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Summary. Let �Xt; t 2 Z� be a linear sequence with non-Gaussian innova-
tions and a spectral density which varies regularly at low frequencies. This
includes situations, known as strong (or long-range) dependence, where the
spectral density diverges at the origin. We study quadratic forms of bivariate
Appell polynomials of the sequence �Xt� and provide general conditions for
these quadratic forms, adequately normalized, to converge to a non-
Gaussian distribution. We consider, in particular, circumstances where
strong and weak dependence interact. The limit is expressed in terms of
multiple Wiener-ItoÃ integrals involving correlated Gaussian measures.
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1 Introduction

We pursue the study, started in Giraitis and Taqqu [12], of the asymptotic
distribution of quadratic forms

Probab. Theory Relat. Fields 110, 333±367 (1998)

wThe second author was partially supported by the NSF Grants DMS-9404093 and NCR-

9404931 at Boston University. The ®rst author was supported by the NSF Grant NCR-9404931

and the ESRC Grant R000235892. He would like to thank Boston University for its hospitality.

Key words and phrases: Appell polynomials-Non-central limit theorem-Long-range dependence-

Quadratic forms-Time series.



QN :�
XN

t;s�1
b�t ÿ s�Pm;n�Xt;Xs� �1:1�

in bivariate Appell polynomials Pm;n, as N !1. Here

Xt :�
X
u2Z

a�t ÿ u�nu; t 2 Z �1:2�

is a linear sequence. The weights a�u� of the linear sequence satisfyP
u a2�u� <1 and the innovations nu's are i.i.d. random variables with zero

mean, variance 1 and ®nite 2�m� n�-th moment so as to ensure that
EP 2

m;n�Xt;Xs� <1.
The case m � n � 1 which corresponds to Pm;n�Xt;Xs� � XtXs ÿ EXtXs,

was studied by Fox and Taqqu [3] when fXtg is Gaussian and by Giraitis and
Surgailis [8] when fXtg is a linear sequence of the form (1.2). The corre-
sponding limits of QN are either Gaussian or non-Gaussian depending on the
behavior at the origin of both the spectral density f �x� � 2pjâ�x�j2; ÿp <
x < p of fXtg and the Fourier transform b̂�x� of the kernel fb�t�g. Speci®-
cally, if â�x� � �jxjÿaL�1=jxj��1=2 and b̂�x� � jxjÿbL1�1=jxj�, where L and L1 are
slowly-varying functions at in®nity, then QN converges to a normal distri-
bution if a� b < 1=2 and to a non-normal distribution if a� b > 1=2.

These results have been used to derive the asymptotic behavior of the
Whittle estimator of a (Fox and Taqqu [4], Giraitis and Surgailis [8]). The
parameter a is of interest because it measures the ``intensity'' of long-memory
in the sequence fXtg. We shall say that fXtg is strongly dependent if a > 0 and
weakly dependent if a � 0. In the case of strong dependence the spectral
density f �x� of fXtg blows-up at the origin.

Terrin and Taqqu [18] started the investigation of the non-linear case
(1.1), where Pm;n; m� n > 2, is an Appell polynomial of the linear sequence
Xt. Appell polynomials are natural in this context because they are adapted
to the distribution of Xt. In this paper, we weaken the assumptions of Terrin
and Taqqu (replacing the assumption on â by one on f ) and deal with all
possible cases where the limit is non-Gaussian, including the particularly
delicate situations where strong and weak dependence interact (see Case �A2�
in Section 2). We also include the cases m � 0 or n � 0. The limits are ex-
pressible as multiple Wiener-ItoÃ integrals with correlated Gaussian measures.
This paper, together with [12, 10] which focus on the central limit theorem,
thus provides a complete description of the asymptotic behavior of the
quadratic form QN as N !1.

Extensions to functional limit theorems appear in Giraitis and Taqqu
[11]. For applications to Whittle estimation, see Giraitis and Taqqu [9].
Related papers include Taqqu [16], Dobrushin and Major [2], Major [15],
Avram and Taqqu [1], Giraitis and Surgailis [6, 7], Terrin and Taqqu [17],
Ho and Hsing [13], Koul and Surgailis [14].

The paper is structured as follows. Section 2 contains the de®nition of the
Appell polynomials, the precise assumptions on the spectral density f �x� of
Xt and on the kernel fb�t�g in (1.1), as well as the statements of the main
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theorems. Theorem 2.1 deals with the case m; n > 1 and Theorem 2.2 with the
case where either m or n is zero. Theorem 2.3 provides a multivariate gen-
eralization. The proof of the theorems are given in Section 3. These proofs
use a number of propositions presented in Section 4 that reduce the problem
to the weak convergence of step functions approximations. The weak con-
vergence of these approximations is established in Section 5.

2 Assumptions and results

We start with a de®nition of the multivariate Appell polynomials

Pn1;...;nk �Xt1 ; . . . ;Xtk � �: Xt1 ; . . . ;Xt1|�������{z�������}
n1

; . . . ;Xtk ; . . . ;Xtk|�������{z�������}
nk

:; n1; . . . ; nk � 0; 1; . . .

The alternate notation ``: . . . :'', called Wick product, is convenient and we
shall use it as well (the indices in P correspond to the number of times that
the variables in ``: :'' are repeated). The Appell polynomials Pn1;...;nk can be
de®ned by P0;...;0 � 1 and the recurrence relations

@

@xj
Pn1;...;nk �x1; . . . ; xk� � njPn1;...;njÿ1;...;nk �x1; . . . ; xk� ;

EPn1;...;nk �Xt1 ; . . . ;Xtk � � 0 :

The ®rst relation indicates that these polynomials behave like power func-
tions. The second relation provides the constants of integration and relates
the polynomial to the joint distribution of the Xt's. The multivariate Appell
polynomials can also be de®ned by the generating function

X1
n1;...;nk�0

zn1
1

n1!
. . .

znk
k

nk!
Pn1;...;nk �x1; . . . ; xk� � exp�Pk

1 zjxj�
E exp�Pk

1 zjXtj�

(see [1], [6] for more details). The univariate Appell polynomials

Pm�Xt� �: Xt; . . . ;Xt|������{z������}
m

:�: X �m�t : �2:1�

were considered by Avram and Taqqu [1], Giraitis and Surgailis [6]. If Xt is
Gaussian, then Pn�Xt� is the Hermite polynomial. Among all Appell poly-
nomials, the Hermite polynomials are the only ones that are orthogonal. In
spite of their lack of orthogonality, the multivariate Appell polynomials
possess nice probabilistic properties such as the diagram formula for mo-
ments and cumulants. We are interested here in the bivariate Appell poly-
nomials

Pm;n�Xt;Xs� �: Xt; . . . ;Xt|������{z������}
m

;Xs; . . . ;Xs|������{z������}
n

: : �2:2�
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In Giraitis and Taqqu [12] we found conditions for QN to satisfy the
central limit theorem (CLT). We focus, in this paper, on non-central limit
theorems (NCLT) for QN . We assume that1

f �x� � 2pjâ�x�j2 � jxjÿaL�1=jxj�; as x! 0 �ÿ1 < a < 1� ; �2:3�
b̂�x� � jxjÿbL1�1=jxj�; as x! 0 �ÿ1 < b < 1� �2:4�

where f �x�; x 2 �ÿp; p� is spectral density of the sequence �Xi�; b̂�x�;
x 2 �ÿp; p� is a real even function de®ned by the relation

b�t� �
Z
�ÿp;p�

eitxb̂�x�dx; t 2 Z

and L; L1 are slowly varying functions at in®nity, i.e. L�tx�=L�t� ! 1; t!1
for any ®xed x > 0. We assume that f �x� and b̂�x� are bounded in p > jxj > e
for any e > 0, that is, if they diverge, they can do so only at the origin.
(Terrin and Taqqu [18] make the stronger assumption â�x� �
jxjÿa=2L1=2�1=jxj�).

Let

dm�a� :� 1ÿ m�1ÿ a�; �m � 1� : �2:5�
The number dm�a� in (2.5) characterizes the dependence structure of the
sequence �: X �m�t :�t2Z: It is easy to prove that if dm�a� < 0 then : X �m�t : has a
continuous spectral density wm�x�; x 2 �ÿp; p�; while if dm�a� > 0, then
wm�x� � jxjÿdm�a�L�m��1=jxj� as x! 0, where L�m� is a slowly varying function
at in®nity, that is, the spectral density um�x� diverges at the origin. Thus, the
cases dm�a� < 0 and dm�a� > 0 correspond to the weak and strong depen-
dence of : X �m�t : :

Set now

d�m �a� :� a; if m � 1
max�dm�a�; 0�; if m 6� 1 ,

�
�2:6�

and

c :� d�m �a� � d�n �a� � 2b : �2:7�
Giraitis and Taqqu [12] studied situations where QN satis®es the Central
Limit Theorem (CLT) with c < 1 (Theorem 2.4). Our goal is to analyze what
happens when c > 1. But we also treat the case c > 0 in Theorem 2.2.

We assume for convenience that 1 � m � n and dm�a� 6� 0; dn�a� 6� 0
when m; n � 2. We have to distinguish between ``components'' : X �m�t : that
are linear �m � 1; : X �m�t :� Xt� and non-linear �m � 2� and also between
components that are weakly dependent �dm�a� < 0� and strongly dependent

1 We use the notation:

a�t� �
Z
�ÿp;p�

eitxâ�x�dx; t 2 Z
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�dm�a� > 0). We will consider the boundary case dm�a� � 0 only when m � 1.
(Then 0 � d1�a� � a, that is, f �x� � L�1=jxj� in (2.3).)

We have to distinguish between three situations:

�A1� either m � n � 1;
or 1 � m < n and dn�a� > 0;
or 2 � m � n; and dm�a� > 0; dn�a� > 0;

�A2� either 1 � m < n and dn�a� < 0 �case �A02��;
or 2 � m � n and dm�a� > 0; dn�a� < 0;

�A3� 2 � m � n and dm�a� < 0; dn�a� < 0 :

In the case �A1�, each component : X �m�t : and : X �n�t : is either linear or it is
non-linear and strongly dependent. In case �A2�, : X �m�t : satis®es the same
condition as in (A1) but : X �n�t : is non-linear and weakly dependent. In case
�A3�, both components are non-linear and weakly dependent.

