F(p) +2]e = Vel = Voo — D+ Vplo+ 1]}
— pfeloge + (1 —e)log(l —€)} . (5.5

As € — 0, the term with v/e(1 — €) is dominant. Hence F (p.) < F(p) for
all € sufficiently small, so p ¢ 4.
This completes the proof of Lemma 13. 0

5.1.2. The link between (%) and (x)

Let
7, = (v € £2(Z): v solves (%)} . (5.6)

Lemma 14 (a) 7", # ¥ andinf,.7 [[v]le2 = min,c7, [|v]le.
(b) Let 7, be the set of minimizers {@). Then

M= {0 vlpiv € 77p) (5.7)
F@*/vllg) =2plogllvle (v ev,) . (5.8)
Proof. By a standard variational argument. 0

Lemmas 13-14 prove Proposition 3.

5.2. Proof of Theorem 2
5.2.1. Parts (1-2) and (3)(i—ii)

We already know from Lemmas 13—14 that (x) has a ground state, so Part
(1) is covered. Part (2) is immediate from Lemma 14(b) and the fact that
v2/|lv ||§2 satisfies the tightness property.

Lemma 15 Anyv € 77, satisfies

(@ 1 = vl < exp(l/p).

(b) If v(x) > v(y) for y = x + 1, x — 1 with at most equality at one point
thenv(x) > 1. Similarly with both inequalities reversed.

Proof. (a) By Lemma 14(b), 2plog|lvl;2 = inf,ey, F(p). The lower
bound follows because F > 0. The upper bound follows by picking the
trial function p = &, for which F(8y) = I(8¢) + pJ(S9) =24+ p -0 = 2.
(b) If x is a local maximum of v then Av(x) < 0. Hence 2pv(x) log v(x) >
0. Similarly for a local minimum. 0
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We know from Step 1 in the proof of Lemma 13 that v has the cluster
property, i.e., v is unimodal. A maximum of three or more points is not
possible, since (%) would give that v = 1, which is not in [?(Z). Thus we
have proved Part (3)(i). Part (3)(ii) now follows from Lemma 15(b). Indeed,
if there were an x such that v(x) < v(x + 1) = v(x +2) < v(x + 3),
then this would contradict v(x + 1) > 1 > v(x + 2). Similarly with the
inequalities reversed.

5.2.2. Parts (4) and (5)

We shall prove Part (4) for large p by contradiction. Suppose that (x) has

two ground states, vy, v2 € 7 ,, which are not translates of each other.

By shifting them we can always arrange that v;(0) = max, v;(x) > 1

(i =1, 2). Without loss of generality we may assume v;(0) > v,(0).
Define w and v; » by

w=v — U

lo — v lo
| +logu, = L0801 T V2082 (5.9)
V1 — 2

Since vy, v, both solve (x), we have
Aw 4+ 2pw(l +logv;2) =0 . (5.10)

Next note the following properties:

(i") vy, lies everywhere inbetween vy and v,.
(11/) Ulyz(O) > 1.
(iii") if p > 2/log(1 + e~2), then vy 2(x) < e~ ! forall x # 0.

Indeed, (i) follows from the mean value theorem, (ii’) follows from (i)

and v;(0) > 1 (i =1, 2), while (iii’) follows from (i'—ii’) and Lemma 15(a)

giving Y- o v7(x) < exp(2/p) —v7(0) < exp(2/p)—1 < 1/e* (i = 1,2).
Now argue as follows. From (iii’) together with (5.10) we get

w(x) and Aw(x) have the same sign for all x £ 0 . (5.1

At x = 0, on the other hand, (5.10) can be written as
w(l) +w(-1) = 2w(0){1 — p(1 +log vl,z(O))} . (5.12)

Suppose that w(0) > 0 (the case w(0) = 0 will be handled later). Then
(5.12) and (ii") imply w(1) + w(—1) < 0 (note that p > 2/log(l + e~?)
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>1). Without loss of generality we may assume w(1) < 0. Writing Vw(x) =
w(x) — w(x + 1) and using (5.11), we deduce

{Vw(O) >0 _ {Vw(l) > Vw(0) > 0

w(l) <0 w?2) <w() <0 . (5.13)

