Probability Theory and Related Fields (2024) 190:259-319
https://doi.org/10.1007/s00440-024-01313-0

n

Check for
updates

Regularity preservation in Kolmogorov equations for
non-Lipschitz coefficients under Lyapunov conditions

Martin Chak’

Received: 24 October 2022 / Revised: 23 March 2024 / Accepted: 27 July 2024 /
Published online: 20 August 2024
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2024

Abstract

Given global Lipschitz continuity and differentiability of high enough order on the
coefficients in It6’s equation, differentiability of associated semigroups, existence of
twice differentiable solutions to Kolmogorov equations and weak convergence rates
of order one for numerical approximations are known. In this work and against the
counterexamples of Hairer et al. (Ann Probab 43(2):468-527, https://doi.org/10.1214/
13-A0P838, 2015), the drift and diffusion coefficients having Lipschitz constants that
are o(log V) and o(/log V) respectively for a function V satisfying (9, + L)V < CV
is shown to be a generalizing condition in place of global Lipschitz continuity for the
above.

Keywords Kolmogorov equation - Regularity preservation - Nonglobally Lipschtiz
continuous - Stochastic differential equation - Euler—Maruyama - Tamed Euler
scheme - Weak convergence rate

1 Introduction

Leth : [0, 00) x R" — R", 0 : [0, 00) x R" — R"*" and let W; be a standard Wiener
process on R”. Consider the stochastic differential equation (SDE) on R” given by

This paper concerns the case where the coefficients » and o are not globally Lips-
chitz continuous in space, but are only locally Lipschitz. The main contributions in
this work are the existence of twice differentiable-in-space solutions to the associ-
ated Kolmogorov equations [1] and order one weak error estimates [2—4] of suitable
explicit numerical approximations to (1). These results are obtained by first proving
moment bounds of derivatives of X; with respect to initial condition. Subsequently, the
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estimates are used to validate an Ito—Alekseev—Grobner formula [5] and differentia-
bility of semigroups associated with (1), which are then used to prove the announced
results. Similar moment bounds on the first and second derivative with respect to initial
value in the non-globally Lipschitz case have recently appeared in [6] under different
assumptions. Related ideas for non-globally Lipschitz coefficients had appeared ear-
lier in [7-9] for obtaining local Lipschitz continuity in initial value, strong numerical
convergence rates and strong (p-)completeness.

More specifically, in this paper we will show that the aforementioned results hold
true under conditions where b, o do not necessarily satisfy the globally monotonicity
assumption [8, equation (3)]. Our main assumptions are that higher derivatives of b, o
are bounded by Lyapunov functions and loosely that b and o admit local Lipschitz
constants which are o(log V) and o(+/log V) respectively for a Lyapunov function V.
The results are applicable to all of the example SDEs presented in [10, Section 4],
with the exception of those in Sect. 4.7. In particular, for the first time, weak numerical
convergence rates of order one are shown for these example SDEs. The convergence
rates are obtained using the stopped increment-tamed Euler—-Maruyama schemes of
[10].

In contribution to regularity analysis of SDEs, the results provide new criteria for
regularity of semigroups associated to solutions of (1). Previously, this regularity was
known in cases of globally Lipschitz [1] or monotone coefficients [11], or hypoellip-
ticity [12, Proposition 4.18]. On the other hand, Hairer et al. [12] presented remarkable
counterexample SDEs, which do not have such regularity properties, even when the
SDE has globally bounded smooth coefficients. More concretely, one counterexample
is given by (1) with

n=3, b x)=(cos(xs - exp(x3)), 0,0),
o1 =2, 01; =0V, j)# @2 D. )

Denoting X7 to be the unique (up to indistinguishability) solution to this SDE
with X§j = x, Theorem 3.1 in [12] asserts that there exists an infinitely differen-
tiable and compactly supported ¢ : R3 — R such that R3 3 x + E[p(X})] fails to
even be locally Holder continuous for any # > 0. The counterexamples stand in con-
trast to more classical results in the globally Lipschitz/monotone case as referenced
above. Further counterexamples have also been recently established in [13].

In the following Theorem 1, we do not assume that the coefficients b and o are
globally bounded. Note however that, as announced, the coefficients are assumed to
satisfy local Lipschitz bounds. Our basic result about semigroup differentiability can
be summarized as in Theorem 1 below.

Theorem 1 Suppose there exists V : [0, T] x R" — R twice continuously differ-
entiable in space, continuously differentiable in time and constant C > 0 such that

AV, x)+ XEb,-(z, X)dy, V(t, x) + % 'Zl(a(h )0 (t, )1 )ij85,8x, V (1, x)
i= i,j=
<CV(t, x) 3)
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forallt € [0,T], x € R" and limy|oo V(t,x) = oo. Let f,c : [0,T] x
R" - R, g : R" — R be measurable functions and p € Ny. Suppose
b(t,+),o(t,), f(t,), g, c(t, ) € CP. Moreover, suppose
o there exists measurable G : [0, T] x R" — R such that G(t,-) : R" — R is
continuous for any t, G(t, -) = o(log V (¢, -)) uniformly in t and such that

b(t, x) = b(t, y)| = (G(t, x) + G (1, y))|x — yl, (4a)
lo(t,x) — o, NI* < (G, x) + G, )|x — yI (4b)

forallt € [0,T], x € R,
o foreveryk >0, h € {b, f, g, c}, there exists C' > 0 such that

|0 (t, ax + (1 = MY)| + 18P0 (¢, Ax + (1 = DY)
<C A+ V(. x)+ Ve, y)F )

forallt € [0,T], x,y € R", A € [0, 1] and multiindices o, B with py < |a| <
p, 2 < |B| < p, where po =2 if h = b and pg = 0 otherwise.

Foranys € [0, T]and stopping time t < T —s, the expectation ofu(s, 7,-) : R" - R
given by

Elu(s, t, x)]

T T 5,.x
— E|:/ f(s+r, X‘;’x)e_for c(s+w,X‘f,;X)dwdr + g(X;’x)e_fo c(s+w, X3 )dw:|’
0
(6)

is continuously differentiable in x up to order p, where foranys € [0, T], x € R", X5*
is the solution to X;”" = x + fé b(s + r, X5%)dr + fé o(s+r, X2dW, ont e
[0, T — s]. Moreover; if p > 2, then the function given by v(t, x) = E[u(t, T —t, x)]
is locally Lipschitz in t and satisfies

dv+a:D>v+b-Vv—cvo+ f=0 (7
almost everywhere in (0, T) x R", where a = %UO'T, D? denotes the Hessian matrix
anda : D* = Tr(aDz).

Theorem 1 follows as corollary to Theorems 11 and 14. Under slightly stronger
assumptions, the Kolmogorov Eq. (7) is solved in the classical sense in Theorem 15.
For simplicity, the Lyapunov function V in Theorem 1 has been made independent
of k appearing in (5). In the more detailed Theorems 11 and 14, this assumption is
relaxed so that V may depend on k. In particular, this allows us to easily determine that
indeed we have a generalization of the globally Lipschitz case as in [1, Section 5.3]: for
example if n = 1 (higher dimensions following similarly), take V = Vj(x) = x2*™
for some large enough m € N. Since any globally Lipschitz b, o are at most linearly
growing, the Lyapunov property is readily verified. The rest of the conditions are then
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not stronger than those in [1]. A discussion of Theorem 1 with regard to the results of
[12] is given in Sect. 1.1.

In addition, the case that b, o are assumed to be time homogeneous with locally
Lipschitz derivatives up to order p and with

> 10ib )] + 130 1> < G(x),
0%h(t, )| + 18%0 ()2 < C'(1+ V@t )t

replacing (4a), (4b) and (5) is considered in Sect. 5. In particular, Theorems 18, 19, 20
show that the conclusions of Theorem 1 hold and the Kolmogorov Eq. (7) is solved
in a classical sense under this setting. These results appear to be the only ones in
the literature about twice differentiable-in-space solutions to Kolmogorov equations
outside hypoelliptic, elliptic diffusion or globally Lipschitz/monotone settings.

In the same vein as the counterexamples for regularity preservation, the authors
of [12] present a counterexample SDE where the Euler—Maruyama approxima-
tion suffers from the lack of polynomial convergence rates. Namely, Theorem 5.1
in [12] shows that there exists a globally bounded smooth pair b,o such
that limg_, o+ |E[X;] — E[Y,‘S]|/8°‘ = oo for any o > 0, where X, denotes the solu-
tion to (1) with X9 = 0 and YZ‘S denotes its Euler—Maruyama approximation with
stepsize §. The next result provides general conditions where numerically weak con-
vergence rates of order 1 may be established outside the classical globally Lipschitz
[2] and monotone [4, 14] cases.

Theorem 2 Let all of the assumptions in Theorem 1 hold with p > 3. Suppose b, o
are independent of t and suppose V is of the form V(t,x) = eUme™ for U e
C3(R™, [0, 00)), p > 0, such that there exist ¢ > 1 satisfying

1 o 1 o 1 P 11
lx[e +19%b(x)| + 0% (x) ]|« + [0°U ()] < c(1 +U(x)) <,

forall x € R, multiindices o, B with0 < |at| < 2and 1 < |B| < 3.Ifh € C3(R", R)
is such that
[0%h(x)] < c(1+ |x[)

forall x € R" and multiindices o with 0 < |a| < 3, then there exists a constant C > 0
such that
|E[2(X1)] — E[h(YD)]] < C8, ®)

forall0 < 8 < 1, where Y% : [0, T] — R" is the approximation given by Yg =Xp €
R" and

Y vE 41 < b(Yis)(t — k) + 0 (Yy) (We — Wis) )
R {IY,%Ifmp(HogM%)} U+ (Y2 (t — kb) + 0 (Y2) (W, — Wig)]?

C))
forallt e [k8, (k+ 1)8], k € Ng N [0, L).
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Regularity preservation in Kolmogorov equations 263

Theorem 2 is corollary to Theorem 23, for which the full setting is given by
Assumption 7, with comments in Remark 4. The numerical scheme (9) is the stopped
increment-tamed Euler-Maruyama approximation from [10]. It has the key property
of retaining exponential integrability properties of the continuous time SDE, which
is used throughout the proof for Theorem 23. As is well documented [15], the clas-
sical Euler—-Maruyama scheme may diverge in both the strong and weak sense for
superlinearly growing, non-globally Lipschitz coefficients without this property. The
power 3 appearing in the denominator on the right-hand side of (9) is chosen purpose-
fully: weak convergence rates of order one are only obtained for exponents larger than
or equal to 3. The proof of Theorem 23 uses the recently established Ito—Alekseev—
Grobner formula [5] in order to expand the left-hand side of (8), instead of the classical
approach using C -2 solutions to Kolmogorov equations as in [2]. Note that as a result,
the requirement p > 3 in Theorem 2 is slightly weaker than the typical fourth order
continuous differentiability of b, o. In order to apply the formula, strong complete-
ness of some derivative processes of (1) is established first by using a result in [7].
Some closely related properties for (1) appeared recently in [6], where the authors use
a different approach and different assumptions. Although weak convergence without
rates has been established by way of convergence in probability in [10, Corollary 3.7]
and [16, Corollary 3.19], weak rates of convergence (of order one) have thus far
been an open problem for general non-globally monotone coefficients, see however
for example [17, 18] in this direction. On the other hand, strong convergence rates
of order % have been established in even the non-globally monotone case [8]. The
assumptions of Theorem 2 (and of the more detailed Theorem 23) do not include the
globally Lipschitz setting as in [2, Theorem 14.5.1]. However, some weakening of
these assumptions that both includes the globally Lipschitz setting and is sufficient
for the conclusions of Theorem 23 to hold is discussed in Remark 5.

The proofs for the moment estimates underlying both Theorems 1 and 2 use directly
the results of [19], for which exponential integrability in continuous time as in [7, §]
is an important property that is accounted for in a crucial way by our local Lipschitz
condition. The core argument for these estimates, which can be thought of as a com-
bination of the approach in [1] with ideas of [7, 8], is to consider for any x € R”
processes X;(,) satisfying

XerrK — XX
sup | ———L - X}{)| =0
1€[0,T] r

in probability as r — 0, where X;* denotes a solution to (1) with X§ = x. Such pro-
cesses exist [1, Theorem 4.10] for b, o continuously differentiable in space satisfying
some local integrability assumption and X;‘(K) satisfies the system resulting from a
formal differentiation of (1) (see (24)). If b and o are independent of ¢ and the deriva-
tives of b and o are locally Lipschitz, the processes X f(K) are almost surely continuous
derivatives in the classical sense as in [20, Theorem V.39]. Higher derivatives exist
for b and o with higher orders of differentiability. The SDEs solved by the first order
derivatives turn out to be just as considered for previous applications of the stochastic
Gronwall inequality [19], whereas those for higher order derivatives have only the term
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involving the derivative of the highest order on the right-hand side of the dynamics
requiring serious control. For the latter, the stochastic Gronwall inequality together
with our Assumption 1 below and an induction argument are sufficient to control all of
the terms. We use o(log V) and o(+/log V) Lipschitz constants in order to control the
moments for large time 7', but the results follow for O (log V) and O (y/log V) Lips-
chitz constants if 7T is suitably small. In order to establish solutions to the Kolmogorov
equation, a number of intermediary results following the strategy of [1] are given for
the present case of local Lipschitz constants. In particular, it is shown by extending
an argument from [21] that an Euler-type approximation converges to solutions of the
SDE in probability and locally uniformly in initial time and space, that is, the SDE is
regular [1, Definition 2.1].

The original motivation for this work is the Poisson equation for finding the asymp-
totic variance of ergodic averages associated to SDEs. In [22], a formula for the
derivative of this variance with respect to a parameter in the dynamics is derived. In
order to do so, the Poisson equation is interpreted as a PDE in the classical sense,
which in turn made use of an appropriate solution to the Kolmogorov equation. In a
setting where the coefficients are not globally Lipschitz, for example if the friction in
the Langevin equation of [22] is not restricted to be constant in space, the existence
of such a solution to the backward Kolmogorov equation appears to be unavailable
in the literature. The present work fills this gap. In addition, solutions to the Poisson
equation furnishes central limit theorems for additive functionals themselves by way
of [23]. The results here allow some arguments there to be established rigorously for
hypoelliptic diffusions, more details are given in Sect. 7.1.

1.1 Loss of regularity

To conclude the introduction, let us discuss Theorem 1 in the context of [12,
Theorems 3.1, 4.16, Proposition 4.18].

Theorem 4.16 in [12] asserts the existence of unique viscosity solutions to Kol-
mogorov equations given existence of an associated Lyapunov function V, that is, V
satisfying (3). In that statement, it is assumed that c = f = 0 and that b, o are
time-homogeneous. Otherwise, their assumptions are strictly weaker than those in The-
orems 1 and 2. This viscosity solution has the representation (¢, x) > E[g(X7_,)],
where X} denotes the solution to (1) with X 3 = x, butitis in general not differentiable
in contrast to in Theorem 1. However, given enough regularity, it is an almost every-
where solution. In particular, this is the case if it belongs to the Sobolev space Wli’cl P
for some p > n + 1, see [24, Proposition 1.4, Remark 1.16]. Under the stronger
assumptions here, our results on (6) and its a.e. derivatives as implied by Theorem 11
verifies that this viscosity solution indeed belongs to W]i’cl 'P_These arguments form an
alternate proof for the assertion about (7) in Theorem 1 in the case where f =c =0
and b, o are time-homogeneous.

In Proposition 4.18 in [12], again in the setting where f = ¢ = 0 and b, o are time-
homogeneous, the authors make use of Lemma 5.12 in [1] to obtain distributional
solutions to the Kolmogorov Eq. (7) in the case of smooth coefficients. If in addi-
tion b, o satisfy Hormander’s condition, their result implies for continuous bounded g
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Regularity preservation in Kolmogorov equations 265

that (¢, x) > E[g(X7_,)]is aclassical solution to the Kolmogorov equation. In partic-
ular, there is a preservation, or even a gain, of regularity in the semigroup. Héormander’s
condition appears to be neither strictly stronger nor strictly weaker than the main
assumptions in the present work. For example in Sect. 7.2, we consider (1) withn = 2,
b(t,x) = (x2,1x1 — @2x2 — @3x2x] — x7) and (o (8, )11 = (@ (1, )12 = 0,
(o(t,x))2.1 = Pi1x1, (0 (t, x))2.2 = B3 forsome constants &y, o2, B1, B3 € R, a3 > 0.
This SDE does not satisfy Hormander’s condition when 83 = 0 (which is the case
studied in [25]). However, as demonstrated in Sect. 7.2, it does satisfy the main assump-
tions in the present work. On the other hand, for example in the case where a3 = 0
and B3 # 0, Hormander’s condition is satisfied, but it is not clear whether there exists
a satisfactory Lyapunov function.

Lastly, Theorem 3.1 in [12] presents an instance of (1) such that there exists smooth
compactly supported ¢ satisfying that for any ¢ € (0, T], the function x — E[@(X})]
is not locally Holder continuous. In combination with Theorem 1, this implies that,
for b, o asin [12, equation (3.1)], it is impossible to find a Lyapunov function V such
that b, o have Lipschitz constants that are o(log V) and o(/Iog V) respectively.

The paper is organised as follows. In Sect. 2, the setting, notation and various
definitions are given. In Sect. 3, moment estimates of the supremum over time on the
derivative process and the difference processes in initial value are given. These results
are used throughout for proving the other results in the paper. In Sect. 4, results on
the regularity of the semigroup associated to (1) are presented, which are followed
by results about twice differentiable-in-space solutions to the Kolmogorov equation.
Section 6 contains the results about weak convergence rates for the stopped increment-
tamed Euler—-Maruyama scheme on SDEs with non-globally monotone coefficients.
In Sect. 7, new Lyapunov functions are given for the Langevin equation with variable
friction and stochastic Duffing—van der Pol equation. In the case of the former, the
associated Poisson equation is discussed.