To characterize the limit as N !1, introduce a vector�
Z�1��dx�; Z�m��dx�; Z�n��dx�

�
�2:8�

whose components are complex-valued Gaussian measures Z�1��dx�, Z�m��dx�
and Z�n��dx� with zero mean such that

EZ�l��dx�Z�l0��dy� � 0 if x 6� y; l; l0 � 1;m; n

EZ�l��dx�Z�l0��dx� � v�l; l0�dx ;

where

v�1; 1� � 1;

v�1; l� � Cov�n0; : X �l�0 :� if 2 � l; l � m; n;

v�l; l0� � wl;l0 �0� if l; l0 � 2 and either equal to m or n :

The Gaussian measures Z�m��dx� and Z�n��dx� will be used in the weakly
dependent cases dm�a� < 0 and dn�a� < 0 respectively. The cross spectral
density wm;n�x� of the vector �: X �m��t� :; : X �n��t� :� is then continuous at the
origin. Its expression is given in (5.20). In the special case

â�x� � �f �x�=2p�1=2 � �jxjÿa=2 L�1=jxj��1=2 �x! 0� �2:9�
considered in Terrin and Taqqu [18], one can show that

wm;n�0� � �1=2p�
X

t

Cov�: X �m�t :; : X �n�0 :� : �2:10�

The joint vector (2.8) is now well de®ned. We will need

Z�1� in case �A1�; �Z�1�; Z�n��; n � 2 in case �A2�;
�Z�m�; Z�n��; 2 � m � n in case �A3� :
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Note that Z�1� has the standard covariance

EZ�1��A�Z�1��B� �
Z

A\B
dx ;

but Z�n�; n � 2, has covariance

EZ�n��A�Z�n��B� � wn;n�0�
Z

A\B
dx :

Moreover, in case �A2�, the joint covariance of �Z�1�; Z�n��; n � 2 is

EZ�1��A�Z�n��B� � Cov�n0; : X �n�0 :�
Z

A\B
dx ;

and in case (A3), for �Z�m�; Z�n��; 2 � m � n,

EZ�m��A�Z�n��B� � wm;n�0�
Z

A\B
dx :

Finally, de®ne

L��N� �
L�N�m�nL21�N�; in case A1;

L�N�mL21�N�; in case A2,

L21�N�; in case A3 . (2.11)

8><>:
Theorem 2.1 (Non-central limit theorem). Suppose m � 1, n � 1 and

c � d�m �a� � d�n �a� � 2b > 1 : �2:12�
(In the case �A02�, suppose also that (2.9) holds.) Then, in the cases �Aj�,
j � 1; 2; 3, as N !1,

1������������������
N cL��N�p QN )

d
Z�j�m;n ; �2:13�

where

Z�1�m;n �
Z
Rm�n

U0

Xm

i�1
xi;
Xm�n

i�m�1
xi

 !
jx1jÿa=2 . . . jxm�njÿa=2Z�1��dx1� . . . Z�1��dxm�n�;

Z�2�m;n�
Z
Rm�1

U0

Xm

i�1
xi; xm�1

 !
jx1jÿa=2. . . jxmjÿa=2Z�1��dx1� . . . Z�1��dxm�Z�n��dxm�1�;

Z�3�m;n �
Z
R2

U0�x1; x2�Z�m��dx1�Z�n��dx2� :

Here

U0�x1; x2� :�
Z
R

K0�x1 � u�K0�x2 ÿ u�jujÿb du ; �2:14�

and

K0�x� :� eix ÿ 1

ix
: �2:15�

338 L. Giraitis et al.



Observe that the function U0 which appears in the integrand of Z�j�m;n is
always bounded. The limits Z�j�m;n are represented as multiple Wiener-ItoÃ in-
tegrals (see, for example, Major [15] for a de®nition).

To shed some light on Theorem 2.1, recall that the limiting distribution of
properly normalized sums

PN
t�1 : X m

t : may be represented by a 1- or m-tuple
Wiener-ItoÃ integral (see Giraitis [5], Giraitis and Surgailis [7]), respectively.
The limiting distribution of QN has a much more complicated structure. As
Theorem 2.1 indicates, it is represented by a multiple Wiener-ItoÃ integral
whose order depends on whether : X �m�t : and : X �n�t : are strongly dependent.
A strongly dependent component : X �m�t : contributes an m-fold integral to
the limit, and a weakly dependent component : X �m�t : contributes a single
integral.

In the next theorem we study the asymptotic behavior of the quadratic
form QN (1.1) when m � 1 and n � 0, that is, when

QN :�
XN

t;s�1
b�t ÿ s�Pm�Xt� : �2:16�

In this case, Pm;0�Xt;Xt� � Pm�Xt� �: X �m�t : is the univariate Appell polyno-
mial, and the parameter c in (2.7) becomes c � d�m �a� � 1� 2b.

The following theorem addresses the cases:

�A4� m � 2; n � 0; dm�a� < 0;
�A5� either m � 1; n � 0;

or m � 2; n � 0; dm�a� > 0:

We set L��N� � L21�N� in the case (A4) and L��N� � Lm�N�L21�N� in the case
(A5).

Theorem 2.2 Assume m � 1, n � 0, and

0 < c � d�m �a� � 1� 2b : �2:17�
Then as N !1,

�N cL��N��ÿ1=2QN )
d

Z�j�m;0 �2:18�
in the cases �Aj�; j � 4; 5. The limit Z�4�m;0 is Gaussian:

Z�4�m;0 � wm�0�
Z
R

U0�x; 0�Z�dx� ; �2:19�

but the limit Z�5�m;0 is non-Gaussian:

Z�5�m;0 �
Z
Rm

U0�x1 � � � � � xm; 0�jx1jÿa=2 . . . jxmjÿa=2Z�dx1� . . . Z�dxm� : �2:20�

Here wm�0� is the spectral density of : X �m�t : at the origin and Z�dx� is a
complex Gaussian random measure with EjZ�dx�j2 � dx.

Using the notation of Theorem 2.1, Z�4�m �
R

U0�x; 0�Z�m��dx� and, in
Z�5�m;0; Z�dx� � Z�1��dx�.
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Theorem 2.2 implies that both the CLT and non-CLT can be valid with
the normalizing factor Nÿc0 , 0 < c0 < 1. Whether the limit Zm;0 is Gaussian or
not is determined by the dependence type of the variables Pm�Xt� �: X �m�t :;
t 2 Z. It is Gaussian if Pm�Xt�; t 2 Z has weak dependence (d�a� < 0) and
non-Gaussian (given by the stochastic Wiener-ItoÃ intergral) if Pm�Xt�; t 2 Z is
strongly dependent �d�a� > 0�.

The following example provides a ``non-CLT'' with the classical nor-
malization

����
N
p

.

Example 2.1 Suppose that all slowly varying functions equal 1, m � 2,
1ÿ 1=m < a < 1, so that dm�a� � 1ÿ m�1ÿ a� > 0. Choose b � ÿdm�a�=2.
Then c � 1 and

1����
N
p QN )

d
Z�5�m;0

where Z�5�m;0 is a non-Gaussian random variables given by (2.20).

Remarks

1.1. Theorem 2.1 in the case �A1� was proved by Taqqu and Terrin ([18],
[17]), for dm�a� > 0 and dn�a� > 0 and with condition (2.3) on the
spectral density f �x� � 2pjâ�x�j2 replaced by the stronger assumption
â�x� � jxjÿa=2 L�1=jxj� �x! 0�: This stronger condition was not really
needed because the proof in [18] uses only conditions on the behavior of
the spectral density f �x� � 2pjâ�x�j2; around the origin.

1.2. Case �A4� involves dm�a� < 0 and excludes m � 1. It is instructive,
however, to try to apply it to the case m � 1. In order to do so, one has
to use the de®nition of d�m �a� for m > 1, hence rede®ne d�1 �a� as
max�d1�a�; 0� � max�a; 0� � 0. Then the c in (2.12) becomes c� � 0�
1� 2b. This c� is greater than the c � a� 1� 2b which is used in �A5�
with the standard de®nition (2.6) of d�1 �a�. The corresponding nor-
malization N c�=2 is thus too high and the limit in (2.13) ought to be 0.
This is indeed the case since w1�0� � 0 implies a limit of Z�4�1;0 � 0. By
using the correct case, namely �A5�, one would normalize by N c=2 and
obtain the non-degenerate Gaussian limit Z�5�1;0 .

1.3. We do not consider the cases c > 1 when either m � 2, dm�a� � 0 or
n � 2; dn�a� � 0. These are boundary cases. We conjecture, that in these
cases, (2.13) holds with the norming factor Nÿc=2L0�N�; where L0�N� is a
slowly varying function.

1.4. The boundary case c � 1 was considered in Theorem 2.2 when m � 1
and n � 0. We conjecture that if c � 1 and m; n � 1, then the CLT holds.

1.5. Theorems 2.1 and 2.2 involve Wiener-ItoÃ integrals Z�j�m;n; j � 1; . . . ; 5. Let
F �j� denote the (non-random) integrand of Z�j�m;n. The condition
kF �j�kL2 <1, which ensures the existence of the Wiener-ItoÃ integral, is
proved in the Appendix.

1.6. Under the assumptions of the Theorems 2.1 and 2.2 the ®nite-dimen-
sional distributions of f�N cL��N��ÿ1=2Q�Nt�; t � 0g converge to those of
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fZ�j�m;n�t�; t � 0g in the cases j � 1; . . . ; 5, respectively. The limits �Z�j�m;n�t��
are obtained by replacing, in the de®nition of the limits Z�j�m;n � Z�j�m;n�1�,
the kernel 2.14 U0�x1; x2� by the kernel

Ut�x1; x2� :�
Z
R

Kt�x1 � u�Kt�x2 ÿ u�jujÿb du ;

where

Kt�x� :� eitx ÿ 1

ix
:

1.7. For functional limit theorems, see Giraitis and Taqqu [11].

Multivariate extension

We now provide a multivariate generalization of the Theorems 2.1 and 2.2
Suppose we have k � 1 quadratic forms

Q�l�N :�
XN

t;s�1
bl�t ÿ s�Pml;nl�Xt;Xs�; �ml � nl � 1�; l � 1; . . . ; k

where �Xj� is the linear sequence (1.2) whose spectral density has the as-
ymptotic behavior (2.3) and where the weights bl�:� are Fourier coe�cients
of the functions b̂l�x�; jxj � p,bbl�x� � jxjÿbl Ll�1=jxj�; jxj � p; �jblj < 1� l � 1; . . . ; k ;

where Ll; l � 1; . . . ; k are slowly varying functions.
Assume Ejn0j2�ml�nl� <1, in order to ensure that Q�l�N has ®nite second

moments for all l. Let

cl � d�ml
�a� � d�nl

�a� � 2bl; l � 1; . . . ; k �2:21�
and L�l �N�, l � 1; . . . ; k be de®ned as L��N� in (2.11), but replacing L1�N� by
Ll�N� respectively. Under the assumptions of Theorems 2.1 and 2.2 each of

the quadratic forms Aÿ1=2N ;l Q�Nt�, l � 1; . . . ; k; normalized by AN ;l � N cl L�l �N�
converges to the limit �I �l�t �t�0 � �Z�j�ml;nl��t�0 in cases j � 1; . . . ; 5. The indexes
l and t in I �l�t indicate that the parameter b in the de®nition of the integral
Z�j�m;n is replaced by bl and the kernel K0�x� by the kernel Kt�x�.
Theorem 2.3 Suppose that each of the quadratic form Q�l�N ; l � 1; . . . ; k
satis®es the assumption of the Theorem 2.1 or 2.2. Then, for any t1; . . . ; tk � 0,�

Aÿ1=2N ;1 Q�1��Nt1�; . . . ;Aÿ1=2N ;k Q�k��Ntk �
�
)
�

I �1�t1 ; . . . ; I �k�tk

�
�N !1� : �2:22�

The proof of Theorem 2.3 can be derived in the same way as that of
Theorems 2.1 and 2.2.
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3 Proof of the theorems

Since Theorem 2.2 involves the particular case n � 0, and since its proof is
related to that of Theorem 2.1, we combine the proofs of these two theorems.
Set

UN �u1; u2� :�
Z
�ÿp;p�

DN �u1 � y�DN �u2 ÿ y�b̂�y�dy ; �3:1�

where

DN �x� :�
XN

t�1
eitx

 !
eÿi�N�1�x=2 � sin�Nx=2�

sin�x=2�
is the Dirichlet kernel. Applying the multilinearity of Pm;n�Xt;Xs� we can write
(see Giraitis and Taqqu [12], Section 4 or Giraitis and Taqqu [10], Section 3):

QN �
X

u1;...;um�n2Z
dN �u1; . . . ; um�n� : nu1 ; . . . ; num�n

: �3:2�

where

dN �u1; . . . ; um�n� :�
XN

t;s�1
b�t ÿ s�a�t ÿ u1� � � � a�t ÿ um�

� a�sÿ um�1� � � � a�sÿ um�n�
�
Z
�ÿp;p�m�n

ei�u1x1�����um�nxm�n�d̂N �x1; . . . ; xm�n�dm�nx

and

d̂N �x1; . . . ; xm�n� :� â�x1� . . . â�xm�n�ei
�N�1�

2 �x1�����xm�n�

� UN �x1 � � � � � xm; xm�1 � � � � � xm�n� ;
�3:3�

where UN is de®ned in (3.1).
If n � 0, we interpret UN �x1 � � � � � xm; xm�1 � � � � � xm�n� as UN �x1 � � � �

� xm; 0�, and set

d̂N �x1; . . . ; xm� :� â�x1� . . . â�xm�ei
�N�1�

2 �x1�����xm�UN �x1 � � � � � xm; 0� : �3:4�
In order to make explicit the dependence in (3.2) of the quadratic form QN on
the weights dN or bdN , we shall often write QN �dN � or QN �bdN �.

