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Abstract

In the Bayes paradigm, given a loss function and an n-sample, we present the con-
struction of a new type of posterior distribution, that extends the classical Bayes one.
The loss functions we have in mind are either those derived from the total variation
and Hellinger distances or some IL j-ones for j > 1. We prove that, with a probability
close to one, this new posterior distribution concentrates its mass in a neighbourhood
(for the chosen loss function) of the law of the data, provided that this law belongs
to the support of the prior or, at least, lies close enough to it. We therefore establish
that the new posterior distribution enjoys some robustness properties with respect to
a possible misspecification of the prior, or more precisely, its support. We also show
that the posterior distribution is stable with respect to the equidistribution assumption
we started from. Besides, when the model is regular and well-specified and one uses
the squared Hellinger loss, we show that our credible regions possess, at least for n
sufficiently large, the same ellipsoidal shapes and approximately the same sizes as
those we would derive from the classical Bayesian posterior distribution by using the
Bernstein—von Mises theorem. Then we use our Bayesian-like approach to solve the
following problems. We first consider the estimation of a location parameter or both
the location and scale parameters of a density in a nonparametric framework. Then
we tackle the problem of estimating a density, with the squared Hellinger loss, in a
high-dimensional parametric model under some sparsity conditions on the parameter.
Importantly, the results established in this paper are nonasymptotic and provide, as
much as possible, bounds with explicit constants.
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1 Introduction

Observe n i.i.d. random variables X1, . .., X, with values in a measurable space (E, &)
and assume that their common distribution P* belongs to a family .# of candidate
probabilities, or at least lies close enough to it in a suitable sense. We consider the
problem of estimating P* from the observation of X = (X1, ..., X,,) and we evaluate
the performance of an estimator with values in .# by means of a given loss function
L P x M — Ry, where & denotes a set of probabilities containing P*.

Our approach to solve this estimation problem has a Bayesian flavour. We endow
M with a o-algebra A and a probability measure 7 that plays the same role as the
prior in the classical Bayes paradigm. Our aim is to design a posterior distribution 7,
solely based on X and the choice of ¢, that concentrates its mass, with a probability
close to one, on an £-ball, namely a set of the form

BP*,ry={Pe ., L(P*,P)<r} with r>0. (1)

This means that with a probability close to 1, a point P which is randomly drawn
according to our (random) distribution Ty is likely to estimate P* with an accuracy
(with respect to the chosen loss £) not larger than r. Our objective is to design Ty in
such a way that this concentration property holds for small values of r and under mild
assumptions on P* and ./Z .

In the literature, many authors have studied the concentration properties of the
classical Bayes posterior distribution on Hellinger balls. We refer to the pioneering
papers by van der Vaart and his co-authors—see for example Ghosal, Ghosh and
van der Vaart [19]. They show that the concentration property around P* holds, as
n tends to infinity, provided that the prior 7 puts enough mass on sets of the form
K(P*,e) ={P € .#, K(P*, P) < ¢} where ¢ is a positive number and K (P*, P)
the Kullback-Leibler divergence between P* and P. This assumption may, however,
be quite restrictive even in the favorable situation where P* belongs to the model
A . Such sets may indeed be empty, and the condition therefore unsatisfied, when
the probabilities in .# are not equivalent. This is for example the case when .Z is
the set of all uniform distributions Py on [0 — 1/2,60 + 1/2], with 6 € R, although
the problem of estimating P* € .# in this setting is quite easy, even in the Bayesian
paradigm. The assumption appears even more restrictive when the probability P*
does not belong to .#, that is when the model is misspecified. For example, if the
distributions in .# are all equivalent and R is singular with respect to P € .,
IC(P*, ¢) is empty for P* = (1 — 10719 P + 10~'9R although P* and P € .# are
statistically indistinguishable from any n-sample of realistic size.

Unfortunately, it is in general impossible to get rid of the restrictive conditions
we have mentioned above. It is well known that the Bayes posterior distribution can
be unstable in case of a misspecification of the model. Examples that illustrate this
weakness have been given in Jiang and Tanner [21] and Baraud and Birgé [6] for
instance. This instability is due to the fact that the Bayes posterior distribution is
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based on the log-likelihood function and similar issues are known for the maximum
likelihood estimator.

In order to obtain the concentration and stability properties we look for, we replace
the log-likelihood function by a more stable one. Substituting another function to
the log-likelihood one is not new in the literature and leads to what is called quasi-
posterior distributions. The resulting estimators, called quasi-Bayesian estimators
or Laplace type estimators, have been studied by various statisticians among which
Chernozhukov and Hong [18] and Bissiri et al. [16] (we also refer to the references
therein). These papers, however, do not address the problem of misspecification. In
contrast, it is addressed in Jiang and Tanner [21] for performing variable selection in
the logistic model. The authors show that the classical Bayesian approach is no longer
reliable when the model is slightly misspecified while their Gibbs posterior distribution
performs well and offers thus a much safer alternative. The problem of estimating a
high-dimensional parameter 6 € R under a sparsity condition was considered in
Atchadé [2]. His quasi-posterior distribution is obtained by replacing the joint density
of the data by a more suitable one and by using some specific prior that forces sparsity.
He proves that the so-defined posterior distribution contracts around the true parameter
0* at rate \/(s*logd)/n (where s* is the number of nonzero coordinates of 6*) when
both d and n tend to infinity. A common feature of the papers we have cited above
lies in their asymptotic nature. This is not the case for Bhattacharya et al. [8] who
replaced the likelihood function in the expression of the posterior distribution by the
fractional likelihood, that is a suitable power of the likelihood function. The authors
also consider the situation where the model is possibly misspecified but their result
involves the «-divergence which, as the Kullback one, can be infinite even when the
true distribution of the data is close to the model for the total variation distance or the
Hellinger one.

Baraud and Birgé [6] propose a surrogate to the Bayes posterior distribution that is
called the p-posterior distribution in reference to the theory of p-estimation that was
developed in Baraud et al. [7] and Baraud and Birgé [5]. In the frequentist paradigm,
this theory aimed at solving the various problems connected to the instability of the
maximum likelihood method. The p-posterior distribution preserves some of the nice
features of the classical Bayes one but also possesses the robustness property we
are interested in. The authors show that their posterior distribution concentrates on a
Hellinger ball around P* as soon as the prior puts enough mass around a point which
is close enough to P*. However their approach applies to specific dominated models
M ={P =p-pn, pe€ M}only. They assume that the family M of densities that
defines their model possesses some special combinatorial structure which is either met
when M is finite or when it satisfies some VC-type condition (see their Section 5). As
a consequence, the concentration radius they obtain not only depends on the choice
of the prior but also on a complexity term that is linked to this structure. Unlike
theirs, our approach makes no such assumptions on M and we are therefore able to
get rid of this unpleasant complexity term while retaining a similar dependency with
respect to the choice of the prior. Baraud and Birgé’s posterior distribution has also
the drawback to involve the supremum over the family M of an empirical process.
Their posterior distribution is therefore difficult to calculate in practice, unless M is
finite with a reasonable size. From a more theoretical point of view, it also raises some
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unpleasant issues with regard to the measurability of this supremum in the situation
where the family M is uncountable, which is the typical case. Finally, Baraud and
Birgé’s approach restricts to the squared Hellinger loss while ours applies to many
others.

Closer to our approach are the aggregation methods and PAC-Bayesian techniques
that have been popularized by Olivier Catoni in statistical learning (see Catoni [17]).
This approach has mainly been applied for the purpose of empirical risk minimization
and statistical learning (see for example Alquier [1]). Our aim is to extend these
techniques toward a versatile tool that can solve our Bayes-like estimation problem
for various loss functions simultaneously.

The problem of designing a good estimator of P* for a given loss function £ was
tackled in the frequentist paradigm in Baraud [4]. There, the author provides a general
framework that enables one to deal with various loss functions of interest, among
which the total variation, 1-Wasserstein, Hellinger, and L ;-losses among others. His
approach relies on the construction of a suitable family of robust tests and lies in
the line of the former work of Le Cam [22], Birgé [9] and Birgé [11]. The aim of the
present paper is to transpose this theory from the frequentist to the Bayesian paradigm.
If ¢ is the Kullback-Leibler divergence, our construction recovers the classical Bayes
posterior distribution even though this is not the choice we would recommend for the
reasons we have explained before.

Quite surprisingly, the concentration properties that we establish here require almost
no assumption on .7 and the distribution of the data (apart from independence). They
mostly depend on the choices of the prior w and the loss function £. For a suitable
element P which belongs to the model .# and lies close enough to P*, these concen-
tration properties depend on the minimal value of the radius r over which the log-ratio
V(P,r) =log[n(B(P,2r))/n(B(P,r))] (with B defined in (1)) increases at most
linearly with . This log-ratio was introduced in Birgé [12] for the purpose of analyzing
the behaviour of the classical Bayes posterior distribution. In our Bayes-like paradigm,
we show that the behaviour of the quantities V (P, r) for P € .# andr > 0 completely
encapsulates the complexity of the model .#. We prove that our posterior distribu-
tion Ty concentrates on an £-ball centered at P* and the radius r = r(n) of which
is usually of minimax order as n tends to infinity when the model is well-specified.
From a nonasymptotic point of view, we show that 7Ty retains its nice concentration
properties as long as P* remains close enough to an element P in .# around which
the prior puts enough mass, that is, even in the situation where the model is slightly
misspecified. Actually, we establish the stronger result that even when the data are
only independent but not i.i.d., the above conclusion remains true for the average P
of their marginal distributions in place of P*. We therefore show that the posterior
distribution 7x enjoys some robustness properties with respect to the equidistribution
assumption we started from. The main theorems involve as much as possible explicit
numerical constants. We illustrate our results with examples which are deliberately
chosen to be as general and simple as possible. Our aim is to give a flavour of the
results that can be established with our Bayes-like posterior, avoiding as much as pos-
sible the technicalities that would result from the choice of ad-hoc priors introduced
to solve specific problems. Instead, we wish to discuss the optimality and robustness
properties of our construction for solving general parametric and nonparametric esti-

@ Springer



From robust tests to Bayes-like posterior distributions 163

mation problems in the density framework under assumptions that we wish to be as
weak as possible. These posterior distributions will therefore provide a benchmark for
comparison with other methods. Their practical implementation will be the subject of
future work.

Of special interest is the choice of £ given by the total variation distance or the
Hellinger one. As we shall see, for such losses the stability of our posterior distribution
automatically leads to estimators P~ Ty that are naturally robust to the presence
of outliers or contaminating data among the sample. These results contrast sharply
with the instability of the classical Bayes posterior distribution we underlined earlier.
Nevertheless, our posterior distribution also shares some similarities with the classical
Bayes one. When the model is well-specified and one uses the squared Hellinger loss,
we show that the credible regions of our posterior distribution asymptotically possess
the same ellipsoidal shapes and approximately the same sizes as the ones we derive
from the classical Bayes posterior by means of the Bernstein—von Mises theorem.
Establishing an analogue of this theorem for our Bayes-like posterior distribution is,
however, beyond the scope of the present paper.

Our paper is organized as follows. We present our statistical setting in Sect.2. We
consider there independent but not necessarily i.i.d. data in order to analyse later
on the behaviour of our posterior distribution with respect to a possible departure
from equidistribution. The construction of the posterior distribution is described in
Sect. 3. In this section, we also show how more classical constructions based on the
likelihood or the fractional likelihoods are particular cases of ours. We complete this
section with some heuristics which, we hope, help understanding the main ideas of
our approach. In particular, we bridge there the problem of designing robust posterior
distributions to that of testing between two disjoint £-balls. Section4 is devoted to
the main theorems. We describe there the concentration properties of our posterior
distribution. The applications of these results to classical loss functions are presented
in Sect. 5. We put a special emphasis on the cases of the total variation distance and the
squared Hellinger loss. In the remaining part of the paper, we only focus on these two
losses. In Sect. 6 we highlight some similarities and differences between the classical
Bayes posterior and ours for the squared Hellinger loss. In Sect. 7 we explain how our
posterior distribution can be used to solve the problem of estimating a density, or a
parameter associated with it, in several statistical frameworks of interest. We discuss
there how the concentration properties of our posterior distribution deteriorate in the
case of a misspecification of the model by the prior. We also consider the problems
of estimating a density in a location-scale family and a high-dimensional parameter
in a parametric model under a sparsity constraint. We also show how our estimation
strategy leads to unusual rates of convergence for estimating a translation parameter in
anon-regular statistical model. In Sect. 8, we provide an evaluation of the concentration
radius of our posterior distributions in the parametric framework. Finally, Sect.9 is
devoted to the proofs of the main theorems and Sect. 10 to the other proofs.
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2 The statistical setting

Let X = (X1, ..., X,) be an n-tuple of independent random variables with values in a
measurable space (E, £) and joint distribution P* = @);_, P*. Even though this might
not be true, we pretend that the X; are i.i.d. and our aim is to estimate their (presumed)
common distribution P* from the observation of X. To do so, we introduce a family
A that consists of candidate probabilities (or merely finite signed measures in the case
of the IL j-loss). The reason for considering finite signed measures lies in the fact that
statisticians sometimes estimate probability densities by integrable functions that are
not necessarily densities but elements of a suitable linear space for instance (think of
the case of projection estimators). We endow .# with a o -algebra A and a probability
measure 7, that we call a prior by analogy to the classical Bayesian framework, and
we refer to the resulting pair (.#, 7) as our model. The model (.#, i) plays here a
similar role as in the classical Bayes paradigm. It encapsulates the a priori information
that the statistician has on P*. Nevertheless, we do not assume that P*, if it ever exists,
belongs to .7 nor that the true marginals P do. We rather assume that the model
(A , ) is approximately correct in the sense that the average distribution

— 1
P=;§Pi

is close enough to some point P in .# around which the prior 7 puts enough mass.
We assume that P~ belongs to a given set & of probability measures on (E, £) and we
measure the estimation accuracy by means of aloss function ¢ : (#ZUZP)x # — R4
which is not identical to 0 in order to avoid trivialities. Even though ¢ may not be a
genuine distance in general, we assume that it shares some similar features and we
interpret it as if it were. For this reason, we call £-ball (or ball for short) centered at
P € & U . # withradius r > 0 the subset of .Z

BP,ry={0Q e A, L(P,Q)<r}.

Our aim is to built a posterior distribution (or posterior for short) Ty on (., A),
depending on our observation X, which concentrates with a probability close to 1 on
an {-ball of the form %(?, rn) where we wish the value of r,, > 0 to be small.

2.1 The special case of parametrized models

In many situations we consider statistical models .#Z = {Py, 6 € ©} which are
parametrized via a one-to-one mapping 6 +— Pg. When (®, B, v) is a measurable
space, we endow .# with the o-algebra A = {A, {§# € ©, Py € A} € B}. This
choice possesses several advantages. First, the mapping 6 +— Py is measurable from
(©,%B) onto (., A) and we may therefore define the prior 7 on (.Z, A) as the
image of v by this mapping. Besides, a function F is measurable on (.#, A) if and
only if the mapping 6 — F o Py is measurable on (®, 8). This property makes the
measurability of F easier to check in general. In particular, the mapping F : Py +— 6
is measurable on (., A) because § — F o Py = 0 is measurable on (®, B) and we
may then define a posterior Vx on (©, 9B) as the image by F of our posterior Ty on
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(A, A). By definition of Dy, forall @ € ® and r > 0
Tx (B(Py, 1) =7x ({0 €0, €6,0) <r}) )

where £(0, 0") denotes, slightly abusively, £( Py, Py/) for 6, 8’ € ©. The concentration
of Tx on an £-ball centered at Py with radius » > 0 is then equivalent to the concentra-
tion of Dy on the set {§’ € ©, £(0,0’) < r}. Every time we consider a parametrized
model, we assume that it is identifiable and implicitly use the construction that we
presented above as well as its consequences.

2.2 Notation and conventions

Throughout this paper, we use the following notation and conventions. For a, b € R,
aV b and a A b denote min{a, b} and max{a, b} respectively. Forx € R, (x); =xVvO0
while (x)_ = (—x) Vv 0. The Euclidean spaces R with k > 1 are equipped with their
Borel o -algebras. The cardinality of a set A is denoted | A| and its complement A. In
particular, for P €¢ 2 U .# andr > 0, B(P,r) = {Q € .#, L(P, Q) > r}. The
elements of R¥ with k > 1 are denoted with bold letters, e.g. x = (x1, ..., x;) and
0=(0,...,0).Forx € Rk, |X|oo = max;e(1,... k) |xi| while |x| denotes the Euclidean
norm of x. The inner product of R is denoted by (-, -) and the closed Euclidean ball
centered at x with radius r > 0 by B(x, r). By convention infz; = +00 unless
otherwise specified. We write f = ¢ when a function f is constant and equals c on its
domain. For all suitable functions f on (E", £2"),E [ f(X)] means f gn S dP* while for
fon(E,&),Es[f(X)]denotes the integral f p fdS with respect to the measure S on
(E, &).For j € [1, 400), wedenote by .Z; (E, £, 1), the set of measurable functions f
on (E, &) such that || f1; , = [[ | f/dpu]"7 < +o00 while || fllog = sup,ep | f (¥)]
is the supremum norm of a function f on E. If 7’ is a distribution on (.#, A), Q ~ 7’
means that Q is a random variable with distribution 7’. Finally, all the measures that
we consider are implicitly assumed to be o -finite.

3 Construction of the posterior distribution

Throughout this section, the model (.Z, ) is assumed to be fixed.

3.1 The properties of our loss functions

The construction of the posterior not only depends on the prior 7 but also on the choice
of the loss function. We first assume that ¢ satisfies some basic properties which are
described below.

Assumption 1 For all S € & U .#, the mapping

oS, |, A — R,
P —> (S, P)
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is measurable.