2 Notation and preliminaries

Let (2, F, P) be acomplete probability space, F;, ¢ € [0, 00), be a filtration satisfying
the usual conditions (seee.g. [20, p. 3]) and (W, );>0 be astandard Wiener process on R”
with respect to F;, t € [0, 00). Unless otherwise stated, let T € (0, 00). Let |v], | M]|
denote the Euclidean norm of a vector v and the Frobenius norm of a matrix M
respectively. Let b : Q x [0,00) x R" — R", 0 : Q x [0,00) x R" — R"*" be
functions such thatb(z, -), o (¢, -) are continuous forevery' 1, w, b(-, x), o (-, x) are F®
B([0, co))-measurable for every x, b(¢, x), o (¢, x) are F;-measurable for every 7, x
and fOT sup|x‘§R(|b(t, x)| + ||0(t,x)||2)dt <ooforany R > 0,w € Q.Let 0 CR”
be an open set and for any x € O, s > 0, let X;** be an F;-adapted O-valued process

I The requirement that the properties hold for every w € €2, which will appear throughout the paper, is
consistent with the assumptions in [1], so that we may reference results directly from [1]. As is common
practice, we omit in the notation the dependence on w for functions of w.
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266 M. Chak

such that X;** is P-a.s. continuous satisfying for all ¢ € [0, T'] that

t

t
X7t :x—}—/ b(s—}—r,Xj"x)dr—}—/ o(s+r, X))dW,. (10)
0 0

Note for spatially locally Lipschitz b, o, the existence of a Lyapunov function (that is,
a function satisfying (3)) that grows to infinity at infinity suffices for the existence of
the processes X;. More precisely, for example for the SDEs in Sect. 7, Theorem 3.5
in [26] proves that the processes Xf‘x exist. See also Theorem 1.2 in [1] for general
conditions on b, o for the existence of X ,” When the initial value x and time s are
not important or are obvious from the context, simply X, and similarly X7 is written.
For f € C2(0) and for either b, o as above or (b* : Q x [0, T] - R"),ec0, (¢ :
Qx[0, T] = R™"), o thatare, foreach x, FQB([0, t])-measurable and F;-adapted
satisfying P-a.s. that fOT(|b§| + |lof 1%)ds < oo, we denote

Lf=b-Vf+a:Df, (11)

where a = %O‘O‘T, D? denotes the Hessian and for matrices M, N, M : N =

Zi,j M;; N;;. Throughout, O is used to denote the convex hull of O, C((0, T)xR")
denotes the set of compactly supported infinitely differentiable functions on (0, T") x
R, Cp(R™) denotes the set of bounded continuous function on R”, C1-2([0, T] x R")
denotes the set of continuous functions of the form [0, T] x R" > (¢, x) — f(¢, x)
that are once continuously differentiable in ¢ and twice so in x, Br(x) denotes the
closed ball of radius R > 0 around x € R", Bg = Bg(0), ¢; denotes the i™ Euclidean
basis vector in R”, and C > 0 denotes a generic constant that may change from
line to line. The expression 1,4 denotes the indicator function on the set A. We
denote A7 = {(s,#) : 0 < s <t < T}. The notation BiZfﬁT = 0,7, 7lz is used
and similarly for the higher order derivatives B“Zf’T for multiindices «. Moreover,
for a multiindex «, we denote |a| = ) ; ; and

o times

——
Ko = |el,...,en,ea,...

Definition 1 A positive random function V : Q x [0, T] x O — (0, o0) is referred to
asa (b, 5, a., B., p*, Vo)-Lyapunov function if (b : Q@ x [0, T] — R")yc0, (6 :
Qx[0,T] = R"")yeo, ., .1 Q x[0,T] = [0,00], p* € [l,00) and Vp €
CcL2([0, T] x 0) are F ® B([0, T])-measurable and F;-adapted processes where
applicable and satisfy for all y € O that there exist a 7 ® B([0, T])-measurable, F;-
adapted process YY : Q@ x [0, T] — O such that it is P-a.s. continuous, it holds P-a.s.
that V(¢,y) = Vo(t,Y;) for all t € [0, T] and for any stopping time T < T, it
holds IP-a.s. that

T
/ (B + 116712 + lar Ndr < o0, (12)
0
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Regularity preservation in Kolmogorov equations 267

s S
Yy :y+/ bfdr+/ &1dwW,, (13)
0 0

p* = 116G TVVo(s, Y2

<o, Vo(s,Y)) + B 14
) V()(S,Ysy) s O( t) ,Bv ( )

(3 + LY)Vo(s, ¥§) +

for all s € [0, T'], where L is given by (11) with l;, o replacing b, 0.

Definition 2 For T € (0, 00), /i € N and open 0 C R, a function V : Q x [0, T] x
O — (0, 00) is referred to as a Lyapunov function if there exist a filtration and
Wiener process as above, p* € [1, 00), b : Qx [0, T] x O - R, 5 :Q x
[0, T] x 0 — R Vo € Cl’z([O, T] x é), along with some «. and B. such that V

isa(b,6,a., ., p*, Vo)-Lyapunov function and

Bu

ef()T|au|du
v
efO a,du

dvdt < 0. (15)
LP*(P)

T
p* dr + /
LP =1 (P) 0

Remark 1 (i) Smooth functions Vj satisfying (9; + L) Vy < CV} for some constant C
as in [26, Theorem 3.5] are Lyapunov functions with p* = 1, ¢, = C and ; =
0. In this case, note that (13) holds P-a.s. with Y, b,G replaced for example
by X% b, X9, o (-, X% respectively, which follows by Lemma 4.51 in [27],
our assumptions on ¢ and the fact that (w, t) — (w, ¢, X?’x (w))is F®B([0, T))-
measurable and F;-adapted (with (F ® B([0, T])) ® B(0), F; ® B(O) as o-
algebras in the respective ranges).

(i) To summarize loosely, Lyapunov functions as defined above satisfy firstly the
main condition (15) in [19] for the stochastic Gronwall inequality and secondly
finiteness conditions on the associated processes. These are properties that will
be used many times throughout the paper in the form of Proposition 3 and its
corollaries below.

The following property allows control across families of Lyapunov functions.

Definition 3 Let T € (0, 00), 7 € N, (7is)sef0.71> O, (O5)seqo.11, Vo € C12([0, 00) x
5) be such that O C R" and O~S C R are all open. A family of functions (Ws Q2 x
[0, T]x és — (0, 00))sef0,71 18 (71, 0, Vo)-localin s ifO = 0~s and there exists a con-
stant C > 0 satisfying that for any s € [0, T'], there exist I;S'T, 5T, 5T, ,B_S'T, pS'T
suchthat Wyisa (551,557, a5 T, BT, poT Vo(s+-, ~)|[0j]xO)-Lyapunovfunction
and the corresponding bound (15) holds uniformly with bound C, that is,

T
P‘Y’T + /
0

LroT-1(p)

s, T
v

efOU ai‘Tdu

s.T
oy’ |du

dv < C. (16)
L (@)

7
Hefo

We say that (Wy)sefo,7] is local in s if there exist 7, 0, V such that (Wy)seo.1]
is (1, O, Vp)-local in s.
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A family of Lyapunov functions being local in s allows terms of the
form E[ W, (¢, X f’x)] to be bounded uniformly in s after applying the stochastic Gron-
wall inequality (stated as Proposition 3 below). This is an important property for twice
differentiable solutions to Kolmogorov equations, since such solutions and many lem-
matic terms depend on a time variable via the starting times s. On the other hand, such
a property is in all of the examples mentioned here easily satisfied.

In the rest of the section, some results from [5, 19] are recalled for the convenience of
the reader. With the exception of Corollary 4, we refer to the corresponding statements
in [5, 19] for their proofs. The next Proposition 3 is a special case of Theorem 2.4 in
[19].

Proposition3 Ler t < T be a stopping time, p* € [1, 00) and Vo € C"2([0, T] x
0, [0, 0)). Moreover, let X : Q@ x [0,T] — O, b : Qx[0,T] —» R, 6 : Q x
[0,T] > R™" a:Q x[0,T] —>RU{—oo,oo},,3:Qx[0,T]—> R U {—o00, 00}
be F ® B([0, T])-measurable and F;-adapted processes such that X has continuous
sample paths and it holds P-a.s. that fOT(IésI + 16512 + lasDds < 00, Xinr =

X0+f0 Lo, r)(s)b ds —i—fo Lo, I)(s)aAa'W forallt € [0, T and it holds P-a.s. that for
a.a.s € [0, 1), (14) holds with LV = b.- VVo+ 1(6.67) : D>V and ¥{', 57, as, Bs
replaced by Xy, 65, s, ﬁs respectively. The followmg statements hold.

(1) Forq1, q2 € (0, oo] satisfying qll = — + *, it holds that

L
(IE[(VO(T,?AG))’“])ﬁ =< (E[exp <q2/0 &st)D <(E[(Vo(0 Xo))” ])L*

T T B \* d
g (E[(—equg&,dn) J)a) o

(i) For q1,q2,q3 € (0, o0] satisfying g3 < p* and —- o= iz + q%, there exists a

constant C > 0 depending only on q3, p* such that

-\ ar r =
(E[( sup Vo(s,XS)> :|> §C<]E|:exp< sup q2/ asds)])
s€[0,7] tel0,7] 0
v ‘ BS o %
'(EKVO(O’XOHfo exp(fg'&rdmdS) D |

An application of Proposition 3 on Lyapunov functions as defined above is given
by the next Corollary 4.

Corollary4 Let i € N, O € R, V. : @ x [0,T] x O — (0,00) be a

b.,6,a., B, p*, V())-Lyapunov function for some b,6,a., B., p*, Vo. For any
q1, q2 € (0, o] with qlu = — + *, it holds that

EL(V (1, y))‘ﬂ])ﬁ < C(ELV0, )" D + 1) (18)
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for all stopping times t < T and O-valued Fo-measurable r.v.’s y, where C is given
by the maximum between the first factor and the last term in the last factor both on
the right-hand side of (17) with &, ,3, T replaced by «, B, t. In particular, the same
statement holds with the right-hand side of (18) replaced by C(E[V (0, y)] + 1) for
all deterministic y.

Proof By Definitions 1, 2 and Proposition 3, it suffices to check that any F® B([0, T'])-
measurable, F;-adapted, P-a.s. continuous process Y. satisfying P-a.s. (12), (13)
and V (¢, y) = Vo(¢, ¥}) forall ¢ € [0, T]is such that for any ¢ € [0, 7] and stopping
time v < T,itholds P-a.s.that Y\, = y+ [y Ljo.r)($)byds+ [y Ljo.7)(s)5;] dW. The
only thing to check is that the stochastic integrals Ot N 6YdW, and fot 10.0)(r)67 dW,
are equal P-almost surely. This may be verified by Proposition 2.10 and Remark 2.11
(see also the paragraph after Definition 2.23) all in [28]. O

In the particular case where Vy(z, x) = |x|2, Proposition 3 implies the following
Corollary 5, which is a special case of Corollary 2.5 in [19].

Corollary 5 Let the setting of Proposition 3 hold with Vy = 0 and p* € [2, 00).
Suppose it holds P-a.s. that for any t € [0, 7), the process X satisfies by - X; +
316117+ 5(p* = D16, X P/1Xe1* < &l Xi* + 518,17 For any q1. 2. 43 € (0, o]
with g3 < p* and - = in + q%, there exists a constant C > 0 depending only

q1
on g3, p* such that

PN o7 , o
()" <elelool g 0]
s€[0,7] t€(0,7] 0
, A PNTT\®
(e (or+ [ zran ) )™
0

exp( [y &,dr)
Another useful corollary of Proposition 3 that will be used frequently in Sect. 6 is
stated next. Corollary 6 is a special case of Corollary 3.3 in [19].

Corollary 6 Let the setting of Proposition 3 hold with Vo = 0 and O = R". Assume
there exists Borel-measurable b : R" — R" and 6 : R" — R"™" such that for
any t € [0, T, it holds P-a.s. that by = b(X;) and 6; = 6(X;). Let U : R" — R
be a Borel-measurable function satisfying fOT |l_](f(s)|ds < 00, let U € C2(R") and
leta* > 0. Assume LU + %|6TVU|2 +U < a*U, where L is given by (11) with b, o
replaced by b, & respectively. It holds that

E[exp <ﬁ + /T ﬂds)} < E[exp(U (0, Xo))].
exp(a*t) o exp(a*s)

Lastly, a corollary of the Ito—Alekseev—Grobner formula (Theorem 3.1 in [5]) is
stated below as Proposition 7. The result will be used in Sect. 6 to obtain our Theorem 2
on weak numerical convergence rates. Its proof is straight-forward given Theorem 3.1
in [5], so it is omitted.
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Proposition 7 Let the setting of Corollary 6 holdwithU = U = 0. Moreover, let p* >
4, qT e [0, pT/Z — 2). Assume the filtration F; satisfies F1 = o(FoUo (W : s €
[0,t]) U{A € F :P(A) = 0}) and that Fo and o (Wy : s € [0, T]) are independent.
Assume b, & are continuous. Let )_(j’_ QA x A xR" — R” be such that it holds P-a.s.
that for any (s, t) € Ar, the map R" 5 x — )_(f’t € R" is continuously differentiable
in x up to order 2 and the derivative A1 x R" 3 ((s,1),x) — 80‘)_(5’, e R" is
continuous for all multiindices o with 0 < || < 2. Assume forall s € [0, T], x € R"?
that the process [s,T] x 2 > (t,w) — )_(f’t is Fi-adapted and assume that for

all (s, 1) € Ar, x € R", itholds P-a.s. that X¥ ; = x + [ b(X} )dr+ [! & (X¥ ,)dW,
and X5 = X5, Let Y - @ x [0,T] — R", A : @ x [0,T] — R" and B :
Qx [0, T] - R"™" be F ® B([0, T1)-measurable functions such thatE[fOTﬂY,I”T +
|A,|1’T + |B,|P+)dt] < 00, Y has continuous sample paths, B has left-continuous

sample paths, Y, B are both F;-adapted and for allt € [0, T, it holds P-a.s. that Y; =
Yo + fot Agds + fé BydW;. In addition, assume

pt /=y P
(x| +

_XYr Pa
o r.s
d Xt’T < 00,

sup sup ]EUE(}_(&Z)

0<|x|<20<r<s<t<T

where py = p' ifla| =0, po =4p"/(p"=2(q"+2)) ifla| = 1and po, = 2p"/(p"—
2(¢T+2)) ifla| = 2. If f € C*(R™) is such that there exists a constant C > 0 satisfying

Lf ()]
maX(l+|x|, IV £l

sz(x)”) <c(t+ )
forall x € R", then it holds P-a.s. that
B[ (%) - )]

= IE[/OT ((((E(Yt) — A - V))_(Z’T) : v)f(f(ffT)dt + % /OT iél (5(Yt)5(YZ)T

~m]), (6% @0, K07) : 02) £ (RF7) + (5L v) f()?ZtT>dz:|.

3 Moment estimates on derivative processes

The following assumption states our main requirement on the Lyapunov function.
Alternative, more local, assumptions for the main results are given in Theorem 17.

Assumption 1 There exists G : Q x [0,T] x O — [0, o0) such that G is F ®
B([0, T]) ® B(0O)-measurable, G (¢, -) is F;  B(O)-measurable for all ¢, it holds P-a.s.
that G (¢, -) is continuous for all ¢, it holds PP-a.s. that

[b(t, x) —b(t, y)| < (G, x) + G, y) |x — yl, (19)
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lo(t,x) =0, NI* < (G, x)+ G, ) Ix =y, (20)

forallt € [0,T], x,y € O and~such thgt for any s € [0, T], there exist finite
sets Io, Iy C N, 1; € N, open O; € R" for all i € Iy U I, locally bounded
functions M : (0,00) — (0,00), (Xi: O — O; )ie Ul and Lyapunov functions

(Vi: Qx [0, T —s5] x O; — (0, OO))zeIOUI(’) satisfying for any m > 0, x € O and
stopping times ¢ < T — s that it holds PP-a.s. that

f G(s+r, X3%)dr < M(m)—i—m(Zf log V; (r, X (x))dr + Y log Vy(t, xl/(x)))
iely i'el)

21

In some cases, the process Y; associated with Lyapunov functions can be thought
of to be equal to X;. More precisely, we have in mind the case where the process X;
satisfies the conditions for Y¥; in Definition 1 for the Lyapunov functions in Assump-
tion 1. In particular, in the applications here, it is enough to take in place of (21) the
condition

G(x) <mlogVo(x) + M (22)

for Vp satisfying L Vy < CVp for L given by (11); the generality is justified by a trick to
increase the set of admissible Lyapunov functions, as exemplified by the inclusion of U
in Corollary 6, see also [7, Theorem 2.24]. Assumption 1 is strictly weaker than assum-
ing globally Lipschitz coefficients, since polynomial Lyapunov functions are easily
constructed in that case. In addition, throughout, whenever continuous differentiability
up to some order m* of b and o is assumed, we also assume

Z / sup (10°b(t, x)| + 8% (¢, x)|)dt < 00, VR > 0. (23)
9eNg;fo|<m* 0 IXI=R

As briefly mentioned, in Sect. 5, it is shown that if b, o are independent of w, ¢
and admit locally Lipschitz derivatives, Assumption 1 and in particular (19), (20) may
be replaced by > . (19;0] + [|9;0 [?) < G in obtaining our results on the Kolmogorov
equation.