Our goal is to ®nd the asymptotic behavior of QN �bdN �, adequately nor-
malized.

3.1. Approximation by step functions

We ®rst approximate UN in (3.3) by ``step functions''.
If dm�a� > 0 and m � 2 (or dn�a� > 0; n � 2), that is, if : X m

t : (or : X n
t :) in

(2.2) are strongly dependent, we shall focus on the components â�xi� of d̂N

with xi close to the 0. Here, 1 � i � m (or m� 1 � i � m� n).
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In the case dm�a� < 0; m � 2, which corresponds to weak dependence of
: X �m�t :, the local behaviour of â�xi� does not play any role and we shall
discard a small neighborhood of xi � 0. The function â�xi� will be bounded
outside that interval.

We divide now the interval TK :� �ÿK;ÿ1=K� [ �1=K;K�, K > 0 into lK

smaller intervals. Let t0 � 1=K < t1 < � � � < tlK � K, tl :� t0 � hl,
l � 1; . . . ; lK . Set Dl � �tlÿ1; tl�;Dÿl � �ÿtl;ÿtlÿ1�; l � 1; . . . ; lK . We assume
that the mesh size

h � hK :� K ÿ Kÿ1

lK
! 0 as K !1 : �3:5�

Let D�1�K � fDl; l � 1; . . . ; lK ;ÿ1; . . . ;ÿlKg denote the set of intervals Dl

whose union is TK . When d � 2, let D�c�K � fDl1 � � � � � Dlc : Dli 2 D�1�K ;
li 6� �li0 if i 6� i0g, denotes the collection of the mini-cubes fDg � Dl1
� � � � � Dlc of the c-dimensional cube T c

K � TK � . . .� TK where ``diagonals''
Dli � �Dli0 have been excluded.

For each mini-cube fDg, we introduce the constants C�j�D for each of the
cases �Aj�; j � 1; . . . ; 5:

C�1�D � C�1�Dl1�...�Dlm�n
� U0

Xm

i�1
tli ;

Xm�n

i�m�1
tli

 !
;

C�2�D � C�2�Dl1�...�Dlm�Dlm�1
� U0

Xm

i�1
tli ; tlm�1

 !
;

C�3�D � C�3�Dl1�Dl2
� U0 tl1 ; tl2� �;

C�4�D � C�5�Dl1
� U0 tl1 ; 0� �;

C�5�D � C�4�Dl1�...�Dlm
� U0

Xm

i�1
tli ; 0

 !
;

where U0 is de®ned by (2.14).
Finally, we introduce the renormalized step functions U�j�N ;D where

j � 1; 2; 3 denote the case �A1�, �A2�, �A3� of Theorem 2, respectively. Set

U�1�N ;D�x1; . . . ; xm�n� �
X

D2D�m�n�
K

C�1�D

Ym�n

k�1
`�Nxk 2 Dlk � ; �3:6�

U�2�N ;D�x1; . . . ; xm�n� �
X

fDg2D�m�1�K

C�2�D

Ym
k�1

`�Nxk 2 Dlk �

� ` N
Xm�n

i�m�1
xi

 !
mod 2p

" #
2 Dlm�1

 !

�
Ym�n

i�m�1
`�jxij > 1= lnN�; �3:7�
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U�3�N ;D�x1; . . . ; xm�n� �
X
fDg2D�2�K

C�3�fDg � `
 

N

" Xm

i�1
xi

 !
mod 2p

#
2 Dl1 ;

N

 Xm�n

i�m�1
xi

!
mod 2p

" #
2 Dl2

!Ym�n

i�1
`�jxij > 1= lnN� ;

�3:8�
where U0 is de®ned by (2.14).

If the assumptions of Theorem 2 are satis®ed, i.e. m � 1; n � 0, we use the
following step functions instead:

In the case �A4�, that is dm�a� < 0, m � 2, we set

U�4�N ;D�x1; . . . ; xm� :�
X

Dj2D�1�K

C�4�D ` N
Xm

i�1
xi

 !
mod 2p

" #
2 Dj

 !

�
Ym
j�1

`�jxjj > 1= lnN� �3:9�

and denote by Z�4�m;0 the Gaussian limit Zm;0 in (2.19).
In the case �A5�, that is dm�a� > 0, we set

U�5�N ;D�x1; . . . ; xm� :�
X

fDg2D�m�K

C�5�fDg
Ym
k�1

`�Nxk 2 Dlk � ; �3:10�

and denote by Z�5�m;0 the non-Gaussian limit Zm;0 in (2.20).

3.2. Convergence

Now, we divide the function

d̂N � d̂�j�N ;D �br�j�N ;D j � 1; 2; 3; 4; 5 �3:11�
de®ned in (3.3) into a main part

d̂�j�N ;D :� â�x1� � � � â�xm�n�N1�bL1�N�ei
�N�1�

2 �x1�����xm�n�U�j�N ;D�x1; . . . ; xm�n� �3:12�
and a part corresponding to the remainder term

br�j�N ;D :� â�x1� � � � â�xm�n�ei
�N�1�

2 �x1�����xm�n�U �j�N ;D�x1; . . . ; xm�n� ; �3:13�
where

U �j�N ;D�x1; . . . ; xm�n� �
 

UN

Xm

i�1
xi;
Xm�n

i�m�1
xi

 !

ÿ N 1�bL1�N�U�j�N ;D�x1; . . . ; xm�n�
!
;
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j � 1; 2; 3; 4; 5: Thus,

QN �d̂N � � QN �d̂�j�N ;D� � QN �br�j�N ;D� : �3:14�
From Proposition 4.1, 4.2 and 4.3 in Section 4 it follows that 8e > 0; there
exists K > 0 and a set of partitions fDg which de®ne the step functions U�j�N ;D,
such that

�L��N�N c�ÿ1Var QN
ÿbr�j�N ;D

�
< e ; �3:15�

the limit

�L��N�N c�ÿ1=2QN
ÿ
d̂�j�N ;D

�)d q�j�D �3:16�
exists and

Var
ÿ
q�j�D ÿ Z�j�m;n

�
< e �3:17�

as N !1 for j � 1; 2; 3; 4; 5: The statements (2.13) of Theorem 2.1 and
(2.18) of Theorem 2.2 follow from (3.14)±(3.17) and (3.11). This concludes
the proof of the theorems.

4 Propositions

The following propositions have been used.

Proposition 4.1 For any e > 0, there exists K > 0 and a set of partitions fDg,
such that (3.15) holds.

Proof of Proposition 4.1. Since (see Giraitis and Taqqu [12], (4.8))

VarQ�dN � � C�n�
X

t1;...;tm�n2Z
d2N �t1; . . . ; tm�n� � C�n�

d̂2N



2
L2 ; �4:1�

we get

Var QN
ÿbr�j�N ;D

� � C�n�

br�j�N ;D



2
L2 : �4:2�

From (4.2) and the de®nition (3.13) of br�j�N ;D, it follows that the norm

rN :� 

br�j�N ;D



2
L2 � C

Z
�ÿp;p�m�n

f �x1� . . . f �xm�n�jU �j�N ;D�x1; . . . ; xm�n�j2 dm�nx

� C
Z
�ÿp;p�m�n\A�m�K;N�A�n�K;N

�. . .� �
Z
�ÿp;p�m�nnA�m�K;N�A�n�K;N

�. . .�
 !

�: C�rN ;1 � rn;2� :

�4:3�
The set A�m�K;N in (4.3) denotes f�x1; . . . ; xm� 2 R : 1=K � jNxij � K;
i � 1; . . . ;mg if dm�a� > 0; and the set f�x1; . . . ; xm� 2 R : 1=K � N j
�x1 � . . .� xm�mod 2pj � K; jxij � 1= logN ; i � 1; . . . ;mg if dm�a� < 0, res-
pectively. (The de®nition of A�n�K;N is similar). Note the asymmetry in the
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de®nition of A�m�K;N between the strongly and weakly dependent cases. In the
case of strong dependence, we require all the xi's to be ``outside'' the origin.
In the case of weak dependence it is only their sum that can is required to lie
outside the origin. Note also that, whereas rN ;1 involves integration over
A�m�K;N � A�n�K;N , rN ;2 involves integration over the complement of that set.

Clearly,

U�j�N ;D�x1; . . . ; xm�n� � 0 for �x1; . . . ; xm�n� 2 �ÿp; p� n A�m�K;N � A�n�K;N : �4:4�
It remains to estimate rN ;1 and rN ;2:

We estimate ®rst rN ;1. Consider, for example, the case j � 2 for which
dm�a� > 0 and dn�a� < 0. Note that in this case, c � d�m �a� � d�n �a� � 2b �
1ÿ m� ma� 2b. After the change of variables �x01; . . . ; x0m� � N�x1; . . . ; xm�,
x0m�1 � N ��xm�1 � � � � � xm�n�mod 2p�, we get

�N cL��N��ÿ1rN ;1 � C�K�NÿmaLÿm�N�
Z
1=K�jx0

i
j�K

i�1;...;m�1

f �x01=N� . . . f �x0m=N�

� f ��n��x0m�1=N� � jhN �x01; . . . ; x0m; x0m�1�j2dm�1x
�: RN ;K�h� �4:5�

where

hN �x01; . . . ; x0m; x0m�1� � Nÿ1ÿbLÿ11 �N�UN

 Xm

i�1
x0i=N ; x0m�1=N

!
ÿ hD�x01; . . . ; x0m; x0m�1�

and

hD�x01; . . . ; x0m; x0m�1� �
X

fDg2D�m�1�K

C�2�D

Ym
k�1

`�x0k 2 Dlk �`�x0m�1 2 Dlm�1� :

The function

f ��n��u� �
Z
�ÿp;p�nÿ1

f �uÿ x1 ÿ � � � ÿ xn�f �x1� . . . f �xnÿ1� dx1 . . . dxn �4:6�

denotes the nth convolution of f (periodically extended in R). Under the
assumption dn�a� < 0, the convolution f ��n��u� is a bounded function, and
under the assumption dm�a� > 0 we can also boundYm

i�1
f �x0i=N� � C�K�NmaLm�N�

in (4.5), using the following well-known property of the slowly varying
functions:

NÿaLÿ1�N�f �x=N� � Cjxjÿ�a��� uniformly in N � 1 and jxj � Np �4:7�
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(for any � > 0 ®xed), where C � C���. Thus,

RN ;K�h� � C�K�
Z
jx0ij�K:i�1;...;m�1

jhN �x01; . . . ; x0m; x0m�1�j2dm�1x0 : �4:8�

Using the estimate��DN �x�
�� � const N�1� jNxj�ÿ1; jxj � 3p=2 �4:9�

it follows that the function

pN �u1; u2� :� jNÿ1ÿbLÿ11 �N�UN �u1=N ; u2=N�j
satis®es

pN �u1; u2� � p�u1; u2�
:� const

Z
R

�1� ju1 � yj�ÿ1�1� ju2 ÿ yj�ÿ1jyjÿbÿ�0dy <1 �4:10�

uniformly in �u1; u2� 2 �ÿ p
2 N ; p2 N �2; and hence uniformly in ju1j; ju2j � K.