Under such an assumption, ¢£-balls are measurable and the quantities 7w (% (P, r)) for
P e U . # and r > 0 are therefore well-defined.

Assumption 2 There exists a positive number t such that, forall S € & and P, Q €
%3
S, Q) = T[S, P)+L(P, Q)] (3)
€S, Q) =t (P, Q) — €S, P). (4)
When ¢ is a genuine distance, inequalities (3) and (4) are satisfied with 7 = 1 since
they correspond to the triangle inequality. When £ is the square of a distance, these
inequalities are satisfied with T = 2.
Importantly, we assume that £ is associated with a family .7 (¢, #) = {t( P,0)
(P,Q) € A 2} of test statistics on (E, £) which possesses the properties below.
We shall see in Sect.5 that many classical loss functions (among which the total

variation distance, the squared Hellinger distance, etc.) can be associated with families
T (£, M) satistying the following assumptions.

Assumption 3 The elements #(p ) of 7 (€, .#) satisfy:
(i) The mapping

t I Ex M MERARA) — R
(x, P, Q) —> tp,0)(x)

is measurable.

(ii) Forall P, Q € .#, tp,0) = —tQ,P)-
(iii) there exist positive numbers ag, a; such that, forall S € & and P, Q € .#,

Es [tp,0)(X)] < aol(S, P) — a1 (S, Q). (5)
(iv) Forall P, Q € A,

sup l‘(p’Q)(x) — inf t(p,Q)(x) <1
xeE xek

Under assumption (ii), #(p, py = 0 and we deduce from (5) that (a9 — a1)£(S, P) > 0,
hence that agp > a; since £ is not constantly equal to 0.
Some families 7 (¢, .#') may satisfy the stronger

Assumption 4 Additionally to Assumption 3, there exists a> > 0 such that

(iv) forall S € Z and P, Q € .4,

Varg [1(p,0)(X)] < a2 [€(S, P) + £(S, Q)].
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3.2 Construction of the posterior

Let 7 (¢, .#) be a family of test statistics that satisfies our Assumption 3 and let 8
and A be two positive numbers such that

A= ({+c)p with ¢ > 0 satisfying co = (1 +¢) — c(ap/a1) > 0. (6)

We set

n

T(X, P, Q) = Zt(P,Q)(X,-) forall P, Q € A

i=1
and define 7Tx (-| P) as the probability on (.#, A) with density

dFx(-|P) exp [AT(X, P, Q)]
dn [y expAT(X, P, 0)1dm(Q)

Then, for P € .# we set

T(X, P) = /// T(X. P, Q)d7x(Q|P)

:/ T, p. o) SPUTX. P. O)]
M [ wexpAT(X, P, Q)1dn(Q)

dn(Q).

Finally, we define Ty as the posterior distribution on (.#, A) with density

dry . exp [-BT(X, P)]
dm [ yexp[=BT(X, P)ldn(P)

(N

Our Assumption 3—(i) ensures that d7x(:|P)/dm is a measurable function of
(X, P, Q) and d7y /dm a measurable function of (X, P).

The posterior distribution depends on our choice of 8 and A (or equivalently c¢) even
though we drop this dependency with the notation 7.

3.3 Monte Carlo computation of functions of the posterior
Even though we focus on the concentration properties of the posterior Ty, one may

alternatively be interested in some estimators derived from it. For example, estimators
of the form

I:f F(P)dwx(P)
M

where F is a real-valued s -integrable function on (.#, A). For typical choices of F,
I gives the expected mean, mode or median of the posterior whenever these quantities
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make sense. One may also choose F': P > 1 pcg(p e With Py € M and ¢ > 0in
order to compute the (posterior) probability that £(Py, P) is not larger than & when
P~ 7x.

Interestingly, the integral I can be approximated by Monte Carlo as follows. Assume
that the prior 77 admits a density of the form C ! IT with respect to a given probability
measure m, where I is a nonnegative m-integrable function on (.#, A) and C =
fb o I(P)dm(P) > 0 a positive normalizing constant (that will not be involved in
our calculation). Let Py, ..., Py be an N-sample with distribution m and for each
iel{l,...,N}, QEI), R Q;N/) an independent N'-sample with the same distribution.
We may approximate / by

exp [—BW; v (P)] TI(P))
S exp [~B Wiy (Pi)] TL(Py)

N
Inn =) F(P)
i=1

where foralli € {1,..., N},

v e |AT(X. P )| M)
Wi (P) =Y T(X, Pi. Q) — [ (],,) T
p SN exp [T P )| )

It is then easy to check that, by the law of large numbers,

lim lim INN’ =1.
N—>+400 [ N'—+4o00

3.4 Connection with the classical Bayes posterior distribution
The classical Bayes posterior turns out to be a particular case of the posterior-type ones
introduced in Sect.3.2. As we shall see now, they are associated with the Kullback—

Leibler divergence loss. We recall that the Kullback—Leibler divergence ¢(P, Q) =
K (P, Q) between two probabilities P, Q on (E, £) is defined by

dP
K(P.0) = /;slog(E)dP when P <« Q;

+00 otherwise.

Let us consider now a family .# of probabilities that satisfy for some a > 0 and
suitable versions of their densities d O /d P the following inequalities:

—a

dP
e §E(x)§e” forallx e Eand P, Q € ./ . ®)
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It follows from Baraud [4, Proposition 12] that the families of functions

d
g(@,.///)Z{t(p,Q) 10g<d%>, P,QE%} ©)]

satisfies our Assumptions 3 and 4 with ap = a; = 1/(2a) and a; = 2a/[tanh(a/2)].
Note that given P, Q € .#, P # Q, the test based on the sign of #p, () is the classical
likelihood ratio test between P and Q.

If we apply the construction described in Sect. 3.2 to the family .7 (¢, .#) we obtain
that for all P, Q, Py € .4,

TX,P,Q0)=TX, Py, Q) — T(X, P, P).
For all A > 0, the density of Tx (-| P)

exp [AT(X, P, O)] _ exp [AT(X, Py, Q)]
[yexpRT(X, P, D)dn(Q) [ ,exp[AT(X, Py, Q)]dn(Q)

0+
is independent of P and writing Ty (+) in place of 7Tx (-| P) we obtain that

T(X, P) =/ T(X, P, Q)d7x(Q)
M

= //// T(X, Py, Q)d7x(Q) — T(X, Py, P)

1 & dpP ~
:C_Zglog(d )(X)wnhC ////T(X, Py, Q)d7x (Q).

Finally, the density of our posterior Tx at P € . is given by

X (py - SPIZATAX, P)] [T/, (@ P/d Py (X))
drn Ly exp[-BT(X, P)]dyr(P) A l(dP/dPO)(Xi)]ﬂ/(ZL”dr[(P).

This is the density of the classical Bayes posterior when 8 = 2a while for other values
of B it is that of fractional Bayes ones.

Nevertheless, in the present paper we restrict our study to loss functions that satisfy
some triangle-type inequality — see Assumption 2. This excludes the Kullback-Leibler
divergence unless one is ready to make strong assumptions on the unknown distribution
of the data, which we do not want to do here.

3.5 Some heuristics
In this section, we present the basic ideas that underline our approach. In particular, we

shall see how the estimation problem we want to solve is linked to the one of testing
between two disjoint £-balls Z(P, r) and Z(Q, r) with P, Q € /.
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In order to avoid unnecessary details, we assume here that we observe i.i.d. data
X1, ..., X, with distribution P* € &2 and that we have at disposal a family .7 (¢, .#)
of functions that satisfies our Assumption 3. In particular it follows from Assumption 3-
(iii) that

n

T(X, P, I . *
E [M} =D E[ur.o)(XD] = al(P*, P) = art(P*, 0).
i=1

The antisymmetric property required by Assumption 3-(ii) entails that
T(Xv Pv Q) = _T(Xs Q’ P)

and leads to the lower bound

E [@} > aj(P*, P) — apl(P*, Q).

Assuming for the sake of simplicity that ap = a; = 1, these calculations show that
n~IT(X, P, Q) = n~' Y7 tp.0)(X;) is an unbiased and consistent estimator of
L(P*, P) — £(P*, Q). In particular, if the two £-balls Z(P, r), B(Q, r) are disjoint
and P* belongs to one of them, the sign of n'T(X, P, Q) =n"! Yot o) (X))
provides a consistent test for deciding which one contains P*. In fact, the test does not
depend on the value of  and consequently chooses the element among { P, Q} which
is the closest to P* (with respect to £), at least when n is large enough. As compared
to the classical likelihood ratio test between P and Q, this test has the advantage not
to assume that P* is either P or Q but only that it lies in a small enough £-vicinity
around one of these two probabilities. The test is said to be robust with respect to the
model {P, Q}. Its nonasymptotic properties have been studied in Baraud [4].

Let us now explain how such families {T(X, P, Q), (P, Q) € .4 2} of test statistics
can be used to build robust estimators and not only tests. In the frequentist paradigm, the
construction of £-estimators is based on the following heuristics. If, with a probability
closeto 1, n 'T(X, P, Q) is close to its expectation £(P*, P) — £(P*, Q) uniformly
with respect to (P, Q) € .#* then n™'T'(X, P) = supyc 4 [n7'T(X, P, Q)] is
close to

sup [£(P*, P)—€(P*, Q)] = €(P*, P)— inf £(P*, Q).
Qe QeH

We therefore expect that a minimizer over .# of the function P € .# +> n'T'(X, P)
be close to a minimizer over .# of the function P € .# +— L(P*, P) —
inf e £(P*, Q), that is an element that minimizes the loss £(P*, P) among the
probabilities P € ./ .

In the Bayesian paradigm, we may argue in a similar way as follows. Replacing
n~'T(X, P, Q) by its expectation £(P*, P) — £(P*, Q), as we did before, amounts
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to replacing T(X, P) by

T(X,P)
exp [nA (E(P*, P) — ¢(P*, Q)] dn(Q)
[y expnd (L(P*, P) — £(P*, Q)] dn(Q)
exp [—nil(P*, Q)]

[y exp—nrl(P*, 9)]dn(Q)

=n/ (e(P*, P) —€(P*, Q)
M

=nl(P*, P) — n/ L(P*, Q) dn(Q).
M

Note that the second term in the right-hand side does not depend on P. Consequently,
replacing T(X, P) by T(X, P) in the expression (7) of the density of 7y leads to the
density

exp [-BT(X, P)] exp [—nBe(P*, P)]

P +— — = .
[ yexp[-BT(X, P)]drn(P) [y exp[—npL(P*, P)]dn(P)

We recognize here the density of a Gibbs measure associated with the energy £(P*, P)
atpoint P € ./ and inverse temperature n8 > 0. We know that when the temperature
goes to 0 (or equivalently n 8 to infinity), Gibbs measures concentrate their masses in
vicinities of low energy points in .. In our case, these low energy points are those
for which £(P*, P) is minimal.

Similar ideas can be found in Catoni’s work and more specifically in his construction
of Gibbs estimators—see Catoni [ 17, Chapter 4]. There, Catoni shows how to aggregate
a continuous family of estimators in order to minimize a risk. In the present paper, we
do not aim at aggregating estimators but we use similar ideas and tools that are due to
Catoni and his co-authors for the construction of our robust posterior distribution.

4 The main results
4.1 Linking the prior to the complexity of the model

For P € .# and r > 0, we recall that

V(P,r) = log (—”(‘%(P’ 2r))>

n(B(P,r))

where we use the convention a/0 = +oo for all a > 0. We said in the Introduction
that such quantities encapsulate in some sense the complexity of the model (Z, )
and we shall now explain why. If .2 = {Py, 6 € R¥} is a parametric model endowed
with a loss £ such that £(8, ') = |0 — 0’|, so that (.#, £) is isometric to (Rk, |-]), and
if the prior v on ® = R is improper and given by the Lebesgue measure, we obtain
that forall P € .# andr > 0

B(P,2 2r)k
V(P,r) = log (%) — log (%) — klog?2. (10)
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We observe that V (P, r) corresponds in this case to the usual dimension of R¥ (up the
factor log 2). For more general models (.#, ) and loss functions ¢, we may interpret
V (P, r) as some notion of dimension (or complexity) associated with the element
P € ./ at the scale r > 0. As we do not consider improper priors but probability
distributions, lim,_, y oo 7 (Z (P, r)) = 1 and consequently lim,_, ;~ V(P,r) = 0.
This means that the connection with the notion of “dimension” is only relevant for
values of r which are not too large.
Given y € (0, 1], the set

v, r
, such that sup # < ynfai
r

1 r'>r

R(B, P) = rznﬂl

is the subinterval of Ry on which the mapping » +— V(P,r) is not larger than
r — ynpajr. We denote by

rm(B, P) = inf R(B, P) an

the left endpoint of R(B, P). Since R(B, P) is increasing with 8 with respect to
set inclusion, r, (8, P) is a nonincreasing function of 8. For example, in the ideal
situation given in (10) where V(P,r) = klog2 with klog2 > 1, r,(8, P) =
(ya)) [k log2/(npB)]. When the model .#Z = {Py, 0 € ®} is parametric and the
parameter space ® is an open subset of R¥ endowed with a prior v, we shall see in
Sect. 8.2 that under suitable assumptions 7, (8, Pp) is indeed of order k/(nf), at least
for n sufficiently large.

The Bayesian paradigm offers the possibility to favour some elements of .# as
compared to others. The order of magnitude of r,,(8, P) allows one to quantify how
much the prior 7 advantages or disadvantages P € . . It follows from the definition
of r, (B8, P) that

0 < (AB(P,2r)) <exp(ynBayr)m (#B(P,r)) forallr > r,(B, P). (12)

Letting r decrease to r, (8, P), we derive that (12) also holds for r = r,(8, P). In
particular, = (B(P,r)) > 0 for r = r, (B, P). If the prior puts no mass on the £-ball
AB(P,r), which clearly corresponds to a situation where the prior disadvantages P,
(B, P) > r and r,(B, P) is therefore large if r is large. In the opposite case, if the
prior puts enough mass on Z(P, r) in the sense that

7 (B(P,r)) > exp (—ynfair), (13)
then for all ' > r,

7 (B(P,r") = exp (—ynBair) = exp (—ynBair’)
> exp (—ynBair’)m (B(P,2r))
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hence,

PB(P,2r ,
% < exp (ynﬂalr ) andr, (B, P) <r.

The quantity r,, (B, P) is therefore small if r is small. Although (13) is not equivalent
to (12) (it is actually stronger), the previous arguments provide a partial view on the
relationship between 7 and r,, and conditions to decide whether P is favoured by &
or not, according to the size of r,,(8, P).

4.2 A general result on the concentration property of the posterior distribution

According to the discussion of Sect.4.1, we see that, when the set
MB) =P et 1B P)<ar'B) (14)

is nonempty, it contains the most favoured elements of the model (.Z, ) at level
afl,B. Since r, (B, P) is nonincreasing with 8, the set .Z (8) is increasing with 8
with respect to set inclusion. If al_lﬂ > (nBap)”" or equivalently g > 1/./n, the set
A (B) can alternatively be defined from V (P, r) as follows:

M(B) = {P e.#, V(P,r) < ynBayr forall r > al_lﬂ] . (15)

This set plays a crucial role in our first result.

Theorem 1 Assume that the model (.# , ) and the loss £ satisfy Assumptions 1 and 2
and the family 7 (L, #) Assumption 3. Let y < (co A ¢)/(2t) and B > 1//n
be chosen in such a way that the set ./ (B) defined by (14) is not empty. Then, the
posterior Tx defined by (7) possesses the following property. There exists ky > 0 only
depending on c, T, y and the ratio ag/ay such that, for all ¢ > 0 and any distribution
P* with marginals in &,

E [’fX (E@(F*, Kor))] <2¢7¢ (16)
with
. —x 1 2&
r= inf LP ,P)+—|B+—]). (17)
Pe(B) ap np
In particular,

P [ﬁx (E@(F, K()r)) > 6_5/2] <2¢78/2,
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The value of kg is given by (119) in the proof. It only depends on the choice of the
family .7 (¢, .#) but not on the prior 7. Hence, for a given family .7 (¢, .#), kg is a
numerical constant.

Let us now comment on Theorem 1. When X7, ..., X, are truly i.i.d. with distribu-
tion P* and the prior puts enough mass around P*, in the sense that P* € .# (8), then
r=ay ! [B+2&/(npB)] in (17). When this ideal situation is not met, either because the
data are not identically distributed or because P* does not belong to . (), r increases
by at most an additive term of order inf p¢_z (g) E(F*, P). When this approximation
term remains small as compared to afl B, the value of  does not deteriorate too much
as compared to the previous situation.

The value of r given by (17) depends on the choice of the parameter . Since the
set . (B) is increasing (with respect to set inclusion) as 8 gets larger, the two terms
infpe (g ¢(P*, P) and al_1 B vary in opposite directions as B increases. The set
# (B) must be large enough to provide a suitable approximation of P while B must
not be too large in order to keep al_l,B to a reasonable size. Practically, we recommend
to choose B = B(a) > 1/4/n such that

7 (#(B)>1—a fora e (0,1/10). (18)

In Example 1 below and in Sect. 7.1, we give some examples of choices of S.