Forx € O,s € [0, T], let X f(,f) be the first #-uniform derivatives in probability
of X;* with respect to the initial value in any direction k € R", that is, for any € >
0, T >0,t <T — s, it holds that

) -0

]P’( sup
t€l0,T —s]

asr — Owithr # 0, x +rc € O.If b(t,-) and o (¢, -) are once continuously
differentiable on O for all + € [0, >0), @ € 2 and satisfy (23) with m* = 1 for
all w € Q, then by Theorem 4.10 in [1], Xf(’,f) exists for any x € O, s € [0, T] and
satisfies the system obtained by formal differentiation of (10), that is,

S, X+rK S5,X
Xt - Xt _ x5
r t(k)

AXS = (X005 - V)b(s + 1, XPV)dt + (X375 - V)o (s +1, X)W, (24)
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By induction, if for any w € 2, b(t,-) and o (¢, -) are continuously differentiable
on O up to some order p for all ¢+ € [0, co) and satisfy (23) with m* = p, then the
p™-order 7-uniform derivative in probability of X;** with respect to the initial value
in directions (k;)1<i<p, ki € R", |k;| =1,1 <i < pexistsforanyx € O,s € [0, T]
and satisfies the system obtained by a corresponding p™-order formal differentiation
of (10).

First we state a straightforward application of the Lyapunov property to obtain an
estimate of a time integral, which will be used later and is also demonstrative for many
similar derivations in the following. Throughout and consistent with Assumption 1,
we omit in the notation the dependence of V, x and M on s.

Lemma 8 UnderAssumption 1, foranys € [0, T, ¢ > 0, there exists a constant C > 0
such that

E[ec o= G(s+t,Xf’X)dt]

~ 1 To—s
< ecM( — A ZE[‘/!(I,)El(X))]d[ + Z E[Vi(To — s, X7 (x))] + 1)

TO [ =
iely i'el

<CeM( S EVi0, 5] + 1) < o0
ielUI;

forall x € O and Ty € [s, T], where M = M (m) for some m. If in addition, V; is
localin's foralli € Io U I), then C is independent of s.

Proof The first inequality follows by applying (21), then applying Jensen’s inequality,
setting a small enough m and applying Young’s inequality. The last two inequalities
3

follow by Corollary 4 with g = 1, g2 = pfi_l, p* = p; and the inequalities

corresponding to (15), where p¥ is such that V; is a (b, 0@, a® gD p*, Vo(i))-
Lyapunov function for some pD @ O B @ VO(’). O

Lemma 9 Under Assumption 1, for any k > 0, s € [0, T, there exists p > 0 such
that

E[ sup k} < pW(x,ri)|rl* (25)

0<t<Tp—s

r
t(k)
forallx € O, Ty € [s, T],r e R\{0}, «k e R", |k| =1, x + rk € O, where Xt(zz) =
X3 _XSY and W (x, ric) := 1+ZieIoU16 E[V; (0, x; (x+re))]+E[V; (0, X; (x))].
If in addition it holds for any w € Q that b(t, -), o (¢, -) are continuously differentiable
forallt > 0 and (23) holds with m* = 1, then

k
IE[ sup Xf(lf) :| < pW(x,0) (26)
0<t<Tp—s
lim IE[ sup (XS5 - x® k} =0 (27)
0£r—>0 | g<y<Ty_s| '* 1)
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forallx € 0, Ty € [s,T], « € R" with || = 1. If for each i € Iy, i’ € I, the
functions V;, Vi are local in s (as in Definition 3), then p is independent of s.

Proof For any r,

dx(Qy = (b(s+0. X7 ) b (s +1, X)) dr

+(o (s 46 XY — o (s 1, X77) ) dW,. (28)

Since X, is almost surely continuous in ¢, for any 0 < ¢ < T — s, it holds P-
as. that f{(G(s + u, X3 7)Y + G(s + u, Xy )du < C(fy Yiep, log Vilu, ¥(x +
ri))du+ Zi/elé log Vi (u, x(x))+1) < oo, therefore Corollary 5 can be applied with

b= b (s 0 XY b (s 0, XPT), 6 =0 (1X07) o (1 X0,

I
G = (E +kv 1) (G (s+0. X7 ) +G (s +,X)),

N 3k
p*zzkvzv ﬂl:O, q1:k, q2:3ka 413277
to obtain
k
E[ sup Xt(Z;Z) i|
0<t<Tp—s
10 31 (Lo 1)(G s, X3+ Gsmu X N T\ 3 11k
§C(JE[e0 3k(54+kV D (G (s+u, X3 ) +G (s+u, X30) u]) Irle. (29)

By Lemma 8, the expectation on the right-hand side of (29) satisfies the bound

1075 34 (L 1kv 1) (G (s, X5 ) £ G (54w, X)) dut
E e 0 2

To—s S, X+rK To—s . $,x

<E 15 6k (3-+kv 1) G s, X3 du + 15 6k (3+kv1) Gs-+u Xi)du
2 2

< CIE[l + Y Vi(0, % (x + ri)) + Vi O, x,-(x»},

ielpul
which gives (25).
The statement for X follows along the same lines, where instead X, satis-

fies (24) and Corollary 5 can be applied as above except with the corresponding b;, 6;
and

& = (14+2kVv2)G(s+1t, X]). (30)
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Equation (27) is a known consequence; it is immediate from the definition of X (),
the previous bounds and

E[$"] < eP(S" < €) + ElL g 5]

k
< eP(SM <€) + E[L g JELSF] 7 31)

with S = supg, <7, X, — r_lX;r(L) |. The final assertion follows by noting that
the constants C above are independent of s in case of local in s Lyapunov functions.
O

The following Assumption 2 states our requirements on the higher derivatives of b
and o for results on the higher derivatives of solutions to (10).

Assumption 2 There exist p € No such that b(z, )| 5,0 (t,-)|5 € CP forall t >
0, ® € Q and inequality (23) holds with m* = p for all € Q. Moreover, for
alls € [0, T]and k > 2, there existiix € N, open ék C Rﬁk,amappingik 10 — ék,
a constant (in particular in s) M" > 0 and Lyapunov function \A/,f’T Q% [0, T —s] x
ék — (0, 00) satisfying for any x, x’ € O and multiindices a with 2 < |a| < p that
it holds P-a.s. that

|0%b(s + 1, A X" + (1 — )L)Xf’x/)| + 0% (s + 1, AX;" + (1 — A)x;""/)u2
< M/ (4 V2T 800 + VET (@, ek (32)
forallt € [0, T —s], A € [0, 1].
Similar to Assumption 1, in Sect. 5, it is shown that if b, o are independent of w, ¢

and admit locally Lipschitz derivatives, then Assumption 2 and in particular (32) may
be replaced by [0%b(X;™)| + 0% (X; )12 < M'(1 + VST (1, 2 (x0) /.

In the following, for x = (ki)1<i<i, ki € R”", the I"™ order ¢-uniform deriva-
tives in probability of a process Z; with respect to initial condition x in the
directions 1, ..., k; € R" is denoted by 8(")2;‘.

Theorem 10 Under Assumptions 1 and 2, for any s € [0, T], constants 1 < [ <

.....

polynomial qq, the degree of which is independent of s, V;, \A/,? T such that

k

E[ sup  [a®) xR g0y ] < (To—9)"q(x, x + e Irf (33)

0<t<Tp—s
E (k) yS.x ki v

sup |0VX; < (To—s)’q(x,x) (34)
0<t<Tp—s
_ ik

III%E[O Su]P a(K)X;Y,X _ r_l(a(K)Xf,x+rK]+l _ a(K)XtS,X) 1 } =0 (35)
= <t<To—s
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for all initial condition x € O, Ty € [s,T], r e R\ {0}, x; e R", |kj| =1, 1 <i <
[+ 1, x+rki+1 € O, where k = (kj)1<i<1, K = (ki)1<i<i+1and g : O x O — Riis
given by

iefl,....i*}

(v om0m) ., )] 36)

.....

4(y.y) =E [610 ((vi ©. & Oierurg: (V7 0. 5,00) ,

If V; and ‘A/IST are local in s (as in Definition 3) for every i, k, then the form of the
polynomial qq is independent of s.

Proof Fix k; > 0, s € [0, T], let J be the set of strictly increasing functions from N
to itself and DYb(s 4 ¢, X;'*) denote the formal derivative of b(s + 7, X;"*) with
respect to x in the directions indicated by «. In particular,

Db (s +1,X5%) = (09X7 - V)b (s +1, X;)

+Qb,Xf”‘<( I 3(”f'<”))X§’X, 1<l'<l—-1,j¢ J),

I<i<l/

where the last term denotes a R”-valued polynomial taking arguments as indicated, for
which exactly [ of the operators 37 appear in each term and coefficients are spatial
derivatives between orders 2 and / of elements of b evaluated at (s + ¢, X ,S’x). In the
same way, let D®o (s + ¢, X;**) denote the formal derivative of o (s + ¢, X;**) with
respect to x in the directions indicated by «, again with the form above but with b
replaced by o everywhere. Denoting x' = x + rk;41, the difference processes of the
derivatives satisfy

d (a<K>x§-x' - a<K>x§»X) - (D(")b(s 11, XY — D®p(s +1, X§~")) dt

n (D(")o (s y1, Xf’x’) —DWo (s +1, X;"")) aw,

ont €[0,T —s]forallx,x’ € O,r e R\[0},k; e R", |x;| =1,1<i<[+1.

We proceed by strong induction in [ for (33). A base case has been established
in Lemma 9. By the fundamental theorem of calculus on derivatives of b and o,
inequalities (32), (19) and (20), it holds P-a.s. that

’D(K)b(s 0, X)) = D®p(s +1, X5

<X o
i

|:b(s + 1, X3 + H(t, X3 X)d

<2 }a(mxf’”’ AOXST Gls 41, X0 + H@t, X5, X5,

ID@o(s +1,X) = DWor (s + 1, X )|
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2 ’
I8i0 (s + 1, X2+ (H @, X7*, X37)g0)?

<23 |@@x — 00X,
i

/ 2 s
<4 ‘a“)x;”f —AOXST TG s 41, X5+ (H(, X5, X502,

ont € [0, T — 5], where

1
VA

H X5 X0 = M (1 V3l Rk e () + Vil a0 Rava )
(37

and g; denotes a polynomial with constant coefficients taking arguments from the set
S=81US,,

()

1<i<l’

Sy = ”( I1 a(Kﬂw))(Xf’x’ - X5

1<i<l

1<l'<l,jeld X, e (X, X;*"}}

:151’51—1,jeJ}

Ugxs — X5,

for which exactly / of the operators 3V appear in each term of g, and a factor from
S> appears exactly once in each term. Note for p > 2 and by Lemma 8, it holds P-a.s.
that

T—s
/ log Vi (¢, x; (x))dt +log Vi (¢, X7 (x))
0
T—s
<[ Vit s+ Vit o) < 00
0
ont €[0,T —s]foralli € Iy and i’ € I. Corollary 5 can then be applied with

by = D®b(s +1, Xy = DOb(s + 1, X3,
6 =DWo (s +1, Xf‘x/) —DWo(s 41, X,
& =402k VG(s +1, XI) + % -0,

Br= A VAH X, X)),

1 1
k1 2k Vv 2

-1
p* =4k V4, q =k, q2=< ) , q3 =2k V2 (33)

to obtain
8(K)X‘;’x _ 3(K)X;WC

k
'} < CAD 4@

To—s* " To—s"

E| sup

0<t<Ty—s

@ Springer



Regularity preservation in Kolmogorov equations 277

where, using the notation ¢, g3 above,

k
() To=s o 4
Aqy—s = | E| exp 612/0 4142k vV 2)G(s +u, XJ°) + 5 du

k.

) To—s , 473 q3
AR = (JE[(/O 2(1 4 2ky v 4)(H (u, X5%, X5~ )c}u)zdu) ]) .

Setting
1

" 8+ 2k v 2)(To — ) v D(ITol + 1)

with the effect that M (m) is bounded in Ty € [s, T'], and using Assumption 1 as well
as (the arguments in the proof of) Lemma 8, the first expectation has the bound

C To—s _
A%)_S < (E[To — /0 exp <8q2(1 + 2k vV 2)m <(T0 —5) Z log Vir(u, xj7(x))

i'el
ky
+ log Vi(Top — 5. % (x))))duD ”
iely
k

- o 1 Vir(u, % Vi (T, X d "
_< [To—S/o ( + ) Virlw, () + Y Vi o—s,Xi(x))> uD

irel} iely

K

< c(l + 3 BV (0. 5 ()] + Y EIVi(0, 5 (x))]) ",

P :
i eIO iely

where C is, here and in the rest of the proof, bounded as a function of Ty € [s, T]
and also of s if V; islocalin s foralli € Iy U I(/). On the other hand, by the inductive
argument and the form of H, gy and g3, it holds that

2 To—s , kv zkk,ﬁ
A(TO)_S = C<]E[</ H(u, X5*, X3~ )2du> sup C}‘%klvzb
0 0<u<To—s

Ky

To—s , 2kiV29N VA
< C(]E[(/ H(u, X5%, X5* )zdu) D
0
ki
VA
(o] o))"
0<u<Ty—s

To—s R
< C((To —5)Ghva- / B+ Vil g, Ragyva(x))
0
K

+ Vs,T w, % "Md yva / ki
4k V4 u, x4k1v4(x ))] u q()C,X ) II"| s
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where

G(x, x') = Elgo((Vi (0, % N)ierury (Vi O, 2,0y oy
V0, £, D)eqy )]

for some i* € N, {l,-}l.e{1 2.4 C (0,00) and finite order polynomial gy taking
arguments as indicated. Therefore, by Corollary 4 with g; = 1, it holds that

AR = (T =)@ (1 + B4 0, Ragyva(o)]

3|

+ BV a0, fagva D) TG, 1

which concludes the proof for (33). Inequality (34) follows along the same lines,
therefore the argument is not repeated. Equation (35) holds by (31) with

S= sup [9OXST — 1 @WXY — 9l x|

O0<u<t

m}

Remark2 A way to prove weaker versions of Lemma 9 and Theorem 10 is instead
of using the stochastic Gronwall inequality, that is, Proposition 3, to use Lemma 4.2
in [1] and Theorem 3.5 in [26]. For this, one works directly with the SDEs govern-
ing [3®) X, ¥ in the proof and inequality (14) is to be replaced by (8, + L)Vy <
V.

4 Kolmogorov equations

Throughout this section, we assume that » and o are nonrandom functions. In Sect. 4.1,
the moment estimates from Sect. 3 are used to derive p™ differentiability of a
Feynman—Kac semigroup (6). The functions f, ¢, g appearing in (6) are only required
to be bounded by Lyapunov functions. Although the results and many details in the
proofs are new, the approach is from [1], in which f, ¢, g and their derivatives are
only required to be polynomially bounded. This regularity is then used to show that
the semigroup solves the Kolmogorov equation in the almost everywhere sense in
Sect. 4.2.

4.1 Semigroup differentiability

A condition that will be imposed on the derivatives of f, c, g is first stated.

Deﬁnjtion4 Forp e Nk > 1,h: Qx[0, T]x 0 — R satisfying P-a.s. that h(z, -) €
CP(0) for all t € [0, T], we say that i has (p, k)-Lyapunov derivatives if there
exist (V5T) sef0,71 local in s (as in Definition 3), locally bounded? ¥ and constant N >

2 The domain of % is O, but its codomain is unspecified, except that it is equal to the domain of V7 .
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0 such that for any s € [0, T'] and multiindices @ with 0 < |¢| < p, it holds [P-a.s. that
0%R(s + £, A X5 + (1 — VXS] < NA+VST (0, 2@0) + VST (1, £(6))E (39)

for all stopping timest < T — s, x,x" € O and A € [0, 1].

Similar to Assumptions 1, 2, an alternative sense of Lyapunov derivatives is given
in Sect. 5, where (39) is replaced by |3%h(s 41, X)) < N(1 + VST (¢, %(x))) /¥
This will be used in Sect. 5 along with alternative assumptions to Assumptions 1, 2
in order to obtain results on Kolmogorov equations similar to the ones obtained in the
present section.

Assumption 3 The functions f : [0, 7] x R" — R,c:[0,T] x R* — (0,00), g :
R" — R satisfy that

1. forall R > 0, h € {f, c, g}, there exists Cg > 0 such that |h(z, x) — h(t, x')| <
Crlx — x| forallt € [0, T], x, x" € Bpg,

2. for h € {f, g}, if (p, k) is such that & has (p, k)-Lyapunov derivatives, then
there exist Lyapunov functions V*7 and mapping % satisfying the condition in
Definition 4 such that there exists C > 0 such that for any s € [0, T], itholds P-a.s.
that

VIFRT (0, F(XP)E < C(1L+ VT (2, 5(x)) (40)

for all x € R” and stopping times 7 < T — s.

In addition, the following assumption will be made for our assertions about the
Kolmogorov equation.

Assumption 4 The functions b, o are nonrandom and O = R”. For each R > 0, there
exists a Borel, locally integrable K.(R) : [0, c0) — [0, co) such that

20x — y,b(t,x) — b(t, y)) + llo(t, x) — o (t, NI* < K, (R) |x — y|?

forallt > 0,x,y € Bg.Foranys > 0,7 > 0,x € R", there exists a[P-a.s. continuous
[R"-valued unique up-to-indistinguishability solution X’ $* to(10)on [0, T']. Moreover,
forany T > 0, thereexistnn € N, openO CR" Ve C1 2([0, 00)x 0),% : R" — O,
G: [0, 0) x R" — R, constant C > 0 and k > 1 such that

(i) there exists a family of Lyapunov functions (VST : @ x [0,T] x O —
(0, 00))sepo,17 thatis (71, O, Vp)-local in s (as in Definition 3),
(ii) foranys > 0, it holds IP-a.s. that (40) holds for all x € R" and stopping times T <
T’
(iii) for any s > 0, it holds that lim|y|_, oo inf;¢[o, 7] é(t, x) = oo and P-a.s. that

G(s+1, X)) < voT (1, % (x))

forallt € [0, T], x € R".
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Remark 3 The parts about V*7 in Assumptions 3, 4 are satisfied by the Lyapunov
functions considered for example in [7, Corollary 2.4]. More specifically, taking «
and the functions U, U from there, for /i = n + 1, one may take Vo = Vo (¢, (x, y)) =
U@y and ¥ = #(x) = (x,0) € R"!, then

b(t, (x, ) = (b(t,x), U(t, %)), &(t,(x,y) = (G(té ! 8) ’

at

G(t,x) = VW™

fort >0,x e R",y € Rand t_he latter statements of Assump_tions 3, 4 are satisfied
given the conditions on U and U if lim|y|— oo U(x) = coand U > 0 for some C € R
everywhere.