Here �0 > 0 is a ®xed small number. Since Nÿ1DN �u=N� ! K0�u� as N !1,
applying the dominated convergence theorem, we get

Nÿ1ÿbLÿ11 �N�UN �u1=N ; u2=N� ! U0�u1; u2� �N !1� ;
for ju1j; ju2j � K, where the limit U0 is de®ned by (2.14). We now want to
examine the integral de®ning RN ;K�h� in (4.5).

The function hD�x01; . . . ; x0m; x0m�1� involves an indicator function of a set
concentrated around the diagonals whose measure tends to 0 with the mesh
size h. Since the integral in the estimate (4.8) of RN ;K�h� is over a compact set,
since hN is bounded, and in view of the de®nition of the functions U�j�N ;D and
hD it follows that

lim sup
N

RN ;K�h� ! 0 h! 0 �4:11�
for any ®xed K > 0.

We deal now with rN ;2 in (4.3) and consider again the case j � 2. Using
(4.4), we get

rN ;2 �
Z
�ÿp;p�nA�m�K;N�A�n�K;N

f �x1� . . . f �xm�n� UN

Xn

i�1
xi;
Xm�n

i�m�1
xi

 !�����
�����
2

dm�nx :

Write

rN ;2 � rN ;3 � rN ;4 �4:12�
where rN ;3 and rN ;4 are obtained by replacing UN �u1; u2�, de®ned in (3.1), by

UN ;k�u1; u2� �
Z

Bk

DN �u1 � y�DN �u2 ÿ y�b̂�y�dy

k � 3; 4 respectively and where

B3 � y 2 �ÿp; p� : ju1 � yj > 3
2 p or ju2 � yj > 3

2 p
� 	

;

B4 � y 2 �ÿp; p� : ju1 � yj � 3
2 p; ju2 � yj � 3

2 p
� 	

:
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Consider ®rst rN ;3. We have

rN ;3 �
Z
�ÿp;p�2

f ��m��u1�f ��n��u2�

�
 Z

jyj�p;ju1�yj�3=2p or ju2�yj�3=2p
jDN �u1 � y�DN �u2 ÿ y�b̂�y�jdy

!2

du1 du2

�4:13�
where f ��m��u� is the mth convolution de®ned in (4.6). Note that f ��m��u�,
m � 1, is bounded for juj � � (since f �x� is bounded for jxj � �, one can
always bound one of the integrants in (4.6) and hence separate the variables).
Suppose ®rst that m; n � 1. If ju1 � yj � 3

2 p, then ju1j � p
2 and jyj � p

2, and
hence both functions f ��m��u1� and b̂�y� are bounded. Thus,

rN ;3 � C
Z
�ÿp;p�2

jf ��n��u1� � f ��m��u2�j
Z p

ÿp
jDN �u1 ÿ y�DN �u2 ÿ y�jdy

� �2

du1du2

� CN � o�N cL��N��
(see e.g. Giraitis and Taqqu [12], Relation (5.9)).

Suppose now m � 1; n � 0. Then f ��n��u2� � 1 and

rN ;3 �
Z p

ÿp
f ��m��u1�

Z
jyj�p;ju1�yj�3=2p

jDN �u1 � y�DN �ÿy�b̂�y���dy

 !2

du1 :

Since f ��m��u1�; jDN �y�j and b̂�y�j are bounded for ju1j � p
2 and

p
2 � jyj � p, we

get

rN ;3 � C
Z p

ÿp

Z p

ÿp

��DN �u1 � y���dy
� �2

du1

� C
Z p

ÿp
ln2 N du1 � O�ln2 N� � o�N cL��N�� : �4:14�

We ®nally consider rN ;4 de®ned in (4.12). Relations (4.4) and (4.9) lead to the
bound:

�N cL��N��ÿ1rN ;4 � const

Z
�ÿpN ;pN �2

fK�u1; u2�p2�u1; u2�du1 du2 ;

where p�u1; u2� is de®ned in (4.10), and where fK�u1; u2� will be de®ned below.
To motivate the form of fK�u1; u2�, note that we want to bound the renor-
malized

Qm
i�1 f �xi�

Qm�n
i�m�1 f �xi�. We shall use the bound (4.7) if dm�a� > 0,

and (2.3) if dm�a� < 0 and make a change of variables as above. For
example, if dm�a� > 0, we set Nÿ1x0i � xi, i � 1; . . . ;m; u1 �

Pm
i�1 x0i, and we

get Ym
i�1

f �Nxi� � aN

Ym
i�1
jx0ijÿa0 � aN ju1 ÿ x02 ÿ � � � ÿ x0mjÿa0

Ym
i�2
jx0ijÿa0
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where aN is some function of N and a0 � a� �. Taking advantage of the
symmetry in the variables of integration, we can choose for N su�ciently
large,

fK�u1; u2� :� ~f ��m�K �u1� ~f ��n�0 �u2� � ~f ��m�0 �u1� ~f ��n�K �u2�
� ~f ��m�0 �u1� ~f ��n�0 �u2�

ÿ
`
ÿju1j < 1=K or ju1j > K

�
� �`ÿju2j < 1=K or ju2j > K

��
:

Here ~f ��m�K �u� :�
jujÿa0`

ÿjuj � 1=K or juj � K�;
if m � 1;R
Rmÿ1

���uÿ x02 ÿ � � � ÿ x0m�x02 . . . x0mjÿa0`
ÿjx0mj � 1=K or jx0mj � K

�
dmÿ1x0;

if m � 2; dm�a� > 0;
sup

u2�ÿp;p�

R
�ÿp;p�mÿ1 f �uÿ x02 ÿ � � � ÿ x0m�f �x02� . . . f �x0m�`

ÿjx0mj � 1=K
�
dmÿ1x0;

if m � 2; dm�a� < 0 :

The function ~f ��m�0 �u� is ~f ��m�K �u� with K � 0 and 1=K � 1: The function
~f ��n�K �u� is de®ned in a similar way. In the case m � 2; dm�a� < 0, we used
the inequality `�jx0mj � 1= lnN� � `�jx0mj � 1=K�, valid for N su�ciently
large.

In order to apply the dominated convergence theorem, we shall derive an
upper bound for the function fK .

Taking into account (4.7), it is easy to show (as in Giraitis and Taqqu
[12], Lemma 5.2) that ~fK�u� � constjujÿd�m �a�ÿ�0 uniformly in K � 0 and u 2 R
(for small �0 > 0). (In fact, if dm�a� < 0, then ~fK�u� is bounded.) Thus,

fK�u1; u2� � constju1jÿd�m �a�ÿ�0 ju2jÿd�n �a�ÿ�0 �: f �u1; u2� ; �4:15�
uniformly in u1; u2 2 �ÿpN ; pN �, with �0 > 0 small. Note also, that for any
®xed u1; u2,

fK�u1; u2� ! 0 as K !1 : �4:16�
Therefore, from the assumption c > 1 in (2.12) and Lemma 4.1 below, it
follows that f �� ; � �p2�� ; � � 2 L�R2�. Thus, using relations (4.15) and (4.16),
we get

lim sup
N
�N cL��N��ÿ1rN ;4 � const

Z
R2

fK�u1; u2�p2�u1; u2�du1 du2 ! 0 �K !1� :

This, together with (4.3), (4.12) and (4.14), implies the statement (3.15) of
Proposition 4.1. (

Lemma 4.1 Let p�u1; u2� be de®ned as in (4.10) and set ÿ1 < a1; a2; b < 1. If
a1 � a2 � 2b > 1; then

I :�
Z
R2

ju1jÿa1 ju2jÿa2 jp�u1; u2�j2du1 du2 <1 :
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If a1 � 2b� 1 > 0; then

I :�
Z
R

ju1jÿa1 jp�u1; 0�j2 du1 <1 :

This lemma is proved in the Appendix.

Proposition 4.2 Relation (3.16) holds for any K > 0 and partition fDg.

Proof. We start with the proof of (3.16). Let D � �a; b� be an interval from
D�1�K (see Subsection 3.1). Set

âN ;D�x� :� Nÿa=2Lÿ1=2�N�â�x�`�x 2 D=N�eixN=2; jxj � p : �4:17�
For m0 � 2, put

âN ;D�x1; . . . ; xm0 � :� â�x1� . . . â�xm0 �eiN�x1�����xm0 �=2
Ym0
k�1

`�jxkj > 1= lnN�

� `ÿ�x1 � � � � � xm0 �mod2p 2 D=N
�
; jx1j � p; . . . ; jxm0 j � p : �4:18�

(Below m0 � 2 will be used to denote either m0 � m � 2 or m0 � n � 2.)
From (4.17)±(4.18) and the assumption (2.3) it follows that

sup
x1;...;xm0

����âN ;D�x1; . . . ; xm0 �
��� � C�K��lnN�p <1 �m0 � 2� �4:19�

for large p > 0, and jâN ;D�x�j � C�K�; for m0 � 1 uniformly in the intervals
D 2 D�1�K . Introduce the Fourier coe�cients

aN ;D�t1; . . . ; tm0 � :�
Z
�ÿp;p�m0

ei�t1x1�����tm0 xm0 �âN ;D�x1; . . . ; xm0 �dm0x �m0 � 1� :

�4:20�
Then from De®nition (3.12) of d̂N ;D it follows that

Nÿc=2QN �d�j�N ;D� �
X�j�
fDg

C�j�D

X
t1;...;tm�n2Z

A�j�N ;D�t1; . . . ; tm�n� : nt1 ; . . . ; ntm�n
: ;

where j � 1; 2; 3; 4; 5 refers to the Cases �A1�±�A5�, and where
P�j�
fDg denotes

the sum over all partitions fDg � Dl1 � . . .� Dlc�j� with li 6� li0 for i 6� i0 and
c�1� � m� n, c�2� � m� 1; c�3� � 2; c�4� � 1; c�5� � m;

A�j�N ;D�t1; . . . ; tm�n�

�

����
N
p

aN ;Dl1
�t1� . . .

����
N
p

aN ;Dlm�n
�tm�n� if j � 1;����

N
p

aN ;Dl1
�t1� . . .

����
N
p

aN ;Dlm
�tm�

� ����
N
p

aN ;Dlm�1 �tm�1; . . . ; tm�n� if j � 2;����
N
p

aN ;Dl1
�t1; . . . ; tm�

����
N
p

aN ;Dl2
�tm�1; . . . ; tm�n� if j � 3;����

N
p

aN ;Dl1
�t1; . . . ; tm� if j � 4,����

N
p

aN ;Dl1
�t1� . . .