Example 1 Let (.#, ) be a model where the prior 7 satisfies for some k& > 1 and
constants 0 < A < (2/e)B,

(AP A1 <7 (BP,r) <(Br)*Al foral P e #andr >0.  (19)

This means that the prior 7 behaves like the Lebesgue measure on an Euclidean space
of dimension k for small enough values of r. Then,

7w (B(P,2r)) _

V(P,r)=log T (BP.) =

2B
klog (7) forall P € # andr >0 (20)

which implies that for all P € .#

P < k 1 2—B 21
T ( ’IB)_)/all’lﬂ Og(A) (21

The right-hand side is not larger than afl B for

g = [Klog@B/4) 22)
yn

which is larger than 1/./n since (2B/A) > e and y € (0, 1]. For such a value of
B, which does not depend on the distribution of the data, the element P belongs to
M (B) given by (15), and since P is arbitrary we derive that .# (8) = .# . Applying
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Theorem 1 we conclude that the distribution Ty concentrates on an £-ball centered at
=g . .
P with a radius r of order

7 inf ¢(P", P) + ! k+ 2 (23)
rp = 1n , — -+ —=].
" Pell ai n nk

4.3 Arefined result under Assumption 4

Let us assume now that the family .7 (¢, .#) satisfies the stronger Assumption 4. We
introduce the mapping
¢ :1(0, +00) — Ry

2(e*—1— 24
Z,_>¢(Z)=%, 24)

The function ¢ is increasing on (0, 400) and tends to 1 when z tends to 0. Given
B > 0 and a family .7 (¢, .#) that satisfies Assumption 4, we define

€1 =co — Bazay ' T2 P (B +20)] (1 + 2¢(1 + ©)); (25)
G = ¢ — ara; ' T2 P [B(1 +20)] ¢ (26)
Gy =(Q2+c) = Bara; ' 2P BB+ 2012+ o). 27)

Note that the value of ¢; A ¢3 A ¢3 is positive for § = 0 and decreases continuously
to —oo when B grows to infinity. Consequently, there exists some Sy > 0 for which
c1 Aca Ac3=0andcy A cy Acs is positive for all values 8 € (0, Bo).

Let us now present our second result on the concentration property of our posterior
Tx.
Theorem 2 Assume that the model (. , ) and the loss € satisfy Assumptions 1 and 2
and the family 7 (£, .#') Assumption 4. For B € (0, By) andy < (¢ Acy AC3)/(2T),
the posterior Tx defined by (7) satisfies the following property. There exists ko > 0 only
depending on ay/ay, ay/ay, c, T, B and y such that, for all ¢ > 0 and any distribution
P* with marginals in 22,

E [ﬁX (E@(F, Kor))] <2¢76 (28)
with
F = inf [z(? P)+ (B P)] ;= (29)
Pell ’ e npBai’
In particular,

P [ﬁx (E@(F, K()r)) > 6_5/2] <2¢78/2,

@ Springer



176 Y. Baraud

The value of kg is given by (132) in the proof. Note that the constraints on 8 and y,
that are required in our Theorem 2, and that on ¢ given in (6) only depend on ag, a; and
ap, hence on the choice of the family .7 (¢, .#). When ag, a; and a; do not depend
on .#, the value of 8 can be chosen as a universal constant. In particular, it neither
depends on the model (.#, 7) nor on the sample size n.

Example 2 (Example 1 continued) Let us go back to the framework of our Example 1
and assume that .7 (¢, .#) satisfies the requirements of Theorem 2, hence Assump-
tion 4. Applying our construction with some numerical value of 8 which satisfies the
constraint of our Theorem 2, we deduce from (21) that Tx concentrates on an £-ball
with radius of order

log2B/A) k2 &
A 30
yaip n * afn G0

7= inf ¢(P", P)+
Pell
When the model is well-specified, inf p_ Z(F*, P) = O0andtheball Z(P*, kor) with
radius7 = 7(n) contracts at therate 1 /n. Applying our Theorem 1 under Assumption 3,
ignoring the fact that the family .7 (¢, .#) also satisfies Assumption 4, would lead to
the weaker result that when the model is well-specified the posterior concentrates on
an £-ball with radius of order /k/n, hence at a rate 1//n, as shown by (23).

4.4 Concentrated priors

Theorem 1 and 2 show that starting from a prior 7z that puts enough mass around most
of the elements of .#, the posterior Tx concentrates on an £-ball with radius of order
. g . . .

infpc 4 €(P , P) 4 r, where r, is small, at least under suitable assumptions and for
n sufficiently large. The situation we want to investigate now is what happens when
the prior is very concentrated on a small ¢-ball with radius ¢ > 0 around an element
0 € ./ that might not be the true distribution of the data. More precisely, assume the
following

Assumption 5 For Q € .# and ¢ > 0,
7 (“PB(0.¢) < e~ Dy (#(0,¢)) with& > 0.

In this case, we establish the following result.

Theorem 3 Assume that the model (.# , ) and the loss € satisfy Assumptions 1 and 2
and the family T (€, #) Assumption 3. If Assumption 5 is satisfied, there exists ko > 0
only depending on c, T and the ratio ag/a, such that for any distribution P* with
marginals in &,

E [ﬁx (E@(?, Kor))] <2¢~¢ with r=€(P", Q) v aii ve. (1)

In particular, for the choice f = a1e, r = (P, Q) Ve
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If furthermore, Assumption 4 is satisfied and B € (0, Bo) (where By is defined in
Sect.4.3), there exists k(, > 0 only depending on t, B, ag/ay and az/ay such that for
any distribution P* with marginals in 2,

E [ﬁx (E%(F*, K()r))] <2¢~ with r=¢(P",0)Ve. (32)

This result shows that for a suitable choice of 8, the posterior Ty also concentrates on
an £-ball centred at P~ with radius of order & when the model is well-specified, that
is, when the data are i.i.d. with distribution P* = ‘0. When the model is misspecified,
the radius of the ball is of order Z(F*, @) V ¢ and therefore does not inflate more than
the distance of P to the center Q. This result illustrates the stability of the posterior
7x with respect to misspecification.

5 Applications to classical loss functions

The aim of this section is to show how our general construction can be applied to
loss functions £ of interest. The propositions contained in this section about the cor-
responding families .7 (¢, .#') have been established in Baraud [4] except for the
squared Hellinger loss for which we refer to Baraud and Birgé [5, Proposition 3]. The
list of loss functions we present here is not exhaustive. Our results also apply to all
loss functions that derive from a variational formula of the form

0P, Q) = sup [/ fdP—/ fdQ}
feZ LJE E

where .Z is a suitable class of bounded functions. For such losses, we refer the reader
to Baraud [4].

In this section, we consider models .#Z = {P = p-u, p € M} which are dominated
by a measure u on (E, £) and we denote by M C Z(E, &, u) the corresponding
families of densities with respect to . Elements P, Q, ... in .# are associated with
their densities in M by using lower case letters p, g, . . .. In all the cases we consider,
t(p,)(x) is a measurable function of (p(x), g (x)) for P, Q € .# and x € E.In order
to satisfy our measurability Assumption 3-(i), it is therefore sufficient to assume that

(Ex M, ERA) — R
(x, P) > p(x)

is measurable. In the case of a parametrized model .#Z = {Py = pg - 1,0 € ©}, as
described in Sect. 2.1, this condition is satisfied as soon as the mapping

pi(ExO,EQDB) — Ry
(x,0) —> po(x)

is measurable. Throughout this section, we assume that such measurability assump-
tions are satisfied.
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5.1 The case of the total variation distance

In this section, & is the set of all probability measures on (E, £) and

1
IIP—Q||=§/ lp—qldn (33)
E

denotes the total variation loss (TV-loss for short) between P, Q € Z.

Proposition 1 The family 7 (€, .#) which consists of all the functions t(p ) defined
for P=p-wand Q =q - pin M by

1
[]lq>p - Q(q > p)] - 5 []lp>q - P(P > 61)] (34)

N =

p.o) =

satisfies Assumption 2 with v = 1 and Assumption 3 with ay = 3/2 and a; = 1/2.

It follows from Proposition 1 that we may apply our general construction to the
so-defined family .7 (¢, .#') with the values ¢ = ¢9 = 1/3 (hence A = 4/3). The
reader can check that the value y = 1/100 satisfies the requirement of our Theorem 1
and that (16) is satisfied with k9 = 220. Theorem 1 can therefore be rephrased as
follows.

Corollary1 Let B > 1/4/n, ¢ = 1/3 and 7?}2/ be the posterior defined by (7) and
associated with the family 7 (£, .#') given in Proposition 1. For all ¢ > 0 and any
distribution P*, with a probability at least 1 — 2e~%/2, the posterior ﬁ;‘/ satisfies

(e ol g o (oo 5))
Ty ({Pe///, L(P ’P)EZZO[P’QB/E(ﬁ)K(P ,P)+2<ﬁ+nﬁ

> |- 82 (35)

where

B 200 7w (B(P,2r))
M (B) = {P €A sup [n_rl"g (Wpr»ﬂ - ﬁ} '

By convexity, we may write that

~ - : 1 o .
Pel.El//f([}) HP - H = Pe{%(ﬂ) |:; ; |P— P “:|

and the left-hand side is therefore small when there exists P € .# ($) that approxi-
mates well enough most of the marginals of P*. The concentration properties of ﬁ;v
remain thus stable with respect to a possible misspecification of the model and a
departure from the equidistribution assumption.

In fact, as we shall see in our Example 3 below, the average distribution P may

belong to .7 (B) even when none of the marginals P;* does. This means that in good
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. . . —% . . ..
situations, the posterior may concentrate around P , as it would do in the i.i.d. case
when the distribution of the data does belong to .Z (), even when the data are non-
i.i.d. and their marginals do not belong to .Z (8).

Example 3 (Example 1 continued) Going back to Example 1 and taking for ¢ the
TV-loss (then a; = 1/2), we deduce from (23) that

Fy= inf |P7—P|+2 JEL =
ry, = 1n — - e N
" peu n o Jnk

In particular, if for each i € {l,...,n}, Pl.* is the uniform distribution on [(i —
1)/n,i/n] and . contains the uniform distribution ([0, 1]) on [0, 1], .# contains
P" =U([0, 1]), even if none of the marginals P’ belongs to .# . We then get that

. _* .
and the posterior concentrates around P at a parametric rate.

5.2 Case of the L;-loss

Let j € (1,400). We denote by &; the set of all finite and signed measures on
(E, &, ) which are of the form P = p - p with p € Z;(E, p) N LA (E, n). Let £ be
the loss defined by £;(P, Q) = [|p — q”u,j forall P=p-pand Q =q - pin &;.
In this section, & is the subset that consists of all the probability measures in &7;.

Proposition2 Let # ={P = p -, p € M} be asubset of &} for which M satis-
fies for some R > 0

lp—qlee < RIlp—qll,; forallp,qg e M. (36)

Definefor P=p-puand Q =q - uin M,

- -
r—a —p—”
fpo) = y when P # Q and fp p) =0.
Ip —all,. ;

Then, the family 7 (£ j, ') which contains the functions t(p_ o) definedfor P, Q € .4
by

1 dP +dQ
P.0) = 5T [/E fe.o—F— - f(P,Q):| @37

satisfies Assumption 2 with t = 1 and Assumption 3 with a9 = 3/ 4Ry and
a; = 1/(4RI7N.
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When j = 2, (36) is typically satisfied when M is a subset of a linear space enjoying
good connections between the L, (u) and the supremum norms. Many finite dimen-
sional linear spaces with good approximation properties do satisfy such connections
(e.g. piecewise polynomials of a fixed degree on a regular partition of [0, 1], trigono-
metric polynomials on [0, 1) etc.). We refer the reader to Birgé and Massart [14,
Section 3] for additional examples. The property may also hold for infinite dimen-
sional linear spaces as proven in Baraud [4].

It follows from Proposition 2 that one may choose ¢ = ¢y = 1/3 in (6) and
y = 1/100 in Theorem 1. Besides, Theorem 1 applies with xp = 220.

Example 4 (Example 1 continued) Let us go back to our Example 1 with £ = £; and
T (£, #) given in Proposition 2. For the choice of 8 given in (22) and ly = 1/100, we
deduce from (23) (with ar= 1/(4R7~1)) that the resulting posterior Ty concentrates
on an £ ;-ball around P* with a radius of order

+4RI™ 1<\/;+ jg_k)

ZP,—P

Tn = mf

e J
5.3 The case of the squared Hellinger loss

Here, 7 is the set of all probability measures on (E, £) and

1 2
(P, Q)=h(P,Q) = 5/ (VP —Va) dn, (38)
E
is the squared Hellinger distance between two probabilities P, Q € Z.
Proposition 3 Let  be the function defined by

¥ [0, +00] — [—1,1]

X —

x— {x+1 ifx €0, +00)
1

if x = +o0.

The family 7 (£, A') containing the functions tp o) defined for P = p - and

Q=gq-pnin A by
1
tp.0) = 3V (/%) (39)

(with the conventions 0/0 = 1 and x /0 = 400 for all x > 0) satisfies Assumption 2
with t = 2 and Assumption 4 with agp = 2, a1 = 3/16, a, = 3\/5/4.

With such a choice of family 7 (¢, .#), (6) is satisfied with ¢ = 1/125, then
co € [0.922, 0.923], and the requirements of Theorem 2 are satisfied with § =2y =
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1/500. Then the value kg = 1694 suits. The definition (11) of r,(8, P) for P € .#
becomes

rn(B, P)

B(P,2r ¢
=inf{r2 8000, ﬂ( ( r)) <exp<3nr ) forallr’zr}, (40)

3n ' w(BP,r)) 8.10°

with the convention sup @ = 8000/ (3n). Theorem 2 can then be rephrased as follows.

Corollary 2 Let n§ be the posterior defined by (7) and associated with the family
T, M) given in Proposition 3 and the choices ¢ = 1/125 and B = 1/500. For all
& > 0 and any distribution P*, with a probability at least 1 — 2¢~5/2,

#h({pea. n? (P P) < 1694r)) = 1 -7

where

and ry, (B, P) is given by (40).

As for the total variation distance, we may write that
l n
inf 12 (P*,P) < inf | =302 (P, P)|.
Pesl T pPed | n ; ( ! )

The left-hand side is small when there exists an element P € . that approximates
well most of the marginal distribution P;. If for such a P, the quantity r, (8, P) is
small enough, the posterior concentrates around P just as it would do if the data were
truly i.i.d. with distribution P € .Z.

Example 5 (Example 1 continued) Let us go back to Example 1, more precisely Exam-
ple 2, with £ = h? and .7 (¢, .#) given in Proposition 3. Inequality (21) is satisfied
with 8 = 2y = 1/500 and a; = 3/16. It follows from (30) that ﬁ;’( concentrates on
an h2-ball around P with a radius of order

—x k
F— inf hz(P ,P)—l— il
n

6 Comparing the classical Bayesian approach to ours

In this section, our aim is to highlight some similarities and differences between
the Bayesian posterior and ours. Throughout this section, we consider the squared
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Hellinger loss ¢ = h? and denote by ﬁff the Bayes posterior associated with the
model (., ). The letter K in the notation ﬁ)’(( refers to the fact that the Bayesian
posterior can be obtained from our general construction by using the Kullback-Leibler
divergence as explained in Sect.3.4. When .# = {Py, 6 € ®} is parametric with
O C R*, we denote by '\7§ the Bayesian posterior on the parameter space ® and ﬁé’(
that associated to 71

6.1 Some classical concentration results for the Bayes posterior distribution

Most of the results that have been established about the concentration properties of the
Bayesian posterior are asymptotic in nature. It seems difficult to establish a general
nonasymptotic version of those as we do for our posterior. One of the only exceptions
we are aware of is Birgé [13].

When the data are i.i.d. with a distribution P* € ., a typical asymptotic form
of these results is the following one (see Ghosal et al. [19] Theorems 2.1 and 2.4 for
example). Let ¢, be a sequence of positive numbers that converges to zero when n
goes to infinity. If P* fulfils some suitable conditions, that we shall discuss later on
and which depend on the prior & and ¢,, the following convergence in probability
holds true

#K{P e ., W2(P*, P) > Mye2)) nﬁm 0 under P*. (41)

In (41), M, = M denotes some large enough positive constant if nsﬁ — 400 as
n — 4oo while M, is increasing to infinity as n — 4oo if liminf ns,% > 0 as
n — +o00. The first condition on ¢, is typically satisfied when .# is a nonparametric
model while the second one generally applies to parametric ones.

In comparison, in this well-specified framework, our Corollary 2 leads to the fol-
lowing result. For all P* € .# and & > 0

P [ﬁ‘;} <{P e .M, h*(P*, P) > k| <r,,(,3, P*) + ‘5)}) > eW}

n

<2e7 42)

for some numerical constant K(/) > 0. If P* satisfies r, (B8, P*) < 83, we recover (41)
by setting £ = &, = (M,,/(K(’)) — l)nsﬁ. However, our condition that r, (8, P*) < 8,%
is not equivalent to that imposed on P* by Ghosal, Ghosh and van der Vaart [19]. It is
actually weaker. In their paper, this condition is fulfilled when the prior puts enough
mass on Kullback—Leibler type balls around P*. Our approach allows one to consider
Hellinger balls only, which are larger and make our assumption weaker. In fact, as
already underlined in the Introduction, these Kullback-Leibler type balls could be
empty, and the condition unsatisfied, while our theorem would still apply.

The result established by Birgé [13] provides an improvement as compared to
the one presented above and established by Ghosal, Ghosh and van der Vaart. Birgé
shows that it is essentially possible to get rid of the Kullback—Leibler divergence (see
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his Theorem 2) but only when the model is parametric and well-specified. Apart for
the nonparametric framework, this result leaves little place for improvement since we
know that the Bayesian posterior may fail to concentrate around the true parameter
when the model becomes slightly ill-specified.

Another consequence of our Corollary 2, as compared to (41), is that it allows one

to control
e ({P e .M, h*(P*, P) > k| (e,% + 5)})
n

uniformly over the set {P* € .4, r (B8, P*) < e,%}. For example, in the framework
of Example 2, for the choice 8% = ck/n with ¢ = log(2B/A)/(ya1B), we know that
rn(B, P*) < s,zl for all P* € .# and we deduce from (42) that

sup P[;’fﬁ; <{P e M, W*(P*, P) > k| <a,% + g)}) > e—fﬂ} <2e75/2.