Theorem 11 Let b, o be nonrandom, let Assumptions 1, 2 hold and let f : Q X
0, T]xR" > R c:Q2x[0,T] x R" - [0,00), g : 2 X R" — R be such
that f (-, x), c(, x) are F @ B([0, T])-measurable functions for every x € 0 satisfy-
ing for any w € 2 that fOT supxeBRméﬂc(t, x)| +1f(,x)])dt < oo forevery R > 0
and f(t, -)|0, c(t, ~)|0, g|é € Cf’(é)for allt € [0, T]. Assume there exists ko > 1
such that f and g have (p, ky)-Lyapunov derivatives. There exists K > 1 such that if

foranyl < k' < K, c has (p, k")-Lyapunov derivatives, then the following statements
hold.

(i) For u given by

! r §,X
u(s,t,x) = f fls+r, Xf’x)e_fO cltw. X )dw gy,
0
+ g(th,x)e— fot c(s+w, X5 dw (41)

defined for (s,x) € [0,T] x O and stopping times t < T — s, the expecta-
tion Elu(s, t, x)] is continuously differentiable in x up to order p.

(ii) For every multiindex B with O < |B| < p, there exists a finite order polynomial g*,
the degree of which is independent of all of the Lyapunov functions in Assump-
tions 1, 2 and of the Lyapunov derivatives, such that for (s, x) € [0, T] x O and
all stopping times t < T — s, it holds that

18P Elus, 1,01 < Elg* (Vi (0, 5 (0))ierurys VT (0, T()),
(‘A/lj’T(O, X, (0)ier)], (42)

where I* C N is finite, [; > 0 and %, V*T associated to the (|B|, k2)-Lyapunov
derivatives of f, g and the (18|, k')-Lyapunov derivatives of ¢ are representative
across any and all of {f, ¢, g} and k' € Ko C (1, K) for some finite K.

(iii) Let Assumptions 4 hold. Suppose f,c, g are nonrandom and that they satisfy
Assumption 3. Suppose the families of Lyapunov functions in Assumptions 1, 2, 3
and for the Lyapunov derivatives of ¢ are local in s (as in Definition 3). For
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any multiindex o with 0 < |a| < p, the function A7 x R" > ((s,1),x) —
[0 E[u(s, t, x)]| is locally bounded and if p > 2, then for any R > 0, there exists
a constant N > 0 such that

|Elu(s", T —s", x)] —E[u(s, T —s,x)[] < N|s' —s (43)
foralls,s" € (0, T) and x € Bg.

We prove first a lemma that will used in the proof of Theorem 11. Throughout
the proofs of Theorem 11 and of Lemma 12 and consistent with the statement of the
results, we omit in the notation any dependence of V5T % and k on k and h.

Lemma 12 Let the assumptions of Theorem 11 hold. Suppose there exists ky > 1 such
that c has (p, éz)-Lyapunov derivatives. Foranyh € {f,c, g}, k3 > 0,s € [0,T], x €
0, k € R", ) € [0, 1], multiindex a and stopping timet < T — s, such that k3 < k
ifhe{f,gland ks < 122 ifh =caswellas k| =1,0 < |x| < p, it holds that

rpt , k
E / (s +r XX + (1 =A)XP) —0%h(s +r, X)) 3dri| -0
LJO
r 1 , k3
E / %h(s + 1, A X" + (1 — )X )dr — 0% (s +1t, X;) } -0
LI JO
ropt| pl , ks
E / / %h(s +r, A X" + (1 =X )dr — 3%h(s +r, X3Y) dr:| -0
LJO 0
(44)

as x' — x, where the derivatives 9% are in the spatial argument and g(t, -) = g.

Proof For any € > 0, s € [0, T'] and stopping time t < T — s, note that

IP( sup IX;Z”‘/—X;”‘|56>fP(le’x/—X?"‘lfe),

0<u<T-s

so that for any A € [0, 1], by Theorem 1.7 in [1], it holds that )\Xf’xl +0 =X =
X7t = A(X‘;’x, — X;"*) — 0 in probability as x" — x (sequentially). Therefore for
any multiindex o, J := 9%h(s +1, )\X‘;’x, + (1 =0)X]") —0%(s+¢t,X;”") — 0in
probability by Theorem 20.5 in [29]. Moreover, by (39) and Corollary 4, it holds that

E[18%h(s + 1, AXY + (1 =) XPH)B] < CE[1+ VST (0, #(x)) + V5T (0, F(x'))],

so that aloqgside (31) with k1 = k3, k = kp or k = 122 and S = |f|, one
obtains ]E[|J|k3] — 0 as x’ — x. Since C here is independent of 7 and A, Jensen’s
inequality, Fubini’s and dominated convergence theorem concludes the proof. O
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Proof of Theorem 11 For x € O, s € [0, T], stopping timet < T —s, k € R, r €
R\{0}, |x]| = 1,1letx’ :=x +rk € O and for h € {f, c, g}, denote

1 !’
h ;:/ Vh(s +1,2X" + (1 =) X;")dA,
0
h(t,x) :=h(s +1, X7,

1 ¥
ctT — / e Jo cls+u, X ydu—(1-3) [ c(s+u,X;i’X)dud)L,
0

6([ x) =~ fot c(s4u, X )du

where V denotes the gradient in the spatial argument, g(s + ¢, -) = g and the same for
its derivatives. For (i), we show directional differentiability. Let & € {f, g}; it holds
that

‘]E[E(t, e, x)] — Elh(t, x)é(t, x)]
- t(k)

E[Vh(s 1, X5) - XSE At x)
p

'
— h(t, x)ét, )c)-/0 Ve(s +u, X5%) - X;’(f()du:|

Elh(z, x")é(t, x))] — E[h(t, x)é(t, x)]
r

N ‘E[ﬁ(t, xX)é(t, x)] = E[h(t, x)é(r, x)]

r

=

1) €

— Elhy - X 0(t, X’)]‘

'

+ E|:h(t, )c)c;r}f1 (/ (c(s+u, X3")
0

—c(s +u, Xi’x))du>iH + )E[h; . X‘;(’,f)é(t, x)]

—E[Vh(s + 1, X™) - X3 2, x)]’

0 t !
+ ‘E[fz(r, x)c;r_l(/ (c(s+u, X3") —c(s +u, X;’x))du>i|
0

t
- ]E|:h(t, x)é(t, x)/o Vels +u, X37) - XZ’();)du] . (45)

The first three terms on the right-hand side of (45) converge to 0 as r — 0 by the
fundamental theorem of calculus, (39), Lemma 9 and Lemma 12. For the last term,
Holder’s inequality yields

t
‘E[fz(r, x)cjr_l(f (c(s 4+ u, XZ’X/) —c(s +u, X;’x))du)i|
0

t
- E[h(t, e, x)/o Vels +u, X3%) - X;’(’;)dui|

< Hﬁ(r,x)

t

L2 (P) r

T(/t (c(s +u, XZ’X/) —c(s +u, X))
0

@ Springer



Regularity preservation in Kolmogorov equations 283

— Ve(s +u, X0 - XZ’(i)>du>

; (46)

O e

t
e = et [ Vels X0 - X du
0

where % + ki, = 1. By (39) and Corollary 4, we have Elh(, x)[2 < C(1 +
2
vST(0,%(x)) + VT(0, x(x"))). Moreover, Holder’s inequality yields

Ky
7| )
- 2%, T\ 2 t A 5
§<E“c, — &, x)| ]) (E[ /0 Vels +u, Xy) - X508 du D . @)

For the first factor on the right-hand side, note that by (44) in Lemma 12, we
have f(; c(s +u, X0 )du — fé c(s + u, X" )du in probability as r — 0, so that

t
(] —éa, x))/ Ve(s +u, X3%) - X5 du
0

u(k)

§ = eij(;(c(wu,x;"”/)f(lfx) Jo eGru Xy Ndu _ =[5 clstu Xy )du _
in probability by the continuous mapping theorem and IE[IC,T — ¢, x)|2k§] <
Jy B8 1?1da — 0asr — 0by (31) with ky = 2kj, k > 2k, and S = §,. By
setting K > 2k/,, the second factor on the right-hand side of (47) is clearly bounded
independently of r (and of 7) by Holder’s inequality, our assumption on the derivatives
of ¢ and Lemma 9.

For the remaining term in the second factor on the right-hand side of (46), the
triangle inequality on Lk (P) yields

t
c;r / r el +u, X5 —c(s +u, X3%)) — Vels +u, X57) - Xs’x))du
0

u(k

@)
1
< (e o e - veo v Y
0 LR @)
13
< / - (rTH XS = XS — Xy du p
0 L2 @)
t
+ ”/ (c;, — Vels +u, X)) - X;’();)du o (48)
0 L2 @)

For the first term of the right-hand side of (48), by Jensen’s inequality, Corollary 4,
setting K > 2k’, and our assumption about the derivatives of ¢, we have

t Xs,x/ _ X5 K
/ u u S,X
E[ /0 c, <—r - XM(K)>du :|
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T—s s,x" 5, A
/ X - X 2
< TkzllEU ¢ <—“ ‘ —X;(;)) du}
0 r
, T—s , % T—s S, X+rK _ yS,x
< Tkz_l(]E[/ e, [ duD <E[/ X =X
0 0

r leK)
1
<C(1+VoT0,5@) + Vi (0, 5(x))?
xSt xs.x 2k %
: (JE[ sup - ]) (49)
0<u<T-s

for C independent of ¢, which converges to 0 as » — 0 by Lemma 9. For the second
term on the right-hand side of (48), it holds that
kéi|

T—s ! % T—s ! %

< C(/O El|c, — Ve(s 4+ u, X5)| 2]du) (]E|:/0 |Xi’()f()| 2du]) .

(50)

_ x5

u(k)

r

t
EH / (c;, = Vels +u, X)) - X du
0

u(k)

The last factor in the right-hand side of (50) is uniformly bounded in » by Lemma 9
and the first factor converges to 0 as » — 0 by Lemma 12.

Putting together the above in (45) gives that E[g(Xf’x)ef(; clstu. Xy )du] g direc-
tionally differentiable in x. For the other term in the expectation of (41), it suffices
to check that after integrating the inequality (45) in ¢ from O to T — s, the same con-
vergences hold as r — 0. This is true for the first three term on the right-hand side
of (45) by the same reasoning as before. It is true for the right-hand side of (46) by
dominated (in ¢) convergence, since the right-hand sides of (47), (49) and (50) are
uniformly bounded in # € [0, T — s] and r € [0, €] for some € > 0. By induction
and largely the same arguments as above, higher order directional derivatives in x
of E[fl(t, x)C(t, x)] exist and they are sums of expressions of the form

]E[aﬁlh(s t1, Xf’x)é(t,x)< I (a(ﬁz)Xf’x)jﬂ2>

preh
t
T1 fo e +u Xy ] (a<ﬁ4>xf,~)“),-ﬂ4du}, (51)
Bielz Bacip,

where h € {f, g}, B1 is a multiindex with 0 < |B1]| < p, iz, i3, fﬁ3 are some finite
sets of multiindices each with absolute value less than or equal to p and jg,, jg, €
{1,...,n}.
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For differentiability of the expectation of (41) in x, note that Theorem 1.2 in [1]
may be applied on (24) due to (by Assumption 1 and the same for o)

T—s ]
/ |0;b(s +r, X)) |dr
0

T—s
log Vi (r. % (x))dr + Y log Vir(T — s, )E,v(x))>

4 !
iely i'el,

Vi(r, 5 ()dr + Y V(T — s,x,-«x)))

—_—
iely i'el,

and Lemma &, so that the derivatives in probability X () are unique solutions to (24)
for the initial condition «. Therefore the first directional derivatives from the left-hand
side of (45) indeed form a linear map. The same arguments apply for expressions of
the form (51) that are directionally differentiable, where additionally Assumption 2,
Lemma 9 and Theorem 10 are to be used to control K;(1) from Theorem 1.2 in [1].
Next, we show continuity in x of expressions of the form (51) (for multiindices with
absolute values bounded by p). Note first that ]P’(supo<u<T_s|8/3X;’x/ —BxY <
€) < }P’(IaﬂXf’x/ — 3PX)| <€), therefore 3# X;** is continuous in probability w.r.t.
to x by Theorem 4.10 in [1]. Consequently the product w.r.t. 85 in (51) and 3#1 A (s +
t, X;**) are sequentially continuous in probability by Theorem 20.5 in [29]. Lemma 12
and continuous mapping theorem yield that ¢(¢, x) is continuous in probability w.r.t. x.
For the remaining factors in (51), for 1 < k < K, we have

[

e +u. Xy T 0Px57),

ﬂ4eiﬂ3
—3Bc(s +u, X5%) [T @ x5, |du
/34€iﬂ3
T—s , ,
< / 0P (s +u. Xp") — el +u, Xy [T @PX05) 1, |du
0 A
Ba€lp,
T—s ,
+ / s +u, X7 [T @20 = X5 s, |du
0 A
Baclp,
T—s , ’
< / 3P (c(s +u, X3%) —c(s +u, X,j’x))'du ]_[ sup |9 xSx
0 0<u<T-s

ﬂ4€f,33
T—s ,
- /0 05c(s +u, XyOldu [ sup  [9Px5Y — 9Pxpr

~ 0<u<T-—s
Baclp,
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By Holder’s inequality, Lemma 9 and Theorem 10, the first term on the right-hand
side converges to zero in mean, therefore to zero in probability, as x’ — x. By
Theorem 4.10 in [1] (and the continuous mapping theorem), the second term on the
right-hand side also converges to zero in probability. Therefore the left-hand side
converges to zero in probability. By the continuous mapping theorem, the term inside
the square bracket in (51) is sequentially continuous in probability. Consequently,
by 31) withk; =1,k = %, S = |J(x") — J(x)|, where J(x) is equal to the term
inside the square brackets in (51), together with Holder’s inequality, inequality (39),
our assumption on the derivatives of ¢ with a large enough K, Corollary 4, Lemma 9
and Theorem 10, expectations of the form (51) are continuous functions w.r.t. x and so
are their integrals in # by dominated convergence, which concludes the proof for (i).
Using the same arguments and denoting the expression (51) by #, it holds that

1
1 ’ 2l
i <C(+ VS’T(O, x~(x)))5 (E|: sup |a(/32)X;,X|2k2:|> 2%,

0<u<T-s

1
1 N
: ||a+v”@ﬂww%@[sw meﬂ%bm

(Bs.a)el OsusT=s

for some cg,, cg, > 0, B3, B4 € [ and in particular for some constant C independent
of ¢. The proof for (ii) then concludes by Theorem 10.

Assertion (iii) then follows by Theorem 3.5(iii) in [1], Lemma 28 and by noting
that C above is independent of s given the Lyapunov functions are local in s. O

4.2 Twice spatially differentiable solutions

In this section, we prove that the expectation of (41) with t = T — s solves a Kol-
mogorov equation by the approach in [1]. The main ingredient beside differentiability
of the associated semigroups, given in Theorem 11, is that the SDE can be approxi-
mated in probability by an Euler-type approximation locally uniformly in initial time
and space, which is given in Lemma 13. Throughout this section, we assume O = R”
and as before that b, o are nonrandom (this is enforced by Assumption 4).

Lemma 13 Let Assumption 4 hold. For I = {ty}ren, C [0, 00) with tg = 0, ty+1 >
ok €Nty — coask — 00, supy=q tk1 — 1 < 00, s € [0, 00), x € R", let X;"* (1)
denote the Euler approximation given by X(S)’x (I) =x and

t t

b(s +r, X, (I))dr + / o(s+r, X (1)dW,, (52)

73

X =xrm+ [

Tk

ont € [t, tr+1], k € N. Forany R', T’ > 0, € > 0, it holds that

sup  sup IP’|: sup | X7 — X7N(D)| = ei| -0
s€l0, 7] |x|<R" L tef0,7]
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as supyso tk+1 — tx — 0.

Proof We extend the proof of Theorem 1 in [21] to obtain convergence that is uniform
with respecttos € [0, T]and x € Bg. Fix the numbers R, T’ > 0. Fork € N, let ¢ :
R" — [0, co) be smooth cutoff functions satisfying ¢ (x) = 1 forx € By, g (x) =0
for x € R"\ B4 and let »® 10, o) x R" — R”, a® .0, o0) x R — R**7
be given by b®) = bgy and o ® = ogp. Let Y (I) be the unique solutions to the
corresponding SDE with drift 5 and diffusion coefficient ¢ ®. The corresponding
Euler approximation is given by (52) with Yos’x’k = Yg’x’k(l) = x. Fix wlo.g 0 <
€ < 1. In the same way as in the proof of Theorem 1 in [21], one obtains that for
anys € [0,T'],x e R" and k > R’ + 1,

]P’( sup | X7t = X7N(D| > e) < ]P’( sup

0<t<T’ 0<r<T’

+P(te—1 < T,

Yts,x,k _ Yts,x,k(l)’ - €>

where tx_1 = inf{t > 0: |X,”| > k — 1}. By Markov’s inequality, (the arguments
of) Corollary 4 and Assumption 4(iii), it holds that

inf G(t, y)
tels,s+T'],|yl=k—1

<EIGG+ (@1 AT, X )]

<E[VST (51 AT, 5(x))]

(g1 AT")
= eh

P(tg—1 < T')

T/
ay’ du
],S,T’

LT =1 @)

T’ 1 NG s, T’
. (Vo(s,i(x)) +/ ©.5-17) W)y , dv).
0 L’ @)

e Ovo[;’T,du
For any 0 < €’ < 1, by the assumption that V* 7" is local in s and continuity of Vp,
there exists k* such that P(tp«_1 < T') < % forall s € [0,T']and x € Bgr. In
addition, for any R > 0, it holds that

2(x — v, b* (1, x) = b @1, ) + 16 7 (1, x) — o CD @, )1
<2 —y,b(t,x) — b, y))or(x) +21b(t, )| |x — y| l@rx (x) — @ (¥)]
+llo(t, x) — o (t, YPors (0% + o (2, )1 |grs (x) — o= ()]
< (Ki(R) +C sup ([b(t. )|+ lo (1. YOI e = yI*
Y €bR

for all x, y € Bg and

206, 6% (1, ) + 10 @, 012 <200+ |xl) sup (b, x|+ o, )12

x’EBk*_H
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for all x € R". Therefore Corollary 5.4 in [1] can be applied to obtain

sup sup IP’( sup |YSOk Y,S’x’k*(l)‘ > e) -0

s€[0,T'] xeBg 0<t<T’
as supy-q f+1 — fx — 0, which concludes the proof. O

Theorem 14 Let the assumptions of Theorem 11 hold with p > 2 and let Assumption 4
hold. Let f,c, g be nonrandom and satisfy Assumption 3. There exists K > 1 such
that if ¢ has (p, k')-Lyapunov derivatives for any 1 < k' < K and the families of
Lyapunov functions in Assumptions 1, 2, 3 and for the Lyapunov derivatives of ¢ are
local in s, then for v : [0, T] x R" — R given by

v(t,x) =E[u(t, T —t,x)], (53)

with u as in (41), the Eq. (7) holds almost everywhere in (0, T) x R".