This implication can be iterated to yield that x — Vw(x) is strictly increas-
ing for all x > 0. This in turn implies that w(x) < w(0) —xVw(0) (x > 2)
and hence lim,_, o, w(x) = —o0o. But now we have a contradiction because
Vi1, Uy € ZZ(Z)

Finally, if w(0) = 0 then (5.12) gives w(1) + w(—1) = 0. It is not
possible that w(1) = w(—1) = 0. Namely, this would imply v;(x) = v,(x)
for x = 1,0, —1 and hence v; = v, because (x) is second order. Again,
without loss of generality we may assume w(l) < 0, and the argument
proceeds as before. This completes the proof of Part (4).

If v solves (%), then so does v defined by v(x) = v(—x). Hence the
uniqueness of the ground state, proved above, implies that v is symmetric
about its maximum at 0. This completes the proof of Part (5).

5.2.3. Part (3)(iii)

Define r(x) = v(x)/v(x + 1). This ratio satisfies the equation

o 24 r(x —1)=—2plogv(x) , (5.14)
r(x)

which can be rewritten in the forward form

1 x—1
s = K-ra=D2leg | [[rm | wzh 619

y=0

with K =2 —2plogv,(0). The unimodality of v, (Part (3)(ii)) implies that
r(x) > 1 (x > 0). It therefore follows from (5.15) that

x—1 x—1
(K=1)+2p) logr(y) <r(x—1) <K +2p ) logr(y) . (5.16)
y=0 y=0

By combining upper and lower bound we get

—14+2plogr(x) <r(x)—r(x—1)<14+2plogr(x) . 5.17)
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‘We must show that (5.17) implies r(x) ~ 2px logx (x — 00), as claimed.
We shall do this via a comparison with the continuous equation f’ =

2plogf.

Lower boundLet f: [xog, 00) — R™ be the solution of the differential
equation

f'=—142plogf, f(xo)=r(x) , (5.18)

where the starting point xg is to be chosen large enough so thatr (xg) > 2pV
exp(1/2p). Note that such an xy always exists because lim,_, o, 7 (x)= 00
(as is easily seen from (5.14) using that lim,_, o v(x) = 0 and r(x) > 1).
We shall first show that r(x) > f(x) for all x > x¢ and then that f(x) ~
2pxlogx (x — 00).

Since f(xg) > exp(1/2p), it follows from (5.18) that f is increasing.
Hence

FG) = fx—1) =/ Ly )

= / dy [-1+2plog f(y)]
x—1

<—142plogf(x) (x=>x90+1) . (5.19)

Define g: R — R by g(u) = u — (=1 + 2plogu). Then (5.19) can be
rewritten as f(x — 1) > g(f(x)). From the lower bound in (5.17), on the
other hand, we know that r(x — 1) < g(r(x)). Therefore we obtain

g (flx=1) = fx)
gl —D)<r(x) x=x+1) . (5.20)
Here we have used that g, g~ ! are strictly increasing on [2p, 00) and that
f,r = 2p on [xp, 00). The latter holds because f(xg) = r(xg) > 2p
and because f,r are both increasing (for r this follows easily from the
lower bound in (5.17) because r(xy) > exp(1/2p)). From (5.20) we get
the implication: r(x — 1) > f(x — 1)= r(x) > f(x), which proves
r(x) > f(x) (x = xo).

Define h: R — R by h(u) = [“dv/(—1 + 2plogv). Then (5.18)
gives W' (f) f’ = 1. Hence

h(f(x) —h(f(x0) =x —xo (x =Xxo) . (5.2

Since h(u) ~ u/2plogu (u — 00), it follows that f(x)/2plog f(x) ~
x (x = 00), which is the same as f(x) ~ 2pxlogx (x — 00).
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Upper boundDo a similar argument. First rewrite the upper bound in (5.17)
asr(x — 1) > g(r(x)) with g(u) = u — (1 + 2plogu). Next, define f to
be the solution of the differential equation

=g H-Ff flxo)=rxo) . (5.22)

Since u — g~ '(u) — u is asymptotically increasing and positive, we have

X X

dy f'(y) = f dy [g7'(fO) — fFD]

x—1

Feo - fe—1) =/

x—1

>g ' (fe—-D))—fx—1 (x=x+1),
(5.23)

provided xy is again chosen large enough so that r (x;) falls in the asymptotic
regime. Thus, we get precisely the reverse of (5.20), namely

g (fx—1) < fx)

g —1))=>r(x) . (5.24)

Hence r(x) < f(x) (x = xo). Finally, let 7 = [“dv/(g~'(v) — v). Then
again h'(f) f'= 1. Since g2 '(v) —v ~2plogv (v — 00), we again find
fx) ~2pxlogx (x — 00).