����
N
p

aN ;Dlm
�tm� if j � 5 . (4.21)

8>>>>>>>>>><>>>>>>>>>>:
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Setting

Z�m
0�

N ;D :�
X

t1;...;tm0 2Z

����
N
p

aN ;D�t1; . . . ; tm0 � : nt1 ; . . . ; ntm0 :; �m0 � 1� �4:22�

we can rewrite

Nÿc=2QN �d̂N ;D� � Q�j�N ;D � R�j�N �4:23�
as a sum of a main term

Q�j�N ;D :�

P�1�
fD01�...�D0m�ng

C�1�D Z�1�N ;D01
. . . Z�1�N ;D0m�n

; if j � 1,

P�2�
fD01�...�D0m�D0m�1g

C�2�D Z�1�N ;D01
. . . Z�1�N ;D0m

Z�n�N ;D0m�1
; if j � 2,

P�3�
fD01�D02g

C�3�D Z�m�N ;D01
Z�n�N ;D02

; if j � 3,

P�4�
fD01g

C�4�D Z�m�N ;D01
; if j � 4,

P�5�
fD01�...�D0mg

C�5�D Z�1�N ;D01
. . . Z�1�N ;D0m

; if j � 5 ; (4.24)

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
and a remainder term

R�j�N �
X�j�
fDg

C�j�D

X
�t1;...;tm�n�2Ij

A�j�N ;D�t1; . . . ; tm�n�
�

: nt1 ; . . . ; ntm�n
: ÿn�j��t1; . . . ; tm�n�

�
;

�4:25�
j � 1; 2; 3; 5�R�4�N � 0�, where, to simplify notation, we now write D01;D

0
2; . . .,

instead of Dl1 ;Dl2 ; . . ., and where Ij and n�j� are given below.
To motivate the de®nition of Ij and n�j�; j � 1; 2; 3; 5, recall that, since the

sequence �ni� is i.i.d, it follows from the well-known properties of Wick
products (see [3]) that

: nt1 ; . . . ; ntk ; ntk�1 ; . . . ; ntk0 :�: nt1 ; . . . ; ntk :: ntk�1 ; . . . ; ntk0 : �4:26�
if ft1; . . . ; tkg \ ftk�1; . . . ; tk0 g � ;: Thus Ij � Zm�n will be the set, where
the di�erence : nt1 ; . . . ; ntm�n

: ÿn�j��t1; . . . ; tm� 6� 0, with n�1��t1; . . . ; tm�n� �:
nt1 : . . . : ntm�n

:; n�2��t1; . . . ; tm�n� �: nt1 : . . . : ntm :: ntm�1 ; . . . ; ntm�n
:;

n�3��t1; . . . ; tm�n��: nt1 ; . . . ; ntm :: ntm�1 ; . . . ; ntm�n
:; n�5��t1; . . . ; tm� �: nt1 : . . . :

ntm : : Equivalently, then, the sets Ij � Zm�n; j � 1; 2; 3; 5, are subsets of Zm�n

de®ned as follows: The vector �t1; . . . ; tm�n� 2 I1 if ts � ts0 for some
1 � s < s0 � m� n. The vector is in I2 if, in addition, s � m, and it is in I3 if,
in addition to the previous two criteria, ts � ts0 for some m < s0. The vector is
in I5 if ts � ts0 for some 1 � s < s0 � m.

From Lemma 5.1 below it follows that

Q�j�N ;D )
d

q�j�D �N !1� j � 1; 2; 3; 4; 5 ; �4:27�
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where the limit q�j�D is de®ned by the right hand side of (4.24), after replacing
the Z�m

0�
N ;D with m0 � 1;m or n by Z�m

0�
D de®ned in (5.1).

From Lemma 5.2 below it follows that the remaining term R�j�M in (4.23) is
negligible:

R�j�N )
d
0 �N !1� j � 1; 2; 3; 4; 5 : �4:28�

Hence, the relations (4.23), (4.27) and (4.28) imply the convergence (existence
of the limit) (3.16).

Proposition 4.3 The number K > 0 and the partition fDg in Proposition 4.2
can be chosen so that Relation (3.17) holds.

Proof. We prove (3.17) only in the case �A2� (or j � 2� (the proof in the cases
j � 1; 3; 4; 5 is similar and based on the Lemma 4.1).

Let �Z�1�; Z�m�; Z�n�� be de®ned in (2.8). Then, q�2�D de®ned in (4.27) can be
written in the form

q�2�D �
Z
Rm�1

F �2�D �x1; . . . ; xm�1�Z�1��dx1� . . . Z�1��dxm�Z�n��dxm�1� ;

where

F �2�D �x1; . . . ; xm�1� :� U�2�D �x1; . . . ; xm�1�jx1 . . . xmjÿa=2

and

U�2�D �x1; . . . ; xm�1� �
X

fDg2D�m�1�K

U0

Xm

i�1
tli ; tlm�1

 !Ym�1
k�1

`�xk 2 Dlk � :

On the other hand, we have that

Z�2�m;n �
Z
Rm�1

F �2��x1; . . . ; xm�1�Z�1��dx1� . . . Z�1��dxm�Z�n��dxm�1�

where

F �2��x1; . . . ; xm�1� � U0

Xm

i�1
xi; xm�1

 !
jx1 . . . xmjÿa=2 :

Therefore, by the well-known properties of the stochastic Wiener-ItoÃ inte-
grals,

Var
ÿ
q�2�D ÿ Z�2�m;n

� � const


F �2�D ÿ F �2�



2
L2

� C
�Z

�ÿK;K�m�1
��UD�x1; . . . ; xm�1�

ÿ U0�
Xm

i�1
xi; xm�1�

��2jx1 . . . xmjÿadx1 . . . dxm�1

�
Z
Rm�1n�ÿK;K�m�1

��F �2��x1; . . . ; xm�1�
��2dx1 . . . dxm�1

�
�: jK � j0K : �4:29�
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The dominant convergence theorem implies

j0K ! 0 �K !1� �4:30�
since F �2� 2 L2�Rm�1� (see Corollary 6 below) and Rm�1n�ÿK;K�m�1
! ; �K !1�.

Clearly, since the function U0 is continuous, for any ®xed � > 0, K > 0,
the term jK can be made arbitrary small (jK < �) by choosing fDg with
su�ciently small mesh size h.

This, together with (4.29) and (4.30) proves (3.17). (

Using Lemma 4.1, we show in the Appendix (Corollary 6.1) that the
limiting processes Z�j�m;n; j � 1; . . . ; 5 in Theorems 2.1 and 2.2 are well-de®ned.

5 Convergence of the step function approximations

Using diagram formulas for cumulants (Giraitis and Surgailis [6]), we ®rst
prove that the step function approximations converge to the desired limits.
This convergence is used in the proof of Proposition 4.2.

Lemma 5.1 Let Z�m1�
N ;D01

; . . . ;Z�mp�
N ;D0p

mi 2 f1;m; ng be de®ned by (4.22) and mi are
such that d�mj� � 1ÿ mj�1ÿ a� < 0 if mj � 2. Let D0i 2 D�1�K , i � 1; . . . ; p are
such that

D0i \ �D0j � ; �i 6� j� :
Then ÿ

Z�m1�
N ;D01

; . . . ; Z�mp�
N ;D0p

�)d �Z�m1�
D01

; . . . ; Z�mp�
D0p

�
as N !1, where the Gaussian complex valued variables (measures) Z�mi�

D0i
;

i � 1; . . . ; p are de®ned by

Z�l�D :�
R

D jxjÿa=2Z�1��dx�; if l � 1R
D Z�l��dx�; if l � m; n � 2 ,

(
�5:1�

and the Z�l�'s are de®ned by (2.8).

Proof. Let YN ;i � Re Z�mi�
N ;D0i

, YN ;p�i � Im Z�mi�
N ;D0i

, Yi � Re Z�mi�
D0i

, Yp�i � Im Z�mi�
D0i

,
i � 1; . . . ; p. It is su�cient to prove that for any real numbers u1; . . . ; up the
convergence

SN :�
X2p

i�1
uiYN ;i )

d
S :�

X2p

i�1
uiYi �5:2�

holds as N !1: Because the limit S in (5.2) is Gaussian, it is su�cient to
check that

Var SN ! Var S �N !1� �5:3�
and

cumk�SN � ! 0 �N !1� for k � 3 ; �5:4�
where cumk�SN � denotes the k-th cumulant of SN .
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Without loss of generality we assume below that all moments of ns

exist (otherwise ns can be approximated in (4.22) by ns`�jnsj � K 0�;
K 0 > 0�:

Let us prove (5.4) ®rst. Because of the multilinearity properties of the
cumulant, it is su�cient to prove that

vk :� cum
ÿ
YN ;i1 ; . . . ; YN ;ik

�! 0 �N !1� 8 k � 3 �5:5�
for any �i1; . . . ik� 2 �1; . . . ; 2p�:

From the de®nition (4.22) of Z�mi�
N ;D we get

YN ;i �
X

t1;...;tmi2Z

����
N
p

hN ;i�t1; . . . ; tmi� : nt1 ; . . . ; ntmi
:

i � 1; . . . ; 2p after setting

hN ;i � Re aN ;D0i�t1; . . . ; tmi�; hN ;p�i � Im aN ;D0i�t1; . . . ; tmp�i�; i � 1; . . . ; p

with mp�i � mi.
Using again the multilinearity of the cumulants, the fact that �ns� is an

i.i.d. sequence, and the cumulant formula for : nt1 ; . . . ; ntl : (see, e.g. [6],
Theorem 4 (iv)), we get

vk �
X

c��V1;...;Vr�
d�c�UN �c� ; �5:6�

where

UN �c� �
X

t1;...;tr2Z

Yk

j�1
�
����
N
p

hN ;ij�tj;1; . . . ; tj;mij
�� ; �5:7�

and where
P

c and d�c� are de®ned below.
P

c is taken over all connected
partitions of the table

W �
�1; 1�; . . . ; �1;mi1�
. . . ; . . . ; . . .
�k; 1�; . . . ; �k;mik �

0@ 1A �5:8�

by subsets V1; . . . ; Vr such that Vi contains elements from two or more rows of
the table W . (Since v1�n0� � En0 � 0, we do not need to consider V 's with
jV j � 1). A partition is connected if it does not split the rows of the table W
into two or more disjoint subsets. Finally,

d�c� :� vjV1j�n0� . . . vjVr j�n0�
where vl�n0� is the l-th cumulant of n0 and tij; �i; j� 2 W are de®ned by

ti;j � ts if �i; j� 2 Vs; Vs 2 c � �V1; . . . Vr� :
Using (5.6), we get

jvkj � C�n�
X

c��V1;...;Vr�
jUN �c�j :
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We shall now apply Parseval's equality in the formX
t

g1�t� . . . gk�t� � 2p
Z
�ÿp;p�k

bg1�x1� . . .bgk�xk�`
 �Xk

i�1
xi

�
mod 2p � 0

!
dkx;

gi 2 L2 ; �5:9�
to UN �c�. If bhN ;i denotes the Fourier transform of hN ;i, we get