Proof Theorem 11, Theorem 3.6 in [1] applied on the SDE (1) appended by (55) and
Lemma 28 yield (;v 4+ b - Vv +a : D*v —cv + fe™ ¥ = 0 almost everywhere. O

The assumptions in Theorems 11 and 14 remain strictly weaker than those in [1,
Lemma 5.10], since Lyapunov functions that are positive polynomials can easily be
obtained under the global Lipschitz conditions there.

Alternative to Theorem 14, when b, o, f,c,g are nonrandom and time-
homogeneous, we may use the approach as in Cerrai [11, Theorem 1.6.2] in order
to obtain classical solutions to Kolmogorov equations.

Theorem 15 Let the assumptions of Theorem 11 hold with p > 2. Let Assumption 4
hold and assume b, o, f, c, g are independent of w, t. There exists K > 1 such that if

() foranyk' € (1,K], f,c, g have (p, k')-Lyapunov derivatives,

(ii) for any Lyapunov function V and corresponding mapping X from Assumptions 1, 2
and Definition 4, it holds P-a.s. that V (0, x(X})) < C(1 4+ V (¢, x(x))) for all
x € R"andt,

then the function
T—t r x T—t x
v(t, x) = E[[ FXEye™ Jo cXdwgp 4 o(xx ye~ o L'(Xw)dw], (54)
0

defined for all (t,x) € [0, T] x R", is a classical solution to (7) on [0, T] x R", in
the sense that v € C12, orv, Vyv, D)%v are continuous and v satisfies (7).

Proof Foranys > 0,x € R",x’, x” € R, consider the solutions X} to(lO) appended

with the corresponding R-valued solutions X "+"** and X 42)5.5" t

(o)
1 ! !
D / c(X5¥)dr, (552)
0
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” ! (n+1),5,x"
XD g f FXE)e dr (55b)
0

on [0, T], denoted X)W = (Xf’x,X,("H)’s’x/,X,("H)’s’x”) for y = (x,x,x").
Since b, o, f, c are independent of ¢ and by Assumption 4 the solution X*-* is unique
up-to-indistinguishability, we may identify X7 = (X%, x s X.("H)’s’x)
with X% = (x0x, x@+D.0x 042050 214 thus omit the dependence on s.
Let ¢ : R™?2 — R be given by g(x,x’,x") = x" + gx)e ™. By Lemma 27,
the joint Eqgs. (10), (55) and their solutions are regular (Definition 2.1 in [1]).
Therefore the Markov property as in Theorem 2.13 in [1] applies. In particular,
since E[|g(X;"”)|] < oo holds by our assumptions on f, ¢, g, it holds by the usual
decomposition into positive and negative parts that

E[g(X))] = f / 3(X5 @) dP(@)dP@) = ELEZ(X,_)DED]  (56)

forallt € [O,_T], r € [0, t]. On the other hand, by Theorem 11(i) and p > 2, R"+2 5
y +— [E[g(X])] is twice continuously differentiable. Therefore by Itd’s lemma
and (56), itholds forany # € [0, T],h > Owitht +h € [0, T],x e R", y = (x,0,0)
that

hH(E[g(X),)] - E[a(X7)])
_E| 2 ' bV EE(X)DED) + » ) : D?E[g(X)1) (XY
= [5/0 (( - Vi E[g(X)D( s)+§<(0‘0' ) 2Elg( t)])( b9
— c(XDELR(X )1+ f (Xé‘)e_x’wlo)ds]' (57)

It remains to show that the right-hand side of (57) is well-behaved as & — 0, that is,
it converges to

(b(x) Vet 5((o0T)w) 02 - c(x))E[go?m +f@. 69

For this, Holder’s inequality and dominated convergence theorem may be used
along with Theorem 11(ii). In order to obtain a good enough bound from (42),
set K = 2max(ky, K )degree(g™), where k, K are constants from Theorem 11
and g* is the polynomial in Theorem 11(ii). Since f,c, g have (p, k')-Lyapunov
derivatives for all X € (1, K) by assumption, for any # € {f,c,g} and k' €
{2kpdegree(q™), 2K degree(g™)}, there exist a Lyapunov function V,locally bounded X
and constant N > O satisfying that for any multiindices o with 0 < |a| < p, it
holds P-a.s. that

109ROXE + (1 — W)X
< N+ V(. 5@) + V(e i )T

@ Springer



290 M. Chak

2degree(q™*)

1 1 7
< 3N max (l, (V(, X(x))) 2deerecta® , (V (1, J?(x/)))”eg"ee("*>) '

2degree(q™*)
7

1 1
<3N (14 (1 V0 F0) TG 4+ (14 V (1, 7)) Tt )

forallr € [0, T], x,x" € R"and A € [0, 1]. In particular, (1 + v)1/@degree(g™) ig jtself
a Lyapunov function (more premsely itisa (b:, 6., a., B., p*, (1 + Vo) !/ (2degree(@)y_

Lyapunov function if V is a (b., 6., a., B., p*, Vo)-Lyapunov function) that satisfies
the conditions in the Definition 4 for the (p, k'/(2degree(g*)))-Lyapunov derivatives
of h. Therefore, we may consider (1 4 V)!/(2degree(d™) to be equal to V-7 appearing
in (42). Similar statements can be made for V;, ‘A/lfT in (42). With such Lyapunov
functions in (42), the aforementioned program for the right-hand side of (57) may
be carried out. More specifically, we may apply Proposition 3(ii) and the arguments
in the proof of Corollary 4 for the dominating function (the supremum in s of the
integrand on the right-hand side of (57)), in order to obtain the limit (58) as & — O.
By Theorem 11(iii) and an induction argument for the derivatives in x, the limit (58) is
continuous in ¢. Moreover, similar arguments may be applied for 4 < 0, which proves
continuous differentiability in # and concludes the proof. O

5 Alternative assumptions for time-independent, nonrandom
coefficients

In the following, we restrict to the case where b and o are nonrandom and time-
independent, so that we may use Theorem V.39 in [20] in order to get rid of the need
for bounds on function values on line segments in terms of the endpoint values. In
particular, more local conditions in place of (19), (20), (32) and (39) are obtained.
These conditions are stated precisely after first giving Lemma 16 where we use the
aforementioned reference.

Lemma 16 Let p € N, b, o be independent of w, t and suppose they are continuously
differentiable up to order p with locally Lipschitz derivatives. There exists Q2 x At x
R" 5 (w, t, x) — )A(;‘ € R" that is P-a.s. continuously differentiable in x up to order p
and is for any x indistinguishable from the corresponding derivatives in probability
of X*.

Proof By Theorem V.38 and V.39 in [20], continuously differentiable X 7 up to order p
exists. Moreover, it satisfies (10) and )A(,x is indistinguishable from X*. The partial
derivatives of X~ satisfy the systems given by formal differentiation of (10). On the
other hand, derivatives in probability of X7 asin [1, Theorem 4.10] and Theorem 3.3
above satisfy the same system. Therefore by uniqueness in the aforementioned ref-
erences,” it holds that 3% X* are the unique solutions to their respective systems for

3 Alternatively, since these systems have terms on right-hand sides that are continuous functions of the
partial derivatives and are in particular at most linear in the highest order derivative (see the beginning of
proof for Theorem 10), uniqueness holds by continuity of X7 in ¢, (26) in Lemma 9, induction in the number
of derivatives and Theorem 1.2 in [1] with K;(R) = K;(1) constant in .
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all time and are therefore indistinguishable from the corresponding derivatives in
probability 8« X* for every x and multiindex o with 0 < |a| < p. O

The precise assumptions and conditions considered in this section in place of
Assumptions 1, 2 and Definition 4 are as follows.

Assumption 5 The functions b, o are independent of w, ¢, they admit locally Lipschitz
first derivatives and it holds that O = R". There exist continuous G : R" — [0, c0)
such that for any s € [0, T], there exist finite sets Iy, I(/) Cc N, n; € N, open éi C RA
foralli € IpU 16, locally bounded mappings M : (0, o0) — (0, 00), (x; : R" —
0~i)i610UI6 and Lyapunov functions (V; : 2 x [0, T]x O; — (0, oo)),-elowé satisfying
that

Z(|8ib(x)| + 190 (@)1 < Gx) (59

1

for all x € R" and for any m > 0, x € R", stopping times t < T — s, inequality (21)
holds P-almost surely.

Assumption 5 will be used in Lemma 17 and Theorem 18, 19 as a replacement for
Assumption 1. The only substantial difference in this Assumption 5 is that (19), (20)
are replaced by the bound (59) above. Moreover, the following Assumption 6 will
used in place of Assumption 2.

Assumption 6 There exists p € Ny such that b, o0 € C?.In addition, for alls € [0, T]
and k > 2, there exist7i; € N, open Oy C Rik, amapplng £ : O — Oy, aconstant (in
particular in s) M’ > 0 and Lyapunov function Vk Q2 x[0, T —5]x Oy — (0, 00)
satisfying for any x, x’ € O and multiindices o with 2 < |a| < p that it holds P-a.s.
that

|09b(X; )| + 1890 (X < M+ VT (0 S (o))

forallt € [0, T — s].

The difference between Assumptions 2 and 6 is that (32) is replaced by the inequality
above. Lastly, the restriction for f, ¢, g to have Lyapunov derivatives (as in Defini-
tion 4) may be relaxed. In Theorem 19, they will only be required to be Lyapunov
derivatives in the following sense.

Deﬁnjtion 5 ForpeN,k>1,h:Qx[0, T]x 0 — R satisfying P-a.s. that i (z, ) €
CP(0) for all t € [0, T], we say that i has (p, k)’-Lyapunov derivatives if there

exist (VS 'T)se[o, r1localin s (as in Definition 3), locally bounded X and constant N > 0
such that for any s € [0, T'] and multiindices o with 0 < |¢| < p, it holds P-a.s. that

10%h(s + 1, X)) < N(1+ VST (1, F(x)* (60)

for all stopping timest < T —s,x € O and A € [0, 1].

The main results of this section is stated as Theorems 17, 18, 19 as follows.
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Theorem 17 (Alternative assumptions to Theorem 10) Under Assumptions S, 6, for
any s € [0,T], constants 1 < I < p — 1, ki > 0, there exists i* € N, v >
%, {litieq,...ixy C (0, 00) and a finite order polynomial qqo, the degree of which
is independent of s, V;, \A/,;’T, such that (33), (34), (35) hold for all x € R", Ty €
[s, 7], r e R\{0}, k; e R", |kj| = 1, 1 <i <1+ 1, x +rk4+1 € R", where k =
(ki) 1<i<i, K = (Ki)1<i<i+1 and q : R" x R" — R is given by

1
q(y,y) = E[qo((fo Vi(0, x;(Ay + (1 — /\)y’))d)\> ,

iE]()U](/)

1
/0 VIT,T(O’ 1, Gy + (L =)y, (Vi(0, 5 (D)ieryury»

If Vi and f/ks T are local in s for every i, k, then the form of the polynomial qq is
independent of s.

Proof The proof strategy is more or less the same as in the one used in the previous
proof for Theorem 10. The difference is encapsulated by following along the proof of
Lemma 9 using the same notation as before. Note first (26) follows unperturbed. By
Lemma 16, classical derivatives are indistinguishable from derivatives in probability
and we use the properties of both without changing the notation in the following. As
consequence and in place of (28), it holds that

dx{), = / (X357 V)b(XH ) dodt + r /0 (X35 Vo (X drd W,

Note that since for every ¢ and P-almost all w, the functions X7, X7 ¥ ., are continuous
in x, the integrands on the right-hand side are B([0, T]) @ F ® B ([O 1])-measurable
by Lemma 4.51 in [27] and the integrals (in 1) themselves are adapted. For any k >1,
by (59), the drift coefficient satisfies

2rX§(K) / (X5 V)b(X ) da

< 2rlx(r))|/() |(Xx+ArK . v)b(X;C+)»rK)|dA

t(k t(x)

<2r|x7) | / XSG (XFH)d A
0

1
5/ <|Xt(6z)|2+r2|Xf(JKF)“"|2>G(t, XFHTEY ),
0
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and the diffusion coefficient satisfies

G(t, X )d .

2
r / X V)o(X;‘“’%dxH < / x|
0 0

Consequently, Proposition 3 can be applied with
bi=r f (X} b(X [ dr, 6 =r / (X} Vo (X[,
0 0

1 R 1 2
&F/ G(t, X T )dx, ,3t=4(k\/1)r2/ ‘x;‘(j)m G(t, X Y d,
0 0

. k 2 1\ 5
p =2kV2,q1=§,qz= PAVEL 3 =kVv1, Vo, x)=|x|",
to obtain
k
(r)
E[Oi‘f}; x| |

L
< eqz Je G, X"‘“"’()d)uds]) 72
+A
[ T+ dk v 1)/ / ‘X;c(K)m
<]E[1 Sup Xerer

0 0<u<t ()

kVIN sqvh
G(u, XH“'f)d)\ds] )

(

E eqz Jo 4G, x””nmm])

2kv2 t N kvl zﬁn
(/ G(u, Xj:+ ”‘)a’u) dk])
0

L
k( eqz I e G, x**m)dsde

vé 3
(1—1—(/ IE|: sup }d)»)
O<u<t
1 p 2kv2 I\ oD
<]E[/ (f G(u,x;“”)du) d/\D ) ) (61)
0 0

After Jensen’s inequality, the first expectation on the right-hand side can be dealt by
Lemma 8 (the same as in the proof of Lemma 9). By (26), the second expectation has
the bound

1 4kv4
/ E|: sup ‘X;&))‘r’(
0 0<u<t

1
Jo= [Co(1+ X Emo s+ anon)an
0

ie[()U[(’)

(62)

@ Springer



294 M. Chak

and, by (21) and Lemma 8, the third and last expectation has the bound

1 t 2kv2
E[/ (/ G(u,Xjf“”‘)du) dA:|
0 0

1 t
< c/ E[(HZ/ log V; (u, %i (x + Auk))du
0 0

i€l

2%kV2
+ ZlogVy(l,i,v(x-l-MK))) i|d)‘

2! ’
i'ely

1 t
< c/ (1 +Zz2’”2—1/ E[V; (u, %; (x + Ark))]du
0 0

iely

+ Z E[V;/ (¢, X (x + ,\r/c))]>d)\

s ’
i'el

1
5c/ <1+ Z E[\G(O,X,-(x+x\rx))])dk. (63)
0

iel()Ulé

Gathering Lemma 8, (62) and (63), the bound (61) becomes

) |k k ! _ 7t
E| sup [X 0" | < Cr / L+ > EIVi(0. i (x + Ari))] )da ,
0

O<u=t iUl

which, by definition of g, proves that the conclusion of Lemma 9 holds except
with W(x,rk) =1+ Zidou,é fol E[V; (0, x; (x + Ark))]dA. The same type of argu-
ments may be applied in the proof of Theorem 10 to obtain the assertions here. In
particular, the main point is to use that expressions of the form A (s +u, X ;i’x,) —h(s+
u, X;%) = fol Vh(s +u, A X0 + (1= )XY - (x5 — X55)d may be replaced

by fol Vh(t, X3TH€) . r X za”‘d)h. The detailed arguments are omitted. O

Theorem 18 (Alternative assumptions to Theorem 11) Let Assumptions 5, 6 hold.
Let f: QX [0, T]xR" >R, ceQx[0,T]xR" - [0,00), g: 2xR" - R be
such that f (-, x), c(-, x) are F ® B([0, T])-measurable functions for every x € R",
satisfying forany w € chathT sup,egn (Jc(t, x)|+| f (¢, x)|)dt < oo forevery R > 0
and f(t,-),c(t,"),g € CP forallt € [0,T). Assume there exists ky > 1 such
that f and g have (p, ko)'-Lyapunov derivatives. There exists K > 1 such that if for
any 1 < k' < K, c has (p, k'Y -Lyapunov derivatives, then the following statements
hold.
(1) Foru given by (41), defined for (s, x) € [0, T] x R" and stopping timest < T —s,
the expectation Elu(s, t, x)] is continuously differentiable in x up to order p.
(ii) For every multiindex B with O < |B| < p, there exists a finite order polynomial g*,
the degree of which is independent of all of the Lyapunov functions in Assump-
tions 5, 6 and of the Lyapunov derivatives, such that for (s, x) € [0, T] x R" and
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all stopping times t < T — s, it holds that
0P Blu(s, 1, )]

1 1
< q(/o V0, E(hx + (1 — M)x)dA), /O VoI, %0 + (1 = 1a")dA,
1
/ Vi (0, &1, x + (1 = Mx))dA, V0, ¥(x)), V5T (0, ¥(x)),
0

VT 0,8, (0) i e 1*),

where I* C N is finite, I; > 0 and %, V5T associated to the (||, k)'-Lyapunov
derivatives of f, g and the (|B|, k') -Lyapunov derivatives of c are representative
across any and all of { f, ¢, g} and k' € Ky C (1, K) for some finite K.