5.3. Finite approximation of«sx)

Lemma 16 below compares the variational problem (sx) on Z¢ with its
restriction to Ty = (=N, N]¢ N z¢ (with periodic boundary conditions).
Recall Section 0.4. Let I, J be the functionals on Q(Zd) defined in (0.11-
0.12). Let IV, JV be their analogues on 2(Ty). Put F = I + pJ and
FN = IV + pJN. Write 6: 2(Ty) — Q(Zd) to denote the canonical
embedding defined by &p = pon Ty and &p = 0O on 74\ Ty.

Let.#" € 2(Ty)and .4 C Q(Zd) be the sets of minimizers of F resp.
F. By compactness, .#" is non-empty. By assumptions A1-A2 in Theorem
1, . is non-empty and is a singleton modulo shifts. In the following we shall
write p" to denote an arbitrary centered element of .#" and p to denote
the uniquecentered element of .. Let %Y, %, be the e-neighborhoods of
N, in the £'-metric. Define

xN(p) = min F¥(pY),  x.(p) = inf F(p) (5.25)
pNeuy pEUe

and write x" (p), x (p) when € = 0.
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Lemma 16 Fix p € (0, 00).

(@) limy_o xV (0) = x(0).

(b) limy o 6PN — pller = 0 for any (p") =1

(c)6uY Cu forall 0 <€ <eandN > Ny(e — €).

(d) [N C [« ) forall 0 < e <€’ andN > Ny(e” — e).

(e) limsupy _, o, Xﬁ’(p) < xe(p)forall 0 < ¢ <e.

() liminf y_, o Xg(p) > xe(p) forall 0 < e < €”.

(&) xe(p) > x(p) forall e > 0.

(h) For p € 2(Z%) and S < Z¢, definep(S) = s p(z). Then for an
arbitrary partition {A, B} of Z¢

F(p) = x(p) —2dp(0AU9IB) — p[p(A)log p(A) + p(B)log p(B)] .
(5.26)

Similarly onTy foranyN > 1.

Proof. Suppress p from the notation.

(a) xV < x forall N:For p € 2(Z) let ™ p € 2(Ty) denote the pe-
riodization of p w.r.t. Ty. Then JV (" p) < J(p) by concavity. Moreover,
by the contraction principle,

IN#Np) = inf 1(q) . (5.27)

qe?(X") 7N g=n"p

M= inf [IN@Vp)+psN@¥p) < inf [I(p)+pl(P]=x .
per(X®) pe?(Z")
(5.28)

liminfy_o xV > x: Forall pV € 2(Ty) we have

0<1pV)—1"(p")y<d Y pN@. JEp")=T1"p") . (5.29)

z€dTy

as is easily deduced from (0.12-0.13). (The upper bound estimates the sum
of p(x) 4+ p(y) over all x, y connected by a bond that is ‘cut open’.) Hence

0<FEp")—F¥pM)y<d ) pV@) . (5.30)
z€dTy

We have proved in Section 5.1.1 that p is a product measure with all its
marginals unimodal. The same argument works for p" without modifica-
tion. Thus we know, in particular, that

> V@) < 0TI/ ITv] (5.31)

zedTy
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It therefore follows that

xV = FN(pN) > F(6p™) —d|dTn|/|Tn] = x — d|dTy|/|Ty| . (5.32)

Take the limit N — oo to get the claim.

(b) The unimodality of p" implies that (& p")y~ is tight. Let (N;) be
any subsequence such that & p¢ — pin ¢! for some p € 2(Z%) ask — oo.
With the help of (5.30-5.31) and the lower semicontinuity of F', we get

liminf F¥(p™) = liminf F(¢p™) > F(p) . (5.33)
k— 00 k— 00

Since the Lh.s. is x by (a), it follows that p is a minimizer of F. Hence
p = p, proving the claim.