UN �c� � �2p�rNk=2
Z �c�
�ÿp;p�m0

Yk

j�1
bhN ;ij�xj;1; . . . ; xj;mij

�dm0x �5:10�

where m0 :� mi1 � � � � � mik and the integral
R �c�
�ÿp;p�m0 . . . dm0x is taken over all

hyperplanes  X
�i;j�2Vs

xi;j

!
mod 2p � 0; s � 1; . . . ; r �5:11�

in �ÿp; p�m0 . Note that

jbhN ;i�x1; . . . ; xmi�j � jâN ;Di�x1; . . . ; xmi�j � jâN ;ÿDi�x1; . . . ; xmi�j :
By (4.17)±(4.19), jbhN ;i�x1; . . . ; xl�j is bounded by C�K� if l � 1, and by
C�K��logN�p if l � 2 �l � m; n� for large p. Moreover, since the partition
c � �V1; . . . ; Vr� is connected, the variables

yj :� �xj;1 � � � � � xj;mij
�mod 2p; j � 1; . . . ; k ÿ 1

are linearly independent. After this (partial) change of variables we integrate
over the remaining variables and obtain

jvkj � C�K�Nk=2�lnN�kp
Z
�ÿp;p�kÿ1

Ykÿ1
j�1

`�yj 2 �D0ij [ ÿD0ij�=N�dkÿ1y

� C�K��lnN�kpN k=2Nÿ�kÿ1� ! 0 �N !1� 8k � 3 ;

i.e. (5.5) holds. This concludes the proof of (5.4).
To prove the convergence (5.3) of the variances, it is su�cient to show

that as N !1
kN :� EZ�m1�

N ;D01
Z�m2�

N ;D02
! 0; if D01 \ D02 � ;;

EZ�m1��D01�Z�m2��D02�; if D01 � D02 :

(
�5:12�

Indeed, from the relations (5.12), Re Z�m1�
N ;D � �Z�m1�

N ;D � Z�m1�
N ;D �=2, Im Z�m1�

N ;D �
�Z�m1�

N ;D ÿ Z�m1�
N ;D �=2i, and the equality Z�m1�

N ;D �
d Z�m1�

N ;ÿD (see de®nitions (4.22),

(4.20)), it follows that as N !1 , for m1;m2 � 1;m; n,

E Re Z�m1�
N ;Di

Im Z�m2�
N ;Dj
! 0 � E Re Z�m1�

Di
Im Z�m2�

Dj
;

E Re Z�m1�
N ;Di

Re Z�m2�
N ;Dj
! EZ�m1��Di�Z�m2��Dj�=2 � E Re Z�m1�

Di
Re Z�m2�

Dj
;

E Im Z�m1�
N ;Di

Im Z�m2�
N ;Dj
! EZ�m1��Di�Z�m2��Dj�=2 � E Im Z�m1�

Di
Im Z�m2�

Dj
:

This obviously implies (5.3).
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It remains thus to prove 5.12. Since

kN :� EZ�m1�
N ;D01

Z�m2�
N ;D02
� EZ�m1�

N ;D01
Z�m2�

N ;ÿD02
; �5:13�

using formula (5.6) for the right side of (5.13), we obtain

kN �
X

c

d�c�U 0N �c� �5:14�

where c � �V1; . . . ; Vr� denotes the partitions of the table W in (5.8) consisting
in this case of two rows, and the numbers U 0N �c� are obtained from (5.7)±
(5.10) with k � 2:

U 0N �c� �
X

t1;...;tr2Z

Y2
j�1
�
����
N
p

aN ;D00j �tj;1; . . . ; tj;mj��

� �2p�rN
Z �c�

�ÿp;p�m1�m2

Y2
j�1

âN ;D00j �xj;1; . . . ; xj;mj�

� `
ÿ�xj;1 � � � � � xj;mj�mod 2p 2 D00j =N

�
dm1�m2x ; �5:15�

where D001 � D01;D
00
2 � ÿD02. Suppose ®rst D01 \ D02 � ;. In (5.15),

�x1;1 � � � � � x1;m1
�mod 2p2D01=N , �x2;1 � � � � ;�x2;m2

�mod 2p 2 ÿD02=N . Since
by (5.11),

�x1;1 � � � � � x1;m1
�mod 2p � ÿ�x2;1 � � � � � x2;m2

�mod 2p ; �5:16�
we are integrating in (5.15) over an empty set. Thus U 0N �c� � 0 and kN � 0.

Suppose now D01 � D02. To prove the second relation in (5.12), we consider
three cases:

1. Let D01 � D02 and m1 � m2 � 1. Then from (5.14) and the de®nition
(4.22) of Z�1�N ;D01

, it follows that

kN � N
X
t2Z

aN ;D01
�t�aN ;D01

�t�En2t � N2p
Z
�ÿp;p�

ân;D01
�x�âN ;D01

�x�dx

�
Z
�ÿp;p�

2pjâ�x�j2Nÿa�1Lÿ1�N�`�x 2 D01=N�dx �
Z

D01

jxjÿa dx �N !1�

because of (4.17), (2.3), and En20 � 1. In view of (5.1), Relation (5.12) holds.
2. Let D01 � D02, m1 � 1, m2 � 2. Then dm2

�a� < 0 and by (5.6) and (5.13)±
(5.15),

kN � vm2�1�n0�2p
Z �c�

�ÿp;p�m2�1
�Nÿa=2Lÿ1=2�N�â�x1;1�`�x1;1 2 D01=N��

� â�x2;1� . . . â�x2;m2
�`��x2;1 � � � � � x2;m2

�mod 2p 2 ÿD02=N�

�
Ym2

k�1
`�jx2;kj > 1= lnN�dm2�1x : �5:17�

In view of (5.11), we have in (5.17) �x1;1 � x2;1 � � � � � x2;m2
�mod 2p � 0, and

therefore x2;m2
� �ÿx1;1 ÿ x2;1 ÿ � � � ÿ x2;m2ÿ1�mod 2p. Hence,
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kN �
Z
�ÿp;p�

dx1;1�Nÿa=2Lÿ1=2�N�â�x1;1�`�x1;1 2 D01=N��gN �x1;1� ;

where

gN �x1;1� � vm2�1�n0�2p
Z
�ÿp;p�m2ÿ1

â�x2;1� . . . â�x2;m2ÿ1�

� â�ÿx1;1 ÿ x2;1 ÿ � � � ÿ x2;m2ÿ1�
Ym2ÿ1

j�1
`�jx2;jj > 1= lnN�

� `�j�x1;1 � x2;1 � � � � � x2;m2ÿ1��mod2 pj > 1= lnN�dm2ÿ1x

and where the function â�x� has been periodically extended in R. Since gN is
continuous (see Lemma 5.2 of [12]), gN �x1;1� � g�0� � �N �x1;1�, where
�N �x1;1� ! 0 uniformly in N on D01=N and

g�0� � vm2�1�n0�2p
Z
�ÿp;p�m2ÿ1

â�x2;1� . . . â�x2;m2ÿ1�

� â�ÿx2;1 ÿ � � � ÿ x2;m2ÿ1�dm2ÿ1x

� vm2�1�n0�
X
j2Z
�a�j��m2 :

Hence (2.9) implies

lim
N!1

kN � g�0�
Z

D01

jx1;1jÿa=2dx1;1 : �5:18�

On the other hand, by (5.1) and (2.8),

EZ�1��D01�Z�m2��D01� � E
Z

D01

jxjÿa=2Z�1��dx�
Z

D01

Z�m2��dy�

� Cov�n0; : X �m2�
0 :�

Z
D01

jxjÿa=2dx : �5:19�
But

Cov�n0; : X �m2�
0 :� �

X
s1;...;sm2

a�ÿs1� . . . a�ÿsm2
�E : ns1 ; . . . ; nsm2

: : n0 :

� vm2�1�n0�
X
j2Z
�a�j��m2

because E : ns1 ; . . . ; nsm2
:: n0 :� cum�ns1 ; . . . ; nsm2

; n0� is non-zero only if
s1 � . . . � sm2

� 0. By Parserval identity (5.9), Cov�n0; : X �m2�
0 :� � g�0�.

Comparing (5.18) and (5.19), we get (5.12).
3. Let D01 � D02 and m1;m2 � 2. In this case, we assume in the lemma

dm1
�a� < 0 and dm2

�a� < 0. This ensures that the joint spectral density

wm1;m2
�k� :�

X
c��V1;...;Vr�

d�c��2p�r
Z �c�
�ÿp;p�m1�m2

Y2
j�1

â�xj;1� . . . â�xj;mj�

� `
�
�x1;1 � � � � � x1;m1

� mod 2p � k
�

dm1�m2x �5:20�
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k 2 �ÿp; p� of the sequences �: X �m1��t� :� t2Z and �: X �m2��t� :� t2Z is continu-
ous at k � 0. Then from (5.14), (5.15) and the de®nition (4.18) of âN ;D, it
follows that as N !1,

kN � wm1;m2
�0�N

Z p

ÿp
`�y 2 D01=N�dy � jD01jwm1;m2

�0� :

Hence (5.12) also holds in this case. (

The following lemma is used in the proof of Proposition 4.2.

Lemma 5.2 Let R�j�N be de®ned by (4.2). Then

Var R�j�N ! 0 �N !1�; j � 1; 2; 3; 5 : �5:21�

Proof. Recall that R�j�N involves a sum over repeated indices t1; . . . ; tm�n. To
motivate the notation that will be used in this proof, consider for example the
case j � 3 with m � 4 and n � 2 and focus on the term
X �: nt1 ; nt2 ; nt3 ; nt4 :: nt5 ; nt6 : where all the ti's are di�erent except that
t1 � t2 � t5 and t3 � t4. Let W1 � f1; 2; 5g, V1 � f3; 4g; V2 � f6g (In the case
j � 3 considered here, the letter W is used when the indices appear in dif-
ferent Wick products and the letter V is used when the indices appear in the
same Wick product). Note that V1; V2;W1 form a partition of the index set
M � f1; . . . ;m� ng � f1; . . . ; 6g. Setting s�l � tj if j 2 Wl, t�l � tj if j 2 Vl,
and using the notation (2.1) and property (4.26), we get

X �: ns�
1
; ns�

1
; nt�

1
; nt�

1
:: ns�

1
; nt�

2
:�: n�2�s�

1
:: n�2�t�

1
:: ns�

1
:: nt�

2
:�: nV1

t�
1

:: nV2
t�
2

:: n�2�s�
1

:: ns�
1

: ;

where, in terms of the original t variables, : nV1
t�
1

:�: nt3 ; nt4 :; : nV2
t�
2

:�: nt6 :. To
deal with the repeated indices s�1, we shall use the formula

: n�n1�s : . . . : n�nk�
s :� E : n�n1�s : . . . : n�nk�

s : �
Xn1�����nk

j�1
c�j� : n�j�s : �5:22�

where c�j� are some weights. Thus, we can write : n�2�s�
1

:: ns�
1

:� c�3� : n�3�s�
1

:

� c�2� : n�2�s�
1

: � c�1� : ns�
1

: � c�0� � c�3� : n
W 0
1;1

s�
1

: � c�2� : n
W 0
1;2

s�
1

: � c�1� : n
W 0
1;3

s�
1

:

� c�0� : n
W 0
1;4

s�
1

: where W 0
1;1 � f1; 2; 5g;W 0

1;2 � f1; 2g (for example), W 0
1;3 � f1g

(for example), W 0
1;4 � ;, n

W 0
1;1

s�
1
�: nt1 ; nt2 ; nt5 :, etc. Then X � c�3� : nV1

t�
1

:: nV2
t�
2

: n
W 0
1;1

s�
1

: � � � � � c�0� : nV1
t�
1

:: nV2
t�
2

:: n
W 0
1;4

s�
1

: � c�3� : nV1
t�
1
; nV2

t�
2

; n
W 0
1;1

s�
1

:: � � � � �
c�0� : nV1

t�
1
; nV2

t�
2
; n

W 0
1;4

s�
1

: by using again the property (4.26). In any one of

the terms, the important thing is that the indices are the same within V1, the
same within V2, the same within W1. Note that we considered here the case
j � 3. The de®nition of V and W will be di�erent from case to case (see
below).