(iii) Let Assumption 4 hold. Suppose f, c, g are nonrandom and satisfy Assumption 3.
Suppose that the families of Lyapunov functions in Assumptions 5, 6, 3 and for the
Lyapunov derivatives of c¢ are local in s. For any multiindex o« with 0 < |a| < p,
the function At x R" > ((s, 1), x) — [07E[u(s, t, x)]| is locally bounded and
if p > 2, then for any R > 0, there exists a constant N > 0 such that (43) holds
foralls,s" € (0, T) and x € Bg.

For the proof of Theorem 18, Lemma 12 can easily be modified using what has
already been mentioned in the proof of Theorem 17, so that Theorem 11(i) holds. Proofs
for the other assertions of Theorem 11 follow in very similar ways. The same applies
for the following Theorems 19, 20. The precise arguments are therefore omitted.

Theorem 19 (Alternative assumptions to Theorem 14) Let the assumptions of Theo-
rem 18 hold with p > 2 and let Assumption 4 hold. Let f,c, g be nonrandom and
satisfy Assumption 3 (with (p, k)'-Lyapunov derivatives replacing (p, k)-Lyapunov
derivatives). There exists K > 1 such that if ¢ has (p, k') -Lyapunov derivatives for
any 1 < k' < K and the families of Lyapunov functions in Assumptions 5, 6, 3 and
for the Lyapunov derivatives of ¢ are local in s, then for v : [0, T] x R* — R given
by (53) with u as in (41), the Eq. (7) holds almost everywhere in (0, T) x R".

Theorem 20 (Alternative assumptions to Theorem 15) Let the assumptions of The-
orem 18 hold with p > 2. Let _Assumption 4 hold and assume b, o, f,c, g are
independent of w, t. There exists K > 1 such that if

1. forany k' € (1, K1, f.c, g have (p, k') -Lyapunov derivatives,

2. for any Lyapunov function V and corresponding mapping X from Assumptions 5, 6
and Definition 5, it holds P-a.s. that V (0, X(X})) < C(1+V (1, X(x))) forall x €
R", t € [0, T],

then the function v given by (54) for all (t, x) € [0, T] x R" is a classical solution
to (7)on [0, T] x R", in the sense that v € Cl2 Hv, Ve, D)%v are continuous and v
satisfies (7).
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6 Weak convergence rates for approximations under Lyapunov
conditions

Here, the results in Sect. 3 are used with the exponential integrability property of
stopped increment-tamed Euler—-Maruyama schemes from [10] in order to estab-
lish weak convergence rates for SDEs with non-globally monotone coefficients. The
well-known proof (see [2, Theorem 14.5.2]), establishing weak rates for the Euler—
Maruyama scheme approximating (10) with globally Lipschitz coefficients, requires
bounds on derivatives of the expectation (53), the Kolmogorov Eq. (7) and moment
bounds on the discretization. Although analogous requirements have mostly been
shown to be met in the setting here, the [td—Alekseev—Grobner formula of [5] is used
(in the form of Proposition 7) for a more direct proof, which uses moment estimates
on derivative processes as the main prerequisites. Along the way, strong completeness
(see e.g. [30] for a definition) of the derivative SDEs as in (24) (and its higher order
analogues) are shown in Lemma 22 using a result of [7]. The same assertions as those
in Lemma 22 up to order 2 have appeared recently in [6] under different assump-
tions. The approach here uses the results in [20] for continuous differentiability in
initial condition as a starting point and consequently requires (at least at face value)
the underlying space to be all of R". Before the aforementioned strong completeness
result, a local Holder continuity in time result in the strong L?” (P) sense for derivatives
to our SDE is shown in Lemma 21.

We begin by stating the numerical scheme and assumptions from [10] (amongst
which is a Lyapunov-type condition) used for its exponential integrability. Assump-
tions about the relationship between the Lyapunov(-type) functions there and those
in Assumptions 1, 2 are stated alongside, as well as some assumptions from Proposi-
tion 7. Lemma 22 serves to verify the rest of the assumptions in Proposition 7 for use
in proving the main Theorem 23. More specifically, Lemma 22 verifies the continuous
differentiability conditions and the finiteness in expectation conditions as assumed in
Proposition 7.

Assumption 7 (i) The filtration F; satisfies /; = o (FoUa (W :5s € [0,¢]) U{A €
F : P(A) = 0}) and that Fo and o (W, : s € [0, T]) are independent. It holds
that O = R" and b, o are independent of w, ¢.

(ii) There existy,p >0, y’,¢/ > 0,&,¢ > 1,Up € R, U € C*(R", [0, 00)), U €
C(R") such that U > Up, U(x) > ¢/|1 + x| and

- )vo

§c|x—y|<1+ sup IU(Ax+(1—A)y)I> ,
1€[0,1]

[0%b(0)| + 1% ()| + |U )| < c(1 + U (x))?,

|Ux) — Ul

<c+ U@ +UWDI),
|x — ¥l
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(iii)

(iv)

LU(X)+%|IGTVU(X)||2+U(X) = pUX). (64)

forall x, y € R, j € {0, 1, 2} and multiindices @ with 0 < |a| < 2.
Forany@e@ {6 = (1o, ..., tnx) :n* €e Nyyx € [0, T], tx < trs1,k €
{1,....,n* —1},10 = 0, t,+ = T}, the function Y? : Q x [0, T] — R" is an F;-
adapted, IP-a.s. continuous process satisfying supg.q ]E[eU(Y )] < oo and P-a.s.
that

Y=yl +1 049)

{y: |y|<eXp(I10gSUPk Tkr1— tk|2)}

|: b( )& — 1) + oY, )(Wz—Wzk) } 65)
L+ YDt — 1) + o (Y)W, — Wy)|e

ont € (f, ty+1] foreach k € {0, ..., n* — 1}, where ¢’ > 3.

Assumptions 1 and 2 hold with p > 3. There exists 0 < [* < 1 such that for

any V' e (Vi, VT i e IoNlp,s € [0,T),2 < |al < p— 1,k > 2}, it
holds P-a.s. that

V0,5 X )" <CA+V(t—s5. 7).
V0, %) < Cl 40y

for all s e [0 T], stopping timest < T —s, y € UQE@Range(Yfg), where X' = &;
if V/ = V;, ¥’ = % otherwise and X , solves

t t
X;, =y+ / b(X3 ,)du + / o (X3 ,)dW,. (66)
N s

Remark 4 (a) Assumption 7(ii) implies that the mapping (7, x, y) > e/®¢ " +Y jga

(b)

(©)

Lyapunov function in the sense of [26, Theorem 3.5] for an extended system (see
the proof of Corollary 3.3 in [19]), so that for all s € [0, T], x € R”, there exists a
unique up to distinguishability, F;- adapted P-a.s. continuous solution to (66) and

for ¢t € [s, T] it holds P-a.s. that X ST' = X; 1.

In Assumption 7(i), the assertlons about F; are essentially from [5]. We set O
to be the whole space and fix b and o to be time-independent and nonrandom in
order to use continuous differentiability in initial value from [20] and to use the
exponential integrability results of [10].

Assumptions 7(ii) and 7(iii) also follow closely the assumptions in [8, 10]. Here,
two things are of note. Firstly, ¢’ is assumed to be greater than or equal to 3
rather than 1 in the denominator of the expression for Y, z ; this assumption is
made in order to ensure well-behavedness of some higher order terms in the
It6—Alekseev—Grobner expansion such that weak convergence rate of order 1 is
attained. Secondly, the lower bound U > (/|1 —|—x|’/ and (64) are not strictly
necessary. This is useful for determining that the main assumptions genuinely
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generalize the globally Lipschitz case, where the Lyapunov functions are polyno-
mial and U grows like log x. More precise generalizing assumptions are given in
Remark 5. Note that these in turn relax the regularity conditions on b, ¢ in [2] for
order one weak convergence rates.

(d) The Lipschitz estimate on U with j = 0 in (ii) easily gives that U is polynomially
bounded, so that the set under the indicator function in (iii) indeed satisfies the
assumptions in [10], as used in [8, 10].

(e) Item (iv) (and in general Assumption 7) are easily satisfied by the examples men-
tioned here and in particular if all of the Lyapunov functions have V) = Ve
(as in Theorem 2) or Vg = ¢V ¢+ (as in again proof of Corollary 3.3 in [19]).

In the following, for any s € [0, T], we extend the definition of any process Z;
defined on [s, T'] to [0, T'] by setting Z; = Z; for t € [0, s). In the proofs, many
computations are close in spirit to those in Lemma 9, Theorem 10 and so are
compressed.

Lemma 21 Under Assumption 7, for any ki > 2(n + 1), R > 0, there exist
constants C > 0, n + 1 < vy < ky such that

]E|: Sl[lp]|a(K)Xf’u — B(K)Xj."s|k‘] <Clt —s™
uels,r

forall (s,t) € Ar, x € Br, k € {(ki)1<i<py : ki € R", |x;| = 1,1 <i < p,po €
No N[0, p]}.

Proof By (34) in Theorem 10 (with a time-shifted Wiener process and filtration) and
using that 3 )X;‘, ¢ = 0 (for « in the following set), the existence of such constants
have already been shown for « € {(k;)1<i<p, : ki € R", |kj| =1,1 <i < p,po €
No N [2, p]}. Using Assumption 7(ii), Corollaries 5, 6 as well as Jensen’s inequality,
it holds that

1
t—s . ou 2
]E|: sup |X;u _x|k1:| < Cek]([—s) (]E|:(t _S)kl—l/ eU(XS,A,Jru)e 4 —Zkludu])
0

u€ls,t]
t—s %
< ceht=o ((r — skl / eV mdu)
0

ky
<Clt—s|?

for all (s,?) € Ar, x € Bg. Using in addition Assumption 1, it holds that

IE[ sup [9*D XY, —K,»|k1]

uels,t]

<cC (E[(e”’@[do 0 o8 Vi S )+ Ky Tog Vy(t—s,x,-«x»)% ]) 2

_ 1
' (E[(r — sl / | Ye’f(X:f-swwuduDz
0

@ Springer



Regularity preservation in Kolmogorov equations 299

1 1

t—s
§C<1+ > V;-(o,xmx)))z((r—s)’“-l / eU<x>du>2
0

iEloUlé

k.
<Clt—s|?

for all (s,1) € Ar, x € Bg, k; € R" with |«;| = 1. O

The following lemma verifies the corresponding assumptions in Proposition 7 under
Assumption 7. Moreover, it is shown that the estimates therein hold uniformly with
respect to the discretization 6 € ©.

Lemma 22 Let Assumption 7 hold. There exists a function @ x Ar x R" >
(w, (s, 1), x) = X5 (@) € R" such that

e it holds P-a.s. that for any (s,t) € Ar, R" 3 x — X?,t € R" is continuously
differentiable in x up to order p — 1 and the derivative At x R" 3 ((s, 1), x)
8"‘)_(;‘J € R" is continuous for all multiindices o with0 < || < p — 1,

e foranys € [0, T], x € R”", the function 3“)?;‘,‘ is indistinguishable from 8("")X;"_
for all multiindices a with 0 < || < p — 1.

Moreover, for any p* > 0, it holds that

_yoN (P _y?
sup  sup sup E ‘b(Xsft)‘ ~|—H0(Xsft)

0<|a|<p—160€0®0<r<s<t<T

T
p _er

a(x

[,T
i|<OO.

Proof By Lemma 16 (with time-shifted Wiener process and filtration), derivatives in
probability 8("‘1)X » are indistinguishable from classical derivatives B“X ¥ . In order
to use Corollary 3. 10 in [7], we show that foreach R > 0,k; > 2(n+1), it holds that

E[sup, o, ry10° XY, — 0% X3, |M1]
sup sup sup : o < 00, (67)
0<|a|<p—1x,x'eBg s,5s'€[0,T] (Jx" = x|2 + |’ — S|2)7

where v is the same constant from Lemma 21. The marginal differences in x and s in
the numerator are considered separately. By Lemma 9 or Theorem 10, the difference
term in x in the numerator of (67) has the bound

]E[ sup [8% X%, — 9K ,|"1] < Clx' — x|l
t€[0,T] ’ ’
for all s € [0, T], x,x’ € Bg, which is the desired Holder bound for (67). For the

difference term in s in the numerator of (67), it holds that

E[ sup [99XY, —a“f(;ﬁ,V‘l] < IE|:t up 0% X3, — 39X, M,|’”]
S

te[0,T] sAs’,sVs']

+IE|: sup |8°‘}A(;‘,,t—3a)2§,,|k]} (68)

telsvs’,T]
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where the first term on the right-hand side has the desired Holder bound for (67)
by Lemma 21. For the second term, by Assumption 7(iv) and Lemma 13, combined
with Theorem 5.3 in [1], the joint system solved by (8 Xs t)0<\oz|<p 1 is regular
[1, Definition 2.1] and the same holds for the sum (3 X}, , — 0% X§ z)0<|a|<p 1 by
an easy argument; therefore the strong Markov property (Theorem 2.13 in [1] with
Proposition 4.1.5 in [31]) yields for any R’ > O that

]E[ sup  [99XY, — %KY, [ A R/}

te[svs’,T]

- E[]E[ sup  [99XY, — °XY, [ AR

]

telsvs’',T]
A(aﬁxf s/ avs’( ))ﬂ
=[] s okl e @)
telsvs’/, T]
]
— 80‘Xi‘VA p A R dP(o)dP(w), (69)
s/\s s\/s’( ))ﬁ / . ..
where 9¢ X svs't (w') denotes the solution to the same (joint) system
as 8“X;‘VS t(a)) but with initial conditions BﬂXMS sV’ (w) for0 < B < p-—-1

for each respective partial derivative in place of the initial conditions x, e; or 0. Then
the proofs of Lemma 9 and Theorem 10 may be slightly modified in order to obtain
analogous statements for the expectation in o’ in (69); the modification is namely
that the initial condition (fixed with respect to @) as mentioned can be added with no
complications* when Corollary 5 is applied. Given this, it holds that

IE[ sup 9% X%, — 8% X7, b /\R/i|
telsvs’,T] ’ ’
la|—1
k
=C Z E[mﬁXsAs svs’ 8 Xf\/s svs" 1]’
B=0

lae|—1

k
= C Z E[ 8ﬂ)(?/\Y sVvs’ aﬁx)vc/\r/ SASs’ | ]:I’

for all x € Bg, s,s’ € [0,T],0 < |a| < p — 1, which, by Lemma 21 and dom-
inated convergence in R’, implies that the last term on the right-hand side of (68)
has the desired Holder bound for (67). Gathering the above and using the triangle
inequality, (67) holds. Consequently, using on the way Lemma 9 and Theorem 10,
Corollary 3.10 in [7] may be applied with 8 = Z—i, D=[0,T]xR"E =F =
C(O0, TR, X =(Qx[0,T] xR" 5 (w, 5, x) — Bo‘f(f’,(w) e C([0, T],R™))
to obtain for 0 < |a|] < p — 1 existence of an F ® B([0,T]) ® B(R")-
measurable Q x [0, T] x R" 3 (w, s, x) mi,(w) e C([0, T], R™) such that for

4 Actually the T — s term is lost on the right-hand side of (33) but that’s not important here.
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all € Q, the function [0, T] x R" > (s X) > 8"‘Xx e C([0, T], R™) is continuous

and for any (s, x) € [0, T] x R", B“X . is indistinguishable from B“Xx

Since partial integrals of (jointly) contmuous functions are still contmuous we
may partially integrate || times each A7 x R" > ((s,1),x) — BD‘XU e R"*
from O to x; in order to obtain for each «, @ a continuous function Ay x R" >
((s,1),x) — Xx Y e R” (where at each integration, continuous functions of the

form ((s, t), x) — aﬁx 5.t and subsequently their integrals are added in line
with the fundamental theorem of calculus, which have zero partial derivative ). For
any (s, 1) € Ar ando with0 < || < p —1, by definition of BO‘X;f, and its continuity
in x, it holds [P-a.s. that ﬂx = B“f(x for all x € R”, so that their partial integrals

inx are alsoP-a.s. equal forall x € R” and in particularitholds IP-a.s. that Xfla = XS P
for all x € R". Therefore, by continuity in (s, 7), x, these functions coincide P-a.s.
across o, that is, it holds P-a.s. that X; " = )_(f % and thus XTI = 0P Xy ' for
all (s, t) € Ay, x € R" and multiindices a, o/, B with |«|, |&’|, |ﬂ| €0, p— 1] Let
this P-a.s. defined function be denoted by X7 1.1» then the assertions about X 5.¢ in the
statement of the lemma have been shown.

For the last assertion, the Markov property (Theorem 2.13 in [1]) will be applied
repeatedly without further mention. Since Assumption 7(ii) implies in particular for
any p' > 0 that

@) + o @))|P < ceV@e”

forall x € R", t € [0, T], by Corollary 6 and Assumption 7(ii), it holds that

YO, pt YOt
sup sup  E[[b(X;)I" + [lo (X )IP ]
9e0 0<s<t<T

’Ysg —p(t—s)
<Csup sup E[eU(X” ¢ ]
0e® 0<s<t<T

<Csup sup E
0e® 0<s<t<T

< Csup sup E[eU(Yfa)],
0€0 0<s<T

_yf _
I:eU(XSY_“, Ye=PU=5) 4 ! U(Xg/;i,)e’p(“’s)du:l

which is finite by Theorem 2.9 in [10]. For any p' > 0, by Assumption 7(ii),
Corollary 6 and that e~ P61 e=P" < 1 it holds that

']

vl
<C sup E|:exp(U(XtX}‘Y)e_p(T_t)e_p(s_r)e_pr

0<r<s<t<T

_yr
sup [‘X

0<r<s<t<T

T _ W
+/ U(Xt,;,é')ep(uf)ep(sr)eprdu)i|
t
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v —p(s=r) p—pr
S C Sup ]E|:eU(Xr“r )e e
0<r<s<T
_yb s = —yf
<C sup ]E|:6U(X"=r~f)e_p('v_r)e_pr"‘f} U(Xfi‘)e_p(u_r)e_prdu}
0<r=<s<T

0y ,—pr
<C sup ]E[eU(Yr)‘ g ],
0<r<T

for all & € ®, which is finite uniformly in 6 by Theorem 2.9 in [10].