Pre n

The concentration properties of our posterior is therefore uniform over the statistical
model .Z .

6.2 About the shapes and sizes of the credible regions

A nice feature of the Bayesian approach lies in the fact that it allows one to build
credible regions. In practice, they often play the same role as the confidence regions
in the frequentist paradigm. When the data are i.i.d. with distribution P* = Py« in
a parametric model .Z = {Py, 6 € B}, ©® C ]Rk, a credible set for the parameter
0* is a subset @n, x C O (only depending on observable quantities) that satisfies
T)}( (@n’ x) >1-— e~¢ for some choice of & > 0. When ./ is a regular parametric
model with a nonsingular Fisher information matrix J, and provided that it satisfies
additional assumptions—see van der Vaart [24]—the Bernstein—von Mises theorem
applies and tells us that

P
—> 0 under Py~
n——+00

9% =N (0. 30

where 5,, denotes the Maximum Likelihood Estimator (MLE for short). Denoting by
X (€) the (1 — e‘é)-quantile of a chi-square random variable with k& degrees of
freedom and

On.x = {0 e®, n |16 (6. - «9)\2 = 7;1(5)} : (43)

we deduce that

’ﬁ§ (Onx) — (1 — e‘f)‘ < Hﬁj}‘ —N(?in, (nJ(o*))—l) n&m 0
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hence

~K P —
Vy (@n,X) n_)—+>oo 1 —e ¥ under Py~

The asymptotic level of “credibility” of the set ®,, x is therefore 1 — e~%. This set is
not, however, a genuine credible region since it depends on the unknown parameter
0*. We would obtain a genuine credible region by replacing 6* by 6,, in the expression
of ®,, x. This substitution would change the level of credibility but not the shape of
the region, which is an ellipsoid centred at 8, and the axes of which are given by the
eigenvectors of the Fisher information matrix.

The aim of this section is to show that our posterior concentrates its mass on regions
that have the same shape and approximately the same size. The size of ©®, x is deter-
mined by the value of the quantile 7,:1 (§). The aim of the following lemma is to specify
the order of magnitude of this quantile as a function of k and &. In fact, we consider
below the more general case of the quantiles of a gamma distribution y (s, o) with
parameters s, o > 0, that is, the distribution with density x > (x*~'e™%/?)/(a*T'(s))
with respect to the Lebesgue measure on R_.. The proof is postponed to Sect. 10.1.

Lemma1 Fors,o,& > 0, let 7;}7 (€) be the (1 — e~¢)-quantile of the gamma distri-

bution y (s, o) and 5_1 (&) that of a standard Gaussian random variable. Then,

Trb© <o (Vo+vE) (44)

andforalls =t+1> land& > log2+ 1/(12¢),

L i | o—1/a20)
)/S’O(S)EO' t+|: td (%‘—E>:|\/ §+log ﬁ . 45)

Since 571(5 ) is equivalent to /2& for large values of £ > 0, these two inequali-
ties show that for s and & large enough, 7:3, (&) is of order o [s + &]. In particular,
7;1 &) = 7,(_/12,2(5) is of order k + & for k and & large enough.

To compare ourselves with the classical Bayesian paradigm, we prove in Sect. 10.2
the result below for our posterior. This result is based on the assumption that the statis-
tical model ./ is regular in the sense that is defined in Ibragimov and Has’minskii [20].
In order to avoid too many technicalities here, we refer the reader to our Sect. 8.3, more

precisely Corollary 4, for a complete description of the assumptions on the statistical
model .7 .

Theorem 4 Assume that the statistical model .# satisfies the assumptions of Corol-
lary 4. If X1, ..., X,, are i.i.d. with distribution Py~ € M, for all ¢ > 0 and n large
enough, with a probability 1 — 2e¢,

04 ({a €0, n ‘J‘/Z(o*) (6 —6%) e (k+$)}) >1—e" (46)
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where k* is a positive numerical constant.

The set

{o €O, n )JI/Z(o*) (6 — 6% ?

EK*(k+S)}

possesses the same shape and, by Lemma 1, approximately the same size as the set
®p,x defined by (43). We deduce from Theorem 4 that the classical Bayes posterior
and ours concentrate both on similar sets. If 8,, is an asymptotically efficient estimator
of 0%, it is therefore reasonable to look for a credible region of the form

~ —~ |2
{0 e®. n|12@(6-9,) = t} >0

forﬁﬁ, as we would do for the classical Bayes one.

6.3 Robustness

As already mentioned, our approach allows the statistician to design robust posteriors
by choosing as a loss function the squared Hellinger loss or the total variation one. In
this section, we illustrate this property on a concrete example. Consider the statistical
model .# = {Py = N(0, 1), 6 € R} and the prior 7 associated with the distribution
v = N0, 1) on ® = R. Then, the Bayes posterior on © is ?f = Ny, o}) with
My, = m+ D! > X; and O',% = 1/(n + 1). It concentrates on intervals of the
form [m, — c/~/n + 1, M, +c/+/n + 1] for ¢ > 0 large enough. If the distribution of
the data is contaminated so that X1, ..., X, are i.i.d. with distribution

pP* = (1 - 1) Po+ lJ\/(lo“(n +1), 1/n) :
n n

then with a probability at least 1 — (1 — 1/n)" > 1 — 1/e > 63%, the posterior
concentrates around i, ~ 10*, hence far away from 0, even though P* and Py are
close: || P* — Pyl < 1/n.

In this specific framework, the model ./ is regular, the Fisher information is con-
stant and positive, v admits a positive density which is continuous at 6* = 0 and for all
0,0 € ©,h%0,60) =1 — ¢~ 10=0"1*/8 We shall see in Sect. 8, more precisely in Corol-
lary 4, that for such regular statistical models r, (8, Pyp) < «*/n for some numerical
constant k* > 0, at least for n large enough. Since h%(P*, Py) < ||P* — Py|| < 1/n,
we deduce from Corollary 2 that the posterior’v\;‘( concentrates on a set of the form

{eeR,hz(e,O)gf}z{eeR, |9|§/810g( ! )}
n 1—c/n
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with ¢ > 0. This set is an interval around O of approximate length 1/./n, at least for
n sufficiently large. Despite the contamination of the data, the concentration property
of T)‘ﬁ’( remains thus the same as in the well-specified case.

7 Applications
7.1 How to choose (3 in Theorem 1 for a translation model?

In this section, we consider the translation model .#Z = {Pyp = p(- — 0) - u, 0 € R}
where p is a density on R with respect to the Lebesgue measure . Our aim is to
estimate the translation parameter 6 by using a prior v, on ® = R with a density
(with respect to w) of the form ¢g(-/o) /o for some density g and positive number o.
We evaluate the estimation error by means of the total variation loss. In order to use
our construction we need to tune the parameter S. In Sect. 4.2, we suggested to choose
B > 1//n satisfying (18). In order to find such a value of 8 = B(«), we may proceed
as follows. Consider a symmetric bounded interval / = [—[/2,1/2] C R of length
I > 0O satisfying v, (I) > 1 — &, hence concentrating most of the mass of the prior v, .
If the set . (B) is large enough to contain {Py, 6 € I},

T (APB)) =7 (P, 0 €I} =vs(]) 21—« (47)

and p satisfies (18). We deduce from our Corollary 1 that the corresponding posterior
ﬁ)T(V concentrates with a probability at least 1 — 2¢~%/2 on a TV-ball with a radius of

order

. —* / E . D ﬁ —
0t PP 42 (ﬂ + nﬂ) < inf (P, P) 426+~ = r(B). (49)

The approximation term infye; E(?, Py) is small as soon as P is close enough to
a distribution Py» whose parameter 6* belongs to . If we want to prevent us from
the situation where argmin%@@(?, Py) is far from 0, we need to increase I (or
equivalently diminish «r). What would be the consequence on the value of 8 = («)?
What if we increase o, to make the prior distribution flatter, or diminish o to make it
more picky? Finally, what is the influence of the choice of the density ¢ on the size of
B?

These are the questions we want to answer in this section. In order to simplify the
presentation of our results and avoid technicalities, we make the change of variables
| =20t, or equivalently t =//(20) > 0, and assume the following.

Assumption 6 The density ¢ is positive, symmetric and decreasing on R. There
exists some nonnegative and nondecreasing function ¢ : [0, 1) — R such that

|Po— Poll <r <= 10| < @(r) forallr €[0,1).
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When p is symmetric and nonincreasing on R, the total variation distance between
Pp and Py is given by

|Po — Poll =2Py ([0, |0]/2]) foralld € R.

Our Assumption 6 is then satisfied with ¢(r) = FO_I[(r 4+ 1)/2] for all r € [0, 1),
where F, ! denotes the quantile function of the distribution Py. We set

T = ma S Q) (0) ! (49)
= max u , ————
oartizs o) |1 200174

and assume that this quantity is finite. Note that it only depends on ¢(0) and p. For
example, if p is the density x +— (1/2)e‘|x|,

|1Po — Pyll =1 —exp[—|0]/2] and ¢ :r +— —2log(l —r).

Since the mapping r — [¢(2r)/¢(r)] is increasing, we obtain in this case

T =

1
0)log2, - }.
q()Og,4}

1
—— max
log(4/3) {
Ifnow p:x— (s/2)(1 — |x|)‘Y_1]1|x‘<1 with s > 0,
|Po— Pyll=1—(1—16]/2)° and ¢:r— 2[1 — (1 —r)'/].

The mapping r > ¢(2r)/¢(r) has a continuous extension on [0, 1/4] and is therefore
bounded. Given ¢ (0), I is therefore a finite number.
The following result is proven in Sect. 10.3.

Proposition 4 Assume that Assumption 6 is satisfied and T is finite. Lett be a (1—at/2)-
quantile of g with « < 1/2. The set .4 (B) contains the subset {Py, 0 € [—ot,ot]}
and therefore satisfies (47) if

B>pB= Lmax lo M log 4 (50)
=P= S PTC I Al

Let us now comment on this result. The quantity 8 may be written as C//n with

C= lmax log M ,log4t.
14 q(21)

Increasing the value of o or that of ¢ enlarges the interval I = [—ot, ot]. It also
makes the value of C = C(o, ) larger. Increasing o makes the prior v, flatter and for
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a fixed value of t > 0, C = C(0) increases as /log o when o is larger than 1. In the

other case, for a fixed value of o, C = C(¢) increases as y/log(1/¢(2t)). For example,
when ¢ is the density of a standard Gaussian random variable, \/log(1/q(2t)) is of
order ¢, while for the Laplace and the Cauchy distributions it is of order /7 and /Tog
respectively. This result illustrates the fact that it is safer to use priors with heavy
tails when the size of the location parameter is uncertain. In case of a light-tailed
prior, it may be wise to introduce a scaling parameter o > 1. By taking o = 10, the
concentration radius only increases by a factor less than 1.6, while the interval I is ten
times longer.

7.2 Fastrates

We go back to the statistical framework described in Sect. 7.1 and consider the special
case of the density p : x sx‘_l]l(o,l } with s € (0, 1]. As before, we choose the
TV-loss. In this specific situation,

Py — Pyll =0 —0'|" A1 foralld, 6 eR (51)

and consequently, ¢(r) = r!/* for all r € [0, 1). Besides, the family .7 (¢, .#) given
by (34) satisfies not only Assumption 3 but also Assumption 4 with a; = 1. These
two facts are proven in Baraud [4, Examples 5 and 6]. As a consequence, Theorem 2
applies. The reader can check that the constants c = 8 = 0.1 and y = 0.01 satisfy
the requirements of Theorem 2 and that its conclusion holds true with xg = 144.

In order to be more specific about the concentration radius of our posterior ﬁ)T(V, the
following proposition provides an upper bound for the quantity r, (8, Pg). The proof
is postponed to Sect. 10.4.

Proposition 5 Let ty be the third quartile of vy. If the density q is positive, symmetric

and decreasing on [0, +00), for all 0 € R the quantity r, (B, Pg) is not larger than

_ 2000 TVl
r,,(,B,Pg):Tmax log m

Then, our Theorem 2 tells us that for all £ > 0, with a probability at least 1 — 2¢78/2,
the posterior satisfies

,log4 ¢ . (52)

7TV (%(F‘, 144r)) >1— et

with

r 552]%[”?‘—109” 70 (B, Pg)]+$. (53)
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When the data are i.i.d. with distribution Pyg«, with probability close to 1, arandomized
estimator P with distribution ﬁ}v satisfies with high probability

Cé,s,q,0%,0)

0 =3 A1 = P — ] = CE04

This inequality implies, at least for n large enough, that

1/ *
|9*_'9\] < c S(S’S:qve ’G)

nl/s

)

which means that the parameter 6* is estimated at rate n~!/S. This rate is much faster
than the usual (1/./n)-parametric one that is reached by an estimator based on a
moment method for instance. For example, when s = 1/3 and n = 100, a moment
estimator provides an accuracy of order 10~! while that of 9 is of order 107°. Since
p is unbounded, note that the maximum likelihood estimator for 6* does not exist and
is therefore useless.

It follows from the work of Le Cam that in a translation model .# of the form
{Py = p(-—0)-u, 6 € R}, where p is a density with respect to the Lebesgue measure
W, it is impossible to estimate a distribution P* € .# from an n-sample at a rate
faster than 1/n for the TV-loss. Because of (51), the rate we get is not only optimal for
estimating the distribution Py+ but also for estimating the parameter 6* with respect
to the Euclidean distance.

An alternative rate-optimal estimator for estimating 6* is that given by the min-
imum of the observations. This estimator is unfortunately obviously non-robust to
the presence of an outlier among the sample. Our construction provides an estimator
which possesses the property of being both rate-optimal and robust.

It also interesting to see how the quantity 7, (8, Py) given in (52) deteriorates under
a misspecification of the prior v,, that is, when the size of the parameter 6* is large
compared to o. When ¢ is Gaussian, 7, (8, Pp+) increases by a factor of order (6*/ 0)?
while for the Laplace and Cauchy distributions it is of order |6*|/o and log(|6*|/o)
respectively. From these results, we conclude as before that the Cauchy distribution
possesses some advantages over the other two distributions when little information is
available on the location of the parameter 6*.

7.3 A general result under entropy

In this section, we equip E = R¥ with the Lebesgue measure & and the norm |-|4.
We consider the TV-loss and the location-scale family

1 - —m
//l:{P(,,,m,a):a—kp<?>-M, p € Moy, meRk,o>0}, (54)

where M is a set of densities on R, Given independent observations X1, ..., X,
with presumed distribution P* = P(,* m* 5+) € .# , our aim is to estimate the density
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p* € My, the location parameter m* € R* and the scale parameter o* > 0, hence
the parameter 6* = (p*, m*, 0*) € ® = Mg x R¥ x (0, +00). We assume that the
set of densities M satisfies the following conditions.

Assumption 7 Let D be a continuous nonincreasing mapping from (0, +00) to
[1, +00) such that lim,,_, 4 n_zD(n) = 0. For all n > 0, there exists a finite subset
Moln] C My satistying

| Molnll < exp [D(p)] (55)

such that for all p € My, there exists p € My[n] that satisfies
1 _
| Pp.o.1y — Pgon| = 3 lp —pldu <n. (56)
Rk

Besides, we assume that there exist A, s > 0 such that for all p € Mo, m € R* and
o >1,

| Ppo.ty = Pip.mor || < [A <(‘?’m>s + (1 - é)sﬂ AL (57)

The first part of Assumption 7, which corresponds to inequalities (55) and (56), aims
at measuring the size of the set M by means of its entropy. The entropy of a set controls
its metric dimension and usually determines the minimax rate of convergence over it
as shown in Birgé [9]. With the second part of Assumption 7, namely inequality (57),
we require some regularity properties of the TV-loss with respect to the location and
scale parameters. It will be commented on later. We shall see that this condition may
be satisfied even when the densities in M are not smooth.

Let us now turn to the choice of our prior. We first consider a countable subset of
the parameter space ® that will be proven to possess good approximation properties.
Namely, we define for ,§ > 0

o 81 = {(7. (1 + 978, (1 + ), . jo.)) € Moln) x Z x Z*]

and we associate a positive weight Ly with any element 6 = 0(p, jo, j) € O[n, 5] as
follows

k
Lg = (k+ 1)L + log [Moln]l + ZZIOg(l + 1jiD) (58)
i=0

with L = log [(w?/3) — 1]. It is not difficult to check that Y gy, 51¢ % = 1, and
we may therefore endow .# with the (discrete) prior 7 defined as

T({Py}) =e L forallo € O[n,s]. (59)
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With such a prior, our posterior J’T\}V given in Corollary 1 possesses the following
properties.

Corollary 3 Let & > 0 K > 1. Assume that M satisfies Assumption 7 and define

2
n=n,=inf D, with J = {n >0, D) < %} (60)
1/s
5 =0, = (g—A) , 61)

1 18.6(k + 1
== [Knn + 2,/%} 62)

and the subset ./, (K) of ./ that consists of the elements P, m o) for which

(K% — Dnn?

m
1 v‘—‘ <A, =
llogo| v {—| = A, exp[ BET D

+ loglog(1 + 3n)] . (63)

Then, the posterior ﬁ;v satisfies the following property: there exists a numerical

constant K(’) > 0 such that for all € > 0,
E [ﬁx (%@(F*, K(/)rn)>] <2¢7¢ (64)
with

. — k+1 & &
= inf 4P ,P)+Kn,+ + A . 65
e ) ( )+ K V n Jnk+1)  Knn, (©5)

Let us now comment on this result. The radius r,, is the sum of three main terms,
omitting the dependency with respect to &. The first one, inf p¢_z, (k) £(P , P), cor-

responds to the approximation of P by an element of .# whose location and scale
parameters satisfy the constraints given in (63). The quantity 7,,, involved in the second
term, usually corresponds to the minimax rate for solely estimating a density p € My
from an n-sample. Finally, the third term v/(k + 1) /n corresponds to the rate we would
get for solely estimating the location and translation parameters (m, o) € R¥*! when
the density p is known.