In general, using (5.22) and the property (4.26) of the Wick products of
i.i.d. variables : nt :, we can write:

358 L. Giraitis et al.



R�j�N ÿ ER�j�N �
X

�V1;...;Vr ;W1;...;Wr0 �

X
W 0
1
�W1;...;W 0r0 �Wr0

c�V ;W ;W 0�

�
X

t�
1
;...;t�r ;s�

1
;...;s�

r0 2Z
t�
i
6�t�

l
;s�

i
6�s�

l
�i 6�l�;t�

i
6�s�

l

A�j�N ;D�t1; . . . ; tm�n� : nV1
t�
1
; . . . ; nVr

t�r
; n

W 0
1

s�
1
; . . . ; n

W 0
r0

s�
r0

: �5:23�

where the coe�cients c�V ;W ;W 0� depend on partitions �V1; . . . ; Vr;
W1; . . . ;Wr0 �, �W 0

1 ; . . . ;W 0
r0 � de®ned below but do not depend on t1; . . . ;

tm�n.
Here the sum

P
V1;...;Vr ;W1;...;Wr0

is taken over all partitions
�V1; . . . ; Vr; W1; . . . ;Wr0 �, r � r0 > 0 of the index set M :� f1; . . . ;m� ng, and
such the Vk and Wk are characterized as follows:

De®nition 5.1 The sets Vk and Wk are such that jVkj � 1; jWkj � 2, and
1) in the case j � 1: jVkj � 1, jWkj � 2;
2) in the case j � 2: jVkj � 1 if Vk � f1; . . . ;mg, no restrictions on Vk

if Vk � fm� 1; . . . ;m� ng, Wk contains at least one point of
f1; . . . ;mg;

3) in the case j � 3: Vk � f1; . . . ;mg or Vk � fm� 1; . . . ;m� ng, Wk

contains points from both f1; . . . ;mg and fm� 1; . . . ;m� ng;
5) in the case j � 5: jVkj � 1, jWkj � 2.

(These requirements follow from the de®nition of the sets Ij in (4.25)).
The sum

P
W 0
1
;...;W 0

r0
is taken over all subsets W 0

l � Wl; l � 1; . . . ; r0 including
the empty set. In the sum

P
t�
1
;...;t�r ;s�

1
;...;s�

r0
, one sets tj � t�l 2 Z if j 2 Vl,

l � 1; . . . ; r and tj � s�l 2 Z if j 2 Wl, l � 1; . . . ; r0. Finally for
V � �i1; . . . ; il� � M , : nV

t� : denotes the Wick product : nV
t� :�: nti1

; . . . ; ntil
:

where t� � ti1 � . . . � til . nW
s is de®ned similarly. Note that the term

: nt1 ; . . . ; ntm�n
: in (4.25) is included in (5.23); it corresponds to

W 0
1 � W1; . . . ;W 0

r � Wr.

We can rewrite (5.23) as

R�j�N ÿ ER�j�N �
X

�V1;...;Vr ;W1;...;Wr0 �

X
W 0
1
�W1;...;W 0r0 �Wr0

c0�V ;W ;W 0�

�
X

t�
1
;...;t�r ;s�

1
;...;s�

r0 2Z
A�j�N ;D�t1; . . . ; tm�n� : nV1

t�
1
; . . . ; nVr

t�r
; n

W 0
1

s�
1
; . . . ; n

W 0
r0

s�
r0

: �5:24�

that is, as a sum in �t�1; . . . ; t�r ; s
�
1; . . . ; s�r0 � 2 Zr�r0 without excluding the di-

agonals, with some other coe�cients c0�V ;W ;W 0�. (For example, if

V1 � f1g; V2 � f2g,
P

t�
1
6�t�

2
A�j�N ;D�t1; t2� : nV1

t�
1
; nV2

t�
2

: �Pt�
1
;t�
2

A�j�N ;D�t1; t2� : nV1
t�
1
; nV2

t�
2

:

ÿPt�
1

A�j�N ;D�t1; t2� : nV1[V2
t�
1

:�: Then
Var�R�j�N � � C

X
�V1;...;Vr ;W1;...;Wr0 �

X
W 0
1
;...;W 0

r0

qN �V ;W ;W 0� �5:25�

where
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qN �V ;W ;W 0�

� Var
X

t�
1
;...;t�r ;s�

1
;...;s�

r0 2Z
A�j�N ;D�t1; . . . ; tm�n� : nV1

t�
1
; . . . ; nVr

t�r
; n

W 0
1

s�
1
; . . . ; n

W 0
r0

s�
r0

:

0@ 1A :

It remains to estimate the terms qN �V ;W ;W 0�.
First we consider the case when W 0

1 6� ;; . . . ;W 0
r0 6� ;. Then: a) there exists

a pair �i; l� of indices such that W 0
k :� �i; l� satis®es the conditions in de®-

nition 5.1; b) any index t1; . . . ; tm�n will have a corresponding nti in the Wick

product : nV1
t�
1
; . . . ; nVr

t�r
; n

W 0
1

s�
1
; . . . ; n

W 0
r0

s�
r0

:. Thus, (4.1) implies the bound

qN �V ;W ;W 0� � Cu�i;l�N �5:26�
where

u�i;l�N ;D :�
X

t1;...;tm�n2Z:ti�tl

���A�j�N ;D�t1; . . . ; tm�n�
���2 :

Now consider the case where �W 0
1 ; . . . ;W 0

r0 � contains W 0
i � ;. Set for simplicity

that W 0
1 � ;; . . . ;W 0

l � ;, W 0
l�1 6� ;; . . . ;W 0

r0 6� ;. Then

qN �V ;W ;W 0� � Var

 X
t�
1
;...;t�r

X
s�i :W 0i 6�;

" X
s�i :W 0i �;

A�j�N ;D�t1; . . . ; tm�n�
#

� : nV1
t�
1
; . . . ; nVr

t�r
; n

W 0
1

s�
1
; . . . ; n

W 0
r0

s�
r0

:

!

� Var

 X
t�
1
;...;t�r

X
s�l�1;...;s

�
r0

" X
s�
1
;...;s�l

A�j�N ;D�t1; . . . ; tm�n�
#

� : nV1
t�
1
; . . . ; nVr

t�r
; n

W 0
1

s�
1
; . . . ; n

W 0
r0

s�
r0

:

!
:

Note that in this case the Wick product : nV1
t�
1
; . . . ; nVr

t�r
; n

W 0
1

s�
1
; . . . ; n

W 0
r0

s�
r0

: does not
depend on the indices s�1; . . . ; s�l . Using the same argument as above, we get
from (4.1) that

qN �V ;W ;W 0� � Cv�j�N ;D�W1; . . . ;Wl� �5:27�
where

v�j�N ;D�W1; . . . ;Wl� :�
X

t�
1
;...;t�r ;s�l�1;...;s

�
r0 2Z

� X�W �
s�
1
;...;s�l

A�j�N ;D�t1; . . . ; tm�n�
�2

: �5:28�

Taking into account (5.25), (5.26) and (5.27), it remains to check, for the
proof of (5.21) that

u�i;l�N ;D ! 0 �N !1� ; �5:29�
and
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v�j�N ;D�W1; . . . ;Wl� ! 0 �N !1�; j � 1; 2; 3; 5 : �5:30�
We ®rst prove (5.29)±(5.30) in the most complicated case �A3�, i.e. j � 3:

We prove (5.29) ®rst. Because of symmetry, it is su�cient to treat the case
�i; l� � �1;m� 1�: By (4.21),

A�3�N ;D�t1; . . . ; tm�n� � NaN ;D1
�t1; . . . ; tm�aN ;D2

�tm�1; . . . ; tm�n�
with D1 \ D2 � ;. Since �i; l� � �1;m� 1�,

u�1;m�1�N ;D � N 2
X

t2;...;tm;tm�2;...;tm�n

X
s

��aN ;D1
�s; t2; . . . ; tm�aN ;D2

�s; tm�2; . . . ; tm�n�
��2 :
�5:31�

From Parseval's identity, using the expression (4.18) for âN ;D and the cor-
responding bound (4.19), we get

u�1;m�1�N ;D � N 2C�K��lnN�2p
Z
�ÿp;p�m�nÿ2

���� Z�ÿp;p�
`
�
�x1 � � � � � xm�mod 2p 2 D1=N

�
� `ÿ�zÿ x1� � x2 � � � � � xm�n�mod 2p 2 D2=N

�
dx1

����2
� dzdx2 . . . dxmdxm�2 . . . dxm�n

for some p > 0. Setting y1 � �x2 � � � � � xm�, and y2 � �z� x2 � � � � � xm�n�,
we get

u�1;m�1�N ;D � N 2C1�K��lnN�2p
Z
�ÿp;p�4

`��x1 � y1�mod 2p 2 D1=N�

� `��x01 � y1�mod 2p 2 D1=N�
� `��ÿx1 � y2�mod 2p 2 D2=N�dx1 dx01 dy1 dy2

� O�Nÿ1�lnN�2p� ! 0 �N !1� ;
because y2 and x1 are linearly independent. Hence (5.29) holds.

It remains to verify (5.30). Again Parseval's identity and (4.19) imply

v�3�N ;D

ÿ
W1; . . . ;Wl

� � N 2C�K��lnN�2p

�
Z
�ÿp;p�n0

���� Z �W ��ÿp;p�n0
`
ÿ�x1 � � � � � xm�mod 2p 2 D1=N�

� `ÿ�xm�1 � � � � � xm�n�mod 2p 2 D2=N
�
dn0x

����2 Y
i2W c

dxi ; �5:32�

where W c � f1; . . . ;m� ng n �W1 [ . . . [ Wl�, n0 :� jW1 [ . . . [ Wlj; n00 :�
jW cj � m� nÿ n0 and the integral

R �W �
. . . dn0x is taken over the hyperplanes

X
s2Wp

xs

0@ 1Amod 2p � 0; p � 1; . . . ; l: �5:33�
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If n0 � 0, we have n0 � m� n and, setting

y :� �x1 � � � � � xm�mod 2p � ÿ�xm�1 � � � � � xm�n�mod 2p ; �5:34�
we obtain from (5.32) and (5.34) that

v�3�N ;D

ÿ
W1; . . . ;Wl� � C�K�N�lnN�2d

Z �W �
�ÿp;p�n0

�. . .�dm�nx

� C�K�N�lnN�2d
Z
�ÿp;p�

`�y 2 D1=N�`�ÿy 2 D2=N�dy � 0

since D1 \ ÿD2 � ; by de®nition of fDg.
If n0 6� 0, proceeding as in the proof of (5.29), one obtains

v�3�N ;D

�
W1; . . . ;Wl

�
� O�Nÿ1�lnN�2p� ! 0 �N !1� : �5:35�

Therefore, (5.30) holds. Lemma 5.2 is now proved for the case j � 3.
The proof in the cases j � 1; 2; 5 is similar but one must use the following

properties of the coe�cient aN ;D:���aN ;D�t�
��� � ��� Z p

ÿp
eitx

â�x�
N a=2L�N� `�x 2 D=N�dx

���
� C

Z p

ÿp
`�x 2 D=N�dx � C�K�Nÿ1 ; �5:36�

X
t2Z

��aN ;D�t�
��2 � 2p

Z
D

��âN ;D�x�
��2 dx � Nÿ1

Z
D
jxjÿa dx �N !1� �5:37�

which follow from (4.17) and (4.20).
For instance, consider the case j � 2. To evaluate (5.31), use (4.21). One

may get

u�1;m�1�N ;D �
X

t3;...;tm;tm�1;...;tm�n

X
s

�� ����N
p

aN ;D1
�s�

����
N
p

aN ;D2
�s�

�
����
N
p

aN ;D3
�t3� . . .