For the higher derivatives, first note that for Vj satisfying (14)and 0 </ < 1,(14)is
also satisfied with (Vo+1)! in place of V. Moreover, the respective Lyapunov functions
they generate satisfy Assumptions 1 and 2. Therefore, forany I € NN[1, p—1],« €

{(ki);—, it ki€ R”", |k;| = 1}, we may choose [ = deg(rl;%, with go from
Theorem 10, so that for ﬁT > 0, by Lemma 9 or Theorem 10, Young’s inequality,
Assumptions 7(ii)(iv) and Corollary 4, it holds that

:

i*
_ L YP g2 ~ R YO 02
<C sup E[1+ > Vi, 5 (X)) +ZV,?*T<o,xz,.<Xr:s))<”}

O=r=s=T ielpUI; i=1

X
sup ]E|:‘8(")Xt’;s

0<r<s<t<T

i*

<C sup E[l + Y Vi —rm@) + > VI s - gy (Yf))l*]
0<r<s<T . , P
ielUl i=1

l
<C sup E[1+ 3 v,-<0,)a~<Yf>)’*+ZV,?*T(0,£1,(Y,9>)’*}

0<r<T

ielpuI;, i=1
< C sup E[l +eU(Yrg)epr],
0<r<T
where C is in particular independent of k¥ € {(k;),_; j : «i € R", |k;| = 1}
and 6 € O, so that the right-hand side is finite uniformly in 6 by Theorem 2.9 in [10]
and also uniformly in /. O

The main theorem of this section about weak convergence of order 1 for the stopped
increment-tamed Euler—Maruyama scheme is as follows.

Theorem 23 Let Assumption 7 hold. For f € C3(R™ R), if there exist con-
stants qT, Cy > 0 such that

07 f )l = Cr (14 1x17) (70)
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forall x € R" and multiindices o with O < || < 3, then there exists a constant C > 0

such that .
()] <[] <€, s

forall 6 € ©, where 0 = (g, . .., ty*).

Proof Throughout the proof, we write Djg| = {y : |y| < exp(|log sup ti+1 — tk|%)}.
To begin, we rewrite the approximation Yf as the solution of a SDE. For every k €
NoN[0,n* — 11,0 = (tg, ..., ty*) € O, consider

0 ift <1
b(Yti)(t — k) + U(Y,«Z)(W; - Wtk) ifty <t <ty
bY) (tr1 — 1) + o (YD) Wy, — Wi if gy <t

t t
/0 L) (OBl + /0 Ly 100100 (X)W, 1)

0.k _
zk =

defined for all ¢ € [0, T'], then Y,g solves

n*—1 9 k
= Yo + Z 1D\6|( # (72)
k=0 +1Z;7 |4
where by Itd’s rule, for f R" — R” given by f () = ‘ — 7> it holds that
Z@,k t
— L — = | @G + b*(Y], Z85))du
1+ lzte,qu, /0 (teste+11 ter Lu
t
+/0 ]l(,k,tk+1](u)(0(Y,)+a ( tk,fo”‘))qu (73)
and b* : R" x R" - R" and 0* : R"” x R" — R"*" are given by
b*(y,2) = —Mﬂ(i) - q’z(z : b(y)£>
’ 1+ |z]¢ (1 + |z]9")?
14 y s
+ 5((00 ) : D) f(2) (74)
21 - 292
o*(y,2) =—0 )(—, —q'z|z 0 () ——7 ). (75)
y,2) (v R q y)(1+|z|q)2

By assumption it holds that g’ > 3, therAefore there exists a constant v, > 2 such that
the second order derivatives satisfy |8i2jf(z)| < C|z|*™forallz € R",i, j € NN[1, n].
By Lemma 22 and Proposition 7, for any 6 € ©, it holds that

s (x2'r)] - B (7))
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n*—1

B k=_0 E[v/t:kﬂ (<(<b(yf6) - ]lD\m(Yt(/Z)(b(th)

+ 07 (Y], 7)) v))'(ff(;) : V)f(f(f”?)dt}

1 i1 M
+ EE[ / > (Do) = 1p, ()@ (¥
173

ij=1

+ o (Y, 20 0 (Y] + o™ (YL, Z?’k»T)”
(@ @ 9;%) ) DY FEI + GRR)y V) FR] f?))dt]. (76)
For the first terms on the right-hand side of (76), denoting
b*(v'.y,2) = b(y') = Lp, () (BO) + b* (v, 2), (77)
it holds that
(((13*(1/,9, v!, z0ky . v))'(ff;) : V)f()_(tY”QT)
- (((é*(y9, vy, z0%y . V) (xtYHT - X,Y’Q;)) : v)f()?f';)
+(((Bro? vz V)X:’g) V) (& - f()'(tyfe;))
+ (((B*(Y", v, z0%) . V)X:’g) : v)f(i(f’g;). (78)
The first part of the factor involving b has the form
b(Y!) = Lp, (Y)b(Y])
= [b(Yﬁ) — b(Y,i)} + [b(Y,Z) -~ ﬂDw(Y,bb(Y,i)}
:
- / 10,60 (B + 07 (1] 20 -V b))
+ %(((o(ygj) + ot (¥, 20 o (V) + o™ (YL, zg’k))T) : D2>b(Yf)>du
+ /, L, () (@ (V) 4+ 07 (42 249 - ¥ )W,
!
+b(Y)(1 = 1p, (YD), (79)

where the integral w.r.t. u is uniformly bounded in 6 by C (¢t — #;) in L?(P) norm, the

stochastic integral is uniformly bounded in 6 by C(t — tk)% in L2(P) norm and the
last term has the same property as the integral w.r.t. # (and in fact of arbitrary order
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int — t) by the calculation of inequalities (47), (48) in [8]. Using the definition (74)
for b* along with ¢’ > 3, there exists a constant vy > 2 such that the remaining part
of the factor involving b from (78) has the bound

[Lp, (Yb* (Y]

0.2 < Clb(y?)l1z)*» (80)
forall6 € ©.Putting (79) and (80) into the first term on the right-hand side of (78) and
using Holder’s inequality, Assumptions 7(ii)(iv), Egs. (71)—(75), Lemmas 22 and 9,
Theorem 10, Markov property (Theorem 2.13 in [1]; see also justification in the proof
of Lemma 22), the fact that if V is a Lyapunov function then (V + 1)1 with0 <l <1
is also one and exponential integrability for U as in Theorem 2.9 in [10] yield

4

] |(((6r o2 9) (87 - K14)) - 9) skl

] =C@—1n) @B

for all t € [fy, tx+1), 0 € ©. The same arguments can be used for the second term on
the right-hand side of (78), along with the additional estimate

_y? _v/!
L3 £ (X)) — 8 £ (X, 5]
0

1 0 0 0
7Yt iy 2] i
<E|| [ Vo f0X) + 0 -nX, Dar- (X[ - X%
0

]

—YO ot _vf 50 -yl SYP
< c(1+ B[P+ B[ A P))F (RIR) - X5 P)

0 Uy
< C(E[exp (Ue(:; )>] +E|:exp< e(ptlik))})E[lYte - Yzi|r]

<C@t—1)?

where r > 1, in order to obtain the same right-hand bound as (81). For the last term
on the right-hand side of (78), we rely more prominently on the Markov property. For
any R > 0, it holds that

E[(((l;*(YQ, ve, 0%y . V)X:’g) : V)f()_(:’(’;) A R}
= E[E[(((é*(yf, v, z0%). V)X:’g) : v)f()'(:’;) A R‘]—",H
- éE[é;“(Yﬁ, Y?, zf”‘m[(ai}?f’e; : v)f(f(:g;) A R‘}',H

el (355 -0)r(15) 2 Rl

n
— ZE[}E[B;*(YQ, v?, z0%)
i=1
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so that (77), (79) and (80), where the only order termin ¢t —t; from (79) has vanished,
together with the same arguments as before and dominated convergence in R yields

E[(((b*(yﬁ, vz V)X )v)f(xf‘é)] <Cl-n) (82

forallt € [t, tr+1), 0 € ©O. Gathering the arguments from (81) onwards, the integrals
involving b in (76) have been shown to be of order ¢ — #;. For the integrals involving o
in (76), after rewriting

o(¥)o (Y)Y —1p, Y0¥ +o* (Y, 2] N o)) + o (e, 2] )T
= (0 () = 1o, D@ + 0" (V] 2040 ) ()T

+ 1y (Y0 () + 0 tk,zf*"))(o(yﬁf—(a( 9) + o™ (¥, ,”))T)

and similarly

o Y! = o vf = 4 =
((axh @ %)) - 02) (X)) + (2% v) r(X]Y)
5

((a,-)'(ty"; - a,»)'(f’z) ® a,-xff;) : Dz)f()'(tyf;)
% 9) (r(X5) - £(1h)
+ (8i"ff’? ® aﬂ?f’?) 0 (r(¥13) - £ (15))
(255 V)& + (%5 90,55 ) 02) £()4),
the same bound as (82) holds for all of (76) by the same treatment as for (82). O

Remark 5 In this remark, it is sketched that some relatively abstract weakening of
Assumption 7, which is made to include the case of globally Lipschitz coefficients,
is sufficient for Theorem 23 to hold. Here, the main issues are that we would like
to include U growing logarithmically (for polynomial Lyapunov functions) instead
of assuming the lower bound U > (/|1 + x|7/ and also to have a bound in place
of (64) that serves the same purpose as (64). There are two uses of these conditions
in the proofs that require particular attention. The first is the exponential integrability
property of the discretization given by [10, Theorem 2.9], which uses only (64) out
of the two conditions. The second is in obtaining a good enough order for the last
term on the right-hand side of (79), which uses the derivation for (47)—(48) in [8].
Moreover, for the first point about exponential integrability, an inspection of the proofs
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of Theorem 2.9 and Lemma 2.8 both in [10] shows that (64) (with |¢| = 1) is only
strictly required for estimates of the form

b+ o)l < Cs™ Vs € (0, suptiy1 — 1] (83)
k

forx € {x e R" : U(x) < C(supy tx+1 — 1)~ %} and appropriately small o > 0.
To resolve the issues, assume for all £k > 1 that there exists Uy satisfying the
assumptions on U, except, in place of the corresponding parts in Assumption 7, that

o Ur(x) > c'log(1 + |x|) for all x,
e inequality (83) holds for x € D’ for some D' = D’(8) C R" replacing the set
appearing in (65) and satisfying

— for any @ > 0 and k > 1, there exists ¢ > 0 such that D' € B({U; <
c(supy fr+1 — fxr)~*}) and
— it holds that P(Y{. € D'(0)) = O(supy tyr11 — tx) as supy fyr1 — tir — 0,
U
e there exists K > 1 such that the inequalities [0%b| + ||0%0 || < CekerT | |U| <
¢(1 + Uyg)? hold for k > K and p independent of k.

In Assumption 7, these conditions are satisfied by taking U = Uy for all k > 1.
In the globally Lipschitz (with polynomial growing second derivatives) case, one can
take D' := {y : |y| < (supy tyr+1—t) "¢} withsmall € > Oindependent of k, in which
case, for Uy : R" — Rgivenby Ui (y) = (k*Ge?T)2+k>¢erT log(14]y|?),U = Oand
some large enough p, ¢ > 0 depending only on the global Lipschitz constant (for b, o)
and the degree of the polynomial bound of the second derivatives respectively and not
on k, it holds that

e foranya > Oandk > 1,thereexistsc > Osuchthat D' € B({Uy < c(supy tp4+1—
)™},

o D)+ lo@| < CA+ |x]) < C( + (supy t+1 — tyr)~€) forall x € D'
(attaining (83) and playing the role of (54), (85) both in [10]),

e with the exponential integrability of U given by the last two points and following
the approach of (47)-(48) in [8],

—€
IP’(IY?I > <suptk/+1 - tk’) )
k/
U () - —2¢ ké
= IP’(e ket > kocve” ((Suplk’ﬂ - fk’) + 1) )
k/

3 T —2¢ —k¢

— P4l

< Ce ke ((suptk/+1—tk/> —}—1) ,
k/

which is arbitrary order in supy f 41 — s for large enough k.
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7 Examples

In this section, specific examples are provided where the results presented above
are applicable. As stated in the introduction, most of the examples in [7, 10] are
viable and many Lyapunov functions have already been given in these references
(applicable here after a simple transformation, see Remark 4). A notable exception is
the stochastic SIR model, where the Lipschitz constant of the diffusion coefficients
grow too quickly for the Lyapunov functions given there (besides, the domain in
that example is not R” as assumed for the main results in the present work). Here,
the focus is placed on two particular examples differing in some considerable way
to analogies in the aforementioned references. In Sect. 7.1, our results are applied
to the underdamped Langevin dynamics with variable friction, which in general (for
example as soon as friction depends on position) does not have globally Lipschitz (nor
monotone) coefficients; this is motivated by the work [22]. In Sect. 7.2, a Lyapunov
function (V) satisfying LVy < CVp) is given for the Stochastic Duffing—van der Pol
equation with parameter values not accounted for in previous works mentioned above.

7.1 Langevin equation with variable friction

Here, the backward Kolmogorov equation and Poisson equation associated with the
Langevin equation are shown to hold even in cases where the friction matrix depends
on both position and velocity variables. The pointwise solution to the backward Kol-
mogorov equation may be used to obtain a distributional solution to the associated
Poisson equation and in doing so, comprises a first step towards a gradient formula for
the asymptotic variance as in [22]. In addition and perhaps more importantly, solutions
to the Poisson equation allows one to obtain central limit theorems for additive func-
tionals [23, Section 3]. The results here give a rigorous way to derive distributional
solutions to the Poisson equation in the proof of Proposition 3.10 in [23] (in particular,
itis not clear that the domain of L* includes CZ°, given the interpretation of L as a limit
in L? earlier in the same section). In this case, hypoellipticity is required to complete
the argument to obtain the central limit theorem, which means that Proposition 4.18
in [12] may also be used in the case of continuous bounded observables; the results
here extend the space of observables beyond that of continuous bounded functions at
the cost of stronger assumptions on the coefficients of the SDE.

Assumption 8 The function U € C3(R") is such that there exists k, K > 0 with
VU(q)-q > k |x|>—K forallg € R". The friction matrix I' € C*°(R%", R"*")N L>®
is symmetric positive definite everywhere such that there exist® f; < 1, i, M > 0
with |V, - T'(q, p)| < M1 + |q|P' + |p|P1) and T'(q, p) > il forall ¢, p € R™.

Note Assumption 8 implies that for R > 1, ¢ € R” with |g| = 1,

R )»61 R B ~
U(Rq)—U(q)=/ vUGg) L z/ Engl? — B~ dn
1 1

S Itis possible to allow for 81 = 1, but at the cost of more stringent bounds on the coefficients.
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_k(R*—1)

— KlogR,
2 8

=

which yields U(g) > lg|?> — C for all ¢ € R" and some constant C > 0. Consider
R?"-valued solutions (g;, p;) to
dq; = pdt (84a)
dp, = —VU(q)dt +V, - T'(q;, p)dt —T'(qs, pr) prdt + \/F(Clt, p)dW;, (84b)

where +/T" denotes some matrix satisfying JTVT' =Tand (Vp-D)i =3V, Tij.
Equation (84) is (1) with b(z, (¢, p)) = (p, =VU(q) + V, - T'(q, p) — T'(q, p)p)
and o;; = 0 for (i,j) € {('.j) i € [LnlNNyU{G,j) : j €

[1,n] NN}, (0(2, (@> P)ntintj = (VT(g, p)ij fori, j € [1,n] N N. For b =

min(k~! (supgas TN, 7, £2), a = L min(, i), let

V,(q,p) = e)/(U(tI)+a|q|2+blI~P+|P|2)' (85)

In the following, | M| denotes the operator norm of M € R™**". Proposition 24 shows
that the assumptions on the coefficients b, o of (10) in Theorems 18, 19 are satisfied.