Let us now provide some examples for which our condition (57) is satisfied. We
start with an example where the densities in M are smooth.

Lemma 2 Assume that the set M consists of densities p that are supported on [0, 1],
satisfy SUP pe M, 1Plloo < Lo and

sup |p(x) — p(x)| < Ly |x — x/|s forall x, x' € R, (66)

pPeEMy

with constants Lo, L1 > 0 and s € (0, 1]. Then (57) is satisfied with A = Ly Vv [(1 +
L1k + L) /2],
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Nevertheless, condition (57) may also be satisfied for families Mg of densities
which are not smooth, as shown in Lemma 3 below. It makes it possible to consider
the following example.

Example 6 We consider here the situation where k& = 1 and My is the set of all
nonincreasing densities on [0, 1] that are bounded by B > 1. Then, .# consists of all
the probabilities whose densities are supported on intervals / with positive lengths,
nonincreasing on / and which are bounded by~B /u(I). Birman and Solomjak [15]
proved that M satisfies Assumption 7 with D(n) of order (1/5) Vv 1 (up to some
constant that depends on B). We deduce from (60) that 7, is therefore of order n™1/3.
Besides, it follows from Lemma 3 below that (57) is satisfied with A = B and s = 1.
We may therefore apply Corollary 3. For a value of K large enough compared to 1,
A, defined by (63) is larger than exp [CK Zpl/ 3] for some constant C > 0 (depending

on A). In particular, if X1, ..., X, are i.i.d. with a density of the form
Y 1 x —m*
x> pix) =—p "
o o

where p € Mo, |m*/o*| < exp[CK?n'/?] and
exp [— exp [CK2n1/3]] <o*<exp [exp [CK2”1/3]] ’

(64) is satisfied with r,, of order C’ n~1/3 where the constant C’ > 0 only depends
on&, K, B but not on m* and o*. This means that the concentration properties of Tx
hold true uniformly over a huge range of translation and scale parameters m and o
when n is large enough.

Lemma 3 Let p be a nonincreasing density on (0, +00). Forall ¢ > 1

1]l x 1
E/R —p(;)—p(x) dxs(l—;). (67)

o
If, furthermore, p is bounded by B > 1, for allm € R,

1
Emex)—p(x—m)mx < (m|B) A 1. 68)

In particular, for allm € Rand o > 1,

1 1 xX—m m 1
_/ —P< )—p(x) dx < [B‘—‘+(l——):|/\l. (69)
2 Jr|o o o o

7.4 Estimating a parameter under sparsity

Let us consider a parametric dominated model .#Z = {Po =po- -, 0 € Rk} where
the dimension k of the parameters is large. We presume, even though this might not
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be true, that the data are i.i.d. with distribution Py« € .# and that the coordinates of
the true parameter 0* = (01* e, 9,: ) are all zero except for a small number of them.
Our aim is to estimate Py+ from the observation of X1, ..., X, by using the squared
Hellinger loss.

To tackle this problem, we partition the model .# into the sub-models {.#},,, m C
{1, ..., k}} where .#,, consists of those distributions Py € .# for which the coordi-
nates of @ = (61, ..., 0) are all zero except those with an index i € m. We denote
by ©,, the set of such parameters, so that .#;,,, = {Py, 6 € ©,}, and we use the
conventions O = {0} and .#Zz = {Py}. Given some positive number R > 0, we
equip each parameter space ®,,, m C {1, ..., k}, with the uniform distribution v,, on
O,(R) =[—R, R1*N®,, when m # & and the Dirac mass vy = dg at 0 € R* when

m = . We may then define on R* = |, {1....k} ©m, the hierarchical prior

1
v=Y e try, with Lm=|m|10gk+klog<l+z). (70)

We endow .# with the o -algebra and the prior 7 as described in Sect. 2.1. Besides,
we assume that there exists s € (0, 1] and a positive number By = By (R), possibly
depending on k and R (although we drop the dependency with respect to R), such that

h*(Py. Py) < B |0 — 0’| forall 0,6’ € [-R, RI". (71)

The following result is proven in Sect. 10.8.

Proposition 6 Assume that

pi|E xR — Ry
(x,0) —> pp(x)

. /s . .
is measurable. If RBk/ ¥ > 1 there exists a numerical constant K(/) > 0 such that for
any distribution P* and & > 0

E [’7‘??( (ﬁ%’(?, K(’)r))] < 2¢7¢

where

in in
mc{l,..., ) n

m|log (2kR(nBy)'*) +s} o

Let us now comment on this result. First of all, the mapping

h? (P(,\, P0’)

——L,0#£0, 0,0 [-R, R]k}
0 -0

R+—>sup<
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being nondecreasing, our condition RB,:/ * = R[Br(R)]'/* > 1is always satisfied for
a value of R sufficiently large.

When By does not increase faster than a power of k, the radius r given in (72) only
depends logarithmically on the dimension k of the parameter space, as expected.

Let us now illustrate Proposition 6 by choosing some specific models .#Z =
{Py, @ € R¥}.If Py is the Gaussian distribution with mean # € R¥ and covariance
matrix azlk, where [ denotes the k x k identity matrix,

2
0

0—0] _o—0 _klo—o]
802 - 8% ~ 802

h2(Py, Py) = 1 —exp [—

Then, inequality (71) is satisfied with By = k/ (802) and s = 2. In particular, our
condition RB;/S > 1 is equivalent to R > 20+/(2/k). In this case, the value of r
given by (72) is of order

. log (knR
inf [ inf (P, py) 4 \mIlog (kn /UH%].
k} | 0€0,,(R) n

More generally, if # = {Py, 0 € R} is a regular statistical model with a nonsingular
Fisher information matrix J(0) forall @ € R, we know from the book of Ibragimov and
Has’minskii [20, Theorem 7.1, p. 81] that forall 8, 8’ € R¥ suchthat@, 8’ € [—R, R]¥

90
h*(Py, Py) < lo-oF sup  tr(J@6").
0//5Rk»|0//|,x)§R

Then, Assumption (71) holds with s = 2 and we may take

k2 "
By = — sup o (J®")
0"cR*, (0| <R

where ¢ (J(8”)) denotes the largest eigenvalue of the matrix J(6”). This value is
independent of " when ./ is a translation model.

Finally note that the second term in (72) only increases logarithmically with respect
to R, at least when By = By (R) does not increase faster than a power of R. By taking
larger values of R one may therefore considerably enlarge the sizes of the cubes
®,,(R), and therefore diminish the approximation term in (72), while only slightly
increasing the second term [|m| 10g(2kR(an)1/S) + &]/n.

8 Some tools for evaluating r, (3, P)
The aim of this section is to provide some mathematical results that allow one to bound

the quantity r,, (8, P) from above, or at least evaluate its order of magnitude, when n is
sufficiently large. Throughout this section, we consider a parametric statistical model
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M = {Py, 0 € O} where the parameter space ® C R* is endowed with a prior v
which admits a density g with respect to the Lebesgue measure on R¥. In order to
use the definition (11) of the quantity r,, (8, P), we assume that we have at disposal a
family 7 (¢, .#) that satisfies our Assumption 3, which provides us with a value of
ay > 0, as well as a value y that satisfy the requirements of our main theorems. Our
aim is to bound r,, (B, P) as a function of ay, y, B, k and n under suitable assumptions
on the density ¢ and the behaviour of the loss £. Once £ and .7 (¢, .#) are given,
aj and y can be considered as fixed numerical constants. The value of 8 can also
be considered as a numerical constant when Theorem 2 applies. Otherwise, it can be
chosen of order +/k/n as in our Example 1.

8.1 Bounding r,, (8, Pg) in parametric models

In what follows, |-|,. denotes some arbitrary norm on R* and B (x, z) the corresponding
closed ball centered at x € R¥ with radius z > 0.

Assumption 8 Let 6* be an element of © C R,

(i) There exist positive numbers a, a and s such that

al0 —0*|) <€6.0") <a|p—6*|, forallf cO. (73)

S
3
(i) There exists a positive nonincreasing function vg on R4 such that

V(B (0%, 2x)) < vg* (x)v(B4(0*, x)) forall x > 0. (74)

Under Assumption 8-(i), the loss function behaves like a power of a norm between
the parameters.

The following result is an extension of Proposition 10 in Baraud and Birgé [6]. It
was established there for the special case of the squared Hellinger loss and we provide
here an extension to an arbitrary one. Since the proof follows the same lines, we omit
1t.

Proposition 7 Under Assumption 8,

N —1/s
(B, Py < inf {r > > Qolog[ve (/@) (75)
nBai ynpai
with oo = 1 + log(2a/a)/[s log?2]. If vg» = v > O, then
(B Py < Q010EV) VT (76)

anyp

IfAssumption 8-(1) is satisfied and if the parameter space ® is convex and q satisfies
b<q@® <b forall@ € ® withO <b <b, (77)
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then Assumption 8-(ii) holds with vg = 2X(b/b). Consequently,

o1 k. _ - q1/k
B Po) = o with 1= [eolog (2[p/) ) Vi)

When Assumption 8-(i) is satisfied and v admits a density which is bounded away
from 0 and infinity on a convex parameter space @ C R, r, (B, Py) is of order
k/(np) for all @ € ®. This result may also hold true when the density is not bounded
away from infinity as shown in the following example. If k = 1, ® = [—1, 1] and
q:0— (t/2)|9|’_1]1[,1)1](9) with t € (0, 1), Assumption 8-(ii) holds with vy =
21+ (2t - 1)71 for all & € [—1, 1]—see Baraud and Birgé [6, Proposition 11]. Then
(76) still applies. In the other direction, when the density g takes very small values in the
neighbourhood of the parameter #, the function vy may take large values around 0. This
is for example the case when g is proportional to 8 > exp [—1/ (2|9|’)] 1-1,1106),
t > 0,and 8 = 0. It follows from Baraud and Birgé [6, Proposition 12] (and its proof)
that Assumption 8-(ii) is satisfied with vy : x — exp(c(t)/x") for some quantity
c(t) > 0. Applying (75) leads to an upper bound on r, (8, Pg) of order (nf)~*/¢+0,

8.2 Some asymptotic order of magnitude

In Sect. 8.2, we have given some general tools for controlling the quantity r, (8, Pp)
for a given value of n. In this section, we present some sufficient conditions under
which r,, (B, Pg) is of order k/(n) at least when # is large enough. These conditions
are not the weakest possible ones but they have the advantage to be relatively easy to
check on many examples.

Assumption 9 The density ¢ is continuous and positive at * € ©. The loss function
£ satisfies the following properties for some positive number s > 0 and a norm |-|,, on
R

(1) For all ¢ > 0, there exists z = z(&) > 0 such that

(1—2)]0—0*|) <€(0.0") < (1+¢)|0 —0*|, foralld € B.(0",2).

S

*

(ii) There exists a subset X C ©, the interior of which contains *, that satisfies for
some positive numbers a- and 7:

ax |0 — 6%, <€©0.6%) forf cCandforf ¢ K £(6,6%) >n>0. (79

Under these assumptions, we establish the following proposition, the proof of which
is postponed to Sect. 10.10.

Proposition 8 Under Assumption 9, at least for n sufficiently large,

(1+1/s) k.

"n(ﬂ,Pa*)S ary }’lﬂ

(80)
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8.3 The case of the squared Hellinger loss on a regular statistical model

Of particular interest is the situation where the statistical model .#Z = {Py, 0 € B},
©® C R, is regular. There exist several ways of defining a regular model in statistics
and we adopt here the definition of Ibragimov and Has’minskii [20].

Definition 1 Let 1 be a measure on (E, £) and © an open subset of R, The statistical
model .#Z = {Pyp = pg - 1, 0 € O} is said to be regular if the family of functions
{¢o = /Do, 0 € O) C L(E, &, ) satisfies the following properties.

(i) For pu-almostall x € E, 6 +— g (x) is continuous.
(ii) For all @ € ©, there exists £y = ({p.1,.-.,80.4) : E — R* such that

/E 10 (0)|7 dpu(x) < +o00
and

/E |201e(x) — Co(x) — (E(x), €)|” dpu(x) = o(le]*) when |€] — 0.

(iii) Foralli € {1, ..., k}, the mapping 6 +— ég,i is continuous in % (E, &, ).

When the model is regular, the matrix

l<i<k’
1<j<k

J0) = (4 /E Co.i(x)p, j(X)du(X))

is called the Fisher information matrix.

The matrix J(@) is symmetric and nonnegative and we may therefore consider its
square root J'/2(@), that is, the symmetric (k x k)-nonnegative matrix that satisfies
J20)1'720) = J0).

Regular statistical models enjoy nice metric properties that are described in Propo-
sition 9 below. For a proof we refer the reader to Ibragimov and Has minskif [20]—
Lemma 7.1 page 65, Theorem 7.6 page 81 and its proof.

Proposition 9 Let © be an open subset of RX and 0* € ©. If # = {Py = pg -
i, 0 € ®}is regular and the Fisher information matrix J(0*) nonsingular at 0* € ©,
Assumption 9-(i) is satisfied with £ = h?, s = 2 and for the norm |-|, defined by

1
u|=——pmwwﬂ orall x € R, 1)
Besides, for any compact subset IC C © there exist positive numbers ax, ay such that
ac |0 — 0> <n>(0,6%) <ac|o —0*|° forallo cK. (82)
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Using Proposition 8, we immediately infer the following result.
Corollary 4 Let © be an open subset of R¥. Assume that .# = {Py = pg - i, 0 € O}
is regular and the Fisher information matrix J(0*) nonsingular at 0* € © C R,
Assume that there exists a compact set KC C O, containing 0* in its interior, such that
h(0,0%) > n > 0forall @ ¢ K. Assume furthermore that the density q is continuous
and positive at 0*. Then, r, (B, Pyr) < [3/(a1yB)1(k/n), at least for n sufficiently
large.

9 Proofs of Theorems 1,2 and 3

Throughout this proof we fix some a € . ,r, B > 0 and use the following notation:
cir=14+c,c0=2+c,

V(r, Q) = {r >0,7 (%’(@, r)) > O}

and forr € V(r, 0), B=2B(0,r)and g = [1(B)] ' 14 - n.

9.1 Main parts of the proofs of Theorems 1 and 2

Throughout the proofs of these two theorems we fix some positive number z, that will
be chosen later on, r > r, (8, Q) and set

A= {//{ exp [—BT(X, P)|dn(P) > z} .
It follows from the definition (7) of wx that for all / € N
E [;?X (ﬁ%’@, 2fr))] —E [ﬁx (ﬁ@@, 2’r)) ]1cA] +E [ﬁX (E@@, 2Jr)) nA]

<P(A) + ‘B U _ exp[-BT(X, P)]dn(P)}
2 Uw@an

:IP(CA)+1/ _ Elexp[-BT(X, P)]]dn(P).
2 JPB(0,27r)

(83)
In a first step, we prove that for some well chosen values of B, z, r and for J large
enough, each of the two terms in the right-hand side of (83) is not larger than ¢ ~%. To

achieve this goal, we bound the first term of the right-hand side of (83) by applying
Markov’s inequality

P(A) = P [ / exp [—BT(X, P)]dr(P) < z}
M

-1
=P [[/ exp [—BT(X, P)]dn(P)] > z_l]
M
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= ZE|: ! :|
[ yexp[—BT(X, P)]dm(P)

and then by using Lemma 6, we obtain that

—1
P(°A) < [/ , SXP [-L(P, Q)]dﬂﬂ(P)dﬂ@(Q)} . (84)

_z
n2(B) )z

We therefore have a control of P(“A) by choosing z small enough. We bound the
second term of (83) by using Lemma 5.

We then finish the proofs of Theorems 1 and 2 as follows. In the context of Theo-
rem 1, we finally establish that for a suitable value of J and all Q € .Z (B),

E [fx (c%’@, 2Jr)>] <2e75 with r=r(Q) =P, Q) +a’ (ﬂ * %> .

By (3),2(0,2'r) c B(P", t¢(P", Q)+127r)forall Q € .#(B), and consequently
E [ﬁx (C,%(F*, 7)] < 2¢~¢ with

F=r(0)=r1 [E(F*,@ +2’r] =1 [(1 +2M¢(P", 0) +27a;’! <ﬂ+ %)]

We obtain (16) by monotone convergence, taking a sequence (On) N=0 C A (B) such
that £(P", ‘Oy) is nonincreasing to infpe z(p) ¢(P”, P), so that

. — A J . k% — J —1 < 25)}
lim 7F(Qy) =t |1 +2) inf ¢P, Q) +2%a;" (B+=
N=oo [ Qe (p) np

J . —* — 1 25
<t(l+2 )|:1nf (P, 0)+a; <,3+_>}
Qe (B) np

and (16) holds provided that ko > (27 + 1).
In the context of Theorem 2, we show that for some suitable value of J and all

Qe,

E [ﬁx (C@@, 2fr))] <2¢= with r=0(P".0) +r,(0.5) + —>—.
nBai

and we get (28) by arguing similarly.
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9.2 Preliminary results

In the proofs of Theorems 1 and 2, we use the following consequence of our Assump-
tion 3. We may write

1 n . ., 1 n .
_ZE[I(P,Q)(Xi)] =Eg [t(p’Q)(X)] with§ =P = _ZPi e
- e

and we deduce from (5) that for all P, Q € .#,

1 & - —
;Z]E[I(P,Q)(Xi)] <apl(P,P)—al(P, Q). (85)
i=1

Besides, using the antisymmetry property (ii) we also obtain that

1 ¢ - —
=Y Eltr.0)(X] = ait(P’, P) —apt(P", Q). (86)
i=1

For the proof of Theorems 2, we additionnally use the following consequence of

our Assumption 4. By taking S = P"and using the convexity of the mapping u — u?,
we deduce that for all P, Q € .#

n

1 ¢ 1
=" Var[ir,0)(X0)] = Es [ 1.0/ %) | = = 3 (E[11r.0)(X0)])*

i=1 i=1

< By 13,00 = (Es [1cp.0(0)])?
= Varg [l‘(p’Q) (X)]

and it follows then from Assumption 4 (iv) that for all P, Q € .#

1 < — —
=Y Var[ir.0)(X0)] < @2 [E(P P+ (P, Q)] . 87)

i=1
The proofs of our main results rely on the following lemmas.