����
N
p

aN ;D4
�tm� �

����
N
p

aN ;Dm�1�tm�1; . . . ; tm�n�
��2

� O�Nÿ1�lnN��2p;

since X
s

�� ����N
p

aN ;D1
�s�

����
N
p

aN ;D2
�s���2� C2�K�

N

X
s

j
����
N
p

aN ;D1
�s���2� O�1=N�

by (5.36), (5.37) andX
tm�1;...;tm�n

�� ����N
p

aN ;Dm�1�tm�1; . . . ; tm�n�
��2� CN

Z
�ÿp;p�n

��âN ;Dm�1�xm�1; . . . ; xm�n�
��2 dnx

� CN�lnN�2p
Z
�ÿp;p�n

`��xm�1 � � � � � xm�n�mod 2p 2 Dm�1=N�dnx

� O�lnN�2p :
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One can also get

u�1;m�1�N ;D �
X

t2;...;tm;tm�2;...;tm�n

X
s

�� ����N
p

aN ;D1
�s�

����
N
p

aN ;D2
�t2� . . .

����
N
p

aN ;Dm�tm�

�
����
N
p

aN ;Dm�1�s; tm�2; . . . ; tm�n�
��2

� CN2
X

tm�2;...;tm�n

X
s

��aN ;D1
�s�aN ;Dm�1�s; tm�2; . . . ; tm�n�

��2
by (5.37). One then proceeds as in the case j � 3. (

6 Appendix

Our goal here is to establish Lemma 4.1 and to show that the limiting pro-
cesses Z�j�m;n; j � 1; . . . ; 5 are well-de®ned. Let

p�u1; u2� :�
Z
R

ÿ
1� ju1 � yj�ÿ1ÿ1� ju2 ÿ yj�ÿ1jyjÿb dy ; �6:1�

be the function introduced in (4.10). Lemma 4.1 is a consequence of the two
following lemmas.

Lemma 6.1 If ÿ1 < a1; a2; b < 1 and

a1 � a2 � 2b > 1 ; �6:2�
then

I :�
Z
R2

ju1jÿa1 ju2jÿa2 jp�u1; u2�j2 du1 du2 <1 :

Proof. i) Suppose ®rst b > 0: Relation (6.2) implies that either

a1 � b > 0 or a2 � b > 0 : �6:3�

For simplicity, we assume below that a1 � b > 0. If a1 � b � 1, set
b1 � b2 � b=2. If a1 � b > 1 (and, therefore, a1 > 0) put b1 � �1ÿ a1 ÿ ��=2,
b2 � b� �a1 ÿ 1� ��=2, where � > 0 is small number. Then 0 < b1; b2 < 1,
b1 � b2 � b. Using in (6.1) the inequalities

�1� jxj�ÿ1�1� jyj�ÿ1 � �1� jx� yj�ÿ1; x; y 2 R
andZ

R

jxjÿa�1� jx� yj�ÿ1 dx � C�e��1� jyj�ÿa�e; �0 < 2e < a < 1� �6:4�

we obtain

p�u1; u2� � �1� ju1 ÿ u2j�ÿ1=2
Z
R

�1� ju1 � yj�ÿ1=2�1� ju2 ÿ yj�ÿ1=2jyjÿb dy

� �1� ju1 ÿ u2j�ÿ1=2
Y2
j�1

�Z
R

�1� juj ÿ yj�ÿ1jyjÿ2bj dy
�1=2

� C�e��1� ju1 ÿ u2j�ÿ1=2�1� ju1j�ÿb1�e
2�1� ju2j�ÿb2�e

2 : �6:5�
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Using (6.5), we obtain

I � C
Z
R2

Y2
i�1
juijÿai�1� juij�ÿ2bi�e�1� ju1 ÿ u2j�ÿ1 du1 du2 : �6:6�

Since 0 < a1 � b1 < 1, setting j1� ju1jjÿb1�e � ju1jÿb1�e, integrating over u1
and using (6.4), we get

I � C
Z
R

ju2jÿa2�1� ju2j�ÿb2�e�1� ju2j�ÿa1ÿb1�2e du <1

because of (6.2), a1 � b1 � a2 � b2 � a1 � a2 � b > 1:

ii) Suppose now b � 0: Then from (6.2) it follows that

1 > ai � b > 0; i � 1; 2; �6:7�
a1 � a2 > 1; a1 > 0; a2 > 0 �6:8�

and

�1� b� > 1=2 ; �6:9�
because if (6.9) is not true, then a1 � a2 � 2b � �a1 � a2 ÿ 2� �
2�1� b� � 0� 1 � 1; i.e. (6.2) does not hold. Let us estimate p��� in (6.1):

p�u1; u2� �
Z
R

�. . .�dy �
Z
R

�. . .�
�
`�ju1j < jyj=2

�� `
ÿju2j < jyj=2�

� `
ÿjyj � 2

������������
ju1u2j

p �
dy �:

X3
j�1

pj�u1; u2� :
Then

I � C
X3
j�1

Z
R2
ju1jÿa1 ju2jÿa2

��pj�u1; u2�
��2 du1 du2 �: C

X3
j�1

Ij :

It remains to prove that

Ij <1; j � 1; 2; 3 : �6:10�
Let j � 1 (the case j � 2 is similar by symmetry). Since here ju1j � jyj=2; we
have 1� ju1 � yj � 1� jjyj ÿ ju1jj � 1� �jyj=2� � jyj=2; and thus, since

b � 0; we get �1� ju� yj�ÿ1 � ��1� ju1 � yj�1�bjy=2jÿb�ÿ1. Hence,

p1�u1; u2� � C
Z
R

�1� ju1 � yj�ÿ1ÿb�1� ju2 ÿ yj�ÿ1 dy

� C
Z
R

�1� ju1 � u2 � yj�ÿ1ÿb�1� jyj�ÿ1 dy

� C�1� ju1 � u2j�ÿ1ÿb�e � C�1� ju1 � u2j�ÿ1=2

because of (6.4) and (6.9). Then
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I1 � C
Z
R2

ju1jÿa1 ju2jÿa2�1� ju1 � u2j�ÿ1 d2u

� C
Z
R2

ju2jÿa2�1� ju2j�ÿa1�e du <1

because of (6.4) and (6.8), when e > 0 is su�ciently small.
It remains to prove (6.10) in the case j � 3: Taking into account that

b � 0 and using (6.4), we obtain

p3�u1; u2� �
Z
jyj�2

���������
ju1u2j
p �1� ju1 � yj�ÿ1�1� ju2 ÿ yj�ÿ1jyjÿb dy

� Cju1u2jÿb=2
Z
R

�1� ju1 � yj�ÿ1�1� ju2 ÿ yj�ÿ1 dy

� Cju1u2jÿb=2
Z
R

jyjÿ1���1� ju1 � u2 ÿ yj�ÿ1 dy

� C�e�ju1u2jÿb=2�1� ju1 � u2j�ÿ1�2e :
Then

I3 � C
Z
R2

ju1jÿa1ÿbju2jÿa2ÿb�1� ju1 � u2j�ÿ1 du1 du2

and, by (6.4), (6.7) and (6.2) we obtain

I3 � C�e�
Z
R

ju2jÿa2ÿb�1� ju2j�ÿa1ÿb�e du <1 ;

where e > 0 is small enough. (

Lemmma 6.2 If ÿ1 < a; b < 1, and

1� 2b� a > 0 ;

then

I �
Z
R

jujÿa1 jp�u�j2 du <1 ;

where p�u� � RR�1� ju� yj�ÿ1�1� jyj�ÿ1jyjÿb dy:

Proof. Let e > 0 be su�ciently small. If b < 0, then, by (6.4),

p�u� �
Z
R

�1� ju� yj�ÿ1jujÿ1ÿb du � C�1� juj�ÿ1ÿb�e;

and thus

I �
Z
R

ju1jÿa�1� juj�ÿ2�1�bÿe� du <1 :

If b � 0, then �1� jyj�ÿ1 � �1� jyj�ÿ1�b�e � jyjÿ1�b�e,

p�u� � C
Z
R

�j1� ju� yj�ÿ1jyjÿ1�edy � C����1� juj�ÿ1�2e ;
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and

I � C
Z
R

jujÿa1�1� juj�ÿ2�4e du <1 : (

Let F �j� be the integrand in the integral de®ning Z�j�m;n in Theorem 2.1,

j � 1; 2; 3 and the integrand in the integral de®ning Z�j�m;0 in Theorems 2.2

j � 4; 5.

Corollary 6.1 If the conditions of Theorem 2.1 are satis®ed, then the functions
F �j�; j � 1; 2; 3 satisfy

kF �j�kL2 <1 �6:11�
in the cases �Aj�; j � 1; 2; 3 respectively. If the conditions of Theorem 2.2 are
satis®ed, then (6.11) also holds in the cases �Aj�; j � 4; 5.

Proof. The functions F �j� involve U0, de®ned in (2.14). Since

jK0�x�j �
���� eix ÿ 1

ix

���� � C
1

1� jxj ; x 2 R ; �6:12�

we have U0�x1; x2� � Cp�x1; x2� for all �x1; x2� 2 R2. Consider the case j � 1
®rst, where F �1��x1; . . . ; xm�n� � U0�

Pm
i�1 xi;

Pm�n
i�m�1 xi�jx1jÿa=2 . . . jxm�njÿa=2.

Setting u1 �
Pm

i�1 xi; u2 �
Pm�n

i�m�1 xi, we get

kF �1�k2L2 �
Z
Rm�n

F �1��x1; . . . ; xm�n�2 dm�nx

�
Z
R2

p2�u1; u2�g��m��u1�g��n��u2� du1 du2

where

g��m��u� �
Z
Rmÿ1
�juÿ x2 ÿ � � � ÿ xmjjx2 � � � xmj�ÿa dmÿ1x : �6:13�

By using the inequalityZ
R

jxjÿajx� yjÿb dx � Cjyjÿaÿb�1; a� b > 1; 0 < a; b < 1

repeatedly, we get

g��m��u� � Cjujÿdm�u�; u 2 R ; �6:14�
as in the proof of Lemma 5.2 in [12]. Hence

kF �1�k2L2 � C
Z
R2

p2�u1; u2�ju1jÿd�m �a�ju2jÿd�n �a� du1 du2 <1

by Condition (2.12) and Lemma 6.1.
The cases j � 2 and 3 are treated similarly. When j � 2, for example, we

set u2 � xm�n and de®ne g��n� not through (6.13), but as a bounded function.
Since dn�a� < 0 in this case, Relation (6.14) still holds and the rest of the
proof applies.
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In the cases j � 4 and 5, we end up with

kF �j�kL2 � C
Z
R

jujÿd�m �a���p�u���2 du <1 ;

where p�u� is as in Lemma 6.2. Condition (2.17) and this lemma conclude the
proof in these cases. (
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