Proposition 24 Under Assumption 8, there exists constants c1, ¢z, c3 > 0 such that
for all y satisfying

1 3 -1 -1
0<y<y* ::—min<<kbsup|F|) ,ﬁz<4sup|F|> ) (86)
8 R2n R2n

it holds that
LV,(q,p) < (c1 —e2lgl* — 3 1pP)yVy (g, p) (87)

forall (q, p) € R?", where L is the generator (11) associated with (84), explicitly
given by

LV(g,p)=p-V4V(g,p) —VU(Q) - VpV(q,p)+(V,-T'(q,p)-VpV(q, p)
—(C(q. p)p) - V,yV(q. p) + (1/DT(q. p) : D3V (q. p).
If in addition there exist 0 < B < 1, M > 0 such that

1;(V, - T(q, p) = VU(@))| = M1 —inf U + U(g) + |p|HP
- 1 1
18;T(q, p)l < M(1 —inf U2 +U(q)? + |p)*
16:0,(V,, - T(q, p) — VU@))| + |0:0;T(q, p)| < M(1 + eV @+PP)")
forall g, p € R", i,j € {1,...,2n}, then Assumptions 5 and 6 (with p = 2) are

satisfied with V; = Vks’T =V, with any y satisfying (86), G(¢q, p) = C(1 —inf U +
Ug) + Iplz)ﬂ3 for some constants C > 0 and B, < B3 < 1.
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Proof The left-hand side of (87) calculates as

(p+Vg=VqU(q)-Vp+(Vp-T(q,p)-Vp—((q,p)p)-Vp+T(g, p): DQ)Vy(q, p)
= (aq-p+blp? —bVaU(q)-q+ (Vp-T(q, p) —T(q, p)p) - (bg +2p)
+2TiT(q. p) + yT(q. p) : (b%qq " +4pp )y Vy (g, p)

_b 1, 2 2 Lo, 2
= ((a= 7+ 30201027 01 ) 1aP 4 (@ b+ 5 101 =27+ 4y 1 ) Ip]

+ M1+ 1g1P1 + plP2) Ibg +2p| + bK + 2Trr)yvy(q, p)

_b o oom o
< (c AT >7Vy(q,p) (88)
for some constant ¢ > 0. The last assertion follows by straightforward applications of
Young’s inequality. O

For U withlocally Lipschitz third derivatives and by Theorems 18, 19, the associated
Poisson equation with suitable right-hand side f =f- fRzn fdu € L*(i) holds in
the distributional sense as in the proof of Proposition 3.1 in (the arXiv version® of)
[22] if in addition

)E[f(zi)]‘ + — 0in L?(w) as t — oo, (89)

f E[f(z))1ds
t

where for any z € R?", z% = (q;, p:) solves (84), P((qo.po) = z) = 1

2
and u(dq, dp) = Z’le’U(‘f)’%dqdp is the invariant probability measure with nor-
malizing constant Z. We obtain (89) in the following by using the ergodicity results
of [32], see alternatively Theorem 2.4 in [33]. The proof of Proposition 1.2 in [33] can
be modified for (84) to obtain

Proposition 25 For every z € R2" ¢ > 0, the measure Pli(z,) : B(Rz”) — [0, 1]
given by P'(z, A) = P(zf € A) admits a density p,(z, -) satisfying p;(z,z") > 0 for
Lebesgue almost every 7 € R*" and

(z+> pi(z,-) € C(R™, L' (R™)). (90)

Proof For the Markov property, see the proof of Lemma 22 just before (69). The proof
in the aforementioned reference follows through except in the proof of Lemma 1.1 in
[33], where the Lyapunov function (85) is to be used in place of Fl(x, y) = % |y|2 +
V(x) —infgs V + 1 and R? in the ensuing calculations is replaced as needed. O

Proposition 25 implies the existence of an irreducible skeleton chain, namely, the
existence of a sequence (P™Mk )keN for some m > 0 satisfying that there exists a o -
finite measure w on (R, B(R?")) for which if £(A) > 0, then for all z € R”,
there exists k where Pk (z, A) > 0. Together with the following results in [32]:

6 The published version uses a different approach, which does not generalize to (84) as easily.
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Theorem 3.2 (with W = (W, ¥s), Wy (x) = Wa(x) = (x/2)2, ¢p(x) = x2, V =
V% y*), Theorem 3.4 (compact sets are petite by Theorem 4.1(i) in [34], where in
particular non-evanescence follows by Theorem 3.1 in [35] for which Theorem 7.4 in

[36] is enough to get a Borel right process) and Proposition 3.1 (with ¢ (x) = x, V =
V,+), this yields (89) for f satisfying f/V%y* € L.

7.2 Stochastic Duffing-van der Pol equation

We verify here that the Stochastic Duffing—van der Pol oscillator admits a Lyapunov
function satisfying the assumptions of Theorem 10. Note that in doing so, the difficult
parts of Assumption 7 are shown to be satisfied, so that our Theorem 23 about weak
numerical convergence rates applies. In particular, the logarithm of the Lyapunov
function described below may be used for U in Assumption 7. The version of the
equation considered is from [16] with 8, = 0, which is less general than in [16] but
still includes the setting of Sect. 13.1 in [2] and [25] for example. Specifically, for
WO, w®y .0, T] x @ - R? a standard (F1)tero0,71-adapted Brownian motion,
a1, a2, B1, B3 € R, a3 > 0, consider R2-valued solutions to

dxV = x@az, (91a)
dX? =1 XV = X? — a3 x@ (xM)? = (x )31 (91b)
+ 8 xVaw " + gsaw®. 91c)

Equation (91) is (1) with b(¢, x) = (x2, ®1x] — a2x2 — ()[3)62)(12 — x%) and 011 =
012 =0, (0(t,x))2,1 = Bix1, (0(t,x))2,2 = B3. Let V : R — R be given by

V(x1, x2) = Vi(xy, x2) + Va(x1, x2)
= (1— n(xl))e)/(Xf+aX1X2+bxg) + e)/(—CX1Xz+%X%).

The following Proposition 26 verifies that V provides as V = eV

Lyapunov function satisfying the assumptions of Theorem 23.

an appropriate

Proposition 26 There exists a constant C* > 0 such that LV < C*V, where L is the
generator (11) associated with (91). Moreover, Assumptions 1 and 2 are satisfied with

3 A
G(t,x) = B+2Y; lail+ B (1 +1x1 P+1x2|2) and Vi (¢, x) = (X P21 x P12+
DEfort > 0, x = (x1,x2) € R", where (X}, X*) solves (91) with (X", X*) =
(x1, x2).

Proof The functions V) and V; satisfy

1
LVi(x1,x2) = [(2a1b —ona)xixy + (a — 2a0b + 2/3321/172) x5+ (a + §ﬂ321/02

+ B2b)x} + 2By b* — 2a3b)xPx3 — (aza + 2b — H)xjx)
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xZa)q U(xl)
1 —n(x1)

1 1 1
LVy(x1, x2) = [(Eﬁg)/ —c— 0!2))6% + (562,3323/ —ajc+ 5,312))(12

1
+ (5,312)/612 — a) x} +bp3 — ]VVl(Xh x2)

1
+ (a2c + ap)x1x2 + (a3c — 1)x13xz + <c + Ec%,ﬁf))cf

1 1
+ (5,312)/ - 063>X12X§ + Eﬂg}y‘/z(xl,xz)-

where % := 0 whenever 1 — n(x;) = 0. In order to see LV < CYV, consider

1+|a—202b+285y b2
separately the set where x? < — o 220377 |
parately U= T 2ap2py 0

former case, Vi (x1, x2) = LV(x1, x2) = 0and by our choice of ¢ and y, there exists a
generic constant C > 0 such that LV, < CV», therefore LV < CV. Otherwise in the
complementary case where |x1| is bounded below, we have LV; < CV] and when in
additionx; € suppnUBj(0),itholdsthat LV, < CVj;.Itremains to estimate L V> when
x1 ¢ suppn U B;(0), in which case we have |x|’ e Cenntind) < corritind) <
CVi(x1, xp) fori < 4, from which LV, < CVj.

For the second assertion, it is straightforward to see that (19), (20) hold and that
the higher derivatives of the coefficients of (91) are bounded above in terms of Vk
for any k, p as called-for in Assumption 2. For (22), consider separately the cases
[x1] < sup{|x| : x € suppn} and otherwise. In the former case, it holds that

and its complement in R2. In the

3
G(x1,x2) = C(1 + [x2]2),
which yields that for any m > 0, there is M = M (m) > 0 continuous in m such that
G <mlog(Va) + M <mlog(V)+ M. 92)

When |x1| > sup{|x| : x € suppn},inequalities (92) continue to hold with V| replacing
V, and a corresponding continuous function m +— M (m). O

Remark 6 Alternative to V above, it is also possible to take the Lyapunov func-
tion given by [8, Section 3.1.4]. For example, let « > 0, Uy, U; be given as
in [8, Section 3.1.4] and for x € R3, let Y* : Q x [0,T] — R3 be given
by Y = (Xt(l), X,(z), X,(3)), where (X,(I), Xt(z)) is given by (91) and X,(3) satis-
fies dX,<3) =U (Xt(l), X,(2>)e_‘”dt with Y = x P-almost surely. The derivationin [8,
inequality (57)] implies that there exists « such that the function V : Qx [0, T'] xR3 —
(0, 00) given by V(¢,x) = exp(Uo(t, (Y7)1, (¥;})2)e™* + (¥;)3) is a Lyapunov
function.
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Appendix A: Auxiliary results

Just as in the case of globally Lipschitz coefficients in [1, Lemma 5.10], the regularity
of an extended system and the harmonic property of the expectation (53) are required.
These properties are established for our setting in the following.

Throughout the section, we assume O = R”" and b, o, f, ¢, g are nonrandom
functions. Moreover, we suppose all of the assumptions in Theorem 11 hold (including
those in the last statement (iii)). In particular, f : [0, 00) X R” — R, ¢ : [0, 0c0) X
R" — [0, 0c0) and g : R” — R are Borel functions satisfying that f (¢, -), c(¢, -), g(*)
are continuous for every ¢ € [0, T, fOT Supyep, (lc(t, x)| + | f(t, x)[)dt < oo for
every R > 0 and such that for 4 € {f, c, g}, R > 0, there exists C > 0,0 < 1 <1,
Lyapunov functions V**7, locally bounded ¥ for which forany s € [0, T]itholds P-a.s.
that

(s +1, X9 < cA+ VST, i), (Ala)
|h(s +1,y) —h(s+1,Y)| = Cly =] (Alb)
andifh e {f, g}, VT, 2x5) <1+ VT (x, £(x)) (Alc)

forallt < T — s, stopping times t < T,x € R" and y, y’ € Bg.
Foranys > 0,7 > 0,x € R",x’, x”" € R, consider solutions X;* to (10) appended

with the corresponding R-valued solutions X" TD"* and x"+25% o

, t
X, =x/+/ (s +r, XpHdr,
0

_X£n+l),x.x’

" t
X[(n+2),s,x :x//+/ f(S +r,Xf’x)e dr
0

on [0, T'], denoted X = (X, Xt("H)’S’x,,X,("+2)"Y’x”), y = (x,x,x"). Let
X;Y(I) be the corresponding Euler approximation analogous to (52) with I as in
the beginning of Lemma 13.

Lemma 27 Under the assumptions of this section, for every R, T > 0, it holds that

sup sup IP( sup |)_(f’y - )_(,S’y(l)| > e) -0
s€[0,T] yeBRr te[0,T]

as supy tky+1 — te — 0.

Proof For any R’ > 0, let Ry" (I, R') € F denote the event

R;X(I,R/)z{ sup |Xf’x|5R/}ﬂ{ sup |Xf”‘(1)|SR/}-
t€l0,T] t€(0,T]
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For any €, R’ > 0, it holds that

p( sup |57 — XV (1)| >e)
te[0,T]

< IP’( sup | X;"| > R’) +IP>( sup | X" (D] > R’)
te[0,T] t€[0,T]

+n»( sup |7~ XIV(D)| > €
tel0,T]

R, R’)> .

Fix ¢/ > 0. Forany T, R > 0, we may choose R’ = R* so that, by Lemma 2.2 in [1],
the sum of the first and second term on the right-hand side is bounded above by €’/2
uniformly in s € [0, T] and x € Bpg. For the last term on the right, note that by our
assumptions on c, there exists locally bounded G:R"— [0, o0) such that

sup |c(s +1, X)) —c(s + 1, X7 (D))
tel0,T]

< sup |[X]F = X]V (D (GX]Y) + G(X) (D)) (A2)
t€[0,T]

and such that for 1, := max{#; : r > 1},

'
IE|: sup / (s +r, X3H (D) — (s +r, Xy (D)dr
0

t€l0,T]

]lR;‘(.x(I’R/)jI

t
< E[ sup /0 (X35 = X3 ONG XS () + G(X} ())dr

te[0,7T]

]IR;"”(I,R’):|
t r r

[ (/ b(s+r', Xy (D)dr' + [ o(s+7r, X;’/X(I))dW,,>

0 I r I r

A(GXPND) + GX T (D)dr

= ]E|: sup
t€[0,7T]

forall s € [0,T], y = (x,x’,x”) € R*"2, where we have used (Alb). By (A2), it
holds that

€
124/3T SUP B G(2)

{ sup]IXz” - X" (D] <

} NRY (I, R*)
tel0, T

' , €
C3 osup leGs4t, X7 —cls+t, X)) <
{te[O,T]} ! ! | 63T

T
C {/ (s +u, X)) — c(s +u, X5 ()| du <
0

} N Ry (1. RY)
L} N RS (1, RY).
6/3
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This yields
’ ’ €
P sup ‘X(n+1),s,x . X(n—H),s,x (1)) > } n Rs,x(l’ R*))
({ 1€[0,T] ' ' 3V3 X

t
/ (c(s+r, X3 —cls+r, X2()))dr
0

ol

t
/ (c(s +r, X; (D) + c(s +r, X (D))dr
0

< ]P’({ sup
1€[0,T]

NRY , R*)) +IP’<{ sup
1€[0,T]

> L} N RGN, R*))

6v/3
€
<P sup | X7 — XN (D] > - } NR (I, R*))
<{ 1€[0,T] | ' ' | 124/3T SUp_ep,. G(2) X
6+/3 !
+ L_E sup f c(s +r, X7 (D) — (s +r, X (D)dr T gsx g gy |,
€ re[0, 711 Jo r x ¢

which converges to zero as supy, #+1 — tx — 0 by (A3) and Lemma 13. In particular,
there exists 0 < & < §* such that for [ satisfying sup; - fx+1 — # < 8, it holds that

’ ’ €
1P>< sup ‘X("H)’” _ x D (1)) > —‘R”(I,R*))
1€[0,T] ' ' 331X

€ €
<P sup [XF = XVF(D)| > _ ) << (A4)
(te[O,T] X ' | 12/3T sup,ep,, G(2) 6

forall s € [0, T] and y = (x,x’,x”) € Bg C R"™2. By a similar argument and
using the above, (A4) holds with n + 1 replaced by n + 2 and x" by x”. Together with
Lemma 13, the lemma is proved. O

Next, the harmonic property (see [1, Definition 3.1]) of (53) is shown. Let g given

by g(y) = x4+ g(x)e ™ forall y = (x,x’,x") € R"™*2andfor T > 0, s € [0, T],
let v : [0, 00) x R"*? — R be given by

— ! " _ (n+1),s,x"
5, ) = BIEXG )1 = B[ X700 gy pe 5 ) (as)

—S
In addition for a bounded subset Q C (0, T) x R"*2, let  be the stopping time
ri=inf{u >0: (s +u, X;;”) ¢ Q). (A6)

The next lemma establishes the equality v(s, y) = E[v(s + (t A ?), X i’Ay,)] under our

setting.

@ Springer



316 M. Chak

Lemma 28 Under the assumptions of this section, for any T > 0, any bounded
subset Q C (0, T) x R"2, (s, y) € Q,t € [0, T — s], it holds that

_ —s+(r(w)/\t) XT s (@)
Elg(X72 )1 = / / ( T—s—cney @ ’))dP(w’)de),

where t is defined by (A6).

Proof Forany R, T > 0,t € [0, T1, (s, y) € Q withy = (x, x", x”), by Theorem 2.13
in [1] together with Lemma 27, it holds for P-a.a. w that

_ v+(f(w)At)X,wA (@)
E[(15,8) (X5 ) Fendd = / (nBRg>< ot et (w’))dP(w’), (A7)

so that the right-hand side is F; A;-measurable. Moreover for P-a.a. w, by (Al), the
absolute value of the integrand in the right-hand side is bounded independently of R
as

s+(T(w)AL), er) () (n+2),s,x”
(]IBR |g|)( T—(s+(t()AD)) N (0)/)> |Xr(w)/\t (w)|

T—s—(t(w)At)
<
0
s+(t (w)At),Xi’(Z)M (),
g(XT—(S+(r(w)At)) (@)

T—s—(t(w)At)
S C(/ <1+V3+(T(w)/\l)T(a) r, X(Xr(w)At(w)))> dr
0

dr

f(s + @ A +r XA+(T((1))/\I) Xr(w)At(w)( /))

+

(1 4+ ysTE@An, T(w T —s—(t(w) A1), x(XT(w)M(a))))> ) (A8)

where we have abused the notation V" to refer to Lyapunov functions for both f
and g. Since /™-powers of Lyapunov functions are still Lyapunov functions (but with
different auxiliary processes), the expectation in o’ of the right-hand side of this is
bounded by Corollary 4 and (Alc) as in

T—s—(t(w)At) ) 7
/ ( f (1 + V@A (@ (X )M(a))))> dr
0

+ (1 + VsHE@MT () T s (t(w) A D), x(Xﬂw)N(a))))) )d]P’(a))

T a;ZJr(T(w)At).T(w/) du

ps+(r(w)/\z‘),T
Lper(w)At).T,l (dP(0))

f(l + VS+(‘L'(CU)/\I) T((,() 0 x(xf((}))/\[(@)))) d[P’(a)/)

< C(l—i—/VS’T(a)’,r(a))At,i(x))d]P’(w’))
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<C1+V>T(0,%(x))
< 00, (A9)

where a7 and p~T are the obvious objects associated with (1+ V7)., Therefore by
dominated convergence, the right-hand side of (A7) converges to the same expression

but without 1 g, for IP-a.a. w. Moreover, by (Al) and Corollary 4,

" A "
B[ X 5" 1= Ix] < E[ / (s +rxp )(dr}
0

T
< cf IE[] n VS’T(r,)Z(x”))]dr
0
< C(l + v”(o,;(x”))).

Consequently, together with (A8), (A9) and dominated convergence (in w), it holds
that

| osHE@A), X (@)
//(HBRg) (XT(S+(r(w)/\t)()) (w’))d]P’(w/)dP(a))
[ =5+ @@An, X0 ()
o [ (R o bt

as R — o00. On the other hand, by a similar argument as above, the expectation of the
left-hand side of (A7) has the limit

E[E[(1 3, &) (X7 N Fencll = E[(1,8) (X377 )1 — Elg(X77 )]

as R — oo. O
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