Lemma4 Let (U, V) be a pair of random variables with values in a product space
(E x F, £EQF) and marginal distributions Py and Py respectively. For all measurable
function hon (E x F,EQ F),

—1
1 1
E E .
v |:Ev [exp A (U, V)]]} : [ Y [EU [exp [ (U V)]]H

This lemma is proven in Audibert and Catoni [3, Lemma 4.2, p. 28].

@ Springer



From robust tests to Bayes-like posterior distributions 201

Lemma5 For P, Q € ./, we set
M(P, Q) = log [//E [exp[B (cT(X, P, Q') — i T(X, P, Q)] dn(Q/)]} .
Forallr € V(rr, Q) and P € A,

-1
E [exp [-BT(X, P)]] < U% exp [-M(P, Q)]dﬂ@(Q)] ~ (83)

b
(%)
Proof Letr € V(rr, Q). For P, Q € .#, we set

I(X, P, Q) =cBT(X, P, Q) —log /ﬂ exp [cBT(X, P, 0)]dn(Q").
Then,

E[exp[—I(X, P, Q)]]

—E [exp [—clﬁT(X, P, Q) +log //// exp [¢BT(X, P, Q)] dn(Q/)ﬂ

=E [ f% exp[cAT(X, P, Q') — c1fT(X, P, Q)] dn(Q’)]
=exp [M(P, Q)]. (89)

Since A = ¢1 8 = (1 + ¢)p, it follows from the convexity of the exponential that

E [exp[-AT(X, P)]] = E | exp U///[—ﬂT(X, P, Q)]dﬁx(QlP)H

<E //// exp [-BT(X, P, Q)]dﬁx(QlP)}

[ [ yexplcBT(X, P, Q)]dn(Q) ]
L[ yexpla1BT(X, P, Q)]dn(Q)
[ [ yexplcBT(X, P, Q)]dﬂ(Q)}
| [zexplc1BT(X, P, Q)]dn(Q) |

Hence,

1
E —BT(X, P)]| <E
[exp [-BT(X, P)]] < [f%exp[I(X,P, Q)]dn(Q)}

1 1
= E .
7 (#) [fgg exp[I(X, P, Q)]dﬂgg(Q)}
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Applying Lemma 4 with U = X, V = Q with distribution 74, and h(U, V) =
—I(X, P, Q), we obtain that

—1
1 1
E [exp [=FT(X, P)I] < — [ /} ST dm(Q)]

and (88) follows from (89). O

Lemma6 For P, Q € .#, we set
L(P, Q) = log f/E [exp[B (c2T(X, P, Q') — i T(X, P, Q))]] dx(Q)).

Forallr € V(r, Q),

]E|: ! }
[ yexp[-BT(X, P)ldn(P)

=<

—1
(%) [/%2 exp [-L(P, Q)]dﬂﬁ(P)dﬂz(Q)} .

Proof For P, Q € ./, we set
H(X,P,Q)=BcT(X, P, Q) —log [///{ exp [cz,BT(X, P, Q’)] dn(Q’):| .

Then,

E[exp[-H(X, P, 0)]]

=K [GXP [—=BciT(X, P, Q)] /// exp [2BT(X, P, 0] dﬂ(Q/)}

=F [//// exp [B (2T(X, P, Q") —ciT(X, P, Q))] dn(Q’):|
=exp[L(P, Q)]. (90)

It follows from the convexity of the exponential and the fact that A = ¢ that for
al P e A,

E[exp [BT(X, P)]] =E |exp [f%[ﬂT(X, P, Q)]dﬁX(QIP)H

<E /% exp [BT(X, P, Q)] dﬁx(QIP)]

[ yexple2BT(X, P, Q)]dN(Q)}

=E
L[y expleBT(X, P, O)]dn(Q)
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=]E[ ! }
[ 4 expHX. P, Q)1dn(Q)

Applying Lemma 4 with U = X, V = Q with distribution 7, and (U, V) =
—H(X, P, Q) we obtain that

-1
1
E[exp[BT(X, P)]] < [/% Efop CHX.P, Q)]]dn(Q)i| .

We deduce from (90) that for all P € .#

-1
E [exp [BT(X. P)]] [ /// exp[~L(P, Q)]dn(Q)}

IA

IA

-1

Applying Lemma 4 with U = X, V = P with distribution 7 and h(U, V) =
BT (X, P), gives

-1
E [ ! } < / ! dn(P)
[ yexp[-BT(X, P)1dm(P) . Elexp[BT(X, P)]]

-1
1 1
drmz(P
= 2@ |:/;3 E[eoxp BTX. P)1] )]

which together with (91) leads to the result. O

The proofs of Theorems 1 and 2 rely on suitable bounds on the Laplace transforms
of sums of independent random variables and on a summation lemma. These results
are presented below.

Lemma7 Forall B € R and random variable U with values in an interval of length
[ € (0, 4+00),

/3212
logE [exp[BU]] < BE[U] + — 92)

Lemma8 Let U be a squared integrable random variable not larger than b > 0. For
all B > 0,

¢ (Bb)
— (93)

logE [exp [,BU]] <BE[U]+ ﬂzE [Uz]
where ¢ is defined by (24).
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The proofs of Lemmas 7 and 8 can be found on pages 21 and 23 in Massart [23] (where

our function ¢ is defined as twice his).

Lemma9 Let J € N, y > 0and Q € . If r satisfies nfair > 1 and (12), for all

Yo > 2y
/ _ exp[—yonBait(Q, P)|dn(P)
c,%(Q,er)
=7 (@B exp|E — (0 —2y)npai2’r]
with
E +1 | !
E=—y +log
|1 —exp[— (0 —2p)]
Besides,
//// exp [—yonBait(Q, P)|dm(P) < w(#)exp|[E]
with

) exp[— (vo — )]
2 =1 1+ .
¢ [ I—exp[~ (o - 2y)]}

Proof From (12), we deduce by induction that for all j > 0

J
7 (2@, 270 < exp | ynparr Y2 | 7w ()

k=0

= exp [(ZjJrl — l)ynﬁalr] 7 (B)

Consequently,

f ~ exp[—yonpait(Q, P)]dn(P)
/?(QZJr)

= Z/ . ~ exp[—yBnait(Q, P)]dn(P)
j=J B(Q, 27 M\B(0.,27r)

j+1
<7 (B —‘%(Q )
j=J

<T(B)) exp [ynﬁm(zf“ — Dr = yonpar2'r |
i=J

exp [—yon,Bijr]
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= 7 (AB) exp [—ynﬁalr] Z exp [— (vo —2y) n,8a12jr]
e

= 7 (A) exp [—ynﬁalr] Zexp [— (Yo —2y) nﬂa12j2jr] .
j=0

Since 2/ > j + 1 for all j > 0 we obtain that

f, _ exp[—yonpait(Q, P)]dn(P)
%(0,2'r)

=7 (@ exp[-ynpair] Y exp [~ (0 =2 npar(j + 127r]
jz0

=7 B exp[—ynparr — (0 — 2 nar2’r| Y exp [~ (w — 2y npar2’r |
j=0
exp [—ynﬂmr]
1 —exp [— (yo — 2y) nBai2’r

=71 (A) ] exp [— (Yo —2y) nﬂalzjr] .

which leads to (94) since nBa2’r > nBair > 1. Finally, by applying this inequality
with J = 0 we obtain that

/ﬂ exp [—wBnait(Q, P)|dm(P)

= /g exp [—y0Bnail(Q, P)|dr(P) + ﬁ@exp [—10Bnaie(Q, P)]dm(P)
exp[—y — (o — 2y) nBair]

1 —exp[— (0 —27)]

exp[— (o — )]
l—exp[—(o—-20] |’

< (%) [1 +

< (%) [1 +

which is (95). O

9.3 Proof of Theorem 1

Foralli € {1,...,n}and P, Q, Q' € .#,let us set

Ui = ¢ (tp.0n(Xi) — E[1p,01)(X1)])

—c1 (tp.0)(Xi) —E[1p,0)(X0)]) (96)
Vi =2 (tcp, 00 (X0) = E[1p 0/ (X0)])
—c1 (tp,0)(Xi) — E[1p,0)(X1)]) - 97)

The random variables U; are independent and under Assumption 3-(iv), they takes
their values in an interval of length /1 = ¢+ 1 = 1 +2c¢. The V; are also independent
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and they takes their values in an interval of length I, = ¢| + ¢ = 3 + 2¢. Applying
Lemma 7, we obtain that

n 2 2
[ [E [exp[BU1] < exp [ll';ﬁ } (98)
i=1
and
n 2 2
[[E[exp(BVil] < exp [12';’3 } : (99)
i=1

By using Assumption 2 and the fact that co = ¢; — cap/a; > 0,
p (aoz(F*, P) — ait(P", Q’)) Y (alz(?, P) —apt(P", Q))
= —(c1a1 — cap) L(P", P) — cat(P", Q') + craot(P", Q)
< —coar [t71U@. P) — € )| - car [+7€(@. 0) — ¢(P*, )]
+rerao [€(P", 0) + (2. 0)]
= eoa1 (P", Q) — " 'coart(Q. P) — " 'cart(Q. Q') + tc1apt(Q. Q) (100)

with

TC140

ep=co+c+ (101)

aj

It follows from (100) and Assumptions 3-(iii), more precisely its consequences (85)
and (86), that

n {cE[TX, P, Q"] - ciE[T(X, P, O)1}
= c[aotP*, Py = art(P*, 0] = e1 [art(P*, P) = aot (P, 0)]
< eoa1t(P", Q) — v~ coa1€(Q, P) — v~ 'ca1(Q, Q') + tc1aot(Q, Q). (102)

Since ap > a1 and ¢ > ¢y, c6 = c2(ap/a1) — c1 > 0 and by arguing as above, we
obtain similarly that

n " eoE[TX, P, 0)] - aE[T(X, P, O)1}
< &2 (aot(P", Py = art(P*, 0)) = e1 (a1t(P", P) = aot (P, 0))
= cait(P", P) — cxar&(P", Q) + c1aot(P", Q)
< wehar [€(P". @) +£(0. P)| - ot [t (@, 0) — €(P", 0]
+ 10 [P Q) +£(Q. 0) |
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< (e1 4+ c2)at(P", Q) + tcha1t(Q, P)
— 1t ea1€(Q, Q') + te1a0t(0, Q), (103)

with
ey =t [co+ crao/ar] = T [c2(ao/ar) + ¢i (ag/ar — 1)]. (104)
Using (98) and (102), we deduce that for all P, Q, Q' € .#
E[exp[B (cT(X, P, Q") —ciT(X, P, Q))]]

= [1E[exp [B (ctcp.0)(X) — crtp.0)(X0)]]
i=1

n

=exp [ (cE[T(X. P, Q)] — ciE[T(X, P, Q)))] [ | E [exp [BU;1]

i=1

< exp[ng [Ar(P, 0) — T a0, 0] (105)

with

— — — 13 —
A(P, Q) = eparl(P , Q) + tcrapl(Q, Q) + 1?'3 — 1t 'coart(Q. P).  (106)

Using (99) and (103), we obtain similarly that for all P, Q, Q' € .#

E[exp[B (c2T(X, P, Q") — 1 T(X, P, Q))]]
< exp [n,B [AZ(P, 0) — t ' e2a1£(0, Q/)]] (107)

with

A (P, Q) = (e1 +2) all(P", Q) + tchart(Q, P) + teiant(Q, Q)

12
+ oLy (108)
8
Since 2y < t !¢ < t7 !¢y, we may apply Lemma 9 with yp = 7~ 'c and yy =

7715 successively which leads to

/jf exp [ ~7 ' enpait(@, 0)|dn(Q) <7 (HyexplEr]  (109)
and

//[ exp [—f‘lcmﬂal@@, Q/)] dn(Q") < m (%) exp[Ei] (110
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with

El=10g|:1+ exp[—(+ e )] }

1 —exp [— (T_IC - 2?/)]
exp[— (t7'e2 — y)] } (111)

1 1
=0 |: + 1—exp[—(t7'c2 —2y)]

Putting (107) and (110) together leads to

exp[L(P, Q)] = ///E [exp[B (2T(X, P, Q') — e1T(X, P, 0))]] d7(Q))
< explpaa(P. ) [ exp[ = eanpart(@. 0] ax (@)
<7 (B)explE1 +nBAxP, Q)],
and since, for all (P, Q) € %2, by definition (108) of A, (P, Q),

. 2
Mo(P, Q) = (01 + e ant(P*, )+ [recha + verao] r + 2

T 12
= (e1 + ) a1 t(P", Q) + erarr + 2{ = A, (112)

we derive that

—1
[/Qz exp [-L(P, Q)]dﬂgé(P)dﬂ%(Q)] <7 (#)explEi +npAs].

We deduce from (84) that

PCA) = (B

exp[E1 +nBA2].

In particular, P(‘A) < e~ for z satisfying

1 1
logl-)=&+1o + 81 +nBA;j. 113
g (z) & g @) 1 +nBA (113)
Putting (105) and (109) together, we obtain that

exp [M(P, Q)]

= /ﬁ E[exp[B (cT(X, P, Q") —c1T(X, P, Q))]] dn(Q")

< expnBAI(P, Q)] //{ exp |~ enpart(Q. 0] d(Q')
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< (#B)explEi +nBA (P, Q)].

It follows from the definition (106) of A{ (P, Q) thatforall P € .# andforall Q € A,

. — 2 —
A1(P, Q) < epait(P", Q) + tcraor + ‘Tﬂ — 7 Yepart(Q, P),

and consequently, for all P € .# and Q € A
exp [M(P, Q)]

2
<7 (%) exp |:E1 +np (eoalﬂ(ﬁ*, 0) + terapr + % - t_lcoalli(@, P)):| .

We derive from Lemma 5 that

E[exp[-BT(X, P)]]

-1
= 2@ [/g exp [-M(P, Q)]dm(Q)}

— — ? —
< exp [51 +np <e0a1€(P ,0) + tcrapr + 1?/3 — 17 a1 €(0, P))] ,
hence,
/7 E [exp[-BT(X, P)]]dn(P)
Q%(Q,Zfr)
- 118
<exp| &1 +np|eoarl(P , Q)+ tciaor + Y
x / exp [—r—lconﬂale@, P)] d(P). (114)
B(0.,27r)

1 1

Applying Lemma 9 with yo = 77 "¢g > 2y and setting e = 7~ ¢o — 2y, we get
/ exp [~ conpar£(Q. P)|dn(P) = 7 (#) exp| &2 — eanpa2’r |
%(0.27r)
with

(115)

8y = — 1 1,
2 v Og|:1 —exp[—ez]]

which together with (114) leads to

log/ E [exp [-8T(X, P)]] dr(P)
%(0,27r)
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<log[m (A)]+ Ei + E

— — 12
+np |:eoa1€(P , Q) + tcragr + 1?/3 — eza12]r] . (116)
Using the definitions (113) of z and (112) of A, we deduce from (116) that

log |:1 f B E [exp [-BT(X, P)]] dn(P)]
<B(0.,27r)

Z

1
<log (Z) +log[m (B)]+ E1 + E»

. — 2
+np |:eoa1€(P , Q)+ tcrapr + 1?'3 — ezaIZJr:|

=& +log + E1+nBAy +log[m (B)]+ EL + &y

7 (AB)

. — 2
+np |:e0a1€(P , Q)+ tcrapr + 1?'8 — 62a121r1|

I — = 138 28
=np|(e1 +c2+ep)arl(P , Q)+ ejarr + Y + +tcragr + ry

+&+28 + B — emnfar2’r

8

P 12 12
=np|(eo+el +c2)al(P, Q)+ [61 + rcla0:|a1 (I + 2)/3:|

r4+ ——
a
+E+2E + Zr — eanfar2’r. (117)

Setting,

TClag
Ci=ey+e1+cr and Cr =¢; + R
ai

we see that the right-hand side of (117) is not larger than —£&, provided that

J . — — B +15)8
eanPa12’r > 26 +281 + Exr +np | Cratl(P , Q) + Crarr + T

or equivalently if

2/ >

(118)

+C+

1 [26 428,48 €@, 0) [F+15]8
- + —_— .
Bnair r 8ayr

€2
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Choosing Q in .#(f) and using the inequalities a; ' 8 > r,(8, Q) > 1/(Bnay), for

r=t(P", Q)+—(ﬁ+§> 1
- ai B Bnay

we obtain that the right-hand side of (118) satisfies

Bnar r 8arr

L [C2+2u1+ u2+9 <Z(P Q)+i <ﬂ+§>)}
82 .3

i|:25+231+52+C1€(?*,§)+Czr+ [112+l%]ﬂ}
()]

| /\

— [Cz +2E81 + 82+ C3]
e

with C3 = max({l, Cq, [l% + l%] /8}. Inequality (118) is therefore satisfied for / € N
such that