(c) For x € Z9, let 6,: 2(Z%) — 2(Z%) denote the x-shift defined by
@yp)(y) = p(x +y). Forevery p € ,@(Zd) we have

16:p — pller < 16:p — "l +16pY — pller (5.34)

Take the infimum over x on both sides to obtain that p ¢ #. — p ¢
é”‘/’llév_ sy Withéy = ||& pN — pllgr. The claim now follows from (b).

(d) For x € Z¢, let ON: 2(Ty) — 2(Ty) and OV: 2(Z%) — 2(Z7)
denote the N-periodic x-shifts defined by

@Y pM)(») = pV(x + y (mod Ty))

px+y(@modTy)) yeTy

0¥ p)y) =
CPO =170 yeZ\Ty .

(5.35)

We obviously have
60N =0Y.6 on 2(Ty) . (5.36)

Moreover, it is easy to see that for any x € Z? and for any p, g € 2(Z%)
with support in Ty

160 —gllo = 16 p —qlle - (5.37)

Combining (5.36-5.37), we get that for any p" € 2(Ty)

16:6p" — &pV o > 10N p™ — pN |0 = 166N p" — 6V |0 (5.38)

and hence
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16:6pY — Pl > 160N pY — 6pN | — S (5.39)

with 8y = ||€pY — pll,. Take the infimum over x on both sides to obtain
that £pV € é”‘[d?/év,,]c — &pV € [#cr—5,]°. The claim now follows from
(b).

(e) From (c) and the inequality FY (p") < F(&p") (recall (5.30)) we
get

x) = min FN(p") < min_ F(&pY) < 1nf F(p)=xc . (5.40)
pNea pNeu

_N . . . . N _ .
(f) Let p_, denote an arbitrary centered minimizer for x_, = min pN g,

FN(p™) (which exists by compactness). Then there exists some y =
y(pY) € Ty such that

Y O) Py ) < 19Ty l/ITy] (5.41)

z€0Ty

and hence

x) =FYph) = FN(GNpE,,) > F(o‘@NpE,,) d|dTy|/|Ty|  (5.42)

(compare with (5.31-5.32)). Because H;V ¢ b, o, it follows from (d) that
for N sufficiently large

F(60)'pa) = Xe - (5.43)

Now combine (5.42-5.43) and let N — oo, to get the claim.
(g) We shall need the following property, which will be proved at the
end:

Any centered minimizing sequence for y = min F(p) is tight .

pe?(Z?)
(5.44)
Suppose that x = x. for some € > 0. Let (p. ,) be any centered minimizing
sequence for (5.25). Then, by (5.44), this sequence is tight. Hence p. ,
converges to some p. ¢ %. along some subsequence. Because F' is lower
semicontinuous, it follows that x = x. > F(p.). But this in turn implies
that p. is some shift of p, which contradicts p. ¢ %.. Thus we must have
Xe > x for all € > 0, as claimed.
It remains to prove (5.44). Let (p,) be any centered sequence that is not
tight. Then there exist sequences (ny), (N¢) and some § > 0 such that
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D@ =a=8 Y pu@=b =5,

z€Ty, ZEZd\TNk

Y @ =a (5.45)

2€dTy, Ud(Z\Ty,)

with limy_, o ¢y = 0. Define

’ 1 " 1
Pr = apnleNk’ Pr = b_kp”klzd\TNk ’ (5.46)

Then we have (compare with (5.29))
I(p,) = I(arp; + bepy) = ard (py) + bl (py) — dcy
J(py,) = J(axpy + bipy)

= akJ(p,/c) + ka(p]/c/) — dg log ayp — bk IOg bk . (547)
Hence

F(pn) = 1(py) + pJ(py,)
> arF(py) + b F(py) — dci — plag log ai + by log by ]

> x —dcy — plarlogay + by log by ] (5.43)

(ax + by = 1). But ¢4, — 0 and both a; and b, are bounded away from 0
and 1. Therefore liminfy_, o F(p,,) > x, and so we conclude that (p,) is
not minimizing.

(h) Same as the argument in (5.45-5.48). 0
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