Cr+2E Ex+C
2 > 2+ 28+ &2+ 3\/1>2171,
€

and we may take

2(Cy+ 28,4+ Ea+C
xozf[ (C2 281+ &2 F 3)v1+1}2f(2’+1). (119)
e

We recall below, the list of constants depending on ag, ai, ¢, T and y and we have
used along the proof.

caop
co=14+c——, ci1=1+c¢, c=2+c,
aj
=22 _¢, I =1+ 2c, L =3+2c,
aj
TCcia a
eo=co+c+ 170 elztl:c6+c1—0:|, er =1 "co— 2y,
ai ai
TCla 2+
Ci=ey+e+c2, Cr=e + 10, C3=max{1,C], 182}’
ai

and

1
By =— 1 — .
l—exp[—(t7'c —2y)]:|’ : v+ Og|:l —exp[—eg]:|
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9.4 Proof of Theorem 2

The proof follows the same lines as that of Theorem 1. Under Assumption 3-(iv),
the random variables U; and V; defined by (96) and (97) are not larger than with
b=c+cy =1l and b = ¢z + c1 = > respectively. Since under Assumption 4, more
precisely its consequence (87), that

%ZE[UI?] 52[ ZVar tp.0n(X0)] + ZVar tp.0)(Xi )]}
i=1

i=1
< 2, [(c + P Py + (P Q) + P, 0)]

and

% SE[V?] =202 [+ heP' Py + e 0) + P, 0)]
i=1

we may apply Lemma 8 and using the notation A; = t¢p(Bl1), Ay = t¢(Bl2) and
Assumption 1, we get

1 n
ﬁ log |:HIE [exp [ﬂUi]]:|

i=l1
< $(BlDa [+ DUP" P+ (P, Q) + P )]

< 2A1Bar [c2 + c%] (P, 0)

+ Aipaz (@ +cDe@, P + @, ) +fe@. 0] (20
and similarly
% log []:!E [exp [.BVi]]:|
< 200Bax [ + | 4P, Q)
+ Aspar [ +cHe@. P+ 3@, )+ @ 0] a2

It follows from (102) that

Ei=n""{cE[T(X, P, 0] - ciE[T(X, P, )]}
+2A1Baz [C2 + C%] K(?’ @)

+ Mpar [ +He@, P) + (@, 0) + (0. 0)]
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< [eoal +2A1Ba (C2 + C%)] (P, 0)
- [r_lcoal — A1Bar(c? + C%)] Q. P)
- [rflcal - A1,3a2€2] «Q, 0"
+ [rclao + A1,3a2€%] €0, 0).
Using the definitions (25) of ¢; and (26) of c3,, that is,

c1=co— rAlﬂagal_l(c2 + C%) and ¢ =c— rAlﬁazal_lcz
and setting

@ (@ +)

aj

e3=eg+2A1P
1 2

e4 = — [tclao + Alﬂazcl]
1

and arguing as in the proof of inequality (105), we deduce from (120) that

logE [exp [B (cT(X, P, Q') — a1 T(X, P, 0))]]
<nBE;

< nBar [P, Q) = v [16(Q, P) +©20(0. 0)] +est(0. 0] (122)

It follows from (103) that
E, =n""{oE[TX, P, Q)] - E[T(X, P, Q)]}
+2ABas [c§ + c%] ¢(P",0)
+ Aapaz | (3 +He(@. P) + 3@, 0) + 10, 0]
< (e1 + ) at(P", Q) + tchart(Q, P) — v 'cra1 €(Q, Q")
+re1000(Q, 0) +200par [ + 3] P, D)
+ Aapaz [(3 + D, P) + 3D, 0) + (@, 0]
- [(el + ) ar +2A2Pa; (cg + c%)] ¢«P".0)
+ [Tc6a1 + ArBar(c3 + c%)] 00, P)
- [r_lczal - Az,Bazc%] 00, 0)

+ [tclao + Azﬂazc%] (0, 0).
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Using the definition (27) of c¢3,, that is,
- —-12
3 =2 —tAr2Baza; ¢,
and setting

2 2 2 2
ar (2 + ¢ ax(c5 +¢cy)
€5=€1+02+2A2,3M, eg:fc(’)—i-Azﬁ#
ay ai
1 2
€1 =~ [TClao + Azﬂazcl] ,
1

and arguing as in the proof of (107), we deduce from (121) that

logE [exp [B (c2T(X, P, Q") —c1T(X, P, Q))]] < nBE>
= npar (est(P*, 0) +est(0, P) — 7 '66(0, 0) +e7£(0, ). (123)

Under our assumption on 8, we know that the quantities ¢, and ¢3 are positive and
that 2y < t~! (€2 A T3). We may therefore apply Lemma 9 with yp = 7', and
Yo = t~'¢3 successively and get

f% exp [—r‘lzznﬂaw@, Q’)] dm(Q") < m (B)exp[Ei] (124)
and
//// exp [—r*‘Esnﬁalz@, Q’)] dn(Q") <7 (B)exp|[E] (125)

with

= exp [— (171(52 AC3) — V)]
51 =log [1 T —ep [- ('@ res) —2y)] | (120

Putting (123) and (125) together, we obtain that for all (P, Q) € %>

(P, O = [ Elexp[8 (21X, P.0) —aTX. P, 0))]]d(©)
< exp [npar (est(P", Q) + 6D, P) + er£(@, 0)) ]
< [ exp[-rTempare(@. 09 dr(@)
M
= 7 (@) exp|B1 +npar (est(P", Q) +est(Q, P) +€1¢(0. 0)) ]

< 7 (%) exp I:El +nfa (655(?, Q) + (e6 + e7)r>] .
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Consequently,

—1
[ /j exp[~L(P, Q)] dm(P)dm(Q)]
=7 (@ exp | B +npar (est(P", 0) + (es + enr) |

We deduce from (84) that

Z

PCA) = — Z)

exp [il +nBaj (esﬁ(?, Q) + (e + e7)r)] .
In particular, P(‘A) < e~ for z satisfying

1 1 o L
lOg <Z> = é + IOg ﬂ(%) + &1+ nﬂal |:€5E(P s Q) + (e6 + 67)r:| . (127)

Putting (122) and (124) together, we obtain that for all Q € A

exp [M(P, Q)]
= /// E[exp[B (cT(X, P, Q") —ciT(X, P, 0))]] dn(Q)
< exp[nar (3", Q) — v '610(Q, P) + €4t (Q, 0)) |
X / exp [—t_lEznﬂalﬂ(a, Q’)] dn(Q')
M
< 7(B) exp [El + nBa (m(?‘, 0) +ear — 7 161£(0, P))] .
We derive from Lemma 5 that
E [exp [-BT(X, P)]]
—1
<—> [ /j exp [-M(P, Q)]d@z(Q)}

< oxp | E1 +nar (3P, Q) +ear —7'010(0. P))|

and consequently,

/ - E [exp [-BT(X, P)]] dn(P)
B(0,2'r)
< exp [il + nfa (egZ(F*, 0) + e4r)]

x/ B exp[—z—lanﬁalz@,P)]dn(P). (128)
C3?(Q,21r)
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Since under our assumptions, ¢; > 0 and 2y < t~'¢| we may apply Lemma 9 with

Yo = 1%, and setting eg = tle — 2y which leads to
f exp [~ @npaL(Q, P)) dr(P) < 7 (#)exp | Bz — egnpar2’r].
%(0.27r)

with
— 1
By =—y +log |:—] , (129)

I —exp[—eg]
which together with (128) leads to
/ - E [exp [—BT(X, P)]] dm(P)
B(0,2'r)
< m (%) exp [E] + B3 + npay <e3£(F*, 0) + esr — egZJr)] . (130)

Using the definition (127) of z, we deduce that

log |:l / E [exp [-B8T(X, P)]] dn(P)]
B(0.27r)

Z

1 — — — —
<log <Z> + logm(A) + E1 + Er + nBa; (egﬁ(P ,0) +eqr — 682]r>

=&+ log + B +nfar [est(P", 0) + (es + en)r |

1
(%)
+log 7(B) + B + B + nfa <ege(F*, 0) +ear — egZJr)
=&+ 28+ B2+ nBar [(e3 +5) €. 0) + (es + e+ en)r |

— egnﬂaﬂjr.

The right-hand side is not larger than —& provided that

2/ >

es npayr

1 [26 428, + % (P, 0
_|: é 1 2+|:(e3+65)(fQ)+e4+e6+e7:|:|' (13])

Using the fact that r,, (8, 0)>1 /(npBay), with the choice

2§

e — _ e — 1+2¢& 1
r=¢P.,0)+rmB, 0+ ——=UUP,0) + >
npai

nBay ~ nPa;’

the right-hand side of (131) satisfies

1 [2642E,+ 8 ¢«(P", 0
— |:¥+ |:(€3+€5)J+€4+66+67:|:|
es nfayr r
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1 [ — = e3+es) Vvl — — 2
5—[231+EZ+€4+66+67+&<£(P,Q)+ : )]
eg r nBai

281+ Extestester+(estes) Vi
e '

Inequality (131) holds for J € N such that

- 2B +Ertestester+(estes) Vi y
> o

2/ 1>2/-1

and we may take

2[2B 1+ Br+es+eg+er+(e3+es) Vvl
[[1 2+ es+es+e7+ (e3+es) ]vl—i-l]
eg

=7 (27 +1). (132)

In complements to constants listed at the end of the proof of Theorem 1, we recall
that

Ar=1¢(Bl), Ar=1h(Bl2)

2 2 2 2
_ ar(c+cy)  _ ac _ asc
clzco—tAl,B—l, cr=c—TtMANB—), 03:c2—rA2f3—2,
ai aj ai
2 2
az (¢ + 1
e3 =eo+2A1ﬁ¥, e4 = —[rclao—l-AlﬂazC%],
aj aj
2 2 2 2
az (c5 + ¢ a(cy +cy)
es=61+cz+2Azﬂ¥, e6 = ¢+ A f—2—12,
ai aj
_ 2 __—1=
e7 = — |[tc1a0 + AxBaxcy |, es =71 ¢ — 2y,
ai

and

_ exp[— (r7 @ AT3) — )]
w1 S R |

1
= — 1 _ .
2 v Og[l—exp[—eg]:|

[l
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9.5 Proof of Theorem 3
Let us take r > ¢ and set @ = 2& + 1 so that
7 (B) <n(PB(Q.0) <e "n (B(Q.8) <e "n(B).
In order to prove the first part, let us go back to the proof of Theorem 1. Clearly,

/// exp[—t'enBait(Q, 0)]dn(Q) < 1=72(B) +7 (“B) <n (B (1+e )
and similarly,
f% exp [—r‘lcznﬂalz@, Q’)] dn(Q) < 7 (B) (1 + 7).
Inequalities (109) and (110) are therefore satisfied with &1 = log(1 +e~ 1. Moreover,
f exp [—r—lconﬁalz@, P)] dn(P)
B(0,27r)
<exp [—r_lconﬁaﬂjr] 7 (“B) < 7 (B) exp [—w — t_lcon,Ba]ZJr] )

We deduce from (114) that
f - E [exp [-BT(X, P)]] dm(P)
B(0.27r)

= exp [El +np (60015(?76) + Teiaor + l%)}
X 7w (A) exp [—w — t_lconﬂaﬂjr] ,
and consequently,
log// ~ E[exp[-BT(X, P)]]dn(P)
%B(0,27r)

<logn (B)+ B — @

> = BB 1 )
+np | epai £(P ,Q)—I—'cclaor—i—?—t coa12°r | .
Using the definitions (113) of z and (112) of A,, we deduce that

log |:l / E [exp [-BT(X, P)]] dJT(P):|
B(0.27r)

Z
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<& +log + E1+nBAry+logn (B)+E — @

7 (A)

5 BB 1
+nB | epar (P , Q) + tciapr + 5 T coa12’r
- — = 5B
=§+281+np|(e1 +2)al(P, Q) +ejarr + el

> = BB 1 )
+np | evar(P , Q)+ tciapr + i T coa12’'r

=(+2E —w@

G+Bp _lcozjr}

+ npaj [CIE(F*, Q)+ Cor + ~1—2— »
ai

where the constants g 1 a&i C» are the same as those defined in the proof of Theorem 1.
If we choose r = £(P", Q) V (B/a1) V e and J such that t~'¢p2’ > Cy + Co + (17 +
13)/8, we obtain that

log [1/ ~ Elexp[-BT(X, P)]]dn(P)] <E42E|—w < —£
C%’ﬁ(Q 27r)

since w =2& 4+ 1 > 2(£ + E1). We conclude as in the proof of Theorem 1.
In order to prove the second part of Theorem 3, we go back to the proof of Theorem 2.
The arguments are similar. As before,

//; exp [—Tﬁlﬁznﬁalﬁ@, Q’)] dn(Q) <m (B)(1+e7)
and
//// exp[—r"'@npart(0. 0| dr(Q) < 7 (#) (1 + 7).

Inequalities (124) and (125) are therefore both satisfied with E; = log(1 + e .
Moreover

/ exp [—r_lEln,Ba]E(@, P)] dn(P)
%(0.27r)

< 7 (%) exp [—w — t_lElnﬂaﬂJr] ,
and we deduce from (128) that

f . E [exp [—8T(X, P)]] dm(P)
B(0,27r)
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< exp [El + npa; <€3€(F*, a) + eu)]
x l%(Q e [—r—lanﬂale@, P)] dn(P)
< m (%) exp [i] + nBa; [@E(?, 0) + esar — 1:_1512Jr] - w] .

Using the definition (127) of z, we deduce that

log |:1 / - E [exp [-B8T(X, P)]] drr(P)]
B(0,27r)

Z

<&+log

1 — —% —
— + E1 + nBa [esﬁ(P , Q)+ (e + 87)”]

+logm (#B) + B + npay [egZ(F*, 0) + esr — 1_15121r] —w
=(428 —@
+ npBa; [(6‘3 + es)ﬁ(?, @) + (e4 + e + e7)r — r_1512jr] .
Taking r = 6(?,@) Ve > gand J > 0 such that
T2 2 e3testes+eg+er

we obtain that

log [1f ~ E[exp[-BT(X, P)]]dn(P)] < —£
C,%(Q,Zfr)

Z

and we conclude as before.

10 Other proofs
10.1 Proof of Lemma 1
Let Y be a random variable with gamma distribution y (s, 1). Since oY ~ y (s, 0), itis

sufficient to prove the result for o = 1. Using the inequality log(1 —x) > —x /(1 —x)
which holds for all x € [0, 1), we obtain that

logE [eﬂ"*”] = —s[log1 — p) + B] < for all B € [0, 1).

1—
Applying Lemma 8.2 in Birgé [10] with a = /s and b = 1, we obtain that
IP’[Y zs+2\/s§'+$] <e® forallE >0
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which proves (44). Let us now turn to the lower bound. For x > 0, let us set

2
g(x) = x — log(l + x) < (%) Ax.

Forall r,u > 0,

oo +o0 +00
/ xle ™ dx = / t+y)e " Vdy = ;le*f/ e*tg(y/t)dy
t+u u u

+o00 5 +00
> tle™! </ e ” /(mdy Vv / e_ydy)
u u
—(u
=t'e! 2wt F (—)) v e_“] ,
(7 (5

where F(z) = P[N(0, 1) > z] for all z € R. Using the the following inequalities
17272 < T(r) < 'V 27 exp[1/(121)], (133)

that can be found in Whittaker and Watson [25, p. 253], witht = s — 1 > 0, we
deduce that
1 +o00 1 +o00

PlY >t+u]l=——— xle™dx = —— x'e M dx
L@+ 1) Jigu t0(@) Jiyu

HORG e
\/; 2t
Using the fact that 7(5_1 (z)) = e % for all z > 0, we obtain that for the choice

\/___1 1 eéfl/(]Zl)
. V) —— )| viog | ———],
¢ [ (é 12t)} o8 2t

which is nonnegative for £ > log2 + 1/(12¢), the quantity P[Y > ¢ 4 u] is at least
e~%, which proves (45).

v

10.2 Proof of Theorem 4

Throughout this proof, ag = 2, a; = 3/16, B = 2y = 1/500 and « denotes a positive
numerical constant that may vary from line to line. It follows from Corollary 4 that
for n large enough, r, (B8, Pex) < r; = «k/n. Applying our Corollary 2 with £ = h?
(and 2£ in place of &), we obtain that for n large enough, with a probability at least
1—2¢75,

-t <9 ([0 c 0. 0,00 < @) withr ) = “E2
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We know by Proposition 9 that under the assumptions of Corollary 4, Assumption 9-(i)
is satisfied with s = 2, ||, given by (81) and ¢ = 1/2. This implies that for n large

[oco @0 =nolcloco jo-0f <2m@].

which leads to (46).

10.3 Proof of Proposition 4

Let us denote by F, the distribution function of v,. Throughout this proof, we fix
some 0* € [—ot, ot]. Our aim is to prove that Py~ belongs to //(B).

Since the total variation distance is translation invariant, ||Py — Pg+|| =
| Pg—gx — Poll = || Pox—p — Pol| and consequently, for all » € [0, 1),

{0 e®, |Po— Pyl <r}={0 €O,

0* — 0| < p(r)} forallr [0, 1)

while forr > 1,{0 € ©, ||Pg — Py+|| <r} =0 =R.

We set ro = sup{r > 0, ¢(r) < ot} and distinguish between two cases.
Case1 Assumerg < 1/4.Forallr < rg,¢(r) < ot,2r < 1, and since g is symmetric,
positive and decreasing on R,

m(B(Por,2r))  vo (10 €R, [Py — Por|l < 2r})
T(B(Por, 1)) ve ({0 €R, [Py — Pyell <r})
_ V({0 ER 10 -6"1<pQ) _ 24, (0)e(2r)
vo ({0 €R, 10— 0% <o)} ~ 2q5(10*] + ¢(r)e(r)
9 OeQ2r) 40 (0)¢(2r)
T qo (0¥ +ot)e(r) T qs(2ot)e(r)
_qaO¢@r) T
qe(r) ~ q(21)

Forallrg <r < 1,10%] <ot < ¢(r), hence F;(|0*] — ¢(r)) < F;(0) = 1/2 and
Fs(16*] + @(r)) = Fs(@(r)) = Fs(ot) = Fi(t) > 3/4 under our assumption on ¢.
Consequently,

(B ( Py, 2r)) - 1
T(B(Po=.1)) ~ ve ({0 €R, |0 —6*| < @(r)})
1
Fo (10 + ¢(r)) — F(16*] — @(r))
< ; =4
= 3/4—1/2

Note that the result also holds for r = rg by letting r decrease to rg.
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Case 2 Assume that ryp > 1/4. Then ¢(1/4) < ot and arguing as before, we obtain
that for all < 1/4 < ry,

T AP 2) _ 2e00Cr) _ ae(0)pCr)
T(BPor. 1)~ 20,001+ (Do) (6% +9(1/4)0()
_ 4@ _ T
~ 4o Qone(r) ~ q(1)

Forall r € (1/4,1), ¢(r) > ¢(1/4) and

(BB 2)) _ |
2 BPor) v O ER, [0 -0 <)
1
= % (0 R, [0 -0 < p(1/d))
1
= 240067 + 1/ p(1/4)
1 To
< < .
= 240 Qone(l/d) — g1

We obtain that in any case, for all » € (0, 1) and 6* € [—ot, o't],

(% (Py+,2r)) TVl

The inequality is also clearly true for r > 1 since then w(&(Pg~,2r)) =
w(AB(Po~,r)) = 1. Hence, for all r > aflﬂ

L <n(%<P9*,2r)>>< R (ﬂ(%(Pe*,2r))>
nyarr S\ (B Py ) ) = nyh oy S\ (B (Por. 1))

fLmax log M ,log4 ¢ .
nyp q((2t)

The right-hand side is not larger than S provided that it satisfies (50) and this lower
bound is not smaller than 1/,/n since ¥ < 1. We conclude by using (15).

10.4 Proof of Proposition 5

Under our assumption on g, Assumption 6 is satisfied and

T = 21/ max {q(O), 2(1/”—1} .
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Letr = (|6]|/0) V ty. Then, 6 € [—ot, ot], vi([t, +00)) < 1/4 and inequality (134)
holds true. We deduce from (11) that

! max 1 lo M log4
B \qen )

(B, Pg) <
ynai
and the result follows from our specific choices of aj, y and B.

10.5 Proof of Corollary 3

We set for short ® = O[5, §] with the parameters 1 and § defined by (60) and (61)
respectively and also define

(K2 - 1)yr4a12nn,%
7 = 135
" CXP[ 2+ 1) (135)

so that .2, (K) contains the elements P = P, m o) of .# such that
m
lloga| v ’—‘ < log(1 + 8)J,.
0 loo

Hereafter we fix P = P(pm,o) € #n(K). There exist 0 = 0(P) = (0,m, o) € ©
witho = (1 4 8), m = 548j, (jo.j) € Z x 7ZF such that

(o2
(1+68) ~

<o <o and m; = jiocd <m; <m; + 070, (136)

foralli € {1, ..., k}. Consequently,

m—m

o é
05(1——)<—<5 and <3, (137)

1494

and we infer from (56) and (57) and the fact that the total variation loss is translation
and scale invariant that Py satisfies

¢ (P(p,m,cr)’ PG) =t (P(p,m,a)» P@,m,a)> +¢ (P(E,m,a)’ P@,ﬁ,a))

<E(P(P01)7P(Q01))+e( (Q()])apaﬁmg>

o= )

<n+248 =2n.
Besides, the parameters (jo,j) € Z x 7 can be controlled in the following way.
Using that ¢ < @, the inequality log(l 4+ §) < § and (137), we obtain that for all
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ie{l,... k),
il = | 2 i il < 2 [—8+ ‘mi]<1+ ! (m"
i|l=|=|=—=—Imi—mij+mj| < —|68§+0|— — | —.
=G| T as M T L= o 1= Tlog1+8) 1o
Besides,
i logo [1 (1+‘7 1)+1 ]
= = —lo - - ogo
= og(1+8) log+o Ll BUTF g

1 )
< J-tog(1-—"Y) 411
_log(1+8)|: Og( 1+8)+'°g6'}

1
=—11 146 I <1
log(1+5)[0g( +8) +|logo|] <1+

[logo|
log(1 + 6)

and using the inequality log(1 4 2x) < 2log(1 4 x), which holds for all x > 0, we
obtain that

. log o |logo| |logo|
Jo = > — >— |14+ —].
log(1 + 8) log(1 + §) log(1 + §)

Putting these inequalities together and using the fact that P € .#,(K), we get

m
(o Dleo = 1+ [Hogo v 2] J<t4m  a39)
O loo

1
log(1 + 8)

Forallr > 0,¢ L0 < g (%(Py, 1)) < 1 and these two inequalities together with
the definition (60) of n and Assumption 7 imply that for all » > 0

7 (#(Py,2r)) ~ koL .
m <expl[Lg] <exp [D(n) + 2; [5 +log(1+ |J,|)H

< exp [yr¥atnn® + Gk + DL +2log(1 + |G, Dlo)] ]

Using (138), the definition (135) of J,, and the fact that log(2 + x) < log3 + log x for
all x > 1, we derive that

7 (B(Py, 2r) _
T (B(Py,r)) —
<exp [szr4a%nn2 + *k+1)(L+log 9)]

exp [yr“a%nnz F(k+ DL 420k + 1) log(2 + J,,)] :

andsincey =1/6 < L' =L +1og9 < 3.1,

1 1
< Py <
n,3a1 <r(B, Py) < )/n,Bal

[szr4a12nr;2 + (k+ l)L/]
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ai yn

For the choice of 8 = B, given by (62),

L 1 K
ﬁZ\/K2T4a%7]2+(k+ ) > k+ v =1
yn n 2

hence, 7, (8, Py) < a; ' B and Py € .#(B). This implies that

inf (P, P)+a;'Bp<t(P, Py)+a;'p
Pletl(B)

<(P", P) 4+ €(P, Pg) + a;lﬂ

5@(?,P)+zn+[1<r n+—
aj

1 k+ 1)L
= —'3 |:K21:4a%172 + —( ) ] .

k + 1)L’]

and the result follows by applying Corollary 1 and by using the fact that P is arbitrary

in A,(K).

10.6 Proof of Lemma 2

Forall p € Mp,0 > landm € Rk, the supports of the functions x +— p(x /o) and
x — p((x —m)/o) are included in the set I = [0, olfu fm+x, x € [0, a]k}
the Lebesgue measure of which is not larger than 20, Consequently, using (66), we

deduce that for all p € Mg,0 > 1 andm € R¥,

| Pipo.1y = Pipm.o |
= H P(P’Ovl) - P(P,O,G) || + ” P(p 0,0) — P(p,m,a’) “

o= (oot L] ()0 (5
S%Rk pO) — ¢ p(x)dx+21k p(Z)]dx
o p<§>—p<";“‘>\dx

1 X
/ ’p( )= ep | dx b o k/ Ll =p (2] ax
1 )) 1 X

— dx + — p(— —p<
20'k [0,(7]"\[0,1] ( 20'k U)

1 1 1 1)’ )

— 1—— + — / Li{l——) |x|°dx

2 20’ [O,I]k o
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+1f p(0)] dx + = f :
5 px)|dx + — =
2 Jio,114\[0,1/07¢ 20k Jielo
1 1 le.s‘/Z 1\?* Lo 1 s
== - (1-= = (1-—= Lil=
( Gk>+ 20k ) T2 Gk>+ e

2

1 1\ s
—[1+L1ks/2+Lo] (1——) +L1‘m
2 o

IA

IA

and (57) is therefore satisfied with A = Ly Vv [(1 + L1k*/? 4+ L¢)/2].

10.7 Proof of Lemma 3

By doing the change of variables u = x — m in (68) if ever necessary, we may assume
with no loss of generality that m > 0. Then, since p is nonincreasing in (0, +00) and
vanishes elsewhere p(x —m) > p(x) for all x > m and p(x) > p(x —m) = 0 for
all x € (0, m). Consequently,

m +00
/R lp(x) — plx —m)|dx = /0 p(x)dx +/ [p(x —m) — p(x)]dx

m

m +00 “+oo
= 2/ px)dx + / px —m)dx — / p(x)dx
0 0

m

<2mB+1-1,

and we obtain (68).
Since o > 1, p(x/o) > p(x) and p(x)/o < p(x) for all x > 0. Hence,

I /x
| a7 () - peoas
< [ |2r(2) - S peo|ax+ ' —p (x) = p(x)|dx
R|O o

L () dx+ p(x)——p(x)
2L (2) = ro)as [ )as

which leads to (67).
Finally, by combining (68) and (67) we deduce that for allm € Rand o > 1

1 1 X —m

5/&@ gl’( . )—P(x)
) e )
=%/R\p(u—?)—p(u)}dwi/ﬂé‘ép(g—p(x)

dx

dx

dx
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<of2l+(-2)

which yields to (69).

10.8 Proof of Proposition 6

This proposition is a consequence of Corollary 2. Let us first check that the assumptions
of this corollary are satisfied. For all § € &, the mapping @ — h(S, Py) is continuous
because of (71). It is therefore measurable and it follows from the definition of the
algebra A that Assumption 1 is satisfied. Since the mapping (x, 8) — p(x,8) is
measurable, so are the mappings

p:|R¥ x Ex E— Ry
(x,0,0') > (pp(x), py (x)).

and (x,0,0") — (,/po/(x)/pg (x)), since v is measurable. We deduce that
(x, P, P") — 1(p pry(x) is measurable on (E x .# x M ,E® A® A) which proves
that Assumption 3-(i) holds true. The requirements of Corollary 2 are therefore satis-
fied and we may apply it. In order to evaluate the quantity r, (8, Py) for 8 € R¥, we
use the following lemma the proof of which is postponed to Sect. 10.9.

Lemma 10 Let @ € [—R, RI¥. Forallm c {1, ..., k}Yandr >0

v ({07 e RE |0 —0], =7}
1 16; r 16; rl ,
- WH[(“?)AF(”? Mg S =rforalligm
rem
0 otherwise,

with the convention [ |, = 1. In particular, if @ € ©,,(R) and

p k las I /r |m]
vm({o e R, 0—a|w5r})zW(EA1) (139)
and forall K > 1
v ([0 eRE, |0/ — 0| < Kr
Vm ({0’ € R*, 0’—6’|oo < r})
Letus set B = By for short and define m* as the subset of {1, . .., k} that minimizes
over those m C {1, ..., k} the mapping

. m|log (2kR(nB)'/*) + 1
m+— inf E(P,P9)+| | g( (n5) ) .
0O (R) ynBa
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Finally, let * for some arbitrary element of ®,,«(R). It follows from (71) and (139)
that for all » > 0,

1 > 7, (B(Pyr, 1))
=y ({0 e R, h2(P0*’ Py) = r])

> U ({0 eRE, |9 - 0% < (r/B)l/S}>
1 (/B N™ 1 A\
—m<—R “) 2m<—RBm ) ’ (14h)

where the last inequality holds true under the assumption that RB'/S > 1.
We deduce from (141) that for all » > 0

7 (B(Pyr, 2r)) - 1
T ('%(P0*v V)) 4 (%(Po*, r))
1
T etk € o ({0 € RE [0 — 67| < (r/B)!/0})
oL

= o ({6 € ©pe. [0 —06%| < (r/B)!/})

. 2RB/S

1 s 1
— exp [|m*| log (2kRBl/S) +klog (1 n %) n '"; og <; v 1)] . (142)

Provided that

Im*|log (2kR(nB)'/%) + 1
r=
ynpBai

3

1
> _
T n

we obtain

. s 1\ |m*] 1
|m|log<2kRB ‘)—i—klog o)+ ——log (V1
s r
* 1/s 1 * 1/s
§|m|log<2kRB )+klog 1+E +|m|log(n )
< |m*|log (2kR(nB)1/S> +1<ynBarr
and deduce from (142) that r,, (8, Pg+) defined by (11) satisfies

|m*|log (2kR(nB)'/*) + 1
< (B, Ppr) < ( ) .
npBay ynpay
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Applying Corollary 2, we obtain that for some numerical constant k(, > 0,
E [ﬁx (C@(F‘, ko (m*, 0*)))] <2¢7¢
with

. Im*|log (2kR(nB)'/*) + &

r(m*,0%) = L(P", Py)
ynBa

Finally, the conclusion follows from the definition of m* and the fact that 8 is arbitrary
in ®,+(R).

10.9 Proof of Lemma 10

Let & € R and v be the uniform distribution on [—R, R]. For all & € [—R, R] and
r>0,

1
(A6 =0+ 1) =[O+ AR= O —r)V (=R
1
:ﬁ[(r+9)/\R+(r—9)/\R]+
= Sz [ +10D AR+ —16) A R],
_( e - 1+|9| N
2 R R R R
Let now 6 € R¥ such that |0|., < R.Forallm C {1, ...k}, m # @,

vm ({0” € O,

0’—0’oo§r})=0

if there exists i ¢ m such that |6;| > r. Otherwise

Vi ({0’ e RF, |0'—0|Oo < r}) = ({0' € 0,, max|0i'—0,-| < r})

Lem

=[]vao —r.6.+r)

iem

I[85

iem

Ifm =2,

Vg (io/ eRE, |0/ -6 < r}) =g <
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Let us now turn to the proof of (140). Since 6 € ©,,(R), forall K’ € {1, K}
v ({0 e RS [0/ - 0], < K'r))

=V ({0/ € O, max |91’ _ 9i| < K/r}>
rem
=[1v (@ -&'r6:+K'r1),
iem
It is therefore enough to show that for all » > 0 and 6 € [0, R]

(6~ Kr 0+ KrD) _

AN === o+

This is what we do now by distinguishing between several cases.
When6 + Kr < R,0 — Kr > 20 — R > —R and consequently, A(r) = K. When
0+ Kr>Rand —R <60 — Kr,

R—-6+Kr
— when6 +r >R
AG) R— (0 —Kr) R—06+r
r) = =
@+r)AR—-(©O —r) R—0+Kr
— when 0 +r < R,
-

and the conclusion follows from the facts that 0 < R — 6 < Kr. When 6 + Kr > R
andd — Kr < —R,r > (0+R)/K > R/K,hence R+r—60 >2R/K and R < Kr.
Consequently,

2R
A(r) =
@+r)YANR—@O —r)Vv(—R)
2R
— =1 whend +r > Rand9 —r < —R
2R
2R

={———=<K whenf+r>Rand6 —r > —R
R+r—0
2R
— =<K when 6 +r < R,
2r

which concludes the proof.

10.10 Proof of Proposition 8

Let ¢ be a small enough positive number. Since ¢ is continuous and positive at * and
since KC has a nonempty interior, there exists z* > 0 such that ®* = B,(0*, z*) C K,

0<b* <q@) <b" withb"/b* <1+, (143)
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for all @ € ®* and
(1 —2)]0 —0"5 <£0,0") <(1+¢e)0 —0"[. (144)

In particular, v(®*) > 0 and we may define the distribution v* = v(- N ®*) /v(O*) on
®* with density ¢* = gle~/v(©*). Let #* = {Py, 6 € ©*} and 7* be the prior on
A* associated with v*. The parameter space ®* is convex and it follows fom (144)
that (©*, 0*, £, v*) satisfy Assumption 8-(i) witha = 1 + ¢,a = 1 — ¢. Besides, it
follows from (143) that the density ¢* satisfies condition (77) on ®*. We may apply
Proposition 7 and deduce that for the model (.Z™*, *), r;; = r;;(B, Py+) is not larger
than «gk/(Bn) with

1+s7h
ay

= L {[1 . log[2(14+¢)/(1 —¢)]

STog2 ]10g(2(1+s))}\/1<

for & small enough. Consequently, by definition of r;, for all r > r),

T (B (P, 2r)) = v ({6 €0, £0,6%) <2r}NO*)

v(®*)

_ exp(ynparr)
- v(O%)

_ exp (ynpair)
v(O®*)

v ({0 €0, L0, <rin ®*)
V({6 €O, €06.6%) <r}). (145)

Let ri1 = [(2")°ax) A nl/2. If r € (0,r1) and the parameter § € © satisfies
£(0,0™) < 2r, then £(0,0*) < n and @ necessarily belongs to K under Assump-
tion 9-(ii). Applying (79) we deduce that for such a parameter § € ®

a0 -0 < 0(0.07) <2r <2 <ap @,

which implies that # € ®*. For n large enough, r; = kjk/n < ry and for r € (r};, r1)

we may therefore write, using (145),
7w (B(Py~,2r)) =v ({0 €0, £0,0") < 2r})
=v ({0 €0, £0,0") <2r}n @*)
<exp(ynBair)v ({0 €0, £0,0") < r})
= exp (ynBair) w (B(Py~, 1)) . (146)
Since ¢ is bounded away from 0 in a neighbourhood of 8*, 7 (#(Py+, r1)) > 0 and
we may also write that for » > r; and n large enough
7T (B (Pyx, 1)) = 7w (B (Py+,71))
= exp [logn (B(Py+,r1)) + ynPairy — yn,Balrl]
> exp[—ynBair] = exp[—ynBair]
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> exp[—ynBair]w (B(Py+, 2r)). (147)

Putting (146) and (147) together we obtain that for n large enough

7T (B(Py~,2r)) < exp(ynfair)mw (B(Pg=,r)) forallr >r)

and consequently that r, (8, Pg+) < r; = kjk/n.
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